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i VECTORS 


1.1. INTRODUCTION 

It is generally observed that there exist two types of physical 
measurements in applied mathematics, physics and mechanics : one 
involving only magnitude and no direction in the space of three 
dimensions, such as volume, mass, length, speed, temperature, 
potential, electric charge etc., and the other involving a definite direc- 
tion in space associated with their magnitudes such as velocity, 
acceleration, momentum, force, electric or magnetic field intensities 
etc., the former being called scalar quantities or simply scalars and 
the latter, vector quantities or simply Vectors. 

A little consideration will exhibit that the complete characterization 
of a scalar quantity requires length and support, i.e., a specified unit 
and a number stating how many times that unit is contained in that 
quantity, while the complete characterization of a vector quantity 
requires length, support and sense, i.e., a specified unit, a number 
stating how many times that unit is contained in that quantity and 
the statement of the direction. 

Stating in a precise manner a vector means ‘ a directed line segment'. 
In other words we can state that a vector is a quantity having direc- 
tion as well as magnitude. In Astronomy a vector means an imaginary 
straight line that joins a planet moving round a centre (generally the 
focus of an elliptic orbit) to that centre. 

1.2. REPRESENTATION OF VECTORS 

Since a vector is the result of abstraction, its magnitude and direction 
may be represented by a line OP directed from the initial point O 
to the terminal point P and denoted by 


OP. Here the length of vector OP demoted 
— > 

hy |OP| =OPis called magnitude or module 
or modulus of the vector and the direction 
in space is indicated by an arrow head on the line. In Fig. 1.1, the 

— > — > 

vector OP has been shown by V (or in Clarendon print by V) while 
its scalar magnitude is stated by V. Thus OP is the length of the 
vector V, while the line of indefinite length of which the directed 
— > 

line segment OP is only a part is the support of V and the sense is 
from O to P. 


o + —»/> 



Fig. 1.1 


2 


mathematical physic 


VIKTORS 


3 


It should be noted that formulation of a law of physics in terms o 
vectors is however independent of the choice of axes of reference, i.e. 
the vector representation has a physical content without reference t< 
any coordinate system. 

1.3. KINDS OF VECTORS 

Equal vectors. Two given vectors may be equal only when they hav< 
the same magnitude and the same direction, i.e., the given two vector 
are equal if and only if they have the same or parallel support wit 
equal length and the same sense. For example in Fig. 1.1, we have 
— > -> — > 

V (=OP) -V! ( =0'P ') — —Vo ( =G'P ") 
where Vj and V 2 have the same scalar magnitude as V but V x hai 
the same and V 2 the opposite sense to that of V. 

Null vector. A vector having the initial and the terminal point! 
^coincident is termed as a zero vector or a null vector. Thus a nul 
vector has its module zero. 

Unit vector. A vector having its modulus as unity is called a uni 
vector. 

If a is a vector and ‘ a ’ its modulus, then unit vector a is denotec 

A 

by a (read as ‘a hat’ or ‘a caret’) defined as 

* a a 


Polar vectors. The line vectors representing the quantities like force, 
velocity etc., in which merely a linear action in a particular direction 
is involved, are termed as polar vectors. 

Axial vectors. The line vectors representing the quantities like angu J 
lar velocity, angular acceleration etc., in which some rotational action 
is involved about an axis and which are drawn parallel to the axis of 
rotation in order that the magnitude of the quantity is determined by 
the length of the vector and the direction by the rule of right handed 
screw (i.e. rotation being considered in clockwise direction), are termed 
as axial vectors. 

Free vector. Evidently a vector can be represented by an infinite 
number of equal vectors by drawing parallel supports. Such a vector 
which can be transported from place to place such that it remains of 
the same magnitude and keeps up the same direction is termed as a 
free vector. In fact a free vector is assumed to remain the same 
through transportation, irrespective of its position in space. 

Localised or Line vector. We have defined that the value of a free 
vector depends only on its length and direction, but if it depends also 
on its position in space, i.e., if a vector is restricted to pass through a 
given origin, then it is termed as a localized vector. 

Collinear vectors. The vectors parallel to the same line, regardless of 
their magnitudes and sense of directions are termed as collinear vectors. , 
In other words the vectors having the same or parallel supports are 


Known as collinear vectors. Such vectors are parallel to each other 
“•id ihey may coincide in a special case. As such there exists a scalar 

i .i H o say A between any two collinear vectors a and b of the form 

b=Aa 

which follows that one of the two collinear vectors can be expressed as 
I lie scalar multiple of the other. 

Non-coliinear vectors. The vectors whose directions are neither para- 
II H nor coincident are said to be non-coliinear . 

Like vectors or co-directional vectors. The vectors which are colli- 
ncar and have the same sense of directions i.e., the vectors directed 
In (he same sense irrespective of their magnitudes are termed as like 
vectors. 

Unlike vectors. The vectors which are collinear but have opposite 
fccnsc of directions from each other are termed as unlike vectors. 

Coplanar vectors. A system of vectors lying in the parallel planes 
or which can be made to lie in the same plane are said to be coplanar 
vectors. Evidently any two vectors are always coplanar. 

Non-coplanar vectors. A system of vectors consisting of three or 
more vectors which cannot be made to lie in the same plane are called 
non-coplanar vectors. 

Reciprocal vector. Any vector having its direction the same as that 
of a given vector a, but its magnitude as the reciprocal of the magni- 
tude of a is termed as the reciprocal vector of a and written as a -1 or 

- ' As such 

n 

1 A d A j| 

a -1 = — a = — , a =— (by definition of a unit vector). 
a a 2 a 2 J 

In this connection it is notable that the magnitude and so the 
nviprocal of the magnitude of a unit vector being unity, the unit 
vector is reciprocal to itself and it is said to be self-reciprocal. 

Negative vector. The vector having the same magnitude as the vec- 
tor a but opposite direction, is known as the negative of a and written 

ii h a. 

Position vector. If a vector OP specifies the position of a point rela- 
tive to an arbitrarily chosen point O, then OP is called the Position 
vector of P with respect to <9, the origin of vectors. 

Problem 1. If { a, b, c} is a right handed set, which of the following 
\i •/ a are right handed? 

(/) a, c, b ; (i7) b, c, a ; (Hi) b, a, c ; (iv) c, a, b ; (v) c, b, a 
1 1 is clear that the sets (ii) and (iv), i.e., b, c, a ; and c, a, b are 
right handed. 

Problem 2. Discuss the geometrical significance of aX + bB^-O 
We have tfA+Z>B=0, a, b being scalars 
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This can be written as A= 


B 


=AB if A = - 


b_ 

a 


i.e. A is expressible as a scalar multiple of B so that the vectors A an< 
B are parallel or collinear. 

1.4. ADDITION OF VECTORS 

The characterisation of process of summation is inherited in th 
composition of two or more displacements of a point. Suppose th; 
we have two vectors a and b acting at a point O as shown in Fig 1. 
— > — > 

Let OA= a and OB=b. 

Clearly the resultant effect of the vectors a and b is the same 
that of their vector sum v obtained 

* mjt c setting off the vector b at the end of a ail 

then joining the beginning of a to the eij 
of b. This geometrical construction utilisd 
to find the vector sum of two vectors | 
and b is known as the parallelogram la 
of addition of vectors. 

Thus \ —OC=^Oa-\ AC= a~fb. . . . (I 
follows by starting with b and setting oft' tn 



Fig. 1.2 
A similar result 
vector a on b, i.e . 


y=,OC=OB+BC= b fa. . . . (1 

Conclusively the result of adding two co-initial vectors is the vecH 
represented by the diagonal of the parallelogram having the two givi 
vectors as its adjacent sides. 

From (1) and (2) it follows that 
a+b==b-fa 

i.e., the two vectors obey the commuta- 
tive law of addition, according to which 
the vector sum of two vectors is indepen- 
dent of their order. 

We now propose to find the sum 
of three vectors say a, b, c. Let 


... (4) 
... (5) 
... ( 6 ) 


urroRS 

=(OA+AB)+(BC) 

=(a+b)+c. 

Similarly v — a + (b+c) 

mid v=(a+c)+b 

It follows from (3), (4), (5) and (6) that 

v=a+b+c=(a+b)+c=a+(b4- c)=(a+c)+b. 

1 < the three vectors obey the associative law of addition, according 
to which the vector sum of three vectors is independent of the mode in 
which component vectors arc associated in different groups. 

In general, if there are n vectors a, b, c,...n, then their vector sum 
v is given by 

v=a+b+c+...+n 

1.5. SUBTRACTION OF VECTORS 

II there are two vectors a and b, then 
a— b=a+(— b), 

l < the subtraction of b from a may be 
icgnrded as the addition of — b to a. 

Thus to subtract b from a. reverse the 
direction of b and add to a, (Fig. 1.4). 


OA= a, AB=b, BC=c 
Fig. 1.3. Then 


as shown in 


y =,OC=OA+AB+BC= a+b+c. 
Also v ~OC=OB J r BC 



c 

7\ 

■j V? ! 

i \ 

__! 

c ^ 




V / b 

a 

Fig. 1.3 

A 
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l.b. MULTIPLICATION OF A 
TOR BY A SCALAR 

II ii be any given vector and s a given scalar, then sa or as is defined 
ah ,i vector whose magnitude is | s | times the magnitude of the vector 
a . i.e. s | times the length of a, the support being the same or 
|Mrallel to that of a and direction being the same or opposite to that 

• •I », according as s is positive or negative. We thus have 

(/) s(— a)=(— s)a=-=—5a. 

Hi) (—s) (--a)=5a. 

(Hi) Off) a=sa+fa, t being another scalar. 

«v) 00 (*a)=f Oa). 

(v) 0a=0, 0 being the null vector. 

(W) If two non-zero vectors a and b are collinear, then there exists 

* non-zero scalar m , such that 

a=mb. 

Conversely the relation of this type implies that b is parallel or 
collinear to a. 

( yjj) if a is the unit vector co-directional with a while fl=> I a 1, 

then 

a + A 

a— aa or sa=s (aa)=s , aa. 
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Also as a = 


2i 2i ^ 

— r = — and if b is parallel to a, then b=^±b — 
a l a r ’ a 



according as b and a have the same or opposite directions. 

Note. Division of a vector a by a non-zero scalar 5 is regarded aj 
the multiplication of the vector a by a scalar l/s. 

Problem 3. Jf there are two veetors a and b represented by the side t 
AB and BC of a triangle , then show that their resultant is represente 
by the third side AC. Why is this method equivalent to the parallel 
gram law of addition? 

As shown in Fig. 1.5, the vectors a and 
b are represented by the sides AB and 

BC of the triangle. Here At is a vectofl 
drawn between the initial point o f 
a and terminal point of b and thud 
may be obtained by parallelogram law o^ 
addition, for if we complete the parallelc 
— > 

gram A BCD, then AC represents a vectod 
along the diagonal of the parallelogram and passing through the 
common point of the adjacent sides AB and AD representing the 
vectors a and b. As such the vector addition obeys the parallelograt 
law of forces. 

Problem 4. What vector must be added to the two vectors i — 2j+2k 
and 2i+j— k, so that the resultant may be a unit vector along thd 
x-axis? 

Suppose that 

a=i— 2j+2k and b=2i+j— k. 

Then a+b=3i— j+k. 

Hence, in order that the resultant of a and b, i.e. a+b be i, we 
have to add a vector. 

i— (3i — j+k), i.e „ — 2i+ j — k. 

1.7. VECTOR SPACE OR LINEAR SPACE 

A vector space (or linear space) over a field F is a set V of elements 
called vectors which may be combined by two primary operations—*! 
addition and scalar multiplication ; such that 

(A) ( i ) If the vectors a and b belong to V, then a+b also belongs 
to V. (This is known as closure property.) , 

(ii) The vector sum of two vectors a and b belonging to V , is 
commutative , i.e . 

a+b=b+a. 

(///) The vector sum of three vectors a, b, c belonging to V , is 
associative , i.e. 

a+b+c==(a+b)+c==(a+c)+b==a+(b+c). 


u ( iors 
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(/v) la vector addition there exists an additive identity vector known 
i . null vector, such that 

a+0=a. 

(v) To every vector a in V, there corresponds a vector -a known 
.ii additive inverse vector , such that 

a+(— a)“0. 

( it) (/) If m, n are any two scalars and a is a vector in V, oen 
distributive law holds, i.e., 

(m+ri) a=wa+«a. 

(//) If m is any scalar and a, b are two vectors belonging to V, then 
distributive law of scalar multiplication holds, i.e. 

(a+b) m=aw+bm. 

(Hi) if m, n are any two scalars and a, is a vector belonging to f , 
l lien associative law holds, i.e. 

m (na)=(mri) a —n (ma). 

(iv) To every vector a in V, there corresponds a multiplicative idc 
allly scalar, such that 

la=a. 

Note. In case of scalar quantities m , n, p , we have the following 
lii\Ns of combination: 

(/) The addition is commutative , i.e. 

m-\-n=n+m. 

(ii) The addition is associative , i.e. 

?n-\-n+p=(m+n) J rp={m+p)+n=ni+(n+p). 

(Hi ) There exists an additive identity scalar 0, which when added to 
mother scalar, leaves it unchanged, such as 

m+0=m. 

(iv) To every scalar m, there corresponds an additive inverse scalar 
m y such that 

m+(-m)= 0. 

In fact m and —m are inverse of each other as their sum is zero 
(Identity scalar). 

(v) The multiplication is distributive , i.e. 

m.(n+p)^m.n J r m.p. 

(»•/) The multiplication is commutative, i.e., 
m.n=n.m. 

(»•//) The multiplication is associative, i.e., 

m.(n.p)=(m.n).p=n.(m.p ). 

(viii) There exists a multiplicative identity scalar 1, such that 
w.l=m. 

(lx) To every non-zero scalar m , there corresponds a multiplicative 

Inverse scalar — , such that 
w 
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m. 


m 


= 1 (the identity scalar). 


n erpi elation : Due to directional properties of vector these laws 
cannot be applied to vectors and laws for vectors are consistent with] 
c physical problems in which vector quantities occur. 

1,8 ‘ FOR A p HVSICAL quantity to b 

representable by a vector 

We have already mentioned that the vector sum of two or mort. 
ec ors is inherited in the combination of two or more displacements! 
a point in flat space. Besides displacements there are other many 
u/i?f» e *j?^^ S1Ca ^ Uai ?^^ es w ^ich S ntcr ^ nt0 combination in accordance 
i e sarnc Variance properties as displacements. Such quantitie 
a S °* ^P r ^ senta ble as vectors. Precisely a physical quantity 
epresentable by a vector must satisfy the two conditions : (/) It must 
ey the parallelogram law of addition, and (//) It must have a 
ordfnate a^c ^ aS ^^ rec ^ on independent of any choice of co 

v^ X > m ^ eS °/ Physical quantities representable by a vector are 
cj y, acceleration, electric field intensity and magnetic fields, etc. . 

^ ^ should be carefully noted that all quantities having magni- 
fy an u direction are not necessarily vectors. For example, consider 
ro atl on of a rigid body about an axis fixed in space. It has got 
ltU< ^ e aS an ^ e rota tion and the direction as the direc- 
mrit i aX1S i twoor . more such rotations do not obey the 
F. oL e ° g f am 1 aw a ddition as they cannot be combined according 
cbinni VeCt °n H'y of addition, unless the angles of rotation are vani- 
vf*rt g / Smd * ^ ence finite rotations cannot be represented as 
vectors as may be seen by experimental verification. 

J°W ein 5. Classify which of the following physical measurements 
are vectors and scalars : 

ve J ocit y> mass > acceleration , length , speed, temperature , 
J° rce > power, pressure of a gas, temperature gradient, dis* 

P m 'n*r,J nt ' ™ ork \P° tentia l, kinetic energy, electric charge , electric or 
magnetic intensities, magnetic moment. 

vJ^i 1 t li | ht ^ fthediscussion made in §1-8 and the definitions of 
classified as foSows? ^ ,ntr ° duCed the above measurements may be 


Scalars 

Volume 

Mass 

Length 

Speed 

Temperature 
Pressure of a gas 
Work 


Vectors 

Velocity 

Acceleration 

Momentum 

Force 

Power 

Temperature gradient 
Displacement 


m roRS 
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Potential Electric and magnetic 

Kinetic energy field intensities 

Electric charge Magnetic moment 

Problem 6. Which of the following have representations as vectors? 
hi) Weight, ( b ) Specific heat, (c) Momentum, (d) Energy, ( e ) Speed , 
i/l Velocity, (g) Magnetic field intensity , (/i) Gravitational force, 

1 / 1 Kinetic energy, (j) Age, ( k ) Flux . 

Applying the conditions for a physical quantity to be representable 
a vector as mentioned in §1.8, we observe that the following quanti- 
im . have representations as vectors : 

(/) Momentum, (i7) Velocity, (iii) Magnetic field Intensity, (iv) Gra- 
v national force. 

I <>. RESOLUTION OF VECTORS 

(0 < 'oplanar vectors. If there are two non-collinear vectors a and b, 
i lien a third vector r which is non-collinear with neither of a and b 
Imii can be made to lie in the same plane in which a and b lie, can be 
uniquely expressed in terms of a and b in the manner 

T=msi+nb 

where m, n are scalars. 


As shown in Fig. 1.6, consider two copla- 


n. u vectors OP and OO such that OP=a 


and OQ^b. Now take another vector OC 
— > — > — > 

i oplanar with OP and OQ such that OC=r. 
Now take points A and B on OP and OQ 
— >■ — > 

respectively, such that OA=m . OP and 
* — > 



OH n . OQ ; m, n being scalars. 

It then follows from the parallelogram law of vectors, that 


r=^OC=OA+AC 

=OA + OB 

—mOP+nOQ 

=ma+wb 

(//) Nan-coplanar vectors. If a, b, c be three non-coplanar vectors, 
I lien any vector r can be uniquely expressed as 

r=/wa+«b+pc, 


where m, n, p are scalars. 
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noSoH* Cs! fuch thaf ° f VCCt ° rS ’ ,et OA > OB > <>C be three 


B 



OA= a , OB=b, OC= c. 

cn3.» k Vl? y po i nt such that 0P =r in the 

space of three dimensions. Through P driw 

and AO# araI,e !- tflree planes POC, CCM 
aiid .4 OP meeting 0.4, OP, OC in L M md 

gct a pa ^4iSd 

u ‘ as one °f its diagonals. Then 


t~OP—OL-{-LP 

-> -> 

=OZ,+ZJV v +A7>' 


^ ^ — > 

=OL+OM-{ON 
=m a+«b-f/>c, 

"dierem, «, are scalars and ol, OM, J* being collinear with OA, 


OB, OC respectively, we have 


. OL~m», OM=nb, ON=p c . 

lions. Let OA'”oK, OZ be C three no^-c™i <,,a,,y r per l ,end ' cu,ar direc- 
line is perpendicular to the nlane -vw 3 ” 31 IDes suc * 1 l ^ at eac h 
system of axes so chosen fornfa right' bandrd the °J hcr tWO ' The 
such that if O* is turned towards OY aboul oTZ^T 

BVc3?“ t “ fcd S "™ ™“ ld 


Let OP represent the given vector 
r and let the length of orthogonal 
projections of OP along the axes be 
x, y,z respectively. It is conventional 

OYpVn7 aS VeCtors alon S 
ux > or, 02. respectively, so that 

OA =*i, OB=yj, OC =rk, 

OC are col, inear with 
ux > or , OZ respectively, 

Now r =OP^OA+AP 



=OA+AQ+Qp 


Vl< IOHS 
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=OA+OB+OC 

=xi+y'}+zk. 

Here xi, y\ , zk are called component vectors of r along the direc- 
tions of j, j, k and are the orthogonal vector projections of r along 
lin t- directions. The scalar projections x, y, z are the rectangular 
ntilcsian co-ordinates of the point P referred to O as origin aud 
0\\ OY y OZ as axes of reference. 

— ^ 

Note 1. Modulus (magnitude) of a vector. Modulus ofr, i.e ., | OP | 

U given by 

V(OA 2 +OB 2 +OC 2 ), i.e., V (; x 2 +y 2 +z 2 ). 
lltUH if i=xi+jj+zk, then 

I r | =V(* 2 +/+*) 2 = \OP\- 

Note 2. Direction Cosines. If OP makes angles a, (3,y with OX , OY f 
OZ % respectively, then x—OP cos a, y—OP cos (3, z—OP cos y, but 
1 1 om note 1, OP =\ / (, x 2 +y 2 +z 2 ) ; therefore we have 

cos a= V (x 4 +y 2 +z 2 ) ’ C0S V {xfy 1 +z i ) 

cos Y ~ \/ {x i +y 2 +z i ) 

The quantities cos a, cos (3, cos y introduced and defined in this 
in inner are called the direction cosines of the line OP with the axes 
0\\ OY, OZ respectively and are usually denoted by /, m , n y 
respectively, i.e., /=cos *, m = cos P, n=cos y 

It is obvious that 

cos 2 a+cos 2 (3+cos 2 y=1> 
lx. / 2 +m 3 +n 2 ~l. 

Note 3. Distance between two points. Let a, b be the position vectors 
of two points A and B whose cartesian coordinates are (x l5 y u z 2 ) and 
t ' . y 2 y z.y) respectively, then 

a==x 1 i+^ 1 j+z 1 k ; b==* 2 i+.y 2 j+z 2 k. 


AB—b—a= (x 2 — xj i+ (t 2 -Ti) j+ k, 

— ^ 

»•> l hat AB=\ ^ P I = VT(-* 2 ~ xtf + (y., —yj - + (z 2 - z^ 2 ] 
Problem 7. 7/a=5i+<5j— 4k and b= 21 +3], find 
(/) Magnitudes of a and b, 

(it) the direction cosines of a and b. 

(/) Here | a | - V{(5)*+(6) 2 +(-4) 2 } = yfll, 

I b | = V {(2) 2 + (3) 2 + (O) 2 } = \/ 1 3 . 

(//) Direction cosines of a and b are respectively 
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and 


0. 


Ans. 


+77 ’+77’ V77 and VlT’VlI 

and^beaioncostnTs ^Uund^-*) 6 ' + k ' find the magnitudeS 
Given A=4i+6j+2kand B=i+6j+2k, 
(A+B)=4i+6j+2k+i+6j+k 
= 51+ 12j+3k. 

magnitude of (A+B)=+(5 2 +12 2 .+3 2 ), 

| A+B I =^=+(25+ 144+9) = +178 


direction cosines are given by 
IA+BU 5 


cos y.- 


cos |3 = 


cos y= 


A+B | " 
A + B [ v 
A+B | = 

A + B L 


'+(178) 

12 

' +(178) ’ 
3 


■A+Bi +(178)’ 

rxes^especti^y. 5 ? ^ COS Y are dirCCtion cosines alon 8 V * 
A~ ®=4l+6j+2k— (I+6j+k) 

=4i+6j+2k — i — 6j — k 
=3i+k. 

magnitude of (A-B)=| a-B | = +(3 3 +l-) 

=+ 10 . 

Direction cosines of (A-B) are given by 
A-B U 3 


cos a= 


cos e= 


cos y= 


I A-B I 

J A-B [ , 
a-b ; 

I A-b 


+10 


= 0 , 


1 


'A-b i vio' 

a,'/Sf, !S ° n , tr f 1 dlin % eastwards at a rate of 3 m.p.h., finds 
hat the wind seems to blow from the north. On doubling the speed it 
appears to come from north east. Find the true velocity of the wind 

N Let i, j be the. unit vectors along east 

and south, so that by Fig. 1.9, we have 



OA =3i, OB= 6i. 

The relative velocity of wind is along 

—V 

AC=yj (say) 

Actual velocity of the wind 


VIH iohh 
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=OA+AC=OC 

=3i+yj 

Again, the relative velocity of the wind is along BC, such that 
/_ABC= 45°, fBAC= 90° and so Z.ACB=45°, 
AB=AC= 3 units=y. 

Actual velocity of the wind=3i + 3j and so 


| OC |=v / (9+9)=3v‘2 m.p.h. 

Also OC makes equal angles with OE and OS, i.e., the wind is 
blowing from north-west at 3+2 m.p.h. 

Problem 10. The vectors of magnitudes a, 2a 3a meet in a point 
II, id their directions are along the diagonals of three adjacent faces of 
a cube. Determine their resultant. 

Consider a cube of unit length and let i, j, k be the unit vectors 
along the adjacent edges OA, OB, OC as shown in Fig. 1.10. 


Also let OA, OQ, OS be the vectors of magnitudes a, la, 3 a along 
(lie three diagonals, OM, OL, OD of three adjacent faces. 



If R be the required resultant, then 


R= OP+OQ+OS=^ 2 i+ ~ 2 }+ ^ 2 k. 

Itsmagnitude=|R|=^/[(^ 2 ) +(^ 2 ) +(^ 2 ) which 

is inclined at angles cos" 1 cos- 1 ^rcos^-j^j w,th the edges 
OA , OB, OC respectively. 
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Problem 11. If the resultant of two forces is equal in magnitude to 
one of the components and perpendicular to it in direction , find the 
other component . 

Let P, Q be two forces inclined at at 
angle 0 and let their magnitudes be 
and Q respectively. Also let i, j be the 
unit vectors along the direction of P and 
in a direction perpendicular to it. Accord- 
ing to the question the resultant of P ana 
Q is P in a direction perpendicular td 
that of P. 

Here 

P=Pi and Q = Q cos 0 \+Q sin 0 j, 

so that P+Q=P gives 

Pi+Q cos 0 i + Q sin d j = jPj, 

( P+Q cos 0) i+(Q sin 0 — P) j=0. 

Equating the coefficients of like vectors on either side, we get 

P+Q cos 0=0 and Q sin 0— P=0 

P P 

Q—-~^ and Q = 



i.e. 


i.e . 


Dividing, 

Hence 


cos 0 

tan 0= — 1, i.e., 0=135° 
P 


sin 0 


Q- 


sin 135 


~o~P V'2- 


Problem 12. The base BC of a triangle ABC is divided at G so that 
mBG~nGC. Show that mAB 2 +nAC 2 =mBG 2 +nCG 2 +(m+n) AG 2 . 

Taking A as origin of vectors, let a 

position vectors of B and C be b 
and c respectively. 

Since mBG—nGC 


i.e. 


or 


BG n_ 
GC m 

BG : GC—n : m. 



therefore the position vector of G is given by AG-= 

n+m 

Now 


mBG-+nCG i +(m+n) AG 2 =m ( BG) 3 +v(CG) 3 +(m+n ) (AG) 3 
—iv [BA -(-AG]--)-ii[CA -r AG] 3 -\-(m-\-ri) (AG) 3 


=m 


[- T+» [-+ 5 sst+<'»+»> (^y 


v m tors 
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1 


(m+n) 

1 


^2 [mn 2 (c— b ) 2 +nm 2 (b— c) 2 +(m+n) (nc+mb) 2 ] 
[mn (m+n) (b— c) 2 +(w+/?) («c+^b) 2 ] 


[mnb 2 + mnc 2 — 2mnb.c+n 2 c 2 +m 2 b 2 +2mnb.c], 
[mb 2 (n+m)+nc 2 (n+m)]~mb 2 +nc 2 


(m+n) 2 

J_ 

m+n 

1 

m+n 

Y b 2 =Z> 2 and c 2 =c 2 

mAB 2 +nAC 2 (by properties of dot product) 

Problem 13. The line AB is bisected in P u P^B in P 2 , P 2 B in P 3 

on, I so on ad infinitum ; and the particles of masses m, ...etc., 

me placed at the points P l9 P 2 , P 3 ,...etc., respectively. Prove that 
iln distance of their centre of mass from A is equal to one-third of 
i hr distance from B to A. 

faking A as origin let the 

limit ion vector of B be b. The * * * 

position vectors of the points P l9 


b b 


r . -e tc. are — > 


Fig. 1.13 


P> 


b^ 

2 ' 2 2 ' 2 3 

• « pivtively. Let G be the required centre of mass; then 


b m b mb , 

Ta- n 2 + 2 ' 2 2 + 2 2 ’ 2 2 + "’ 


m 

y 


, ,,i m 

m + — +-22+... 


r i 


=b 


2 + 2 3 2 5 


■ , , 1 1 
[ 1 ‘ 2 + 2 2 +• 


=b.- 


1 — 1 / 2 2 


1 

1-1 


I r AG—i rd of the distance from B to A. 

Problem 14. Prove that 

((/) The internal bisectors of the angles of a triangle are concurrent. 
(/>) The medians of a triangle meet in a point of trisection of each 
ol h<r. (Nagpur, 1965) 

(a) Consider a triangle ABC, the position vectors of whose vertices 
I if, C are p, q, r respectively. Let a, b , c be the lengths of the sides 
hi , CA, AB respectively. 

II AD be the internal bisector of the angle A, then by geometry 
BD : DC=A B : AC 
= c : b. 
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The position vector of 
b q+cr 


D ~ b+c 
Now the position 
dividing AD in 


of a point j 
the ratio b + c : a \ 


(b+c). 


bq+cr 

b+c 


+0P 


b+c+a 
ap+bq+cr 

Fig. 1.14 a+b+c 

The symmetry of this result follows that the point / also li^ 
on the other two internal bisectors, namely BE and CF. 

Hence the three internal bisectors of a triangle are concurrent^ 
(b) Consider a triangle ABC, 
the position vectors of whose 
vertices are a, b, c respectively. 

Let D, E, F be the mid. points of 
the sides BC, CR , AB respectively; 
then their position vectors are 
b+c c+a a+b 
2 * 2*2 
respectively. 

The position vector of a point G 
dividing the median AD in the Fig. 1.15 

ratio 2 : 1 is 

2.+^+a 

2 a+b+c 

~ 2+1 ” 3 

The symmetry of the result follows that the point G 
lies on the other two medians, namely BE and CF. Hence t 
medians of a triangle meet in a point of trisection of each other. 

Problem 15. Forces P, Q act at O and have a resultant R. If a> 
transversal cuts their lines of action at A, B, C respectively, shoi 

OA OB OC 


that 



Taking O as origin, let a, b, j 
be the position vectors of A, B, 
respectively; then 

A a , - b , * c 

a “ OA b_ OB c ~OC 
so that 

P==Pa _ T a ' Q=^b. 


Fig. 1.16 


v I OHM 
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P , Q , R 
P+Q=R, • • OA a + ob b ~ oc C 


P * - e _h 
OA 1 OB b 


R 

OC 


c=0. 


I lie points A, B, C being collinear, we must have 


JL+ Q- 

OA ^ OB 



i.e. 


JL+iL. 

OA r OB 


R 

OC' 


I'nililfMi 16. Jf the force F u F.,,...F n acting in a plane at O are in 
v^mlthrlum and any transversal cuts their lines of action in points L x 
I . /,„ and a length OL is positive when in the same direction OF, 

F 

then grove that 2 —pry —0. 


I «>t A B be the given 
iniir.versal such that the 

F,, F 2 F n make 

.nil'll -. 0,. 0., Bn with it. 


It /» be the length of the 
|m 1 1 " mlicular from O to AB, 

P 

Mini sin Oi = -qj- » 


in 


P_ 

OLf 


sin 




I « i I, j be the unit vectors along and perpendicular to AB and F lr 
I / , tMc., be the magnitudes of the forces, then 


cos 0 X i+F x sin 0 X j, 
F 2 =F 2 cos 0 2 i+F 2 sin 0 2 j. 


F n = F n cos 0n i+F n $in d n j* 

lli< system being in equilibrium, we have F 1 +F 2 +...+F n =0 

/F ( / , cos 0 j+F 2 cos 0 2 + +F n cos 0 n ) i+(F x sin 0i+F 2 sin 0 2 

I-,, | F n sin 0 n )j— 0. Equating the coefficients of j on either side, 

get l\ sin 0 i+F 2 sin 0 2 + +F n sin 0 n =O 


If, 


Fi 


OL l 


+ ^2 7?7 


n OL n 


=0 


fuMem 17. A boy runs 3 miles on a road towards east . It then 
hit hi towards north and runs 4 miles before stopping . Find the result - 
.«»♦/ distance covered by the boy. 


|V«l I OKS 
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Takings and p-axes of co-ordinate system along east and nortl 

respectively, let A and B be the twi 
successive displacements given by 

A = 3i. 

B=4j. 

So that their resultant, 
r=A+B=3i+4j 
/. | r i = +(3 2 + 4 2 )=+(25) 

— 5 miles making an angl 
6 with x-axes where 

coeft. of j_ 4 
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8 






B 




tv 

0 r 

s 

l * x 


Fig. 1.18 


tan d= 


coeft. of i 


Giving cos 0 = — - j 


i.e. v— Cos- 


Problem 18. A car is driven eastward for a distance of 5 miles , then- 
northward for 3 miles and then in a direction 30° east of north for 70]] 
miles. Draw the vector diagram and determine the total displacemen 
of the car from its starting point. 

Taking x and y - axes towards 
east and north respectively, and 
z-axis along the vertical, let the 
displacements along these axes be 
a, b, c respectively. Then the re- 
sultant displacement r is given by 
r=a+b+c. 

But according to the given pro- 
a=5i, b— 3j 

c=10 sin 30° i + 10 cos 30j 
= 5i+5\/5j. 
r=5i+3j + 5i+5+3j 
= I0i+(5+3 + 3) j. 

So that | r |=r= +{10 i +(5 \/3 + 3 ) 2 } 

=+(100+75+9+30+3) 

=(100+75 + 9 + 52)= +(236) 

= 15*35 miles 

10 , 10 


blem, 

and 



rioblem 19. The projection velocity of a rocket is expressed as 
▼ — 5i + 7j + 9k 

hnr i, j, k are unit vectors along east , north and vertical direction 
- »/" ' lively. Calculate the magnitude of horizontal and vertical 
MHjnmcnts of the velocity. Also deduce the change in angle of pro- 
• nen if the vertical component is doubled. ( Agra , B.Sc. 1969) 

I he velocity vector is given to be expressed as 
v=5!+7j+9k 

whne i, j and k are unit vectors along east, north and vertical 
•hm (ions respectively, which are taken as axes of reference. 

< Icarly the vertical component of velocity vector— 9k. 

(lie magnitude of vertical component of velocity =| 9k |=9. 
Horizontal component of velocity vector = 5i + 7j. 
magnitude of horizontal component of velocity 
= +(5 2 + 7 2 ) =+(25+ 49) = +(74). 

In case the rocket is projected making an angle a with east, 

I 5i | 5 


then 


have 


cos a — 


5i + 7j + 9k 
5 


+(5 2 +7 2 +9“) 

5 


~ +(25 + 49 + 81) +(155) “ 12.45 

= *4016 

a = 66 ° 17' (by tables of cosine). 

II the vertical component is doubled, then the velocity vector 
nomes Vl = 5 i+ 7 j+ 18k. 

As such, the angle of projection of rocket with east is given by 
1 5i I 5 5 5 


Fig. 1.19 


and cos 0 = 


or 


=cos~ 


+(236) ~ ™ +(236) 

Hence the resultant displacement lias magnitude equal to 


miles making an angle cos- 


10 


+(236) 


15-35 

- north of east, i.e. with 


x-axis. 


i 5i+7j+ 18k * +(5“ + 7 2 + 1 8-j (398) 19 95 

[4=75° 29'. 


=*2507 


Hence the change in angle = 3 — a=75* 29' — 66 * 17' = 9° 12'. 

I 10 LINEAR COMBINATION OF VECTORS 

A vector v is termed as a linear combination of a set of n vectors 
v*, v 3 ..., v n , if it is expressible as 
f ky Vi +^2 T 2 + k% Va+...+& n v n 
nv here k u k 2 , k 3> ...ku are scatars. 

flic set of n vectors v 2 ,...t„ is said to be linearly dependent if 
i line exists a set of n scalars k u k 2 ,...k n such that all of them are 
n.>( zero i.e., at least one of them is non-zero, satisfying the relation, 

k x \\-\-k 2 v 2 +--*+A^n ▼ 71=0 
If all the scalars k u k 2 ,...k n are zero i.e. ky=k 2 
Hi * set of n vectors v l9 v 2 ..., v* combined as 
ky Vj +A t 2 Vj+ ... ~\~k n v n =0 
1 s said to be linearly independent. 


-."'=k n = 0 then 
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hole 1 . It is evident that if a Set m (m<n) out of n vectors 
linearly dependent, then the whole set containing n vectors is Tinea 
dependent. 

Note 2, If the set of n vectors is linearly independent, then clea 
any subset ot these n vectors will also be linearly independent. 

Problem 20. If a set of n (> 1) vectors is linearly dependent thei 
least one of these n vectors can be expressed as a linear combinatiol 
the remaining ( n — 1 ) vectors. 

Let v 1# v 2 • . • , v„ be a set of n vectors which are linearly dependc 
This set being linearly dependent, we must have a linear combinat 
of the type 

k x \ x +k 2 v 2 +...4 k n v n — 0 
where all of the scalars k l9 k 2 ..., k n are not zero. 

Suppose k r f=- 0. Then, we can write 

Vr= ~ (t' Vl+ T> + • • • + 1> ) 

which can be expressed as 

Vr = k x \ x +k 2 ' l % +...+kn Vn 

thereby proving the proposition. 

Problem 21. Show that any set of n vectors containing the 
vector is linearly dependent. 

Let v l5 v 2 ..., v n be a set of n vectors, of which v n is a null vecti 
i.c. v n =0. Then by note 1 of § 1.10, if the set y l5 v 2 ..., \ n -i of 
vectors is linearly dependent, the set of n vectors containing th< 
(«— 1) vectors and the null vector will' also be linearly dependent. 

In the case when the set v 3 , v 2 ..., v n -\ of («-~T) vectors 
linearly independent, then by definition there exists a set of (« — 
scalars k l9 k 2 ... f k n - x , all of which being zero, such that 
k x v 1 +k 2 \ 2 +...-) r k n - x v n _! — 0. 

Assuming that k n -=f 0 and v n =0, this relation will still hold in 
form 

^i v i+^ 2 v 2 + • * • “h k n — i v w - 3 + Ar n v n =0. 

Where all the scalars k x , k 2 ..., k n are not zero, as k n ^ 0. 

This follows that the set of n vectors v l5 v 2 ..., v„ is linearl) 
dependent thereby proving the proposition. 

Problem 22. Show that the set of vectors r 1? r 2 , r 3 given by 
r x =2a—3b+c 
r 2 =5a— 5b+2c 

r 3 =4a— 5b+c, a, b, c being non-zero and non-coplanar vector* 
is linearly dependent. 

The vectors r 1# r 2 , r 3 will be linearly dependent if there exists a s< 
of scalars k x , k 2 , k 3 not all zero, such that 

k x r x +k 2 r 2 +k 3 T 3 =Q ... (1 
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r, A , (.hi -3b+c)+* 2 (3a-5b-h2c)+* 8 (4a-5b+c)=0 
• ('’A, | 3A a +4Jfc 8 ) *-(3k x + 5k 2 +5k 3 ) h+(k x +2k 2 +k 3 ) c=0] 

* li < being non-zero and non-coplanar, this relation will hold 
tl flic coefficients of a, b, c separately vanish, i.e. 9 if 

2k x + 3A: 2 + 4fc 3 = 0 • - • (2> 

3k x +5k 2 +5k 3 =0 ... (3) 

k x +2k 2 + A: 3 = 0 ... (4) 

Mull mlying (4) by 5 and then subtracting from (3), we find 

.’A, |-5A: 2 =0 which is satisfied for k x ~ 5, k.,— —2 (non-zero 
ilUft) and then (4) yields k 3 = — 1. 

I Ii«m values of k l9 k 2 , k 3 also satisfy (2) and hence the relation (1) 
l Mpi i able in the form 

T, 2r 2 — r 3 =0 or r 3 =5r 3 — 2r 2 
lii'wmi' that the set of vectors r 3 , r 2 , r 3 is linearly dependent. 

IN uhleiii 23. Show that the set of vectors r 2 , r 3 given by 

i, j 2k, r 2 =i— j+k, r 3 — i+2j+k 
i llnrorlv independent. 

I In vectors r 3 , r 2 , r 3 will be linearly independent it there exists a 
#1 nl ^ alars k l9 k 2i k 3 all being zero, such that 
k x T x "T & 2 r 2 +/: 3 r 3 =0 

» A , (j 2V)-\rk 2 (i— j+k)+/c 3 (1 + 2j+ k)--0 


: 


(A, 1 A :j ) i+(k x -k 2 +2k 3 ) j+(-2fc 1 +* s +* 8 ) k-0 
Jmv I, j, k being non-coplanar, this relation will hold if 
k 2 -\-k 3 —0 
k x —k 2 +2k 3 —0 
— 2k x -\-k 2 -\- k 3 = 0 
In) Vi up, (4) and (5), 

k x k 2 


0) 

( 2 ) 


... (3) 
... (4) 
... (5) 


-4— 1 


k't 

1 — 2 


k) 


k. 


-A (say) 


- 1-2 
il— = 

3 _ 5 1 

I hr * t » equations give, 

fc 1= =3A, /: 2 = 5A, /c 2 = A 
Hulnlituting these values in (3) we find, 

6A=0 i.e.. A— 0 

hiii % 1i , we have 

k x =0—k 2 z =k 3 

hHWlng that the given set of vectors is linearly independent. 

1*1 (itilein 24. Show that a necessary and sufficient condition for the 
h him 

r, ^li+Tj+rik, r 2 =.T a i+j 2 j+r 2 k, r 3 =x 3 \+y 3 ]+z 3 k 
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to be linearly independent is that the determinant 

be different from zero. 


*1 

y i 

z l 

*a 


Z% 

*8 

y% 

Z % 


The set of given vectors will be linearly independent if there exi 
a set of scalars k v , k z , k l all being zero, such that 

^l r l + ^2 r 2 + ^8 r , = 0 

i.e. k t (Xii+j'jj-f Zik )+* 2 (x 2 \+y z i+z 2 k)+kz (*3i+y 8 j+r 3 k)=0j 
or (x^+x^+x^) i +(y x ki+y t k t +y z k^\ 

J ri z ik l +z 2 k 2 -\- z$k^ k 

But i, j, k being non-coplanar, this result will hold only if 
xjc x + x 2 k % + x-k s — 0 "1 
y \k i y %k% ~f~ y sk % == o f 
Z\k x + z 2 k 2 + zjc z = 0 J 

Elimination of k u A%, from these equations with the help 
determinant yields 

‘ A*! x t .v* 

y i y% y* 


=o 


But the given set of vectors being linearly independent, we have 

k l =kg=ki=0 

in which case equations ( 1 ) are not solvable in the form ( 2 ) showi 
that the given set of vectors will be linearly independent if and only 


*1 

y i 

-i 


*8 

y% 


X% 

y% 




otherwise the scalars k ly k iy k 2 will be different from zero. 


1.11 PRODUCT OF TWO VECTORS 

A careful observation of the ways in which two vector quantities en 
into combinations in various branches of mathematics and machil 
leads us to define two well marked and distinct kinds of products, o 
being called scalar or dot product and other being called vector 
cross product. The former yields a number (scalar) while the latter 
vector quantity. In either case the product is jointly proportional 
the modules (moduli) of the tw-o vectors. 

Conventionally, the scalar or dot product of two vectors a and 1 
denoted by a*b or (a, b) and their \ector or cross product by axb 
[ab]. 

(1) The Scalar or Dot Product of Two Vectors 

Definition. The scalar or dpt product of two vectors a and b, w 
modules a and b respectively and their directions being inclined at 
angle 0 , is defined to be the real number ab cos 6 , i.e. 

**b=ab cos 0 . 


VIM i oks 


23 


< Inuacteristics of dot product. (/) The dot product of two vectors 
4 mihI h is independent of their order 

a*b =ab cos 0=b«a 


o/) I he dot product of two vectors a and b may be expressed as 
« li« product of two numbers, one being the length of one vector and 
ili« other resolute of the second in the direction of the first, i.e. 
a .b= (length of a) times (scalar projection of b onto a) 

= (length of b) times (scalar projection of a onto b). 

iiii) If a*b=0, then either of the two vectors is a null vector or the 
mm tors a and b are mutually perpendicular, i.e. 

a— 0 or b=0 or 0=Jw. 

In particular i * j = j .k=k»i— 0 ; i, j, k being mutually perpendicular 
unit vectors. 

(/v) T he vectors a and b are parallel if 0=0 or i.e,, if a*b 
• i ab, where a, b are modules of a and b respectively. 

O') The scalar product of two equal vectors a, a is given by 
a*a =a.a cos 0° — a 2 , since then 0=0 

In case a is a unit vector i.e., a = a then ] a | = 1 so that a.a=l 2 =l 

In particular i • i = j ' j — k • k = 1 . 

( vi ) The scalar product of two unit vectors a, b is given by 


A A A A 

a*b=cos 0 since then | a ; = 1 = ] b | 

(vii) The scalar product is associative i.e. if a, b be any two vectors 
and m, n be any two scalars, then 

(ma)»(nb)=mn (a*b ) = mn a • b = a • ninb = a a • mb 
(yiii) The scalar product being a number, can occur as the numeri- 
• ill coefficient of any vector, e.g. (a-b) c represents a vector parallel 
to c and whose module is (a • b) times that of c. 

(/a) In the case of scalar product, the distributive law of multipli- 
v at ion holds i.e. if a, b, c be three vectors, then 
a*(b-fc) = a*b-ra*c 


Referred to Fig. 1.20, let OA = a, OB— b, OC — c and projections 
of OB and BC on OA be respectively OM and MN, so that 
ON=OM+MN. 


It is also clear that 

OC=OB+BC= b+c 
— > 

Now, a«(b-bc) = a*OC— (length of a) 
-> 

limes (scalar projection of OC onto a) 
=a(ON), a being module of a 
^a(OM+MN) 
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*=a(OM)+a (MN) 

=a*b+a*c by (ii) 

In general, we have 

(a+b+c...)*(l+m+n...)=a*l+a*m+ ...+b*l+b-m + ... 
and in particular , (a±b)»(a±b)=(a±b) 2 

=a 2 ±2a*b+b 2 

and (a+b)-(a— b)=a 2 —b 2 . 

(a:) If 0 be the angle between two vectors a and b whose orthogo 
nal projections (components) in the directions of axes of x, y 9 z ai 
(a l , a 2 , a 3 ) and (b l9 b 2 , b 2 ) respectively and if i, j, k be the unit vectoi 
along the axes, then 

a=tf 1 i-ftf 2 j+tf 3 k 
b=Z? 1 H-^ 2 j+^ 3 k, 

a»b (a, i + a 2 j + ^k) « (7 m + b 9 j + b^k) 

ab “| (aj+ a 2 \ + a^i) 1 . | I 

ct\b\ -f- a 2 b 2 -f a^b* * 

V (&i+&\+az)y/ (^i 2 4~^V+^3 2 ) 

(2) The Vector or Cross Product of Two Vectors 

Definition. Given two vectors a and 
whose directions are inclined at an angle 0 
their vector product is defined to be th 
vector r, whose module is ab sin 0 an< 
whose direction is perpendicular to both 
and b, being positive relative to a rotation 
from a to b, i.e. 9 


so that cos 0 = 



r— a x b=| a 

a 

=ab sin 0 e 


b I sin 0 e 


where e is a unit vector perpendicular to the 
plane of a and b, and has the same direction 
as is obtained by the motion of a right 
handed screw due to rotation from a to b, and a, b are the modules 
of a and b respectively. 

Characteristics of vector product. (i) The vector product is not 
commutative , i.e. 9 by reversing the order of the factors, the sign oj 
the product is reversed, e.g. 

bx*=ba sin (— 0) z^—ab sin0£=— axb 
(ii) The magnitude of the vector product axb is equal to the area 
of the parallelogram of which a and b are the adjacent sides i.e. 


( aXb |=| ab sin 0 £ | —ab sin 0, as | e |=1 

=OA multiplied by the perpendicular distance of OA from B, 
=Area of the parallelogram OACB. 


(til) The vector product is associative , i.e., if m be a scalar and a, b 
!•#* two vectors, then 

a 

(ma) x b— a X (mb ) = m (axb)=m (ab sin 0 e) 

</»■) The vectors a and b are parallel , if the angle 0 included between 
• I., it directions is 0 or tt i.e. if 0—0 or rc ? so that 
aXb—0 as sin 0=0 for 0=0 or rc 

»lm h follows that the vector product of two parallel vector is a null 
vr« lor. 

(t ) The vector product of two equal vectors a, a is given by 


axa=0. 

Since the two vectors are equal if they are either collmear or 
iMt'iillcl. So that the angle 0 between them being 0 or «, sin 0-0 and 
Uncc the result follows. . 

In particular, if i, j, k are the unit vectors along the principal 
then 

ixi=jxj=kxk=°. 

(W) The two vectors a and b with modules a and b respectively, 
will he mutually perpendicular if the angle 0 between their directions 
It <>0°, so that sin 0=1. 


As such if a, b are at right angles, then axb=a£ e, e being a unit 
mi ior normal to the plane containing a and b. 

In case a and b are unit vectors, then | a | =1 and | b 1 = 1, 

llirrcfore axb=e, which shows that the cross product of two 

A A , . * 

, Mutually perpendicular unit vectors a and b is a unit vector e 


A A 

mat to the plane of a and b. 

I lence, in particular if i, j, k be the 
unit vectors along the principal axes, 
lltrn 

ixj=k=— jxl 
jxk=i=— kxj 
kxi=j=— ixk 

(v//) The vector product of two 
< i ml vectors a and b is given by 


fk A A A A 

aXb=sin0e as | a 1 = l b | = 1 , 
where 0 is the angle between their 

A 

tint t iions and e is the unit vector 

m< .1 mal to the plane of a and b. 

(viii) The distributive law holds , i.e. 
t». t arc three vectors, then 


Y 



in case of vector product if a. 
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ax(b+c)=axb+axc. 

fa a 04- *’ **’ C \ a * ong tfie principal axes J 

.hi unit wii Th '" if «• J. * H 

b=^if+6 2 j+^ 3 k 

c=c 1 i+c 2 j+c 3 k 

So that, b+c=(ft 1 +c I )i+(i t+Cf ) j+( ^ +Cj)k 

a X (b + c )=(« 1 «+^j+^k) x {fr+cJi+^+^j+^+cM 

= m?’ 3 +c 3 )-a 3 (b 1 +c z )} i 

+ {«aOi+c,)-a 1 (h 3 +c 3 )} j 

+ { fl i ( b t+c 2 )-a t {by+cj)} k 
as ixj=k etc. 

~i(»tb t -a 3 b. 3 ) i + (a A - a A) j + (a A - a A)k} 

+{«2^»— a*c 2 ) i-KajC,— ajfj) j-f (a^j— a 2 Cj) knl 

=*xH»xc. 

[Since a x b=(a 1 H-a 2 j -f a 3 k) x (^i+^j+^k) 

= ^ 2 * 3 ~ a s^) ' + (°3*i —a A) j+ {a 1 b t — a 2 hi)k 
SjnuhHjr .>M_( v ,_ v j l+( >+( 0 j 

In general, (a+b+c+. ; .) X (l+ni+ n+ ...) 

=axI+axm+,..+bxI+bxm+...-f ... 

a andb whose' ^ components' tW ° VCCt0r J 
along the principal axes Then ffV ? 2 Y a) ’ ^ bi) res P ective| y 

these axes, we have “ * f ’’ J ’ k are the un,t vectors aIo "l| 


a— aji+ajj+agk 
b=Ai4Aj+7> 3 k 

a x b=(a 2 i+a 2 j+a 3 k) x Ai+Zy+^k) 

=(a t b 3 ~a 3 b 2 ) i+ia^-aJJ j+fo^-a^) k 


~l ' j k 

a 2 a 3 
b i K b 3 

Now if 0 be the angle between 


as ixj=k=— jxi etc. I 

(Agra, 7954)1 
the directions of a and b and 


c, a unit vector normal to the plane of a and b, then j 

(axb) ! =(ai sin 0 ey-={(a 2 b 3 ~a 3 b.,) i+( a^-aM j 

+( fl A— a A) k} 21 

.e.,a b sin d— (a t b 3 — o i b t )--\-(a 3 b l —a 1 b 3 ) i -\-(a 1 b t ~a t b i y as e 2 =l 
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, - (a t b 3 — aA)*+(qA — gA)*+ («A — aA) 2 
Mn “ (a t '+aS+ay) (V+ V+V) 

as a 2 =a 2 =fl 1 2 +fl a 2 +« 3 2 etc. 
i,) ( ross product in terms of dot product. By definition, 

(axb) 2 =(^ sin 0 e) 2 
—a 2 b 2 sin 2 0, 

=a 2 b 2 (I— cos 2 0) 

=a 2 b 2 —a 2 b 2 cos 2 0 

= a 2 b 2 — (a.b) 2 , v a 2 =a f , b" = ft 2 , a.b=a6 cos 0 
I'rohlcm 25. If a and b are unit vectors and 0 is the angle between 
I turn, show that 

. 0 1 , 

-j“l a— b |. 

Wr have | a— b| 2 =(a— b) a 

=a 2 +& 2 — 2a*b, V a 2 =a 2 = 1 and b 2 =Z> 2 = 1 
=2—2 cos 0 
=4 sin 2 0/2, 
i r | a— b |=2 sin 0/2, 

•••♦ (hat sin 0/2=i | a— b |. 

I'loblcm 26. From the relations ( Lorentz transformation equations 
in theory of relativity ), 




where y 


v(e-e) 


, prove //*e reciprocal relations 


r=r'-fjj^/~ vt'+y/'J v. 


Here, r'+J^^-^vr'+y/'J 1 


+ ?(V-^) ], 
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= r+’^rO-r) J-yty+ y —J-(vr) y+(^r-)(v'r) 


Y L ~w v 2 v l .^ 2 *-. y 


^ 2 y/v 2 v + y 2 t\ — ^ v • rv 


=r+2— 5^\v*r) v-T<v+-^r-(vr) v-(y-I) V* 


++-+!?*[ V 


X-5^- (yr)v (2 +y-1)-y/t-y 2 ^+Y^+Y 2 ^ 


=r 


y 2 -i 


(v*r)v — y 

C“ — Y z 


=r+-~2 — l)(vr) y- ^ y 


=r+^— 


vr vr 


v=r. 


Again y j\' + -~.* J 

=Y [ Y (t~ J r+ ( T yyr- yO ▼ ]] 


"V ~2 V " r r V,r , Y Y ~ 1 / \ o Y 2 ^ 2 

=Y 2 ' -Y 2 -^- +Y -^ 2 - +^~^ 2 -(v-r)v 2 — V 2 


c^t vr ^vr y 2 ^Y^r y 2 / 

~2 2 2 v 2 Y ‘2 „ 1 T Y ^2 ^2 .72 


C — Y C — V 


C“ C — Y“ 


(C 




— v 2 )/ TT , Y*r f. Y IT 

-t — -3 2 + -o 2 since — = =— r — 2 

: 2 — v^ c 2 — y 2 c 2 — y 2 L c c —v J 


Problem 27 . JP/w* 75 r/je meaning of (a+b)*(a— b) for the case where 

a 2 =b 2 ? 

Here (a+b)*(a— b)=a 2 — a»b+b*a— b 2 

==a 2 — b 2 as a*b=b*a 

=0 as a 2 =b 2 . 
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1 in shows that either a+b= 0 , a— b — 0 or the vectors a+b and 
• l» me mutually at right angles. 

I., ill.- lormer case when a+b= 0 , a—b= 0 , we have a =0 and 
U 1 >, / < both the vectors a and b are null vectors. 

• mu hisively, either both the vectors a and b are null vectors or the 
Hugh Mwecn the vectors a+b and a— b is 
t'lohlnn 28 . What is the unit vector perpendicular to each of the 
Mi !•>> \ ,’t j-f k and 3\+4\— k? Calculate the sine of the angle between 
lhrM0 \cctors. 

I ri u 21 — j -f-k and b= 3 i+ 4 j— k. 


Ii • l»r .1 unit vector perpendicular to the plane of a and b, then 
•in. • a >; l> is also a vector perpendicular to the plane of a and b, we 

l.itV* 


axb 

! axb |’ 


. . . ( 1 ) 


M"" a x b=( 2 i— j+k) X ( 3 i+ 4 j— k) 


j k 

-1 1 

4 -1 


= - 3 i+ 5 j+llk 


axb |=|- 3 i+ 5 j+llk I = v'(9+25+121)=a/(155) . 

axb - 3 i+ 5 j + l!k 

S ‘ | axb | +( 155 ) 

| a |=| 2 i— j+k |= v / (4+1 + 1)=y/6 
I b | = | 3 i+ 4 j— k | = V'( 9 + 16 +l)=v' 26 . 


Ilrmc 

Annin 

I Iiipi if 0 is the angle between the directions of a and b, then 


axb= 


1,0, 


sin «== 


sin 0 e, 

aX b 


axb 


a| | b | s 
\/(155) . /, 


b 

f -V(#> 


by (1) 


V 6 V 26 - 


l , i«l>l< iu 29. //a=3i+4j— 5k and b=— i+2j+<5k, then calculate 
1 i i the module of each, 
in ) the scalar product a*b, 

(III) the vector sum and difference a + b and a— b. 

(0 Wc have | a [=| 3i+4j— 5k | 

= \/(9+ 16 +25) = 5 V 2 
1*1 | b |=I — i+2j+6k | 

= V(1 + 4+36)=a/41. 

(in a.b=(3i+4j— 5k)*(— i+2j+6k) 

=3 ( — 1)+4*2+( — 5)»6 
= —3 + 8—30=— 25. 
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(hi) a + b= 3i+4j — 5k+(— i+2j + 6k) 

=2i+6j+k, 

a— b=3i+4j— 5k— ■(— i+2i+6k)=4i+2j— 1 lk. 

Problem 30. Show that a is perpendicular tobif\ a+b 1=1 a— b |. 
We have 1 a+b 1=| a— b |. 

Squaring both sides, we get 

a 2 +b 2 +2a*b=a 2 +b 2 — 2a>b 

or 4a*b=0 

or a*b=0, 

which shows that a and b are mutually at right angles. 

Problem 31. Two particles emitting from a source have displace 
meats r^^i+ij+tfk and r 2 =2i+/0j+5k 

at any time. Find the displacement of second particle relative to first. 
Required displacement ~T i —r 1 

= 2i+10j + 5k-(4i+3j+8k) 

= — 2I+7J 3k. 

Problem 32. Find the scalar and vector products of the vectors A am 
B, where A=2i+j+k and B=4i+2j-3k Also find the angle hetweei 
A and B. 

Given A=2i+j+k, 

B=4i+2i— 3k. 


Scalar product =A>B 

= (2i+J+k)*(4i+2j — 3k) 

= 8+2 — 3=7. 

Vector product =AxB 

=(2i+|+k) X (4i+2j — 3k) 

=4k+6j— 4k— 3i+4j— 2i ... (1 

= — 5i+10j. 

According to definition of scalar product, 

A -B —AB cos 6, ... (2 

where 6 is the angle between A and B. 

A — l A l=V(A x 2 + Af+Af-) 

= V(4+1 + 1)=V6, 

= \/29. 

Substituting values of (A-B), A and B in equation (2), we get 
7= \/29\/6 cos 0. 

7 7 

C ° S#= -V(29X6)~ VO 74) 

i.e., 0=cos- 1 ~^n 4) • 
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rmhlnn 33. Prove that an angle inscribed in a semi-circle is a right 
mb 


MHemd to Fig. 1.23 ACB is a semi-circle 
•Mil* as bounding diameter and C any 
i* m»i on its circumference. Let O be its 

— + 

•fMih ,md r the radius. Also let AO 



■«...! Of I). 


Fig. 1.23 


Now 

■4 M*l 


AC=AQ+OC= a+b 

CB=CO- 5 r OB= — b+a. 

— > — > 

AC.C£=(a+bHa-b) 

=a 2 — b 2 

=A0 2 —0C 2 as a 2 =AO~A0 2 etc. 


=0. 

NmI horn the definition of dot product. 


, AC-CB A 

cos /_ACB=z — — =0. 

I ~AC | | CB\ 
f_ACB=%n. 

I f # ulili* in 34. Prove that the area of a triangle whose two sides are A 
(IM M m given by J | AxB |. Also find the direction-cosines of normal 
thl f area. 


A 



Area of the £\XYZ 
=\A.h 
= \AB sin 0 
==JI A xB i. 

The vector area is perpendicular 
to the plane containing A and B. 

And magnitude of area 


Fig. 1.24 =* | AXB |. 

Vnior area = J (A xB)= l (\A x +iA y -\-kA z ) X(ii?*+ji? v +k2? a ) 
li{A y B z -A z B y )+±} {A z B x -A x B z )+\ k (A x B y -A y B x ). 
I lilM, direction-cosines of the normal to the given area are 

ihdii by 


V 1 - AJi y 
J | /\ XB | ’ 


cos $ = 


1 A z B x — A X B Z 

i i axb r 


and cos y= 


A s>B v A y B x 
2 | AxbT 
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Note. Area of the parallelogram with sides A and B is double 
the above area, i.e. 9 (AxB). 

Problem 35. Show that ax(b+c)+bx(c+a)+cx(a+b)=0. 

We have ax(b+c)+bx(c+a) +cx(a+b)=axb+axc 

+ bxc+bx a+cxa+c) 
— axb -cxa+bxc— axb+cxa— bXc=0. 


1.12. TRIPLE PRODUCTS OF VECTORS 

We have stated that the vector product of two vectors b and c is 
vector quantity. So this product (bxc) may be multiplied scalarly 
vectorially with a third vector a to give two triple products nami 
a*(bxc) and ax (bxc). The former being a scalar quantity is ter] 
as scalar triple product and the latter being a vector quantity is cal! 
vector triple product . 

(1) The Scalar Triple Product 

Definition. Let a, b, c be three vectors. Then the scalar product 
any of these vectors with the vector product of the other two such i 
a-(bxc) is called scalar triple product of the vectors a, b, cand deni 
ted by fabc] or [a, b, c]. Obviously, this type of triple product is 
scalar quantity. 

Note . The scalar triple product is sometimes known as Bo| 

Product. 

Characteristics of Scalar Triple Product, (i) Geometrically interpi 
ted as, below the scalar triple product of three vectors a, b, c repfl 
sents the volume of a parallelopiped which has for its three cot 
minus edges the vectors a, b, c. 

Construct a parallelopiped with coti 
minus edges OA, OB and OC, such th; 

OT=a, OB^= b, OC= c. 

Suppose that n=bXc and its directio 
is ON , which is perpendicular to th 
plane OBEC whose adjacent sides are 
and c. The direction of the vector n 
positive in the sense of rotation from O 
to OC. 

From the property of vector product 
two vectors, it follows that | n | measuri 
the area of the parallelogram OBEC . 

Volume of the parallelopiped with coterminus edges OA , OB, O 
=(area of the parallelogram of the base OBEC) multiplied b 
the perpendicular distance of the plane OBEC from the point A 
=(area of the parallelogram OBEC) multiplied by (the seal 
projection of OA on, ON) 

= | n | (OA cos 0), where /_AQN=0 
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I n I | a | cos 0 , since OA= | OA | = | a | 
ii from the definition of dot pioduct 

pi*(l) <c) =[abc] = K(say) 

*b • l measures the volume of the parallelopiped. 

Mm product is regarded as positive or negative according as 0 is 
•• mi* "i obtuse. It is easy to show that 
it (bxc)=b-(cxa)=c-(axb)= = bF, 

|abc] = [bca]=[cab] = ii: V. 

1 •" lollovvs that if the cyclic order of the occurrence of the vectors 
Ii I* » m maintained , the position of cross and dot may be interchanged 
mthom * hanging the value of the product . 

Ay mi .ince axb=— bxa etc., therefore 
[bac] = [eba] = — [abc] = =F V. 

( II ) I! the vectors a, b, c are coplanar, then their scalar triple 
pftMliu i i • /ero, i.e. [abc]=0. 

|l"< » the volume of the parallelopiped, so formed with coplanar 

i i • i*. b, c as coterminus edges will be zero. 

^ mrli [aab] = [abb] = [cbc] etc. = 0. 

in i Mu- scalar triple product may be expressed in terms of 
0ttHl|*ournK 

I vi m. b. c be three vectors whose magnitudes in a right handed 

1) 1 unit vectors i, j, k are (a x , a 2 , a 3 ), (b l9 b 2 , b 3 ) and (c x , c 2 , c 3 ) 

Then 




a=fl 1 i+« 2 j+^ 3 k, 

h=^bii+b 2 }+b B k, 

c=c : i+c 2 j+.c 3 k, 


J 

h 

Co 


k 

b's 


-^(h 2 c 3 b 3 c 2 ) i4~(^3£i b x c 3 ) j 

+(^^2 b 2 c x ) k. 


i d* c)==(aJ+^j+«3k)-{(V3-V 2 ) i+(Vi"-Wi 

+ (b l c 2 -b 2 c 1 ) k}, 

| n be] ~ a l (b 2 c z —b z c 2 )+a 2 (b 3 c x —b x c 3 )+a z (b x c 2 —b 2 c x ) 

= a x a 2 a 3 

b i b, b 3 . 

c i c 2 c 3 


h, j* iilKiilar, [ijkj =[jkij =[kij] — 1 

likj]=[kji]=[jik] = — 3. 

In i" ii( ill if the three vectors a, b, c are resolved in terms of three 
MMitfi'pi ii. ii vectors 1, m, n, then 

a 

b ^il+^ 2 m-f6 3 n, 
c cJ+Coin+Can. 
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a 3 

^3 


We have (bxc )=(b 2 c 3 —b 3 c 2 ) mxn+CVi-W nxl 

+(V 2 ~Vi) 

.\ a-(bxc)— 0 X (b 2 c 3 —b 3 c 2 ) [lmn] + a 2 (^q-Va) [«inl] 

+0 3 (V 2 - Vi) [« 

0 i 0 2 a 3 [lmn] as [lmn]— [ninl]==[nbj 

b± b 2 
C 1 C 2 

(2) The Vector Triple Product. 

Definition. The product of the type a x (b x c) is called the veC 
triple product of given three vectors a, b, c and is expressed as 
ax(bxc)=(a*c) b— (ab) c. 

Suppose that q=a X (b X c). 

Then, q being a vector product of two vectors a and (b) 
represents a vector perpendicular to both a and (b x c) and theref| 
by the property of dot product, we have 
q • a=0 and q-fbxc)- 0. 

But the product bxc being a vector product of two vectors b an^ 
is itself a vector perpendicular to both b and c, i.e. a vector norfl 
to the plane of b and c. 

It follows that q lies in the plane of b and c, so that q is exprcssil 
in terras of b and c. 

Suppose that q— sb+fc, where s and t are scalars. 

Multiplying both sides scalarly by a, we get 
qa— s (a*b) + f (a-c), 
s —t 




ac 


ab 



so that 


=A (say) (since q-a = 

Then ax(bxc)— q |\a-c)| 
b— (a-b)c]. . 

In order to find A, let us intr 
duce an orthogonal right h and 
system of three unit vectors i,j, I 
such that i is along a and jl 
perpendicular to it in the plane f 
a and b, the direction of k is auti 
matically decided because, i, j,] 
form a right handed system 
vectors. Then 

a-^i, b=6ii+6 2 J, c==c x i+^J 

+4 

Now bxc==-6 2 c 3 i— b x c 3 \ 

~\~(b { c 2 — ^ 2 ^ 1 ) 

axfbXcJ^^krflM) j-0j Va 


Also (a-c) b^Ca^x^i+ai^CjjJand (a b) c— a^iCii 

+ 01 ^ 1 + 0 ^ 1 ^ 
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•'•iiiing fhese values in (1), we get, A=l. 
hiUt Huiing this value of A in (1), we find 

q a ,«bxc)=(a*c)b-(a*b)c (Vikranu 1969) 

• I* lerislics of Vector Triple Product. 

Hu ' < lor Iriple product is not associative, i.e., 
a X (b x c) + (a x b) x c. 
a X(bxc)= (a-c) b — (a b) c 
(axb)xc=- cx(axb) 

= — [(c-b) a — (c-a) b] 

—(a-c) b--(b c) a. 

ttooh follows that the product ax (bxc) represents a vector 
n 11 with b and c while the product (axb)xc represents a vector 
■Wan in I lie plane of a and b. Hence the two products do not 
hi | lie same vector quantity, i.e., 

ax (bxc)+(axb)xc. 

IS uhlan 36. If A — 4i— Jj+3k, B— 2i — 10\ — 7k and C— 5i + 7j — 4k 
IPifai * the values of 

10 (A B) C and (//) A X (B X C). (Agra, 1969) 

mi I ilvcn A— 4i — 5j+3k 

B— 2i — lOj— =7k 
C— 5i + 7j — 4k. 

( A x B) - (4i - 5j + 3k) X (2i - 1 Oj - 7k) 

= — V 40k + 28J . 10k + 35i+6j+30i 
— 65i+34j — 30k. 

(A x B) • C— (65i+34j - 30k) • (5i + 7j - 4k) 

-325 + 238 + 120 
-683. 


(B X C)= (2i— lOj— 7k) X (5i+7j -4k) 

— 14k+8j+50k+40i— 35J+49I 

— 89i— 27j + 64k. 

A (B X C)— (4i— 5j + 3k) X (89i — 27j f64k) 

— — 108k— 256j+ 445k — 320i+267j + 81 i 
= — 239i+ 1 1 j + 337k. 

It nii lun 37. Show that [axb, bxc, exa] — [abc] 


= a -a ab a-c j by means of determinant. 

b-a b b be 
c a c b c-c I 

I . 1 lh« components of the vectors a, b, c in the directions of the 
m o| .it z along which i, j, k are the unit vectors, be (a l9 0 2 , a 3 ), 
h h 4 , />,,) and (c l9 c 2f c 3 ) respectively. Then 
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a=a 1 i+a 2 j4-fl :! k 
b=6 1 i+^ 2 j+^ 3 k 
c=c 1 i+c 2 j+c 3 k 

so that 

a-a=a 1 2 +a 2 2 +a 3 2 =2<j 1 2 (say), bb=2V, c-c=2c 1 2 
a-b=2a 1 6 1 , b e =2Z> 1 c 1 and ca=2c 1 a 1 


Now, 


[abc] = 


[abe] 2 = 


a x a 
b x b 

Cl i 

W 
2a x b x 
2c x a x 

Again, Let A = 


*1 

Ci 

*3 

C 3 

2Zy 


tfo 


«3 

*3 

C 3 


from (1) 



a x a 

•2 

a 3 


b x b 

2 

b z 


c l C 2 

C 3 

1 


— 

a« 

S£>jCj 


b-: 

1 2c, 2 


C*j 


c«b c*c 


from (3 


<*i 

bi 


= [abc]. 


Then, 
we have 


if A X9 B Xi C x . 


■2 a Z 
2 ^3 

2 C 3 

etc, be the cofactors of a l9 b x , c x . 


a x A x +a^A 2 +a 3 A 3 = l\‘ 
u x B x -]-a 2 B 2 +a 3 B 3 =0 
a iCi-\-a 2 C 2 -\-a 3 C 3 —0 etc. 
where A x =b 2 c 3 —b 3 c 2 etc. 


Suppose that A'= 


Ai 

B x 

Ci 


A 2 
B* 
Q 


AA~ 


ue. 


or 


a x 

h 

Cl 

A 

0 

0 


[abc] 2 = 


^2 

A 2 


y 2 

<*2 


^3 
<?3 

0 0 
A 0 
0 A 

= A 3 , 
A'= A 2 

A A 2 
Bi B 2 


A 3 
B, 
C z 

Ai 

Bi 

Ci 


A 2 

b 2 

C 2 


A 3 

B z 

C z 


But 


axb= 


Cx 

c 2 

C 3 

i 

j 

k ! 

«i 

a 2 

a 3 | 

bi 

h 

b 3 1 


from (3) 


A 3 
B's 


k ^=(a 2 b 3 -a 3 b 2 ) i+ib^-b^j 
+( fl i^2— o 2 ^i) k. 

J "1 * , 2 ^3 I 

Similarly bXc=(Z> 2 c 3 — Z> 3 c 2 ) i+(ci£ a — c 3 £j) j+(6 1 c 2 — A 2 <,) k 
cxa=(c 2 «j-cjfl 2 ) i+(fliC 3 — Oscj c 2 flj) k. 


lima 
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|n li, bxc, exa] 

il \b 3 — a 3 b 2 b x a 3 b 3 a x a x b 2 o 2 bi 
bjOj — b 3 c 2 c x b 3 £3^ AjC 2 ^2^1 
r a/ :l — c 3 u 2 j c 3 — flaCi c x a 2 — c 2 a x 


t j C 2 C 3 

/I j /4 2 -^3 

B, £ 2 J? 3 

^ 1 ^2 ^3 

», #3 *3 

( 1 c 2 c 3 


when A l9 B x , C x ...t tc. a 2 a 3 

are the cofactors in b x b 2 b 3 
i c x c 2 c 3 


|ubc] ' from (4). 

I'm, l,l , -mi 38. Show that ax(bxc)+bx(cxa)+cx(axb)=0. 
Wi hive ax(bxc)=(a-c) b— (a ■ b) c 

bx(cxa)=(b a) c— (b-c) a 
cx(axb)=(c-b) a— (c-a) b. 


Adding all together, we get 

a x (b x c)+b X (c X a)+c x (a X b)=0. 

I',„ I, Inn 3‘). Find the volume of a parallelopiped whose three 
a ' 'minis edges are described by the vectors i+2j, 4\ and j+3k. 

' • 'Iiiiiic of the required parallelopiped 

.calar triple product of the vectors i+2j, 4j and j+3k 

“(I l-2j)-{4j x (j+3k)} . . , 

— (I ! 2j ) - 121 as jxj=0 and jxk=i 

- 12 i*i=l and j * i =0. 

1 • "Mi hi 40. Show that the law of refraction of light, passing from 
1 Itwillum of refractive index into one of index f is expressed by 


. om .i / it 1 1 1 






" , , 11 a, c are the unit vectors perpendicular to the boundary , 

n the incident and along the refracted ray respectively . 
iho find the law of reflection 9 if b be a unit vector in the direction 
m / the reflected ray. , 


I $\ I ;md r be the angles of inci- 

and refraction respectively. Then 

I Ml I'inns of refraction are 


Mint 


[a_ _ sm r 
a' sin i 

ii. a, c are coplanar. 


...( 1 ) 
.. .( 2 ) 


N.»w 11 Xn = l • 1 sin i e, i.e.. 


sin i— 


axn 


e 


* 

Mflltn - is a unit vector normal to the 
|«Umc . ontaining n, a, c. 
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Similarly, 


sin r— 


cx n 


From (1), we have jr sin i=y.' sin r, 
i.e.. 


a X n , cxn 


or [iaxn=(icxn. 

Again, the angle of incidence=angle of reflection, gives 
a xn=bx n. 

Problem 41. Decompose a vector r os a linear combination o 
vectot a, (mother vector perpendicular to a, and cop lunar with r and 
We know that ax(axr) is a vector which is coplanar with a an 
nd is perpendicular to a. Let us therefore suppose that 
r=/a+///ax(axr). 

Premultiplying both sides of (1) scalarly and vectorially with 
we get 


a-r=t 


ar 


and 


a, i.e., /— - 

aa 

a x r=/;;a X [a X (a x r)] 

— wax[(a*r) a— (a -a) r] = — w (a-a)axr, 
1 


l ‘ e -> m~ 

aa 

Hence from (1), (2) and (3), we have 


Vb a ~ jra [aX(aXr) J- 


1 

1 

1 nk 

1 

n' 

m 

T 

mm' 

m 

n' 

n 

r 

n m' 

r. 

•n' 


Problem 42. Prove that [Imn] [I m n ]= 

where I, m, n ; 1', m', n' are any vectors. 

, ,^“£ P0Se u that ,Xm ' = P and consider the four vectors 1, m, 
which can be connected linearly as 

[Imn] p=[mnp] I — [inp] in -f [Imp] n. 

Here [mnp] =mxn p=(m: n) • (I' x m ) 

[Inp] = 1 x c • p= (I x n) • (1* x m') = 

and [Imp]=I x m p=(l x m) • (k ; m') = 

With these substitutions (1) becomes 

[Imn] p=[Imn] 1' x m~j 


m • m 


| ml 
; ni 


m • m 
nm' 


I- 


nl' 

nm' 

M 

I m' | 

n-r 

n ml 

i 11 

k *nk 

j m l' 

m • ni' 

1 ir 

i ni' j 

1 n-r 

n m' j 

i r 

Lm' | 

ml' 

mm' 1 


m 
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^uMlphinr X. daily both sides byn', we get 


1 1 Hi 1* | I III II 


m r 
n 1 


m • m 
nm' 


In'- 


ll' 
n r 


1 m' | 
n m' i 


m.n' 


, | 11' Ink 
I m*r m in' 


1 1 Mm | [!' m , n / J= 


II I I 


111 

II 


11 1 m' In' 

m l' mm' m n' 
n 1' n m' n n' 

a, 1 j a a 

m =b, Y then [abc] 2 =, ba 

n' c, j I c-a 


r> . .... 


a b a c 
b b be 
cb cc 


tl» i) (n d) ‘ icxa)-(bxd) + (axb)-(cxd)=0 
III/ tit ihu f that 

#k» i I H) sin ( A~B)—sitr A— sin 1 B—\ (cos 2B— cos 2A). 

I (in 

lb * m d) | (c a)*(bX d)d,(ax b)-(cxd) 
b »i I) d , I c-b c*d | , | a-c a d I 

• *i i d lab a • d i I b • c b * d I 

•• h d) (b d) (c*a)+(c b) (a d)— (c-d) (a b)+(a-c) (b-d) 

-(a-d) (be) 

• II in a b b a etc... 

I »m Dm second part, let a, 

k ♦ d •" four coplanar vec- 

|mm Mud « ho a unit vector in 
Ihf ih i linn perpendicular to 
IW | l containing a, b, c, d. 

Iln .ingles between the 
1 «'i a and b, b and c, 

# 1,1 d be (),. t) 2 , 0 3 respecti- 

>• r !:c sin 0. s etc., 

Si k, ♦ ,f being, modules of a, 

P • d • ipe Cli' ely, 

• e ) • ( a < d) + (c X a) • (b X d) + ( a X b) • ( c X d) = 0 gives 
■P * )•{(■(! sin (Oj + 02 -r 0 3 ) £ ] 

I i | M/Hn(0 A d-0 2 )^[W sin(0 2 +0 3 )£] 

+ (ab sin 0 X s )*(cd sin 0 3 e)=0 

M ibi 0 Mil (0 1 + 0 2 +0 3 )— sin (0x+0 2 ) sin (0 2 +0 3 )H-sin 0 X sin 0 3 = 

/» a 

[V e-e=l]. 

roiling B , 0o — A and 0 3 = — B, this gives 

sin 2 A —sin (A +2?) sin (A — B)— sin 2 B=0, 


P 



0 
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i.e. 9 sin (. A-\-B ) sin (A — 2?)=sin 2 A— sin 2 B 

=£ (1-cos 2A)-i (l~cos 2 B) 
=rj (cos 2B— cos 2 A). 

— a — b c d 

Problem 44. Prove that 2 (axb)x(cxd)= 


where a—a x \ f a 2 \+ci^ etc. 

Since (a x b) X (c X d) - [abd] c - [abc] d 


a i b x 


#2 ^2 


d x 


a. 


Also 


a i b t d y , 
a 2 b 2 d 2 ! c— 
a % ^3 d 3 

(axb)x(cxd)=[acd] b— [bed] a , 


a x b x c x 
a 2 b 2 c 2 


a x c x d x 

a 2 d 2 

^3 C3 d 3 


I K 

b-j bo 


d l 


Co d 2 
i ^3 ^3 d 3 


d. . 


a. . . 


2 (axb)x(cxd) = 


Adding (1) and (2), we get 

— a — b c d 

a i bl C 1 dy 

@2, ^3 ^2 d 2 

a 3 ^2 ^3 d 3 

Problem 45. If OX, OY, OZ and O' X' , OY\ OZ' are two sets 
rectangular co-ordinate axes and l x , rn x , n x ; l 2 , nu, //.> / / 3 , n/ 3 , n 3 de 
the direction cosines of the members of either set with respect to otH^ 

l x m x n x 

hen k rn 2 n 2 =1. 

4 "'3 >h 

Let i, j, k ; i', j', k' be unit vectors along the two sets of axes. 
Then using the adjoining scheme of transformation, we have 


>'=4i+Wij+/iik, 

j'=/ 2 i+m 2 j+n 2 k, 

k'=4i+m 3 j+« 3 k. 



\ 

j 

k 

i' 

4 

m x 

*h 


4 

m 2 

n 2 


4 

m 3 

«3 


Now j' x k' =(/ 2 i+ w 2 j+« 2 k) X (/ 3 i+w 3 j x n a k) 

=(n 2 m 3 —m 2 n 3 ) j xk+(« 2 / 3 -n 3 / 2 ) kxi 

Multiplying scalarly by i', we get 

i''j'xk'=(/ 1 i+m 1 j+« 1 k) •[(w 2 w 3 -w 3 m 2 ) j xk+(n 2 / 3 -« 3 / 2 )kxi 

+(/ 2 m 3 — / 3 m 2 ) i 
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1 1 1 k I /, (n.,m 3 -m 3 n 2 ) [ijk]+Wj (n 2 l 3 —n 3 l 2 ) [jki] 

+«i {l 3 m 3 —l 3 m^ [kiil 


4 nti 
/., m, n 2 
I, m 3 n 3 


[Sjk]. 


I k | -[ijk], we have 


h 

h 

h 


m x 

m 2 

ml 


n 2 

>h 



9 M HIOMJCT OF FOUR VECTORS 

• ♦ 1 .. mImi product of four vectors. If a, b, c, d are four vectors then 

Ml* In 1 of the type (axb)-(cxd) is called scalar product of four 

m In fact this being a scalar product of two vectors (aXb) and 
tt • d i 1 1 scalar quantity. We can treat this product as a scalar triple 
p|Mio' 1 "I three vectors a, b and (cXd). 
ii9>H the dot and cross may be interchanged in a scalar triple pro- 
jIhh Ihivc 

(axb)*(cxd)=a*bx(cxd) 

=a-[(b-d) c— (b-c) d] 

=(a-c) (b-d)— (a-d) (b-c) 

=1 a-c b-c I 
I a-d b-d I* 

I i"l'lri,i 4b. Show that 

( b X c) • (a X d) +(c X a) • ( b X d) + (a X b) • (c X d) = 0, 

W* have (bxc)*(axd) I b-a c-a I 
I b-d c-d I 

=(b-a) (c-d)— (b-d) (c-a). 
nmil lily (cXa)-(bXd)=(c-b) (a-d) — (c-d) (a-b) 

(aXb)*(cXd) = (a*c) (b*d)-(a»d) (b-c). 

I m 1 ,* ill together, we get 

1 1* c)-(axd)+(cxa)-(bxd)+(axb)-(cxd)=0. 
itl \p • 1 or product of four vectors. If a, b, c, d are four vectors then 
|9ih p« ..|u, 1 of the type (axb)x(cxd) is called vector product of four 
*» • m - I'he value of this vector product is a vector which is at right 
Mil*' 1 • l lie vectors (axb) and (cXd) both, and therefore is coplanar 
|0» •< i» uid also c, d. Conclusively this vector is parallel to the line 
#||n* i - non of a plane parallel to a and b with another plane paral- 
lel 9 m 1 Nttd d. 

I hi v »liic of this vector product may be obtained in two ways: 

Ml II nnv put cxd — p, then 
<* b)x(cxd) =(axb)xp 

=(a*p) b— (b-p) a 
*=(a-cXd) b— (b-cXd) a 
=[a c d] b— [b c d] a 


42 


MATHEMATICAL PHYSl 


(u) If we put axb = q, then 
(a X b) X (c X d) =q X (c X d) 

= (q-d) c— (q-c) d 
— (aXb*d) c— (axb*c) d 
= [abd] c— [a b c] d 
Linear relationship between four vectors. 

The two results namely (/) and (//), on subtraction, yield 
0=[b c d] a — [a c dj b-f [a b d] c— [a b c] d 
Rearranging, we get 

[d b c] a+[d c a] b 


~~ [a b c] 

This may also be expressed as 

bXc , , cx a 


W provided [a b c]^0. 


d=d. 7 


a f d. 


b + d. 


axb 


*[a be] [a b c] [a b c] 

Note. As an alternative, the linear relationship between four 
coplanar vectors a, b, c, d may by found as follows: 

Suppose d=Aa+[4)-|-vc, where A, (jl, uare scalars. 

Multiplying both sides scalarly by (bxc), we get 
[d b c]=A [a b c], other terms vanishing as [b b c]=0=[c b c] 
[d b c] 


or 


Similarly 




[a b c] 
[d c a] 
[a be] 


and ' 


[dab] 
[a b c] 


Substituting the values of A, p., v, we have 

j [d b c] a + [d c a] b + [d a b] c 
[a be] 

Problem 47. Prove that d*[a X {bx (c X d)}]=(b*d) [acd]. 

Here d-[ax{bx(exd;}]=d-[ax{(b-d) c-(b-c) d)}] 

• [(b • d) (axc)-(b'c) (a X d)] 

= (b*d) (a X c • d) as ax d«d- [add]~0 
= (b«d) [acd]. 

Problem 48. Prove the identity 

ax[bx(cxd)]=(axc) (b • d) — (axd) (b»c). 

L.H.S. =a x [b x (c x d)] 

=ax[(b*d) c — (b • c) d] 

= (b*d) (axe) — (b*c) (axd) 

= R.H.S. 


1.14. RECIPROCAL SYSTEM OF VECTORS 

If there are two sets of non-coplanar vectors a, b, c and a', b', c' 

that 


Him 
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b c 
[abc] 


cx a , a>< b 

1 ’ [abc] ’ C = [abcf ’ 


It 


* It < and a', b', c' are said to be Reciprocal systems of vectors. 
•m • .died, because 


• N 


b b cc' — 1 since a- 


bxc [abc] 


= 1 etc., 


[abc] [abc] 

) Mill I a'=a -1 , b'=b _1 , c'^c 1 . 

|m Imt I he two systems of vectors, i.e. a, b, c and a', b', c' are 
ililtt *11 \ M’ iprocal as 

c'xa' a'xb' 


b'Xc' , 
M . b 

[abc] 


[a'b'cT C [a b c'] 

| III Marlh ular if i, j, k be the unit vectors along the principal axes 
•ml l | k i heir reciprocals, then 

I' i, j'— ■ j and k' = k as [ijk] = l. 

Mill i*» « a I let I self-reciprocal system. 

ffai' With these notations, the linear relationship between four 
l#H».»*. »i, b c and d may be expressed as 
d (d a ) a f (d b ) b + (d c ) c. 

Mtiibh in 40. prove that (a X a') + (bx b')+(c c')=0, where a, b, c 
■P nr / a', b\ c' their reciprocals. 


W* I* • \ « 


imHurly 


, bxc exa 
a [abc] ’ > [abc] ’ C 


axb 


axa' = ax 

1 


(bxc) 


b X b' = 


[abc] 

1 


[abc] [abc] 
[b-a) c — (b e) a] 


[abc] 

[(a c) b — (ab) c]. 


cXc'=rvT [(c-b) a — (c-a) b]. 

[abc] 

A'bin*r .ill together, we get 

«') I (bxb')-f-(cxc')— -j-Lj[0]=0. 


I M \ M I OR I QUA I IONS 

Mm# M. ns Mine methods for solving the vector equations ore 
M|d << Nviili the help of examples. 

Pitddnii 1 0 Solve the vector equation xxa = b. 

■ UltiHi upiation is xxa=b. . . . (1) 

Iwi Ikitosv that ax b is a vector perpendicular to both a and b, 
Mtfifb'H the vectors a, b and axb are three non-coplanar 
I t us assume that the solution of the given equation is of 
•Ml fl*l in x = Aa + l*b + v (axb\ . . . (2) 

Mih A, j * . v are scalars. 
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Since (2) is a solution of (1), therefore substituting in (1) the valjj 
of x from (2), we get 

{Aa+pb+v (axb)}xa=b, 

or p. (bxa)+v {(axb)xa}=b as axa=0 

or — p (ax b)+v {(a -a) b— (b-a) a}=b 

or — p. (axb)+v {(crb— (b-a) a}=b, where | a 

Equating the coefficients of like vectors on either side, we get 
— p=0, va 2 = 1, — vb*a=0, 

i.e. p.=0, v=l/a 2 and ab=0 as v^O. 

Substituting in (2), these values of p* and v, the general solution 
the given equation is 

x=Aa — 1 /a 2 (axb) 

and the condition for the existence of this solution is 
ab=0, 

1,e. the vectors a and b are mutually at right angles. 

Problem 51. Solve the simultaneous equations 

xxb=axb, x-c=0 provided b e ^0. 

The given equations are 

xxb=axb 

and xc=0. 

The equation (1) can be written as 
(x— a)xb=0!, 

which follows that (x— a) and b are parallel, i.e . 

x— a=d), where /is a scalar 
or x=a+/b. 

Substituting this value of x in (2), we get 
(a + /b)*c=0. 

Giving , = _JL£ 


when b.c=A'J (given). 


Hence the required solution is obtained by putting the value ofj 
in (3) and that is 

ac 

x=a — r — b. 

be 

Problem 52. Solve the simultaneous equations 
s\+ty=si, xxy=b provided ab=0. 

The given equations are 

sx+/y = a, 
xxy=b. 

Multiplying (1) vectorially by x, we get 
xx(5x+/y)=xxa 

or /xxy=xxa asxxx=0 

or xxa=/b from (2). 


‘•MM 
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PMlM|t|yni|i (\) vectorially by a, we have 
» < (xxa) = / (axb) 

<•» »»> x (a-x) a=/ (axb) 

X -An—t 

a 2 

* In » ^ alar parameter, 



x=Aa+-~ - (axb) 

•I" rrncral solution for x. Similar procedure will yield the 

Imi > 


I* APPLICATIONS OF VECTORS TO MECHANICS 

J • •mh'iiiihiI forces. It is found experimentally that the resultant: 
Iwm concurrent forces is equivalent to a single force acting at 
l»"» • t I he single force is represented by their vector sum. 
IpIti Ml a ».s stern of forces acting at a point and represented by the 
W® I 1 1 ** Pi . Pn is equivalent to a single resultant force F 
jPtf It iii* a me point such that 

F=P 1 +P 2 +P 3 +...+P n . 

WlNIti hi nhtained by constructing a vector 

n| which 

«« I*,. IK P.,..., MN=P n . 

—> 

111* N nit. ml is represented by 4V=^F, which 
i" close up the polygon opposite to 
♦it |H Which the sides have been drawn. The 
nion «l« •« *. not necessarily lie in a plane as K* 

■ffttw * tuny not be coplanar. 

^ Fig. 1.29 

Mmhhi mm Lamps theorem. If three forces acting at a point be 
Milt III 0 11111 ), then each is proportional to the sine of the angle 
the other two. 

n llw * MNr of three concurrent forces the closed polygon will be a 
■ft|l». lh» forces will be coplanar and each side is proportional to 
ijim "I tl |( * opposite angle and hence each force will be propor- 
INimi In III. Mile of the angle between the other two. 

» Wnili done by a force. We know that a force acting on a 
'• dm . vNork when the displacement of the particle takes place 
rili# illirciion which is not perpendicular to the direction of* the 
Ilf I In work clone is measured by the product of the force and the 
H'"l I** 1 1 1 <>f the displacement in the direction of the force. Hence 
If . ini icpresenting the force and the displacement be respecti- 
m i Mini *1 inclined at an angle 0 and whose respective modules are 
rMH »/ Hi. n i he work done Fd cos 0 — F • d (by the definition of dot 
•Wthiil) 


r 



i 
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. the work done is zer<| 


In case d is perpendicular to F, i.e. 0-90° 

~~ is given by 


dW 


dt 


=Fv. 


(3) Vector moment 



or torque of a force. The vector moment 
torque** of a force about a point O is ; a ved 
quantity related to an axis through Of 
nendicular to the plane containing O and 
line of action of the force F. The magnitu 


line oi action ui ivi , vw ,v r — ~ • j 

of the vector moment is jointly proportion 
* — and the perpendicular distad 


to the force ^ . - 

ON upon the line of the force. 

Take a point P on the line of action ofj 


1 UK.C a - - . Th 

force Let the position vector of P be r. T« 
the moment of the force F about O is re^ 


the moment, ui u.v ~ ~ i 

sented by a vector perpendicular to the pit 
of r and F. Since r X F is a vector perpendieu 
to the plane of r and F, therefore the vf 

. f r' ahout O is rxF. Hence if IVf be 
representing the moment of F ab 

moment vector, then 

M=rXF. 

(4) Force on a particle in a magnetic field. Let F be the force o 
point charge in a magnetic field 
of intensity B. Then F is propor- 
tional to the component of B per- 
pendicular to the velocity of the 
charge. If v be the velocity of the 
charge then the vector product 
v X B represents a vector normal 
to the plane of v and B and hence 
may be regarded as the compo- 
nent of B along the perpendicular 
to the velocity v. Thus if q be the 
charge on the particle and c the 
speed of light then the above re- 
lation existing between the vectors 
F, B and v is expressed as 

F 



Fig. 1.31 


I v xB in Gaussian units 

c 

or F = gvXB in MKS units. 

(S) Force on a charged particle. If a particle of charge # is ini 
electric field of intensity E at rest, then force on the charged parti 
due to electric field ¥ e =q¥ (in e.s.u.) 


VitM 
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Hoi -I ii» ch irged particle is moving with velocity v relative to an 
• , ili‘ magnetic field is produced. The force experienced by a 
M'ltfl iim .vd particle due to magnetic field F m =^vxB (in e.m.u.), 
!»••* Il i < i In* intensity of magnetic field. This is known as magnetic 


ImI.iI force on the moving charged particle is the sum of 
>»••» i ii I* uni magnetic forces and is given by 
V=F e + F m = qE+q (vxB), 

¥=q [E+vxB], ...(1) 

I lilt It known as Lorentz force . 

|| I It in • u. and B in gauss, the equation (l) can be written as 

,XB ' ..(2) 


F -,[ E+ ^B], 


ii»|ff t • . p'fil of light in vacuum. 

•Ml i In ••In r motion. Let us consider a particle moving in a circle of 
tlldi * tv nil angular velocity co. Let O be the e 

Miff •*! Hi circular path and A the starting 
hkl Inin O in A and draw OB perpendicular 
• M I i I j be the unit vectors along OA 
mQll l<d« n as axes of a* and y respectively. 

Ml an in .lant of time /, P be the position of 
t Mt lit li such that its position vector referred 
B #i or igin is r. 

AAlMMlnr AOP=0 , we have 0=6)/. ... (1) 

PH*# i hr radius r of a circular orbit is constant and the unit vector 

i a,» ti n constant rate, the equation of the circular orbit can be 

t»ll || 



r (t)—rr (/). 

ilH^ dt iw l*\f perpendicular to OA. Then 

OP=OM+MP 

=OP cos 0 if OP sin 0 j, 

r (/)=rr (t)=r cos cot i+r sin co/ j as OP=r. 


r (/) cos cot i+sin cot j. 

7U 

then r = 

4 

= y , then r=j 


■ MrlU ular if 0= then r= 

4 v 2 


li il 


l . , l . 

“ ,+ V2* 


. . . (2a) 


• - (2b) 
. . . (3) 


■ Up 0=0, then r=i. 

velocity, v of the particle is given by (differentiation of 
Mmh •" inn defined in §1.17) 
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Hl= r W= T 0 ~coscol+j-j-sin^) from 0 

= tor (—sin to/ i+cos to/ j), 

which follows that the magnitude of the velocity 
| v |— tor say v=< or. 

Again the acceleration of the particle is given by 

dy d z r 

a_ dt = 1F 

=c or -jL(— sin to/ i+cos to/ j) 

= — to 2 r (cos to/ i + sin to/ j) 

— — to 2 r from (3). 

magnitude of the acceleration, say a 
= 1 a 1 = 1 — to 2 r | , 

i.e,, a=os 2 r. 

Elimination of to between (4) and (5) yields 
__v 2 _ 

~ r 

The acceleration given by the expression (6) is known 
Centripetal (i.e. centre seeking) acceleration. 

Now we know that if /be the frequency of tiie particle, then 
2-/ -to, 

and the time period T of the motion is given by 
r=— = K from (7). 

to / 

(7) Angular velocity of a rigid body about a fixed axis. Cor 
the motion of a rigid body rotating ab 
fixed axis ON at the rate of to radians 
second. Then the angular velocity of the 

— ^ l 

is specified by the vector to whose modU 
co and whose direction is parallel to the 
and in the positive sense relative to 
rotation. 

Let O be a point on the fixed axis; 
point fixed in the body, r the position yj 
of P referred to O as origin, and PN 
pendicular to the axis of rotation. The pa 
at P is moving in a circular path of f 
PN=r sin PON about N as centre. Its vel 
vector v is at right angles to the plane 
and r and its magnitude is given by 

v=cor sin 0. 
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v=co x r. 

* \ A panicle, acted on by constant forces di+j— 5k and 
1 I lb m displaced from the point i + 2j+Jk to the point 5i+4j+k. 
Jfl I Au tolul work done by the forces. 

F A =4i+j— 3k, F 2 — 3i+j— k 
I ml Mu i'll cment r=5i+4j + k— (l+2j+3k) 

=4i+2j— 2k. 

Hfi fk iluiir by force F^Fj-r 

=(4i+j-3k)*(4i+2j-2k) 

"4.4+ 1.2 — 3. (—2) =24 units. 

'l »n. by the force F 2 

F a r=(3i+j— k) * (4i+2j — 2k)=16 units. 

|hi »I done 24+16=40 units. 

M A rigid body is spinning with an angular velocity of 
M IHM/’*' second about an axis parallel to 2j— k passing through 
| Bfiihi I i k. Find the velocity of the particle at the point 

Ml k 

I •• * 0“ position vector of the point relative to the given point 

Wm Ihcn 


r — 4i — 2j+k — (i+3j — k) 
= 3i — 5j + 2k. 

sclocity of the particle is given by 


r= 4 . 


3j — k | V10 

i) « I hr velocity of the particle 


(3j k). 


Id 


<•> X r= 


2 

+ 10 


( 3 j — k ) X (3i — 5j + 2k) 


Magnitude 


= /fb (i ~ 3j '~ 9k) '. 

= v^o ; ,_3j “ 9k i=T4 V© =12 appr ° x ' 


MlMfiti Find the torque about the point 10) of a force represen- 
JAi <1 J .5k acting through the point 7i + Jj + k. 
it* I 1| | j )- 5k and r be the vector from the given point to the 
lilll ipplication of the force, then 

i I0J — (7i+3j+k)== — 7i + 7j — k. 
m*|l torque rxF=( — 7i + 7j — k) X ( — 3i + j + 5k) 

36i — 38j — 14k. 

V» A particle is moving in a circular orbit of radius 10 cms. 
\pt\pmuy of motion is 60 cycles per sec., find the time period , 
Mb ffu! acceleration of the particle. 
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Given frequency /= 60 cycle/sec.; radius of the orbit =10 cms. 
Let T be the time period, v the velocity and a the acceleration 
the particle. Then 


T=^= =0.017 sec. nearly. 

J oU 


Now 


and 


co = 2k f — 2 . -f-. 60 = =377 radians/s^c. approx. 
v==cor=377x 10=3.8 X 10 3 sec. nearly 
a=co 2 r=377 X 377 X 10= 10 6 cm./sec. nearly. 

Problem 57. Calculate the force in dynes acting (Z) on a proton, 
(2) on an electron , in an electric field of intensity 1000 volts per 
Given charge on electron— 4.8 X 10~ 10 e.s.u. 

The intensity of electric field=1000 volts/cm. 


= e.s.u. of volts/cm. 

=^°- stat. volts/cm. 

The force on the proton =#E 

=4.8 X 10“ 10 x-V*= l-6xl0" 9 dynes. 

The force on the electron =#E= — 1.6 x 10~ 9 dynes. 

Problem 58. Calculate the force on the proton in dynes in a ma 
field of intensity 100 gauss directed along z-axis : 

(0 when the proton moves with velocity 10 8 along x-axis. 

(//) when the proton is at rest. 

(0 Given B=100 gauss along z-axis=100k, 


v=10 8 i. 

the force on the proton due to magnetic field 


= 7 (vxB) 

= tl0 8 ix(100k)] 


= 1.6 X 10 20 [— 10 lo j] 

= — 1.6 x 10 10 j dynes, 

i.e., the force of magnitude 1.6 x 10 10 is acting along negative d 
tion of 7-axis. 

(#) When the proton is at rest, there is no magnetic field and h 
no force. 

Problem 59. Using a right-handed system , the electric field E, 
velocity v of a particle of charge q e.s.u . are given by 
E=2i e.s.u. 

B=(3i+4j) e.m.u. 
v=9i+3j+4k cm./sec. 

Calculate the electrostatic and magnetic force on the charge . 
Electrostatic force on the charge #=#E=#. 2i=2#i dynes, q 

e.s.u. 




51 


t H# • ♦ I • • i . rlectrostatic force has magnitude 2q along positive x-axis. 
force on charge #= y(vxB), B being in e.m.u. 

= y^Qi(r[(2i+3j4-4k)x(3i+4j)] 

= 13noiF[8k-9k+12j-16i] 

= Tx^()i“ I 1 6i H- 1 2j — k]. 

niHunitude of magnetic fore e = 3 v'[16 2 +12 2 + 1 2 ] 

<7 


' 3x10^401] 

X 10~ 19 q dynes. 


t osincs of Lorentz force arc 


(# is in e.s.u.) 


[ 7 


12 


-16 


xio-'Y 7xio- 2 v 


’ 7X10- 10 J‘ 


f9Mld»>in 60. A proton is moving with velocity 10 10 cm./sec. along 
III in .in electric field of intensity 3x10* volts along x-axis arid 
y 1, fl' Id of intensity 3000 gauss along y-axis. Calculate the mag - 
HjM tin. I .hu e tion of total force. 

■bill* ' M the proton #=4.8 x 10 -10 e.s.u. 

IlMtWiMv « l electric field E = 3x 10 4 i volts 

3xl0 4 


300 

E=100 i stat-volts. 
, "I magnetic field B=3000j 
Util velocity of proton v = 10 10 k. 


i stat-volts 


lulfil lorcc on the proton—# 
4 


[ e+ 7>] 


.8 x 10~ 10 £ lOOi f - 1 - {10 10 kx3000j}J 

[ lOOi + ^nrf-ixlO-i}] 


4.8 X 10 


1 3X10 10 
■4.8 X10- 10 [lOOi-lOOOi] 

4.8 xlO- 10 [ — 9001] 

4.32 x 10“ 7 i dynes. 

R[yi I lip total force has magnitude 4.32xl0~ 7 dynes along the 
tlv* •liiri i ion of .x-axis. 


52 


MATHEMATICAL PHY 


1.17. DIFFERENTIATION OF VECTORS 
Vector Function of a Single Scalar Variable. F is a vector function! 
a single scalar variable /, if to each / of the range of values 
there corresponds a vector F and is written as 
F=F (/). 

The vector F can also be expressed in components form, such ad 

F=/i (t) i+/ 2 (0 j+/ 3 (t) k 

where f (/), / 2 (r), / 3 (/) are components of F (t) defined for the ra 
of values of t and i, j, k are unit vectors in the directions of i 
principal axes. 

Illustration: If a moving particle undergoes a displacement in 
manner such that at any time /, its position is at a point P wH[ 
position vector relative to any fixed origin O is r, then the vect 
is the function of scalar variable t, i.e., r=F(/). 

Derivative of a vector function of a scalar variable. If F(/) repres 
a vector function of a scalar variable t, over the interval a < t ^ 

and if Lim ~ exists, then this limit is called as j 

derivative or differential coefficient of F(/) at t. The process of fine 
out differential coefficient is called differentiation. 

By convention the method of denoting a derivative is 
F'(t) or ~ F(t). 

Time-derivative of a vector. Let, 

suppose that vector r is a continl 
^ single valued function of a scalar vari^ 
Tt t> *>• 

r=F(0 

At an instant of time /, let P bo 
position of a particle whose posl 
vector referred to a fixed origin O, H 
After an interval of time 6/, let Q bo 
position of the moving particle alond 
curve r=F(/). Assuming that an increment 8 1 in t produces an i^ 
merit 8r in r, we have 

r+5r=F(/-f-8/) 



It is apparent from Fig. T34 that PQ— 6r 

Obviously the quotient is a vector, since r is a vector and t 

scalar and it gives the average rate of change of r with t. 

As 8 1 tends to take zero value, the point Q moves up to coil 
with P, so that the chord PQ coincides with tangent at Pto thec 
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hr< ,l>r St as 5/ ^° is aIon g th e direction of tangent at P in the 
i'y (/l or r i.e. 


j . 8r dr 

Lim ~ — — — r 
o ^ dt 


k ,!'T that velocity V of a particle is a vector and this is the 
of th ® Position of the particle, therefore 



'ufZtdcTfvl °{P° s ! ti0 " 0 f a Panicle gives its velocity 
'• V- < v/ is a "scalar quant Speed ° f the particle ‘ 


' derivative^ is also in general a function of time t , and 

I i deihativi., which is called the second derivative 

♦ » ill* noted by ( -l- 

dt~ 


«*' * jati-'n a of a particle is a vector and this is the time 
velocity of the particle, therefore 


a=— ?" 

dt- 


1 ' ' n a!n ' e °f the position of a particle gives its 


' » second derivative is aiso a vector function of , and 
d 3 r 

" '■ " derivative ~ known as the third derivative of r. 
|l I xistcncc of fourth, fifth, sixth. ..derivatives can be 


If hr di rivufive of a constant vector c is zero i.e. if c is a 
then ^=0 ; for, then the increment in 8/ produces 

III (V 

itiMt It li| i s FOR DIFFERENTIATION 

tT ,u,llir of the sum of two differentiable ^ vector functions, is 
IfA* Mum of dudr derivatives. 

I hm.I |, c two differentiable vector functions of a scalar 


Hmi 


r=r i+r 2 
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Then if a change 8* in i corresponds a change 8r in r, 8^ in ij, I 
in r 2> we have r+Sr=(r 1 + 8r 1 )+(r 2 +‘5r 2 ) 
i.e. 8r=8r 1 +8r 2 . 

Dividing throughout by 8/ and proceeding to the limit as 8 1- 
we find, 

A _ dr i *2 
dt dt ^ dt 

This result may be extended to any number of vectors. 

In particular if any vector is expressed as the sum of rectangij 
component vectors such "as 

r=xi+j>j+zk, where i, j, kare unit vectors along the axes; tlj 
the derivative of r is given by 

dr dx . , dy . , dz , 

~dT 


■+ 4 j+ 


dt dt 

Note . If r is a differentiable function of a scalar variable s and 
differentiable function of another variable /, then we can state tha 
dr dr ds 

~dt = ~dT'~dt' 

(2) The differentiation ofscalar product of two vectors. The deri 

tive of product of two differential rector functions, is equal to the 1 
of the quantities found by differentiating one of the factors and lea] 
the other unchanged and then differentiating the other and leaving ’ 
unchanged i.e., if r=r 1 *r 2 , where r x *r 2 are the vector functions 
scalar variable t , 

dr dr 2 , dr x 

df~ Ti ' ir + dt 

If a change 8/ in t corresponds the changes 8r in r, 8r x in r 1 an< 
in r 2 , then we have, 

r+8r=(r 1 + 8r 1 ) *(r 2 -b5r 2 ) 

= Ti • r 2 + r i • 8r 2 -f Sr ! • r 2 + 8r x • Sr 2 
== r 1 T 2 -f r i , 8r 2 +8ri*r 2 , neglecting the product 
8r r *8r 2 as it is vanishingly small 
or 8r=r 1 *8r 2 +8r 1 -r 2 as r=r 1 -r 2 . 

Dividing throughout by 8/ and proceeding to the limit as 8 /-> 
dr dr<> dr 1 

-dr~ Ti 


then 


we get 


.r 2 


dt 1 dt 

Note 1. If u is a scalar function of t, and r=wr 1 , then 


dr du 


dt 


dt 

dr 


dr i 

ri+M sr- 

dr x 


Note 2. If r=r 1 -r 1 , then * T ^~ r 


dt 


=2r x *^ since dot product is commuti 


lull 
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1 in* li follows that 


~ dr x 

~ 2ri ~df = r i 


r,.-*L =r JILl. 

1 dt ri dt 


' The necessary and sufficient condition for a vector r to 
«*» i "intunt magnitude is r *-$-=0 

dt 

li..,, r -r | r \\ i.e. 2r- ~ =2 | r I ~ (| r I). 


dt 


d r 


dt 


dt 


=0, if and only if ~ | r J=0. i.e. if ] r | Is 


Ulifrforc r- 

i <1 IMirerentiafion of vector product of two vectors. Suppose that 

r=r 1 xr 2 , 

ll,,d T * are differentiable vector functions of a scalar 

‘"VJ" 1 ® 11 * S? corresponds to increments 6r in r, 8r x in r, and 

" ,cn weha ve r+6r=(r 1 + 8r 1 )x(r 2 +6r 2 ) 

r i X r 2 +r x x 5r 2 + Srj x r 2 neglecting the product 8^ X 5r 2 

f, r r lX 6r 2 +5 ri xr 2 . “ U iS VanlShingly Sma11 

"'•'ling throughout by St and proceeding to the limit 6t->0, 
ht ■ sx dr 2 dr x 

dt lX dt + dt Xl-2 * 

V.T,, I . |U nccessary and sufficient condition for r to have constant 

i In magnitude of r and r be the unit vector in the direc- 
' l i Then r=rr. 


dr 


dr 

dr 


dr dr 
dt + ~di 


r, 




=r 2 rx 


dr 

dt' 


. . (r) 


vanishing as rxr= 0 . 

mm vector grving^ ' haS constant direction, so that r is a 
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* 


dt 


= 0 . 


As such we have from (/) 

rx — =0 i.e ., the condition is necessary. 


A 


Now to show that the condition is sufficient, suppose that 

dr 


rX 


dt 


=0 


A A 

* x w~* 


So that from (7) 

But r is a vector having unity as its length therefore by Note 3| 
Rule 2 of §1.17 r.~r=0. 

dt 


From (//) and (///) we see that r^O therefore '-^-=0. 


r is a constant vector, i.c. the direction of r remains the 
(4) The differentiation of a scalar triple product. Let v be exprt 
as the scalar triple product of three vectors p, q, r as 

v = [pqr] 

=p qxr 

where p, q, r are the differentiable vector furctions of a scalar 
able t. If a change 8t in / corresponds a change S\ in v, Sp in p, c 
15 and Sr in r. then we have 

v + Sv=(p+5p)-{(q-i 5q)x(r+6r)} 

= (p-f 6p)-{q x r-f-q xSr+Sq Xr+5q x 6r} 

=(P + 5p)-(qxr + qx8r+8qxr) 

(leaving 8qx6r as it is vanishingly s 

=p-qXr+Sp qXr+p- 8 qXr+P'qx 8r 

(Leaving small value pro( 
5v = 5p • q X r-l-p * 5q X r + p • q X 8r... using (/) 
Dividing it throughout by 8/ and proceeding to the limit as l 
we have 


or 


Lim 


S/->0 




or 


d\ 

di 


-[■ 


dj> , _ ^q 


dt 


qxr+p~xr- 


p qx 


dr 


dt 


] 
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(*) The differentiation of vector triple product. Let v be expressed 
• « 1 lie vector triple product of three vectors p, q, r, i.e . , 

v=px(qxr) • • • (0 

•• *|. r, being differentiable vector functions of scalar variable, t. If a 
■ liiiiigc 8/ in t corresponds a change Sp in p, 8q in q, and Sr in r. 
On 11 we have 

v |-8v=(p+6p)x{(q+6q)x(r+8r)} 

=(P+ 5 P) X {q X r+q X 8r+8q X r+8q x 8r} 
=(p+8p)x{qxr+qx 8r+Sp xr} 

(neglecting product 8qxSr as it is vanishingly small) 

=px(qxr)+px(qx8r)+px(8qxr)+8px(qxr) 

+ 6p X (q X Sr) + 8p x (8q X r) 
=px(qxr)+px(qx8r)+px(8qxr) + 8px(qxr) 

(neglecting small value products) 
8v=p X (q x 8r)+p x (Sq x r)+$p X (q X r) using (/) 

Dividing it throughout by 8/ and proceeding to the limit as 8/->0, 
W* 1 have 


lim 


5/- 


8v 
►0 5 1 


=Lim 


8/->0 


Ml 




[px(qxg-) 

+P x (| l xr)+Jix ( ,xr ) ] 
)+qx(f Xr )+*X(,X0] 


dr 

: dt 


1'roblcm 61. If F (/)=.v (/) i+y (/) j +z (/) k, where x , y f z 
ill /h rent table functions of a scalar variable t , prove that 
dF dx . , dy . , dz 


are 


dt ~dt i+ dt ' + df k - 
It . the definition of differential coefficient 
F(r+80— F(t) 

►0 


<1 F T . 

d, =Lim St- 


=Lim 


5r^0 


t 


St 

fix (r+5/) i+y{t +8/) j+z (f + St) k] 

— [x (?) i+y (?) y±z (t) 


St 


»} 


H* (t+St)-x (/)] , [y (t+St)- 

“ Lim 8r-->oL 57 ,+ 87 


■m 


J 


[z (/ + $/) — z (0 
5 1 


=Lim 


8 /- 


/8x 8 y . 8 z 

K)\s/ ,+ Sf J+ 5/ 


) 


] 


dx dy dz 

“sr'+a-t+jT 
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Problem 62. Ifr=tH-t*j+(2t+l) k. Find the value of 

at t=0. 


Ill 1 1 IKS 
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I* I 

\d 2 r | 

(dt I 

’ \dt* | 


A kiiiii, we have 

dr 


form 


_ , , ^ gra M iSc* 1 P(J| 

Given vector r is the function of scalar variable t, expressed ’’in th 


r=r*j-,j + ( 2 , + i) k. 
dr . 

2li-j+2k 


Therefore at /=0 
c/r 

dt =-i+ 2 k- 

so that I ~ 
dt 


i, j, k are constant vector 


vT(-1) 2 +(2) 2 ] 

= V5. 

Again differentiating (2), with respect to t, we get 
_ 0 . 
dt* ~ 2 ' 


at 


'-0.g=2,-. 

A I , 

f/ 2 I ~~ I 2i I =2. 


and 


i.e. 


dt* 

Problem 63. If r= a cos t ot+b sin at, show that 
<fr 

rX^-=(oaxb 
2 

dt- w r a > b he/«g constant vectors and to w uAsc 
a constant. 

Given r=a cos co/-f b sin tot 

* _ d , x </ 
dt~ ~di (cos £d/)a + ft (sin b 
= — co sin co/ a + co cos c 0 / b. 

Differentiating (2) with respect to /, we get 

ffr d , d 

dt* “ ^T*- Sin “')*+“ f t (cos cot) b 

= — to 2 cos to/ a— <o 2 sin to/ b 
= — to 2 [cos to/ a+sin to/ b] 

=— to 2 r by (1) 

d'r 


( 1 ) 

( 2 ) 


= — to z r 


rX — = ( a cos to/+b sin to/)x(— <» sin to/ a+to cos cot b) 
dt 

=to [a cos to/ x — sin to/ a+a x b cos" to/ 

— bxa sin 2 to/+bxb sin to/ cos to/] 
=(aXb) (cos 2 to/ + sin 2 to/} to 

As axa=bxb=0 and — bxa=axb 

=(axb) <*>, 

dr 


ir rx -jr=« (axb) 


'dt 

1‘ioblem 64 


tmihwt. 

(liven 


If r=ae w * + be , show that 

— -to 2 r=0; a, b are constant vectors and to being a 
dt- 

...d) 


CO/ , , - 

r=ae + b<? 


CO/ 

— co/ 


c/r co/ 

— = <oac +cobe 
at 

Dillcrcntiating it w. r. t. /, we get 

d 2 r o to/ — co/ 

— = Grae —orbe 
dt 2 


.> / co/ , — CO/, 

= co (ae —be j 
= co 2 r from (1) 


(Ft Z 

3T>— >, “ u - 

I’loblcm 65. A particle mores along a curve whose parametric 
tpwtlons are x=e~ t , y—2 cos 3t f z—2 sin 3t, where t is the time . 

(n) Determine its velocity and accelci ation at any time. 

(/•) Find the magnitudes of velocity and acceleration at t= 0. 

(if) Since a vector r can be expressed in terms of rectangular 

• iMiiponents as r=xi+jj+rk, 

♦ I** i r lore, the position vector of the moving particle at any time / is 

x—e~ x i+2 cos 3/ j + 2 sin 3/ k. 

j 

I Inis, the velocity v=^~ = — £f 6 sin ^ cos ^ 

Mint the acceleration is — -= 18cos 3/ j— 18 sin 3/k. 

dt dt 




dr 




d' 2 r 
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magnitude of velocity at t=0 is 

* |=V / [(-l) 2 +(6) 2 ]=V[37). 


dt 


and magnitude of acceleration at t=0 is 
I d 2 r I 


~d?\ = V'[(l) 2 + (- 1 8) 2 ]= x/(325). 

Problem 66. A particle moves along the curve x=2t* y=P~. 

•JlerLXnJl l % ° f itS VelOCUya ' 


acceleration at t—l in the direction i— ij+2k 
The position vector of the moving particle at any time t is 
r=2/ 2 i+(/ 2 - 4t) j + (3/-5) k. 


velocity = ~= 4 t i+(2/-4) j + 3k, 


dt 


so that 


K L l.,_r 4i - 2J+3k 


and acceleration =-,^=4i-!-2i 

dt 1 J * 


so that 




Now unit vector along i — 3j+2k 

i 3j + 2k 


i-3j+2k 
Vd4) 


V{(l) 2 -f(-3) 2 +(2) 2 } 

Hence, component of velocity in the direction i — 3j+2k is 
(I 3j+2k) . ]6 

V(14) '*■ J + 3k) = ^j^=|.y'(l4) 

and component of acceleration in that direction 




V14 


■w 14. 


i „ 


Problem 67. Prove the following relations'. 

(a) v=u + f/. 

(ft) s =s 0 +ut-Hfr 2 - 
(c) v 2 = M 2 +2f.s. 

(a) Velocity is defined as rate of change of displacement, 

d s 
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Acceleration is defined as rate of change of velocity, i.e. 



S * ■ * nd af,er «« -• * - a - <3) 



V — u— ft. 
v=u + ft 


(M We have from (a), ~=n+it. 

Integrating w.r.t. to /, 

s=u/+if/ 2 +B, 

**'" " '* is constant of integration. 

It at t 0, s=s 0 , then B=s 9 . 

s== s l ,+u/ + |f/ 2 . 

»' l Multiplying scalarly equation (2) by 2 we get 


0 ds_ <Ps ds 
dt ‘dt 2 ~ 2f ‘ Tt‘ 
Ini' i rating with respect to t, we get 
d\ 


j;- 


dt = 


V 2 -M 2 = 2f-S 


0 dt 


ids. 


v 2 =m 2 + 2f-s. 


m!i l"!tv 6 f 9 ‘ acffj <IC,e 1 kg ' movin 8 wi,h initial velocity (i+2k) 
* , , ' s ac,e d upon by a constant force (I+2i— 2kt newton l 
Ukuhuv the distance and velocity after 1 seconds Ah«ZT<u 
» the particle reaches the xy-p lane. Also find the 

Mm-. , of the particle=l kg. 

" ctin e on th e particle = (i + 2j —2k) newtons. 

Am rlcration = __ fl - 01 s 

mass 1 — l 1 + 2j — 2k) metres/sec. 

Imiii.iI velocity u=(i+2k), 
t=5 seconds. 
v=u+f/ we. have 


62 


MATHEMATICAL PH 


Velocity after 5 seconds =(i+ 2k) +(i+2j — 2k) 5 
=i+2k+5i+10j-10k 
=6i+10j— 8k. 

So that v=V(6 2 +10 2 +8 2 )=v / 200 

= 10+2 metres/sec. 


Distance covered in 5 seconds, 

s=u/+|f/ 2 =(i+2k) 5+1 (i+2j— 2k) 25 
= 5 i + 1 Ok +-V-J + 25j — 25k 
=4'-i+25j-15k 
= 17'5i+25j — 15k 
5=V{(17-5) 2 +(25) 2 +(15) 2 } 

= V (306‘25 + 625 + 225) 

= V(1 156-25) 

=34 metres. 

Let t be the time when the particle reaches the .vy-plane, i.e., 
s is equal to zero. 

Using equation s=u/+|f/ 2 , we have 

is*+j'S»+k^=(i+2k) t+\ (i+2j-2k) t 2 


w 


Comparing coefficients of k, 

s l ,=2t—t 2 =0 

or t—2 sec. 

Problem 69. If r=/ 2 i — tj+(2f+2)k and s ={2t — 3)i+j tk, fin 


(a) -^-(r-s), 


(c) 

(tf) 


W <'+*>• 


(d) 


dt 


( 


ds \ 

r X--jr: ) 

dt J at *=1 


d , v ds dt 
(r-s)=r- 7r +- 5r s 


dt 


i.e. 

(b) 


={t 2 i— /j+(2f+l) k} • {2i — k} 

+ {2fi-j+2k}-{(2/-3) i+j 
=2t 2 —2t— 1 +4f 2 -6/- 1 -'it 
= 6 r 2 — 1 1 r — 1 
= — 6, when 1 = 1, 

~(r-s)=—6 at r=l. 


d , . ds , dr 

(rxs)=rx -j t — b~rr~ X s 


dt 


dt 


={+i— tj+(2/+l) k}x{2i— k} 

+{2fi-j+2k}x{(2/-3) i+j— /k} 
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=4r 2 j+2rk+ri+ 2 (2/+1) j+ 2 *+2/ 2 j 

— Oi ++ + 3 k^ 3 ^ 2 ^ ~ 4 ^' 3) *~ 2t 

—Ui+7j+3k at t±r. l. J 


'Wo re +(rx,) M( __ 7J+3t 


l<) 


HlUl 

(.0 


->-, + ( 2<+ , )lJ+ ^ f(2 ,_ 3H+ J_ 4 I 

5S S+N 

=4i-j+k at t=i. 

d , . . 


dt 


(r+s)=4i— j+k at /=]. 


s=(2>-3) i+j— rk 


ds 

dt 


=2i— k. 


( 1X dt }-{ /2 i~tj+(2r+l) k}x{2i-k) 

=/ 2 j+2rk + ri+(2/+n 2i 
(/ ^ =ri+(++4/-2) j+2/k. 

d‘\ rX 7* )=rfr^+^ 2 +4/+2)j+2rk} 

=i+(2/+4)j+2k 

=(i+6j+2k) at /=j. 


,h "«f( rx 3r)-'+<ii+a. 


70. Differentiate 

- rXa 


rxa 
r a 


’ a bein S a constant vector. 


I 9l 


* 

"dt 


(f~) 


ra 

jd_ 

dt 

^jr -a) (rx a)-(rxal ( r ‘ a ) 

[jTTP 

= (£2l£l __ (rxa) ( r . a) ( u 
(r-a) f r . « iT* as "j-- =0 

‘ "• ** * “ * nJL ; x , ^ ^ 
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d f dr \ cPr 
li\ rX ~di) =tx ~3F' 


[Agra, 19 


For the derivative of r Xs see Rule (2) of §1.17 

ds 
dt 


i.e. 


d . N dx 
¥(rxs)== _ xs+rx 


dt 


For second part putting in p3ace of s in (1), we get 

d f A \ dt dt , d ( dt\ 
df\ rX dtj~ dt X <// +rX dt\dt ) 
d 2 r A dx 

“ rx as ~dt x ~di =0 - 


1.19. PARTIAL DIFFERENTIATION OF VECTORS 

Let F be a vector function depending upon more than one sc 
variables, say x, y, z; then we write F=F ( x , y, z) and the pa 
derivative of F with respect to x is defined as 

aF t F (x+*x, y, z)-F (x, y , z) 

0* L 8x->0 8x 


if this limit exists. 

Similarly partial derivatives of F with respect to y and z ca 
written as 

— =Lim F (*’ T+&y, *)-** (*. y, z) 
dy 8y->0 8y 

3F ,. F(x, y, z+8z)-F (x, y, z) 

0z 8z->0 8z 

provided these limits exist. 

Note. If F=w (x, y, z, t) i-fv (x, y, z, t ) j-f w (x, y, z, t) k, t 
the partial derivatives of F with respect to x, y, z, t respectively, 
be expressed as 

ffF = Qa -4- 9v_* I k 
dx ~ dx I+ ax** 1 8x 


0F _ aw . , 0v_ . , oW 
dy “ dy 1+ ay J+ dy 
aF a u . . av aw 
dz = dT 1+ dz i+ dz k 


k. 


dF^ ^ *4_ 

dt ~ dt' 1_t ~ dt dt 

order partial derivatives. 
0F 


The partial deriva 


Higher 
0F 0F 
dx 

variables may again be partially differentiated, giving second o 


— , — ...being themselves functions of the same set of s 

oy dz 


partial derivatives such as 


Ml Intis 
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'Y^\ ~( d ~) ~ d / d -l) 9/dF\ a / 9F \ 

•"V>X J dy w /’ dz\dz)’ te\dT} dy{dxj etc - 


■ lih li arc denoted by 


<4F 

dx' 1 ’ 


a*F 

dy' 1 ’ 


a 2 F 

dz 2 ’ 


a 2 r 


a 2 F 


...etc. 


ax ay’ ayax 

» I" dier differentiation of second order partial derivatives may eive 
""‘I higher order partial derivatives. y 8 

/. The two second order partial derivatives viz 

W 9 2 F ’ ” 


dxdy 


and 


dydx 


•" if ea ch of them is a continuous function i e 

a 2 F _ a 2 F 
dxdy dydx ' 

Noh ... If r— F (x, y) and x=f 1 (/, 5 ), y—/ 2 (f, 5 ); then we have 

9r = 9F dx ?F dy 
dt dx dt + dy dt 

•Mil = cF to + 0F ey 

ds ax 05 'ay 05 

mUi'u'.' 1WO reSUltS are simiiar t0 t,10Se of the results in ordinary 

I "Ini differentials. If F is a vector function of scalar variables 
i, . , and we assume that the values of the variables increase 

"m «, to x+8x, y+8y, z+8z..., when the corresponding 
IMhgr in J < is I-r8F, then we write 

F ( x > y > 2...,)+8F= F (x+8x, y+8y, z+8z... ) 

6F— F (x-f8x, y+8y, z+Sz...,)-F (x, y, z...j 
*hh h may be expressed in the form, 

IF F fx+S.x, y+8y,_z+Sz...)-F (x y+8y, z48z..„) 

Sx 8-v 


1 F (x - - V +S.v, z+8 z...)— F(x, v, z+8z...) „ 

5 / 6 J’+. .. + ... 

N..« if 6 a:. 8y Sz tend to zero then 8F will also tend to zero; so 

- B the above «<* » 

' ' f r. y. c...) 3F (x, y, z.. . ) a F(x, y, z. . . ) 

dX 9 dy 9 * JZ 

M dimply to — ^ F ?Jt. 

dx' dy ’ dr 

[ Mich the above expression can be written as 


8F=* 8.v+ ~ 8v-f-- F 5 - 4 - 

cx cY ' dr 1 *** 
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Proceeding to the limit when SF- -0, we have 

9F , . 9F , , 9F , 
dF== te ^+97 dy ^dy dz+ - 
This gives the total differential of F for the scalar variables x f yj^ 
The total differential dF is given by 
dF= du\ -f dv j + dwk 

When F=w (x, y\ z) i+v (x, y, z) j + w (x, y , z) k 
01/ 


Where //w= 


0 * 


, , du , 01/ , 

0>’ 02 


t 0v , 0v 0»v - 

*“ aT *+3^ ■*'+ a T‘ fe 

</»V= <7x+“ + 

9x 9^ 9z 


1.20. RULES FOR PARTIAL DIFFERENTIATION OF VECT< 

If r and s are functions of x, y, z, then 

(!) 


9 , \ 9s . 9r 

— (r-s)=r' .s. 

dx v ' 9x T 9 a- 


( 2 ) 

(3) 


l(rxs)=rx|| + |xs. 


dydx 




+ 


9r # 

9a: 


9 2 r 


9 2 s . 9r^ 9: s_ 9r_ ds . g 
dydx‘“ dy' dx ^ dx' dy^ dydx' ' 


The proofs of these results are similar to those given in §1.18. 

PwMe “ 72 ‘ Find 7' 7’ B’^Sy for the f° Uowin sf unc M 

(a) r==x cos yi+x sin 
(h) v=*l a (x-f- y) \+b]2 (x-y) }+ixyk. 

(c) f-~x cos >>i=x sin y]+c log {x+\/(x 2 —c 2 )} k. 

(a) Given r=x cos yi+x sin y}+ae mv k 

^=>cos ji+sin yj 

——X sin vi-j-.v cos yj+ame mv k 


8 2 r 

9a: 2 

dh_ 

dy 2 

9 2 ' 


=0 


9x0v 


-x cos >'i — x sin rj+ am 2 e mv k 
r 9 /0r \ . . . 




*►' HIM 
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(M (liven 


r=Ja (x+;y) 1-fP (x-y) j+Jx>-k 

Jj =1 [ui+Aj+^k] 

[al+fl+yk] 

dx 2 
9fr 

7 2 


Ar=0 

.,2 


(cl (liven 


9x9^ 9x\9>’ , 

r=x cos yi+x sin yy+c log {x+ \/(x 2 — c 2 )} k 
9r .... ^l+Hx 2 -c 2 )- 1,2 -2x] k? 

97 =w.+sm yi-y x + W -c*) 5 

=cos ji+sin 

dt . . . 

— — x sin yi+x cos^j 




k*2x 


§!r =k 

9x 2 2 (x 2 — c 2 ) 3,a 


2xk 


( JC 2_ f 2)3,2 


9^r 

9/ 

9 2 r 

dxdy 


= — x cos ji— x sin >j 

“taGy )“ _sin a ,i + cos a’i- 


I'mlilcin 73. T/ - A—x 2 yzi— 2xz 3 j+xz 3 k, B=2zi+yj—x 2 k,Jind 


dxdy 


(AXB ) at (1,0, -2). 


W# lin vc AxB= 


I j k 

x 2 yz ~2xz 5 xz 2 
2z >> — x 2 


ar 


=i (2x 3 z s — xjz 2 )— j (—x*yz—2xz 3 )+k(x 2 y 2 z+xz*) 
(AxB)=i (— xz 2 )— j (— x 4 z)+k (2x 2 jz) 


* *ty (AxB)=^[l(AxB)] = -z 2 i+4zx 3 j+4x>>zk 

= — 4i — 8j at (1, 0,-2) 
r i oh inn 74. If <f>(x, y 9 z)=xy 2 z and i~-xz\—xy 2 \+yz 2 'k> find 
0 3 


0X 2 0Z 


(#r) at the point (2, — 7, 1). 
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We have <f> (r)=(xy 2 z) (xzi— xrj+jz 2 k) 

= xYz 2 i - x'Yz'l + xy 3 z 3 k 

— 2x 2 y i zi—x i y i i + 3*7 3 z 2 k 

“0 ss )=4»*I-2^1+3,Vk 

So that 

_ii_ ^ r)=s 15^5=4/21-2/] 

dx 2 dz [f> dxldxdz 5 

=4i— 2j at (2, —1, 1) 

i.e. at *=2, y— — 1, z=l. 

Problem 75. If F on x, y, z, t where x, y, z depend o 

, d¥ 0F 3F dx, 0F dy_ 0F dz_ 

prove that %=-+£'%+ fi dt + 


02 dt 


Let us suppose that 

F=/i (X, y, z, f)l+/, (*, 7, z, 0 J+/3 (*, 7, z > 0 k 
So that d¥= dfj + rf/j + df 3 k 

NOW df = g <& + gj 4’+ f </*+ If* 


?z 

^v. J_ ?! /7u-L ?! /fej- ?! (ft 


rf/ 2 =°f 2 J.V+ ^ <*7+ ^ &+ 

22 0x 07 OZ dt 


df 3 = 


p *+& ■ - ■ 8/ > - ■ 8/ > 

ox 


0 y ^+07* + l^ 


or 


Putting the values of, df x , df 2> df 3 , in (ii) we get 

</F=f — dx+ffl dy+ f <fe+ X dt \ i+ 

\0x 07 0z at J 

_ f 0 /i s 1 l?i4-®! jA Jx+f— «+ — j+ — k'Wp 
— Val + &zc J+ 0je V X r W dy J I7 J 

. f?!i4-?!j+?!A dz+ ( d l'i+ d A+P*)d< 
+ \dz 1 + dz i+ dz) 1 \dt ^dt ir dt J 

.'9!i^_!j+ 9 -! 

0x r 0x J r 0: 


rfF 
dt '' 


I • , “J* j , ?! k Vl + / 1 
' \0A ^0X J ^0.Y /d/ 


'3/i :+ ? !j + 0 !k)f 


.07 07 07 /dt 


, Wu+tf? xy>i? k y z -+ f?!i + ?!j+^ k | 

+ \dz ] ‘ + 02 J 1 0 z k )dt ^\dt ^dt^dt ) 


0F dx 0_F dy 0F dz 3F 
: 0x dt ' 07 dt^dz dt dt 


Jo >(T — r/c) 


Problem 76. Prove fAc/ F— a- 

0 a F 
0r a + 


r 

1A F . 

r 8/ 


satisfies the partial di 


P 2 F 

‘ a* 2 


en/ia/ equation 


h 1 ous 


69 


11 /.t a constant \ector, to and c are scalar constants and 

I N ( /)• 

N • me given that 

[<*/<*> (/-r/c)] 

r 

I |,- e -/W/c x _ fco/c ._ g ico/(/-/-/c9] 



•i 

r 2 


ito 

. p ia(t-r/c) 

a e-tor/e a „ 


cr 

r 


io) 

[ re -ior!c x _/ C0 / c _ ( 

b % * 

c 

r ± 


—a 


[r 2 e ‘ Jwr / C X — fto/c — 2 r< >/6 ^ r r/c 1 


o i 

(o J 

—7-- a — e 
c • r 
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dt 1 

r r 


(hat 



3 2 F 

3r* — 

f ’- a c — iv>r!c , c —ioyrlc . c iu>(t—rlc) 

c 2 r " r cr 2 1 r 3 

. .(1) 


V»* c -,.r„ 

- cr 2 C ,3 

. .(2) 

1 1 1 i 

, 2C ° a J«t 

..(3) 


re 2 e 


• f i mii (I), ( 2) and (3), it is evident that 


0 2 F , 2 0F 1 0 2 F 


dr 1 


r dr “ c 2 dt 2 


H I III SCALAR AND VECTOR FIELDS 

P t«L v * I* 1 1 quantity which is expressible as a continuous function 
MNI which can assume one or more definite values at each point of 

i of space, is said to be a point function in that region and the 

BIIhi r eifying the physical quantity is called as a. field. Point func- 
* k| .*ir of two kinds: Scalar-point function and Vector-point func- 
uding to the nature of the quantity concerned. 
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(1) Scalar-point function. At each point P of a domain or reg ! 
the function denoted by/(P), or f(x , y , z) is known as a scalar- 
function. The points of the region R together with the functi 
values / ( P ) constitute a scalar-field over R. 

The examples of scalar-fields are the temperature distribution i 
medium, the gravitational potential of a system of masses, and 
electrostatic potential of a system of charges, etc. 

(2) Vector-point function. If to each point P of a region R , the 
associated a vector F (P), the function F (P) is known as a ve J 
point function, and points of R together with these vectors constit 
a vector field over R. 

The examples of vector- fields are the velocity of a moving pa 
the electrostatic, the magnetostatic, and gravitational fields, 
electric intensity of force etc. 

Continuity of Scalar and Vector-point Functions 

(1) Scalar-point function. A scalar-point function / (P) is 
nuous at a point P— P 0 , if 

(/) / (P) is defined. 

(//) Given a number e>0 however small there exists a po 
number 6 such that 

|/(P)-/(P 0 )| <e 

provided | P—P 0 I < 5, where 6 depends on e and P b 

i.e. 8— 8 (e, P) 

In other words, a scalar point function /(P) is said to be contm J 
at a point P oy if 

Lim^ o /(P)=/(P 0 ) 

The scalar-point function /(P) is continuous in a region if 
continuous at every point of the region. 

(2) Vector-point function. The continuity of vector-point func 
is defined similarly as in case of scalar-point functions except t‘ 
is replaced by f for vector-point functions. 


1.22. DIRECTIONAL DERIVATIVES 

If/(x, y, z) be defined and differentiable at each point (x, y, 
a certain region of space, then the partial derivative is defin 

OX 

the rate of change of / at (a, v, r) in the direction of axis of x 
called as the directional derivative. 

(1) Scalar-point function. Consider a line QP drawn in a scalar 
p f the sense of it being positive from 
P. Let j\Q) and /(P) be two funct 
values of scalar-point function /at Q 
P respectively. 

Then, if Lim r/^ exists, 

P->Q QP 


Fig. 1.35 


M»hn 
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IlMi'i . lional-derivative of the scalar-point function at Q along QP. 

1 1* Vnioi point function. The directional derivatives for vector- 
k»)»H h»n« (ions is defined similarly as in case of directional derivative 
M M il H point functions except that / is replaced by f for vector- 
§••* » •• * (mu lion i.e. 

I Um p ^ Q f<P> pQ ~ exists, 

II It iudl« I directional derivative of a vector-point function at a point 
H| Hi. direction of the vector. 

I ik < 4 tional derivatives of scalar-point function along coordinate 

Ifefd Mi I erred to Fig. 1.36, we have QP— 8x. 

, The definition of directional derivative for 

scalar-point function, then leads 

f(P)-AQ) 


,, , !)(% *nx,y.z) 
P 


Lim 


->X 


=Lim, 


P-+Q QP 

f(x+$x, V, z)-f(x,y, z ) 


s x->()~ 




= partial derivative of / with respect to x 

*1 = AI 

9 >u 1.36 dx * 

Ml**- * • dmg similarly, we find that directional derivative at Q along 

Pi f o r 

t».* i.. ultivr directions of axis of y and axis of z are respectively. 

0 } oz 

14) Miinilonal derivative of vector-point function along coordinate 

I Mjli l*nu ceding as in case of (3), we may find that directional 
HI* mi \ i of vector-point functions in the positive directions of 

MM Aft* 

af af af , 

— > , — respectively. 

dx dy dz 

(li IMm « tional derivative of scalar-point function along any line. 

M 01 ' l»r « line in the space in y 

Kmo icnse being from Q to P, 
lid Hu dii < 4 1 ion cosines of QP are 
M , tin n the coordinates of the 
lp*l r in h that QP—r , are 

( ' I lr % y + nir , z+nr). 

I MM lli< definition of directional 
JlDrttlvr gives 


i im,. 


1 1 m 


r -0 


f(P)—f(Q) 

QP 

f(x+lr, y.+mr, z+nr)—f (x, y, z ) 



Fig. 1.37 


(0 
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If /( V V Z) possesses first order continuous partial denvatl 
then/(x+/r, v + wr, z-\-nr) can be expanded by Taylors Iheo^ 
so that we have 

(v-)-/r, rf/ir, z+nr) = / (x, j’, z) + lr — (v i> z i) 

-■-wr (x„ >’i, Zi) + nr 7 (*i> >'i> 

where (x l5 y\, z x ) is a point on QP- 

Hence L\m P ^Q Qp dx ' 9 } ' f 

- r m—~ (x, y, z) + » (x, v, z) [from (0 and f/0 

0_y 

=»/ &+m ~£-+n f 

a.v dz 

which follows that the directional derivatives along an\ line caflj 
expressed in terms of those along three coordinate axes. 

(6) Directional derivative for vector-point function along any 
Just as in case (5), take the direction cosines of a line as, /, " 

define a vector-point function f in the region of line in terms o 
vectors i, j, k, as 

f (x, v, z)=/\ (x, y\ z) i 4-/2 (** y> z ) J+/3 ( x \ v : z ) «, _ n 

If f possesses first order continuous partial derivatives men 
components f, f 2 , / 3 will also possess first order continuous pM 
derivatives. 

The definition of directional derivative for vector-point func 
gives 


Lim 


P->Q 




, 0/, , a/, 

/ — iU + 7/I — — 


f (G) /, (f) -/. <Q) j.i 

qp ' ‘ qp ,J Q p 

k gp 

+ D #- 


?x 


0T 


=r i +j^+k 

L cx 


dft 

dx 


Ji+k^ 

cz 


I’Z 


cf . , cf 8f 

= — / + — m+5- « 
ox op 8z 


which is similar to the direction derivative of scalar-point functi 


life* 
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mu SURFACES 

iluit f is a continuous point-function, through any point P of 

(PUM! 1 nsiricn v/, we can draw a surface such that , at each point 

Fm I tin* lion has the same value as that at P. Such a surface is 
1 h a level surface of the function . 

I 1 * 1 m pifs of level surface are: isothermal surfaces and equi- 
• • " 1 h!,i. vs for temperature and potential respectively. 


ft MM GRADIENT OF A SCALAR FIELD 

Ml 'i liar function i.e. a function whose value depends upon 
1 co-ordinates (x, y , z). Being a scalar its value is cons- 
| | Iim .1 point in space. 

Ip* >'li< hi of any scalar function 0 is defined as 




1 




•I ./• I 


H , * 

?7 +i 

70 


80 

9t 


+ k 


90 

9z 


— — hj — +k - \ 

v ax J 9 y dz r 


.( 1 ) 


pfillui / is generally known as 'del' or ‘ nabla ’ operator and 

• i t. I., hi’ or ‘grad’ in short. We have already mentioned that 
n M is I he region in which the scalar point function specifies 

• physical quantity like temperature, electric potential, 

!i is represented by a continuous scalar function giving 
Hi ihc quantity at each point. In scalar field all the points 
in# v due of 0 can be connected by means of surfaces, which 
I Ptphil or level surfaces. 

no ordinate system with axes such that any level surface 
1 plane while z-axis is along the normal to that level surface, 
l , hic of 0 does not change along the level surface, i.e. 

a0 90 n 

dx dy 

grad ^=k — - ■ ... (2) 


k 


fit 

♦ i 


MJ»‘'»d0is directed along z-axis, i.e., along the normal to 
P Mtlin e Therefore equation (2) may be written as 

grad |~- n ... (3) 

• •••""I vector along the normal to the level surface at any 


* i • • *11 (3) we may state, “ The magnitude of grad <j> at any 
of * hange of function 0 with distance along the normal to 
MW An «• at the point and is directed along unit vector d.” 

I II *• h* he noted that gradient of any scalar quantity is a 

(Agra, 1965) 

Mb* M Prove S/r n =nr n ~ 2 r. 
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'■‘DI +i l +k S-][ s " , “ rW+, ” +rt 


=nr 


dr 4 

dz ~rw 


JlL—— — Z- 

•'• ?x ~ r ’ 0>- - r 

=«r"- 2 (ix+j3'+kz)=Br"-*r. 

Problem 78. 7/r /s l/ie position vector of a point, deduce the 
of grad (1 /r). 

As given, r=xi+.yj+zk. 

1 1 


So that 


r (x 2 +/ 2 +z 2 ) 1 / 1! 

grad (l/r)=V 1/r 


=0^ +i 7+ k |r) {xx^f+zf^ 1 

=iAr 


0x LC^+jHz 2 ) 1 ' 2 ]^ dy [ V+^+ z *) 1 ' 1 
+ k 0z L (xHy+z*) 1 




2x 


(x 2 +y 2 +z 2 ) 3 ' 2 
xi+jyj+zk 


7 [-i 


2y 


(x 2 +/+z 2 y 


+k 


[-*■ 


2z 


(x 2 +/+J 


. /..2\3/2 — ‘ 


“ (x 2 +/+z 2 ) 3 / 2- - (r 2 ) 

1.25. THE GRADIENT OF A SCALAR-POINT FUNCTlOjl 

If ^ (x, y, z) be defined and differentiable at each point (x, J'*! 
a certain region of space specified as a scalar field, we have I 

0 •fr +m ^r +w |j)=( /i +^j+«k)- (• g4 +j i£ +k lz ] 

Its R.H.S. is the scalar product of two vectors (/i+wj+w 
( : ^4-s where the vector (/i+wj+nk) is a unit 

V <t>x l dy ' dz J 1 

along a line whose direction cosines are /, m, n anu the second 
depends only on the point (x, y, z) and not on any direction^ 
we conclude that directional derivative along any line can be O0| 
by multiplying the vector 

I 
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MCI 




*•(••(» # Hit the unit vector 


t*t«»i function 


/i+mj-f rk. 


. d± d± 0f 
0x +J dy h 0Z 


I M 


MH M# xnulient of a scalar-point function $ and is written as grad 

4 III UN, 

V4- iiiad <t=i — +i d -l +k d A=J*- i+ d ± i+ d ± k 

F 9 dx 07 ^ 0Z — dx + 07 J ^0z 

(• *l».n that the gradient of a scalar-point function is a vector. 


P^li / I*, a constant, grad ^=0 since 


0$ d<f> d$ 


♦n (lint case. Its converse is also true. 


dx dy 


dz 


all will 



till GRADIENT OF SUM OF TWO SCALAR-POINT 
M M HONS 

ltd * two differentiable scalar functions of 7, z, then the 
••( thnr sum is given by 

7 +i -ir H ‘7) ( “ + ’ ) 

■1 yy '“+‘)+l §y (»+»)+kji(«+v) 


('U 


.dv du 


dv 


du 

dx +i 'dX +i 7 +j 07 +k ?F + k 57 


0V 

dz 


<'c+J £+*£)+(•£* 

(• •(* 4 +j 07 +k k) m+ 0 4 +j 07 +k I) v 

•-Vw+Vv. 

Mkf that the gradient of sum of two scalar-point functions is 
(m \um of their gradients. 

lul* may he generalized for any number of scalar-point 


• Ml GRADIENT OF PRODUCT OF TWO SCALAR-POINT 
M N< HONS 

IH * ,VS( > differentiable scalar-point functions of x , 7, z then 

M 1 • i'l (heir product is given by 

V («,). (l^+j 4 +k |-) M 
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= i -JjM+j ^(«v)+k|-(av) 


51+v 

dz I 


-«(■ £-+'-S)+i(- M“ 

-■['&<+‘-£M'M +k £l 

==u V v+v V w. 

Showing that the gradient of the product of two scalar-point fund 
is obtained by the same rule as is valid for derivatives of the alge. 
functions . 

Problem 79. Find and I I for the function. 

<f>~2 xz*—x 2 y at the point (2, —2, — /). 

We know by the definition of grad that 




Here 




2.vr — x-j’ 


( l S + ^ +k |-> 2k2 ‘-*' , ' ) 

= i v*~( 2 a* 2 4 - x 2 y) J j (2xz 4 — x 2 y) 

C X C } 


+k-~ (2.vz 4 -x 2 y) 

= i [2z 4 ~2xy]+j [-x 2 ]+k [8xz 3 ] 

= » [2 ( — 1 ) 4 — 2 (2) (— 2)]+j [— (+2) 2 ] 

+k [8 (2) (— l) 3 ] at x=2, y=-2,z=l 
=i[2+8]+j[-4]+k[-16] 

= 1 Oi — 4j — 16k. 

And 17^1 = v [(10) 2 +(— 4) 2 +(— 16) 2 
= v /(372)=2 V '(93). 

Problem 80. If u=x 2 z+e v ,x and v=2 z~y—xy- find 
(a) V (w+v), (/;) V (uv) at the point (/, 0 , —2). 

We have 

V (w-bv)= Vw+ Vv 
V (wv)=w\7v+vVw 
Given that u=x 2 z+e y,x 

=i^-(x 2 z4-e v, *)+j ~(x t z+e*l*)+k-~(x i z+e'"*) 


* 
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1 1 ;> • I t-'/'x --p-J+j [> X ^-]+k [x 2 ] 

• | OIK 2) + e°x-|-]+j [e»x-f]-|-k(l 2 ) 


HI J I k ... (2) 


at x— 1, j=0, z=— 2 


)t\v xy 2 


('Ji 

I y (2!‘y-*y‘)+i~ Oz'y- xy‘)+k ~ (2 z'y-xy*) 

I I r | I j [2z 2 — 2xy]+k [4 zy] 

\ |(>| I j [2 (— 2) 2 R k [0] at x=l, y=0, z= -2 

M ••••* '**lucs ol 7w and Vv from (2) and (3) in (1) we get 

^■inio) 7/M 7»’=(-4i+j+k)+8j = -4i+9j+k 

lfl| '»/ >' l-v7w=(x 2 z+e*/») 8j+(2z 2 y-y 2 x)(-4i+j+k) 

-( 1) 8j=-8j at (1, 0, -2). 

M * H A 2x 2 i— Jyzj+xz 2 k and<j>=2z— x 3 y find 
Hjt V ^ (/’I A < Vt4 at the point (/, — /). 

>l> 2z—x 3 y 

I '* i ( i ‘£ +j ir+*-Jr)( 2z ~ x3 » 

■ i (~3x 2 y)+j (— x 3 )+k (2) 
k 31 — j+2k at x=l, y= — 1, z=l 

A 2x 2 — 3yz j+xz 2 k 

2i+3j+k at x=l, y= — 1, z= 1 
.< + (2l+3j+k)-(3i-j+2k) 

[6— 3-f 2]=5. 

(K •/> (2i + 3j + k) X (3i — j + 2k) 

■ • - [— 2k— 4j — 9k+6i + 3i+i] 

— 7i— j— Ilk. 

Im* v f-V— ^ Vv — - 

V v / v z 


■I 


provided v^O. 


Mi 


f =(^" 1 ) 


* (‘A i 7a-+ k i)(“'-> 


3-v 


(mv _, )+ j ~—(«v _1 )4-k 

. C/> d-Z 
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U0V 


V 2 OX 


u Jl , 

v 2 dz , 


--■*0 

- pD 


0V 


. 0V . . CV \ ,1 / 

n^7+ k s -fi k 


dx 

8 , J> , k J_ 
07+J17' rk 02 





= -?Vv+4-V«- 


1 


+ 


V«- 


ID 


« 

M _ vVM — «7 

,_.W= ^ 


Problem 83. 7 /m is differentiable function ofx, y, z, prove V« 
Given v=m(x, y, z) 

01/ , 0W , . 


i.e. du= j^dx+^ydy+- 

and r=xi+yj+zk. 

dr=dxi+dyj+dzk. 

/. du , . Sm 
N ow V u— ( i 


0Z 


■dz 


Now V 
/. y« (7r= 


-i- 


v “ax ay 

0 U . 0M 


k fr )' 


+i ___ +k . Jr 

dx 1 0 >' + 02 ' 


i.e. 


0x 

SJu*dt=du. 


A dU ~+i^+k |^-V 0 dx+i dy + k dz) 
\* 0x J dy 02 / 

0 U 

*y‘ 


= ^dx+^dy+^dz=du 


dz 


,.28. THE DIVERGENCE OF A VECTOR-POINT FUNCTI 

, \ jr | i i/;j-F 0 k a continuous differentiable 

'JZffwtin £7, fil'd ir. c vector field, then ,He d,ver S encc 

defined as : 

i-^+i# + k 'sr 

1 dx * dy 02 v 

w i5 .rim. .» V -V or Jiv V „»./ «.d « tow- V. 

v-v-(.i+l 3 / + *i>™+>« 

or,’ 0K ? 


0jji , 3*V. 

' 0X 0JF 


02 




which is clearly a scalar quantity. 
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II V=0 then V is known as Solenoidal Vecter. 
hidon of div V. L6t us consider the motion of a homogenous 


IjUiMiiiMr \sihle fluid particle 
H |m i ml of time t and let w, 
I || I hr components of its 
M4U i o .illcl to axes of x, y, z 

MffrlUtly 

fttftiit • i ini elementary rectan- 
JjliMlIelopiped of fluid with 
HWi At . -/ having P (x, y , z) 

■ Hu »M»iM\ 

vector at P is 

|* III hi 



I V Ml I Ij | uk. Fig. 1.38 

Ik lomponcnts of velocity being the functions of x, y, z, we 

'/ u (x, y, z), v=v (x, y, z), w=w (x, y, z) 

lljlf iponcnt of velocity parallel to x-axis at a point on the 

■ 4 P < If will be 

u(x+-^-,y,z^ 

U (x, y, z)-f £f“J+ ... (by Taylor’s Theorem). 

o I I he fluid passing out of the face A' D' C B' in small 
|KfHi’nty of the fluid x velocity normal to the face A r D' C' B f 

X area of face A' D' C B' x time 

H p [“+ 5 }( d ^y\ xdyxSzx5t 

Huly i hr mass of fluid that passes through the face ADCB 

■ p [ u_ T yx ]^ 6z6/ - 

{■H iiiiivi nf the fluid that passes out through the faces ADCB 

S ’ ■' [" + T of ] 5> ' 5z "-f [“- T of ] Zy 62 s ' 

m p l)U 5x 6 y 5 z 8/. 
r dx 

^■fihn iwo pairs of faces are considered then we have masses 
H tl.Hi moves out as 

i. fU 8x Sy 5 z 3/ and p — 8x 8y 8 z 8t. 
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The total mass of fluid that moves out the elementary par 
piped in time St 

=p d — 8x 8 y 8 z S/+p — 8x 8 y 8 z 5/ + p^ 8* 8 y 8z 8< 
dx dy 0 z 

=p [If ^ + 1? 3 s>; ^ sr * 

The volume of the elementary parallelepiped is Sx Sy 6 z f 
proceeding to the limit when Sx, 5 y, Sz, 6 1 all tend to zero 
that an amount of fluid mass per unit volume per unit time! 
passes through the point P (x, y, z) 




'du 0v 
.ax + dy 


0W 

a F 


J^x Sy Sz St 


5x Sy Sz St 

] 

- p ( l i +i i +k i)' ( " i+,i+ " k) 


[ 


'9w 9 v 01V 

,0x + r dz 


= p V -V=p div V. 


TWO VE 


1.29. THE DIVERGENCE OF SUM OF 

functions 

If Hand V be two vector-point functions expressed as 
U=U 1 i+L r 2 j+U 3 k 
V=F 1 i+F 2 i+K 3 k. 

Then 

V (U+V) - (i 4+ i |+ k i)-K».+ rj •+( t, .+ F =)i 

+(<++ K a ) 

- 4x [Ui+ Vi]+ ~b Ui+ v * ]+ ^ U:i+ v * ] i 

dU, , 8Cf, , , ^i + j^j + dV ‘- 


(41 


-o 


ox 

0 


CJ 




cz A 


+i -i+k -Xiuj+uj+Uzk) 

ex cy czy 

+ ( I 4 + ii +k Tz> (KJ+KJ | 

=v*u+v-v 

=divU + divV. 

Showing that the divergence of the sum of two vector filing | 
/o 5ww o/ /Ae/r divergences . 

This rule may be generalised for any number of vector functi 
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■ lm IM\ i RGENCE OF PRODUCT 

|H»ini function U is expressed as 
* • i * .| I (A, k and V is a scalar point-function. 

• ' 1,11 >* (‘4 +i i + k -fe) • K^.! + + t'.k) VJ 


- L (W '»+ 




J „ SF , „m. 


+u, Tl +v- 


dz 


0 


0K 

0X 


0F dV\ 
+ u 'iy +v **) 


+ FI 


f 0C/ M 

9U 2 


V 3* 1 

dy 

1 0Z / 


/ 0K dV 0F\ 

Oe +j ay +k sf) • w+oa+tw 
+ K >4 +j 4 + k 4) • (t'.'+t'j+t'.k) 


(Agra, 1961, 63) 


«(VK)-U+F(VU) 

41* (ID ) (grad F)-U+FdivU. 
ii M (n)lf\=x t z\—2y*z t \+xy 2 zk. 

V m ih» /mint (/,— 1 , 1 ). 

■V- te ? find v .v 

% I y 

♦ (Vi rl+.p fc# xj— z : k evaluate V . V 
V «* x 2 zi — 2j 8 z 2 j + xy 2 zk. 

(• L+i i+ k 4)- ( ^- 2 «+^ k ) 

“ Yx (x * z)+ fy ( ~ 2y3z2)+ T 2 (xyiz) 
=2*z— 6/ 2 z*+Jcy* 

-2—6+1 = — 3 at x=l, — 1, 2=1. 

v 

*+>- ‘ 

7V -0 4 +i 4 +k 4) ■ G4 ,+ j40 


w***. 

IV — 


»•» 
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- --f — ) 

“ 0 xVx+y/ 


+ dyKx+yJ 


(x+y)^ + 

" (x+y} i + (*+>) 

x+y 

= lx+yf 

J__ 

W Given 

... V -V- ( I 1 +J Ty + k ti} <X “ S 2>+y 6 ”■ 

= Tx (x C ° S Z)+ dy 

=cos z+log x— 2z. 

Problem 85 .If **>*"* 

(a) div (grad <fi), and _ 92 0 *_ 3 | 

y .y <£=V 2 <£ w/iere 7\^ + ?-- 2 


— ) (ylogx)+-|- ( z_) 


(&) S/i<w that 

(a) Given ^= 2 xVz*. 

V ^(i 


0 ? r Sy 2 1 92 


4 ; +i £ +t ' 


^ (2x 3 /z 4 ) 


So that 


0 * 1 •» 0 y 1 dz) _ 

=(6x 2 /z 4 ) i+(4x 3 > , z 4 ) j+(8x 3 /z )f 
/ d 0 , , 8 \ /<■ 

v-v 




+« 

= A (6xyz 4 ) + |y* 3j,z4) + ^ 


=12x/z 4 +4x 3 z 4 +24xVz 2 


(&) 




0 J ' ** 0 X 
0 _ 

0 X V" 0 * 


)•( 




5 e i. +] 7 +| 

8x 0y ] 




0 /• 3 £ 


-G 


0 X 2 
0 2 


3 y VSy 

dy 

0y 2+ 0z 2 


+ 


0 f 0 f 


0_ 0 2 
, 0 X 2 + 0 / + 3 z 2 . 


.)*- 


0zV3z 


V 2 * 


n! _ . ?L 4 . is known as Laplacian oper 

Note, v = 9 x 2+ 0 >’ 2 ^ 0 z 

PrAlern 86. if .-*<■* »-=■-* *” ^ 1 

(grad v) ]. 
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v “-( 1 s+i| +k l)^) 


>x +i r, +k k) 


2j) 


«| M*l» 
Mii» 


=6xji+3x 2 j 

/ 0 0 

V v= (i 

==z 2 i — 2j+2xz k. 

y w . Vv=(6xji+3x 2 j)-(z 2 i— 2j+2xz k) 
= 6 xyz 2 — 2 x 2 . 

r 0 0 0 -I 

*m.I if grad v)= |j ^ +j — +k ^-J (6XJZ-— 2x 2 ) 

=(6yz 2 — 4x) i+(6xz 2 ) j+(12xj>z) k. 
Prove V 2 (uv)=u V 2 v+2Vw Vv+vV 2 «. 

V* (mv)= V [V («v)] 

V (uv)= (i ^ +j^+k^) («v) 


0 0 0 
= I — (Mt-) +j («v) + k (uv) 


dx 



=F£+'£M«w 

+0 


0 V 0 « 

0Z CZ J 


li 


=«Vv+vV«. 


V 2 (wv)=V (mVv+vVh) 


K 


I =V («Vv)+V (W«) 

=«V(Vv)+VvV(m)+vV(Vm)+VmV (v) 
=wV 2 v+ VvVw+vV 2 «-f VwVv 
— i/V 2 v+ 2 V«Vv+vV 2 tf. 

|N V*o\r v -(wVv-vV«)=t/V 2 v-vV 2 «. 

M|t V (fc v) i<[ V-(Vv) ]+.VvV-(«) 

=«V 2 v+ Vv* Vw ... ( 1 ) 

h^tlly v *(^Vw)=vV 2 w+Vw*Vv. . ( 2 ) 

• It ii“ii • ' » horn (1), we get 

■|») V •(^Vtt)=wV 2 v+ Vv* V«- vV 2 «— V«* V 1 ’ 
=«V 2 v— vV 2 w. 

N |9 /Vvnr that 

r v(;>« 

f 2 =X 2 +^ 2 +Z 2 


(Agra, 1957) 
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*4 


We have 


But 




+ k&+ yfo 


0y 2 


Jx^+f+z 2 ) 112 


dx\_(x 2 +y 2 +z 2 ) lr - 
0^ 

0x 2 ' 


-]=' 


\x 2 +y' i +z 2 f ‘ 2 


£t?+?+?F ] (x 2 +y 2 +zT 2 ] 

3x 2 


and similarly 

<0. 

dy 

0*_ 

dz 2 


U*+/+z*P {x 2 +y 2 +z 

* r i -1 3y 2 !— 

P LF+F+^J = (^+r+^) 5 ' 2 &+?+[ 

r 1 3 z 2 _L_- 

s \J^+ynW Fi J (x 2 +r+2 i ) 6,T (^+/+ 2 ’ 

/ 02 0 2 , 0 2 \ r i -~i 
fe 2+ 0/ + 3zv L (x 2 +/ + z 2 ) 1,a j 

3 (x 2 + v 2 +z 2 ) 3 

3 3 

” (x 2 +y 2j rz i Y~i 2 {x 2 +y 2 +z 2 ) zii 

U. v(V)“°- , . , 

Not*. The equation V V= 0 is known as La P lace ' s e( * mtwn ' 31 
hencc is a solution of this equation. 

Problem 90. Prove the following propositions-. 
td\\=3v i z 2 \+4xh 2 \-ix 2 y 2 V is a solenoidal vector. 

(ft) V =(x+3y) i Hy-2z) i+(x+az) k is a solenoidal vector 

when a= — 2. 

(c) U=(2x 2 +£x/z) i+(3x 3 >’-3x;y) j 

—(4y 2 z 2 + 2x 3 z) k is not solenoidal vector 

But vector V=xyz 2 U is solenoidal. 

Bv note on § 1.28, we know that if the divergence of a v< 
zero then the vector is called solenoidal. 

(a) Given V=3y 4 z 2 i=4x 3 z 2 j-3x 2 /k 

•• V-V-(l4 +j|+k^)<3^f+3A , i-3»W 

-h 


•< iims 
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1 1 rn it (he given vector V is solenoidal. 

(M < liven V=(x+3y) i+O'— 2z) j+(x+az) k 


V * V== 0 ^ + j + k ^‘)’K Ar + 3 >’) »+Cp— 2z) |+(jc+az)k] 


= a y[ (x+3y) ] + 0 y[ (y~2z) ] + |-[ (x+az) ] 


= 1 + 1+0- 

III order that V be solenoidal vector, we should have V *V=0 
I# ri-+-2=0 or a=—2. 

[i ) Oiven l)=(2x 2 +Sy 2 zx) l+(3x*y-3xy) \-(4y 2 z 2 +2x*z) k 

• v ' u “( l ^ +t ¥ +k '5-) 

•[(2x 2 +8y*zx) i+(3x 3 y-3xy) j-(4y 2 z 2 +2x*z) k] 

= | r (2x 2 +8j' 2 zx)+ -y(3x 3 y-3xy)+-|(4yy +2x 3 z) 

=4x+8/z+3x 3 -3x+8/z+2x s ^0. 

Ilsiicc U is not a solenoidal vector. 

Itiit xyz 2 U=(2xVz*+8xV 3 z*) i + (3x K y 2 z 2 — 3x 2 y 2 z 2 ) j 

— (4xy 8 z 4 + 2x 4 yz 3 ) k 

»\ V. (xyz U)= jy(2x*yz 2 +8x 2 .y*z 3 )+ -y-(3x 4 y*z 2 — 3x*y 2 z 2 ) 

— (4xy s z*+2x*yz*) k 

=6x 2 yz 2 + I6xy 3 z*+6x*yz 2 —6x 2 yz* 

— 16xy*z*—6x*yz 2 

= 0 . 

line xyz 2 U is a solenoidal vector. 

♦ »l THE CURL OR ROTATION OF A VECTOR POINT 

FUNCTION (Agra, 1952, 61, 63) 

• I (x, y, z)=/ji 4 -/J+/ 3 k be a continuous differentiable vector- 
|Mtii function; then the curl of f or rotation of f is given by 

•ml !• written as curl f or Vxf or rot f. 

E 1,0 , V xf=( i ^+j-|r+ k |-)x(/ 1 i+/ 2 j+/ 8 k) 

\ dy dz J + \ dz ~ dz ) l+ \ dx ~ dy ) k 
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i j k 

_9__9_ _9_ 
dx dy dz 

f\ fa fa 


{A gra y I 


It is clear that curl f or rotation f is a vector quantity and re 
del cross f. 

Note. If curl /=0,/is known as Ir rotational Vector . 


Interpretation of the curl f. If a rigid body is in motion the cu 
its linear velocity at any point gives twice its angular velocity . 

(Agra, 1954 , 72 ; Rohilkhandy 

Consider the motion of a rigid body rotating with angular vel 
w about an axis OA ; O, being a fixed poi 
the body. Let r be the position vector of 
point P of the body. Draw PQ perpendi 
from P to the axis OA. Then, 

Linear velocity V of P due to 



cir 


motion V=\Y\ = t»QP=u>r sin 0~ | toxf 

i.e., V=wxr 

where, r=xi+>’j+zk 

— > 

and fo = to 1 i+co 2 j+<'> 3 k. 


But we know that curl V=VxV=Vx(wXr) 


= V x 


i j k 


CO2 .CO* 

x y z 


— V x[w 2 z— i+(<o 3 x— wjz) <>> 2 x) kj 

i i k 

9 8 j_ 

9.x dy dz 

<o 2 r — <>> 3 y <o 3 x— io x z <o,y— o 2 x 


=2 [to,! + <o 2 j + w 3 k] 


= 2to. Which proves the proposition. 

1.32. CURL OF THE SUM OF TWO VECTOR-P 
FUNCTIONS 

If u and v be two vector-point functions given by 
u = u,i + u,j Mjk 
v=v 1 l+v s j-l-v s k 




8 7 


fa 


I" l v)- V xKWi+Vj) i+(« 2 +v 2 ) j+(«s+v 3 ) k] 

i j k 

9 9 9 

dx 9 y dz 

«1 + Vi M 2 + V 2 W 3 + V 3 

, I V.) ^-(M 2 + V 2 ) J +jj^-^-(M 1 + V 1 )-~-(M 3 -fV 3 ) J 

+k [lr 0 ' 2+V2) ~'|r (Mi+Vi) ] 

* fr ] +1 C-fr--* >*[■&■ 


"1 

r <>•, 

du 2 ' 

1+il 


du 

aj 

-du. 

du.l 

L dy 

dz 

j+ j [ 

dz 

dx J [ 

dx 

dy J 

1 

k 

+ 


i 

i 

k 




p 

9 



9 

a 

8 





dz 



0.X 

dy 

dz 





"3 




v 2 

v 3 





1 1 • HI v. (by the definition) 

I *) -curl u+ curl v. 

pNP ; sum of two vector point functions is equal to the sum 


Jhuh Mitt y he generalized for any number of vector point 


Mi l« Hu position vector of a variable point with respect to 
nit h that r=xi+jj+zk then curl r=0. ( Agra , 1967) 

(,. 4r+jx ^T+kx^) (.xi+jj+zk) 

I [ 07 (z) ~Tz (>,) ] +j [ir {x) ~T x < z) ] 

I +k [i x 


Hi) >l "I THE PRODUCT OF TWO VECTOR-POINT 
^wPh I ions 

|t Icier the curl of the forms U\ and uxv where u is a 

PH u l vec tor point functions. 

Hi »• ".I I tfaj+Wsk 
I vj + v 3 k 

| ll I cmIim point function. 
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Then, curl («v)= V X («v)=^ix ^"+i x “^7'+ kx ‘^ ) 

(MVji+UvJ- 


-[ 




= V xCMvJ+i/Vgj+wvgk) 

i j k 

a 8 a 

dx dy dz 

WV X UV 2 HVg 

0 


dz 


(uv 2 ) J +* [ 


dz 


(uvj- 


J3_ 

dx 


(mv 3 ) Jj 


+ [”a7 ( ' UVi ' > dy ( UVl) J 

[ 0V 3 dii 0V 2 dul . , T 0v t 3 u ^ v 3 

’%+’• Ty-“ S TzJ ,+ L“1 F + '''Tz-“ 

[ 0V 2 , 0M 0Vi 

u_ 37 +V * 3 x ~dy H 

17** / 3vj ay,\. . ^V 2 0 Mlrll 

L\ dy ~ dz y + \~37~ dx J J + \8x ~3y J K JI 


, [ 

V0« 


du \ 

1 »+( 

f du 

da ' 

+ l 

.W 

v 3 - 

'0F Va J 

jiz v 

1 dx j 

=u 

i 

j 

k 

+ 

i 

j 

k 


_0_ 

0 

0 


du 

du 

du 


dx 

dy 

dz 


dx 

dy 

dz 


Vl 

v 2 

v 3 


Vl 

v 2 

v 3 


\ .,fdu du 


—u curl v+(grad «)xv 
i.e. Vx(w)=aVxv+(Va]XT. 

Again curl (uxy)= V x(uxv) 

= V X 


(Agra, 1955 , 57, 


> j k 

n, u 2 u 3 

v x v 2 v 3 

= V X[(v s w 2 -v 2 w 3 ) i+Ms-VsKi) j+(v 2 u 1 -v 1 u 1 )| 

= i j k 

j _0_ d_ d_ 

dx dy dz 

! (v 3 u 2 -v 2 « 3 ) (v 1 m 3 -v 3 « 1 ) 

=' [-g^, (v 2 tii-v x u 2 ) ~ z (ViMa-UjVs) J 

_0 

dx 

J0_ 

dy 


d d _ 

+j I -0^ (v 3 u 2 -v 2 u 3 ) (v a u 1 -v 1 u i ) | 

• 0 0 

+kL^( Vl «3- V 3« 1 ) — "a7, ( V 3 M 3 — V *U») 
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)•«* 


■ > 3 m! 0v 3 0 m 2 3 vi 

' 1 "• + V *^- U *^- V ^- U * 


du 3 0v 3 du 3 ~ 
" Vl dz +Ul dz +V3 dz~ 


|||^ 


' .')• rr *a j- ut ty- ri ty~‘‘>Tz~ ,1 te' r "W~ r ' t dz : ] 

. I <’v, dtio dva du* 0v 2 diii . dii 2 . Sv!*! 

• I "• ,, 1 '•Sz ! -“>S ! ^NT“‘to v -te + ''37 + “-5fJ 

I 'V, 0Mg 01/j 0Vg 0V 3 du 2 9v a l 

k | ,, - V * 07 +V 2 07 +M# 07 J 

<«.• I «,J I Mjk) £ (i ~ +j ^ +k ^-)-(vii+v 2 j+v 3 k)J 

(v,H-v 2 j+v 2 k)£i^- +i^+ k ^ ]-[M 1 i+^+ M »k] 
(•’ll I v,J+v 3 k)(i ~ +j ~ +k J (M 1 i+« 2 j+M 3 k) 

("J I wJ+H 3 k)-(i A +j +k (vii+v 2 j+v s k) 

«u div y— y dir u+(v V) u—(u* V) v 

C.H.-lxg+ixl^xg— S.4- 


. Hu* i url (uxv)=2ix 8 %-- J 

dx 

H - 2 ix[ ux ^+vx^] 

■ =2ix(ux +Six (yx g) 

■ “ 2 ( i, 07) u “ 2(iu) ^ +2(iv) fe“ 2 ( , ‘S) ,r 

[By vector triple product] 

-( a &) u - <a " ) 's 

«=u div y— v div u+(v V) u—(u* V) v. 

Ml 111 EX TRESS GRADIENT OF SCALAR PRODUCT IN 
III! MS OF CURL 
Wh ».*>. in 3 I 1 DW that 

Hm HI *) II curl v+yxcurl u+(u*V)v +(v-V) u. 
fcituw Hull 

grad (u y)==2i ~ (u • v) 
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=a [»• |-+*|Q 

And »x(ix|)=(u|)i-(»'i)^ 

(«l)'=[-x('x|)]^,£ 

••• 

=uxcurl u+(u- V) v 

( 0^ ^ 

v ^ Ji=vxcurl u+(v-V)u 

Substituting values of (2) and (3) in (1) we find, 
grad (u-v)=uxcurl v + (u- V) v+vxcurl u+(v* V) u 
=uxcurl v+vxcurl u+(u* V) v+(v V) u. 


1.35. TO EXPRESS DIVERGENCE OF VECTOR PRODUCT 
TERMS OF CURL 

We have to show that div (uxv)=curl uv— curl v-u. 

(Agra, 1971, 64, 61, 

We know that, 

0 

div (uxv)=Si- — (uxv) 


-Si-tlSx'+ux |Q 

-[ a (^ X, ) +2l '(" X ^)] 

v . 2u , v . dv 
== S IX _. v+ 2,. ,, x^ 

(interchanging dot and cf 

=( ax i) ,+ ( ax i)“ 

= curl u v— curl vu. 


Problem 91. Prove the following : 

(i) div grad $ — V 2 ^. 

(ft) curl grad ^=Vx(V#=0 (Agra, 1956, 

(iff) div curl f= V *(V xf)— 0 (Agra, 1956, 67, 

(fv) curl curl f=V x(V xt)—grad div f-V 2 f 

(Agra, 1959 61 , 64, 

(v) grad div V=V (V-V)= cur/ofr/ V+V*V. 
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|f| .ti ntud <j> - V(V^) 

V 8x ^ 8^ 0z/ \ 0X * 'dy 0z ) 

0V 0 2 ^ 0^ 


0X 2 ^ 0J> 2 


0 Z 2 


W + 0J 2 + 0Z 2 J * 


UNMr I lilt follows that 

[-S+V 

| H»‘l m •<! </> V X(V^) 


0 2 


8 2 
02 2 


| = V 2 * i e., Laplacian operator. 


0 !r +i i^ +k 'i") x ( i ?j +i ^ +k i) 

t n (&± df \ 

\ dydz dzdy ) \0z0x dxdx ) J 

_ as k 

T V9»ay tyix) 


„ 

.< r v-(Vxf). 

■*: «x> 


• 9f , . 9f , . 9f \ 

IX -+JX 57, +kX 


0X 0J 

(raking f=/ 1 i+/ 2 j+/ 3 k) 


+ 


'ffPi' i'm'z 'dydz 

. tl 

H11I Mill f V X(V Xf) 


f 9 /, 

9/3 \ 


V 0 Z 

dx ) 


9/3 1 

1 1 

«>|«3 

+ 

_ 

>’L 9 z 

9 jTJ 

. 02 / 3 , 

9 2 / 2 

9 2 /i 

0 J 0 X f 

0 Z 0 X 

8 z 0 >> 


O.'. < kk IM ix 8 - + ' x l +kx s) 
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02 f 02 f 02 f 

(On adding and subtracting ^ respectively in 

factor of each bracket) 

vf* \ , m , ¥L, d y±\ 1 

) \d x * + dyt + dz* ) J 


-m 


3 2 /i { 3 2 / s 


0x0y~ r 0.x:0z 

-.nlPA.K.V, 

dx \ Zx +3 y +0 2 


HSWMS- 


+two 

simila 
i 


=grad div f— V*f 

iVb/e. If div f=0, then grad div f=0 and so 

curl curl f = — V 2 f. (Agra, 

(v) grad div V=V (V 'V). 

/ 3 3 3 \ / 3V . 3V , 0V\ 

= ( 1 ?hc +i dy +k dz ) (*' dx +y <dy +k ‘ dz) 
(on taking V= r t 'l+ VJ+ K 3 k) 

\ 1 dx '• * 0j> * dz ) \0jc 'dy ^0Z / 


\ dx* 'dxdy'dxdz) \0j0a 

+( 

-D- 

-x(i. 


3 2 /t 


0y0x~ r 0y a 

3 2 /i , 0% 




0 2 f . . . 0 2 f . , . 


dzdx 'dzdy 

0 2 f 


0*0^ 

0 2 / 


0X0Z 


} 


dz 1 

+ two simil 




iv,. +i 

0x 2 1 1 dxdy 


j+i 


0 2 / 


) 




0*f 

0* 2 


dxdz 

V X (V X f)= V 2 f+curl curl f. 
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*** ** f in ‘t cur 1 °f the following functions 

, *• • »j 

* 

• * I J’/ogxj— z 2 k 

I *'• I i ‘J I z 2 k 

' * M ' /.J h/»k ; then 

f ix 0 l+i x |+ k x a 7 

0 &+$ +k i) xf 

\ l 0T +J 7 +k 0T ) x ^+M+m 

, ( d f _ % W§6 _ ^3 V , /3/a 0/, \ t 

W 02 / + V0z 0x -fyj* 

W» kav, f- -|_ i+ _Z_ j+0k 

^ : ^+F' /2= J+7'- / ' 3=0 

o 




.25 __ 


« (-*+.v) 2 ’ 0J> 

t url f 0i+0j+[ ^ 


(*+.y) 2 

, X 


(*+>0 2 ^ (x+^y 


r]' 


x-y 


” * 


(*+.T ) 2 K 

f AT cos zi+7 log xj— z 2 k 
/, x cos z, f 2 =y log x,/ 3 = - z \ 

•’/. 0-^-0- 0 /» 

<'P ’0z ~°’07 =-*«mz; 

* . 3/i „ 


"A n M 

.'•* ' 0 ’0X 


X ’ 0^ 


=0 


• tiilf 01— x sin zj+ — k. 

X 


( x*H->>"j+z 2 k 

A-'* 2 ./* =y\f 3 =z*. 

0 36 -0 36 -0 

I’r 02 ~ u> 37 


"/» -o =o §6 

<’> ’ 0X U> 0^ 


=0. 


94 


mathematical p 


curl f=0i+0j+0k 
= 0 . 

Problem 93. If u=x 2 yz, v=xy-lz 2 find 
{a) V-t( Vtt)'(Vv)] 

(b) V-[V«)x(7v] 

(c) Vx[V«xVv]. ^ 

Given u=x u yz. 




and 


(2 xyz) i+(x 2 z) j+(x 2 jO k 
v=xy — 3z 2 

. 8 


Vv=(i 


' dz 


(xy— 3z 2 ) 


dx^dy 

=vi+xi— 6zk. . . . , 

aDd 

v +( 2 x 2 yz-x*yz) k 

ThUS ’ r „ „ . r • 0 +i-+k -1 T 2 xfz+x s z-6x*yi 

(a) V*lV«-Vv]= '^+^ +K 0xJL . 1 

= 2 v 2 -z + 3x 2 z — 1 2xyz] i + [4xyz — 6x 2 z] j 
+[2xy 2 -f x 3 — 6x 2 y] k 

( b ) V-tVuxVv] 

( i 0 +i-+k lY[(-6x 2 z 2 -x*y) H-(.t 2 /+12 xyz'i 
■"Vte +, fc + +(2x 2 yz— x*' 

„ l-(-6x 2 z 2 -x*y)+~(x 2 y 2 +nxyz 2 )+^- (2 x 2 yz-xH 

= [ — 1 2xz 2 — 3x 2 y + 2 x 2 y + 1 2xz 2 + 2 x 2 y —x y] 

= 0 . 

(c) V xlVuxVv] 

_ ( , 1 +| L +k ^\x[{-6x 2 z 2 -x*y) i+(xV+12x>-4 
“VS* J 8* 02 ' +[2x 2 yz- J 

- [1 (2**-*W -S' <*V+^“>] 1 

+ [ 8 1 (fo v-*w- 8 l ] 1 

+ [ 0 l(xV+ 1 2x,z 2 )-|(-6x 2 z 2 -XT 
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t 


i 1 1*’ 7/ 24xyz} \+[—12x 2 z—4xyz+2xyz] j 

+[2xh 2 +12jz 2 +* 3 ] k 

t i * * H. x yz) i-(Ux 2 z+2xyz)j+(2xy 2 +x 3 +l2yz 2 )k. 

• ... »m If v j’z 2 i — 3xz 2 ]+2xyzk and y=3x\+4z\—xyk 

Iff Mi/fcll/, 

• M - I /) 

•m m V W 

ill l «)x y 
If | I V u. 

Hpm <f>=xyz 

ft * \_‘ l ~k +ir b +k Jr]^ xyz) 

=9zi+zxj+xjk. 

■I 

■ • - ( •{•) ■ (yz 2 i — 3xz 2 j + 2xjzk) x (yzi + zxj + xyk ) 

'[— 3x 2 jz 2 — 2x 2 jz 2 ] i+[2 xy 2 z 2 —xy 2 z 2 ] j 

+[*yz s +3x>’z*] k 

— 5x 2 j’z 2 i +x.y 2 z 2 j+4xyz 3 k. 

I BH V-( yz 2 i~3xz 2 j+2xyzk )x( +j ^+ k ~^) 

■ +(^‘>T+ 3 “’i) “ 

■ Ik.t lie < V)]^==[(-3xz 2 2xyz -^-^ i 

I 1 h~ yz *i k) i+ ( yz *-w +3xz *i;) k ] (xy2) 

=(— 3 x-yz 2 — 2x 2 yz 2 ) i+(2 xy 2 z 2 —xy 2 z 2 ) j 

+(xyz 3 +3xyz 3 ) k 
= ~ 5x 2 yz 2 i-;-xv 2 z 2 j -(-■ 4xj'z 3 k. 

|M " ( i Tf +i ^ +k "4') X(> ' z2 '~ te2 j+2^ z )k 

* [j? {2xyz) ~^ ( ~ 3XZ2) ]i 

B*[r- 0 '^-w {2xyz) ] j+ [~k ( - 3 ] k 

[2 xz+6xz] i+[2yz— 2yz] j + [— 3 z 2 —z 2 ] k 
8xzi+0j— 4z 2 k. 

|V *•) * «(8xzi+0j— 4z 2 k) x(3xi+4zj— xyk) 


MATHEMATICAL PH 


=16z*i+(— 12xz*+8x*?z) j+32xz 2 k 

_16z 3 i+(8x 2 yz-12xz 2 )j+32xz 2 k. 
y xu=8xzi+0j-4z 2 k [by (c)] 

V v •( V X u)=(3xi+4zj— xjk) . (8xzi+0j-4z 2 k) 
=24x 2 z+4x>'z 2 . 

Problem 95 . Prove the following relations : 

(a) V-[VmxVv]=0. 

(ft) V *l»xt]=0. 

(c) Vx[axr]= 2 a 

(«) Suppose that V«= U and Vv=V. 
Sotta ,V(V.xV»)-V^xJ)_ u _ (vxV) 

= V V •( V x V «)- Vu-.{ V x V V) 

=0 (V curl grad u= 0 etc.) 

(ft) If a=fl 1 i+a 2 j+a»k and r=xi+>’j+zk 

r , p . d i.j J-k I'lfliH - *** j+e*a k) 

Then V -[axrM i 0X +1 dy + J l 

u X (xi+yj-f 

T • 1 , il+k -1 ■[( a 2 z-a s y) i+frx-a, z) R(«tf-<J 

~L 1 0x _1_J ty 0Z J 

<«,*-«■>+ |r 


= 0 . 

(c) We have. 


Y c uaw, a v 

/ \ J-i-- +k^ )xK fl t* — fl »^) i+ ( C3 *' 

Vxt.xr^ig+Jj/ 1 3z; +(oJ1 _ 

-[s7 

+[| 

+[ £ * 

=2a 1 i+2n J j+ 2fl 3 k = 2 ( aii+a2i+a!,k)=2a ‘ 


Problem 96. If e is a unit vector, prove that 
(a) V-(e.r)a=7. (» Vx(W)'e=^ 

(e) V[exr)xe]=2. (d) V x[(exr)xe]=0. 
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as the components of e along principal axes, 

Ito** * **»• I e»J+^k where | e J= V'ei 2 +e 2 2 +e 3 2 =l . . . (1) 

0bi »-»l|>jfzk ...(2) 

Hi W# lirtvr, 


1 !•» > M - ■ V • [(^ i + e* j + e 3 k) • (xi +yj + zk)](e 1 i+ e 2 j + <? 3 k) 

( d 0 0 \ 

• dx + *dy +k gj ) ' ( e i‘ + e 2 j + e 3 k)(e 1 x + e 2 y +e 3 z) 

~ ( < ’ 1 ^ +e2 |r+^)(^+^+^) 

<T 2 +<’ 2 2 +e 3 2 =l by (1) 

mi wt i«4v«, 

111* »*•! (*0~+j^+ k ^) x Oi ' + e 2 j + e 3 k)(e 1 x+ e 2 y + c 3 z) 

as in ( a ) 

* [<’ 2 e 3 — e 2 e 3 J+j l>ie 3 — ei<? 3 ]+k [e 1 c 2 —e 2 c 1 ] 

~0 


HI l**ve, 

/ |i» • 1 ) x e] s V ' [{(<?!> +e 2 j+e 3 k) X (xi+yj+zk)} 

X^i+ej+esk)] 

- V -[{i(e 2 z-e 3 ^)+j (e 3 x— e^J+k (e,y— e 2 x)}x 

(eii+« 2 j+e 3 k)J 

' \''x^dy +k az)'^' ( e 3 (e 3 x - e x z) ~e 2 (e 2 y-e 2 x)} 

+ j {<?i(ei y — e 2 x) — e 3 (e 2 z — e^y)} + k{e 2 (e 2 z — ej) 

-e 1 (e 3 x-e 1 z)] 

H*,' I ef)-Hef+ef)+(ef+ef) 

• i(V-l-e 2 2 +e 3 2 )=2 by (1) 

* W* l**v# 

m [(• ') x ']=( i sl +i 37' +t aT) x[l(, * <v -'' z> 

—efeyy — e 2 x)} +\{e, (eyy -e 2 x)- e 3 (e,z—e 3 y)} 
+k{e 2 (e 2 z—e 3 y)—e 1 (e t x—e 1 z)}] as in (r) 
H '’i<'s+ e 3 e 2 ] +j[ - e 3 <?i -f e 1 e 3 ]+k[-e 1 e 2 + e 2 e 2 ] 


mO 

m * > Ur (x t +y i +z 2 ) 1 > 2 and ,s a solution of Laplace’s 
|A*h that \/*^y^—0. (Agra, 1957). 
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Hence or otherwise, evaluate V X (*)• 


(a) Given r—(x 2 +y 2 +z 2 ) 112 

0 a 0 2 

dx 2 cy 2 dz 2 

0 0 2 0 2 


and V 2 

.*» V 2 ' 
But 


/ 3 2 

0X 2 


) 


I- 


1 


~\ 0x 2 + 0/- + 

s ( i v ,a r ] 

0X \ A 2 +y 2 +Z-) ,/ L (.T 2 +^+Z 2 ) i/a J 


0x 2+ 0/-“ h 8z 2 A (■ x-+y*+z 2 ) 112 

v 1/2 


] 


0 2 r 

0X 2 t (x 2 +J 2 +Z 


■ 2 + Z 2 ) ,/2 ] - 0xL (X 2 + / 2 +Z 2 ) 3,a 1 


3.x 2 


1 


0 2 r 


1 


Similarly gyb^+^-hz 2 ) 1 ' 2 ! (x 2 +j 2 +z'-) 8 ' 2 (x 2 +y+*^ 

0 2 r 1 1 3z 2 L _ 

'# L(x 2 +y' , +z 2 > 1/2 J - (x 2 +/+z 2 ) 8/2 (x 2 +J 2 +Z 2 ) lf ' | l 


(X 2 +>' 2 +Z 2 ) 8 ' 2 (X 2 +^ 2 + Z J 

3y 2 1 


V 


‘(f)- 


3 (x 2 +>> 2 +z 2 ) 3_ 

TF+p+z 2 ) 8 ' 2 (a 2 +-J 2 +z 2 ) 3 / 2 

3 3 


>_2\3/a 0. 


= (X 2 +>’ 2 +Z 2 ) 3 ' 2 (* 2 +J 2 +'Z 2 ) 3 ' 2 

(ft) Suppose that r=xi+yj+zk 
and given r=(x 2 +y 2 +z 2 ) 112 

V X (^r)= V X [(x 2 +j 2 +z 2 )- 1 (xi+yj+zk)] 

=[V (x 2 +y 2 +z 2 )- 1 ]x[xi+>’j+zk] 

+(x 2 +/+z 2 )- 1 [V x(.vi+yj. 

-[v( ?¥ jq ? )]xW+>j+« 

-[( , S + 4 +k l)((W?+5 5 )] xW H 

= y^ryybz 2 ) 2 [xi+J'j+zk] X txi+jj+zk] 

=0 [Vector product of two equal vectors being j 

Problem 98. If a-^i-f tf 2 j+a 3 k, b=&ii+6 2 J+Wt and r=*J 
+zk then prove that grad [(r X a) • (r X b)] =(b X r) X a +(a X r) X b. 

grad [(r x a) • (r • b)] = grad [r 2 (a-b)-(a-r) (br)] 

=grad [r 2 (a -b)]— grad [(a-r) (b-r)] 
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(n -b) grad r 2 +r 2 grad (a*b) 

— (b • r) grad (a • r) — (a • r) grad (b • r) 
(a b) 2r— (b r) a— (a-r) b 
»(ab) r— (ar) b+(ba) r— (b r) a 
a X (b X r) — b X (a x r) 

(b X r) x a+(a X r) X b. 

MHih' W It i <mri r have their usual meaning show that 

t i -in | .?) r n . ( b ) curlr n r=0. ( Agra , 1974) 

Hint //V then 

L »l|\ (r‘r) div (uV)=u div V+(grad w)-V 
r n div r-Hgrad r w )-r 
r u (3)+(/?r n_2 r)*r 
.V* + nr n ~ 2 r 2 — (« + 3) r n . 

■ (Tr) curl (//V) 

-(grad w)x V+w curl V 
(grad /' n )xr+r n curl r 
«(//r n-2 r)xr+0 7 curl r=0 

•0 asrxr= 0. 

MIO t/ n ^oL.xi + fiyi+yzk, show that 

■v *• 

#'♦-/ • Imv their usual meaning prove 

t url ( ar) a =0. 

P a • i ■ >1 \-fiyi+Yzk)-(xi+yj+zk) 

► im' \-fiy 2 +yz 2 ) 

■* <•*»(' fi i-J ^r+k 4) (ax2+p/+T22) 

- ( m| |- 2fiyj + 2yzk) = 2a .* 

Ip (J — n,l brzj f a 3 k and r=xi+>j+zk 

■l I v | a.,y+a 3 z) 

^H ll»M -{a^x+a^y+a^z) (aji+aJ-f a 3 k) 

(<hx+a 2 y+a 3 z) % i -f («i.v + a 2 y + a 3 z) a , j 

+ (a i x+a 2 y+a : .z) a 3 k 

■ fen , 

L / 0 0 0 \ 

■'"*1 ( I ;,~+j ^+t^-)x[(a 1 x+a t y+a a ?) AJ+...+...] 


MATHEMATICAL P 



C 0 0 \ 

-4 { + ? j >r*|g^[(«^+a 2 J-fra3^)«3]— gj [(<vc+a 2 j+a 3 z) a 2 ] j 

0?>c* /4«.. >«+...+... + -i 

em 101. If m, V, w ere /70/7. / functions and uY—S/ w, prove 
Y-curl V=0. 

We are given that 

wV = V w. 

Taking curl of both sides we have 
curl (ttV)=curl (grad w)=0 
or (grad m)xV+m curl V=0. 

Multiplying by V scalarly, we find 

V*(grad m)x V+V-m curl V=0 
or V-Mcurl V=0 as V-(grad m)x V=0 

or V-curl V=0 as m+0. 

Problem 102. If a is a constant unit vector show that 

a-[V (V*a)— V X(Vxa)]=V-V=d‘v V 
We have grad (A*B)=(A- V) B+(B* V) A+A xcurl B+Bxcuj 
V (V *a)=(V • V) a+(a* V) V+Vxcurl a+axcurl V 
=(V* V) a+(a- V) V+aXcurl V 
But a being a constant vector curl a=0. 

Also we have curl (AxB)=(B- V) A-(A- V) B+A div B 

— B di 

So that V X(V xa)=(a*V) V-(V- V) a+V div a-a div V 
=(a* V) V— (V- V) a— a div V 
V div a=0, a being constant 
Subtraction of (2) from (1) yields 

V(V-a)— V x(Vx a)=2 (V- V) a+axcurl V+a div V 
8 , 8,8 


Where 


(V-V)a= ( Vl 


T X +V *ty+ V >Tz 


j a ; if V=Vji 


L'+v 2 j+v 3 k 

—0, a being constant 
Hence, a-{V(V-a)-Vx(Vxa)}=a-{axcurl V+a div V} 
=a* a xcurl V+a *a div V 
=div V v a* a— 1, a being unit vector 


• MM 
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Am»I n uxcurl V=axa-curl V=0 

ftuMt in 103. Prove that div ( u grad v)=u\/ 2 v+(grad u)*(grad v) 
9 on,/ v both are scalar point functions. 

Wt !>.t\r div (m grad v)=div (mV) where V=grad v 
=u div V+V-grad u 
=u div (grad v)+(grad v)*(grad u) 

=wV *(Vv)+(grad v)-(grad u) 

=wV 2 v+(grad v)*(grad u). 

ftuMnn 104. Prove that curl ( u grad v) = \/ux Vv=«— curl 
PfNM where u and v are both scalar point functions. 

Wt have 

lUl (a |hi<l v)«=curl («V) where V=grad v 
=u curl V— Vxgrad u 
=u curl (grad v)— grad vxgr£d u 
=0 — grad vxgrad u. 

=grad mx grad v 

= Vmx Vv=— (Vvx Vm)=— curl (v grad m). 

105. Prove that V-(£V xA)=(VxA)*(V«S). 

V bnvc V -(SV x A)=div ( S curl A) 

=div ( SY ) where curl A=V 

=S div V+(grad S)-Y 

=S div (curl A)+(grad ^-(curl A) 

=0+(grad S) -(curl A) 

=(VXA )-(V5). 

(Sabi* mi 106. Prove that 

- Vv)=Vw(V*Vv)-Vv(V* Vi/)+(VvV)Vw-(VwV)Vv 
|pp a mid v both are scalar point functions. 

(hat V«= A and Vv=B then, 

N X A v) ^=curl (A x B) 

A div B— B div A+(B grad) A— (A grad) B 

- Vm(V • W)— V v( V • Vm)+( VvV) V*-( V*V) V. 

Infct'M! 107. Prove that the values of div F and curl F are indepen - 

jy do . ho ice of rectangular axes i.e. they are invarient . 

( Lucknow 1952 , 59) 
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Taking the mutual direction cosines of 
two sets of rectangular axes as shown in 
adjoining scheme and (x, y 9 z), (x\ y’ , z') 
as corresponding coordinates 

We have V ^l^+m^+^k ? 

x'^^x+nirf+riiZ etc. 5 * * 

And i = /ii' + 4 j ' + 4^ ' ? / 2 \ 

x—^x' + ^y'+kz' etc. S 

d dx’ , d dy' d dz* 


Also 7 T=‘ 


dx' 

Similarly, 


dx* 

8_ 

dy 


dx ^ dy dx 


d , 


=r»i 


dy 1 



dz' dx ll dx' +, ‘ 


+w 3 


Using /j 2 +/ 2 2 +/ 3 2 =1 etc. and / 1 w 1 +/ 2 ni4+/ 3 m 3 =0 etc., 

We have F=F 1 i+F 2 j+F 3 k=F l (kV+lJ+W) + - + - 
=(/ 1 F 1 +w 1 F 2 +;j 1 F 3 ) I'+(/,/ i 'i+WtF > +»*F 8 ) j' 

+ (/ 3 F 1 +»i 3 F 2 + 

So that (div F)*', z=^j (/ 1 F 1 +m 1 F 2 +n 1 F 3 )+ 

+”2^3) +"g~r(^i+ w 3^i 

=(%! _7 +/2 '^ r+/3 ^ r ) ^1+ •••+•• • i 
=l4 i+ i^ + ^ F3=(div f) *> v> * 

Similarly (curl F)*', /=(curl F)*, v , , 

Which show the required invariance. 

Problem 108. Fw<7 rf/v grad r m and verify that V X \/r m = 0. 

If r— | r |,r being position vector of a point , then 
\j r m ~mr m ~ 2 r. 

Also, div grad r m = V • (V>‘ m ) 

= V • (mr m ~~ r) 

—mV * (r w “ 2 r) 

=m [V r m - 2 -r+r w ' 2 div r] 
=m[(m-2)r™- 4 rr+r-“- 2 ’3] V div 
=/w (m— 2) /• , “- 4 r 2 + 3/nr” 1-2 
— m (m— 2) r m - 2 + 3wr«- 2 
=m (w+1) r” 1-2 - 
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il jm.iiI /”• Vx(«i/- m-2 r) 

• - V X [/n/' m “ 2 xi-t-wr™ -2 jj+wr™ -2 zk] 

/ . 0 , . 0 , , 0 \ 

( ,x ta + ' x 07 +kx fe) 

[mr w ~ 2 xi+mr™ -2 vj+mr™ -2 zk] 

z) — jrj ( tnr m ~ 2 >)J i+ 

t dr 

m (m — 2) r w_3 z — 

— m (m— 2) r w_3 j- — i+. 

°z J % 

^m(/n— 2) r m ~ 3 zy- 

-ni (m-2) r™- 3 J i+ . 

0i + 0j+0k=0. 

M lli'» Show that (V- V) V=!V V 2 -Vxcw/7 V. 

{Allahabad, 1958) 

Hit* in nl (u b) axcurl b-fbxcurl a+(a- V) b+(b- V) a 
•»i# » li V, this becomes 
it i V curl V+Vxcurl V+(V- V) V+(V- V) V 
) V* 2 V curl V +2 (V-V) V 
|P • \ 1 V t V 2 V xcurl V. 

lA 110 In) Show that E = — j- is irrotational. 

r 

li t 1 II arc irrotational, prove that A XB is solenoidal. 

JL r r *»+jj+zk 

• •‘P' x 2 +r+z 2 

p|PPf |m ulinw i hat E is irrotational, we have to prove that 


- (■*-)-* 

C ) Vx(fgitf) 


(' 


0 . 0 . ■ 0 
dx +i dy +k 0z 

+ 




i+^ 


x 2 + y 2 +z 2 J x 2 +y 2 + z 


■] 
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~Uy ( x*+y*+z*)~ a* ( 

+[-te{ X >+y> +Z > ) 


* 2 +r+z s 


')]■ 


+ 


=[ 

=0. 




—2 zy 


x 2 +y 2 +z 2 

y 

x 2 +y 2 +z 2 

2 zy 


-l( 


x 2 +y 2 +z 2 ^ x 2 +y 2 +z‘ 


dx U 2 +/ 2 +z' 

— y 

z +y 2 +z t 
1 + ... + . 


Kb 

]' 


showing that E is an irrotational vector. 

(b) If A and B are irrotational, then 

curl A=0 and curl B=0. 

In order to prove that A xB is solenoidal, we have to show t 
div (AxB)=0. 

Now div (AxB)=(curl A) -B— (curl B)-A=0. 

Hence AxB is solenoidal. 

Problem 111. Show that r n *r is an irrotational vector for any 
of n , but is a solenoidal only if « = — 3. I 

We have curl r n t—r n curl r— rXgrad r n 

= — r X (nr n ~ 2 r) as curl r — 0 

==— r Xr (wr n_2 )==0. 

Howing that r n r is an irrotational vector for any value of n . 
-gain div r n r=r n div r+r- grad* r n 
=3r n +r*(nr n_2 r) 

=3 r n +nr n ~ 2 r 2 =(n+3)r n 
which is zero if n-\- 3=0 or n——3 

This shows that r n r is solenoidal when n—— 3. 

Problem 112. Prove that V X(V x A) = — V 2 A+V (V *A), 
Take V=R 

So that V X ( V X A)==R X (R X A) 

But ax(bx c)=b (a*c.)— (a-b) c 

Rx(RxA)=R (R-A)-(R-R) A 
or V X(V X A)= V (V-A)-(V-V) A 

= V (V-A)~V 2 A. 
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III. //V*E= 0 ,V*H= 0 ,VXE= 

d 2 u 


H nv H ..i E 
dt ' VXH ~ 0/ » 


IpN I and II satisfy V 2 «=- 


9/ 2 


At fi • •»», 


V x(V xE)= V x (-^-) 


= - 0T (Vx H ) 

9 / 8E \ 9 2 E 

~ dt l dt )~~ dt 2 * 

It Problem 1 12, we have 

V -(VxE)=-V 2 E+V (V*E)=-V 2 E 
9 2 E 




V 2 E=- 


0f 2 


\/ » (V xH)=V x 


9 *H 


9/ 2 


V *(VXH)=-V 2 H+V (V *H)= — V 2 H 
9 2 H 


V 2 H= 


dt 2 


0 2 « 


I 1 ii ad II satisfy the equation V 2 «= g-j- 

|H i Show that the solution to the Maxwell's equations 
I i'K / 9H 

•J ,VxE=yy, V-H=0, V*E=4^p wherepis 

TIm/ * , v, and c is the velocity of light assumed to be cons- 

§b»n bv 

I •v^-t^-h-vxa 

k*" i / < ailed the vector and scalar potentials respectively , 




(2 ) S7 2 t--L¥±=4n P , 


•A- 


/ i)’A 
i)t r ' 


• aquations are given to be 
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V xH— — 


V xE= — 


1 _0E_ 

dt 

c dt 

V-H=0 

and V-E=47tp 

We have to show that the solutions of these equations are giv 
1 SA 


E — V *“T -8, 

H-VxA 


and 

1 d<f> n 

where A and ^ are given by V • A+ ~ ■gj-=0, 


W- 


1 a 

72- =4^P, 


aqd 


V 2 A= -r 


c‘ dt 2 
1 8 2 A 

c 2 ~ 0/ 2 ' 

Putting H= V X A from (6), we have 
L.H.S. of (3) = V • V x A 
=[VVA] 

=0 by the property of scalar triple produ 
This shows that the equation (6) is a solution of (3). 

Again putting A = V xA in (2), we get 
1 0 


V xE=-y gp(V xA) 


or 


Vx| E-f-y- ',-y j 0 which shows that the 


ed expression is the gradient of some scalar function say 
therefore, 

E+— -^=-grad 


dt 


1 


0A 

,.e. ^=- v ?.- 7 ^ r 

which is the equation (5) showing that equation (5) is a solution 


1.36. CURVILINEAR CO-ORDINATES 

We know that the equations 

w=/i (*, y, z) ; v=/ 2 (.r, y, z); iv=/ 3 (x, y;z) 
where u, v, w are parameters, represent three families of 
when expressed in the form 

«=const., v=const., iv=const., 
where t/, v, w are continuously differentiable functions defined 
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■tN # nf «piicc. 

■Pm# Hint the three surfaces w=const., v=const., w— const., 
|M Im • point P of the region R. The values of w, v, w for the 
| MMfrtit intersecting at P are called the curvilinear co-ordinates 

| I P The three surfaces are then known as co-ordinate 

\ I In three surfaces intersect pairwise in three curves known 
< urves. Only one co-ordinate is variable on each of the 
H|Ht» • iii vcs. The curve on which u varies known as w-curve and 
MU 1 ' •" u and w-curve are those on which v and w respectively 

( MIm* vui table is constant on each of the co-ordinate surfaces. 

"ii which u is constant is known as zz-surface and similarly 
n surface are those on which v and >v respectively are 

llh# Hi. njuation (1) the rectangular co-ordinates (x, y, z) and 
lilt position vector r of any point in the region of space 
Ip Mpitwd in terms of curvilinear co-ordinates. Since there is 
■ I# mmi Murcspondence between x, y , z and u, v, w the position 
If h h n n lor function of m, v, w. 

| Hu Im i of u**C u v—C 2 , h’=C 3 ; C u C 2 , C 3 being constants 
Ipf Mm co-ordinate surfaces and the equations of the co-ordinate 
iHki Him hi# 

H ,, w C 3 u=Ci, u=C u v=C 2 . 


PIIIHM.ONAL CURVILINEAR CO-ORDINATES 

♦•I Milliogonal curvilinear co-ordinates is one wTtich corres- 
•I i |" inis of intersection of a triply orthogonal system of 
(Im ol surfaces 

#1 i oust., v (x y y , z)=const., w (x f y, z) = const. 

*•" h lh.it, through each point P in any region R of space 

I "illy one member of each family, each of the three 

llllny the other two orthogonally. In short the curvilinear 
HW. » . »» arc said to be orthogonal if the co-ordinate curves 
•h i • ipendicular at every point P {x y y\ z) of space. 

••it that Cj, e 2 , e 3 form a right handed system of unit 
'*• "i h> I lie co-ordinate curves u, v, iv respectively at P and 
" 'i.U i iu*i casing u y v, vr. Then we have 

- ••,. r, c ; , X e x and 
c*, e 2 ==e 2 e 3 

•M Irngihs measured along the co-ordinate curves in the 
in thins of iiy v, iv be respectively s u s 2 , ,s 3 . Now consider 
•Mmil pm allclopiped whose diagonal is the element of arc ds 
IVl i tup n I to PQ at P and faces coincide with planes u f v 


' M 

Km 


If*" 

SftlM I 

IihIm, 

1 IM • 

*’»♦ 
Im in 

9. >*, 

Mm 

It ili 


d e^eiXeg 7 
e3=e 3 -e 1 =0 l 


( 1 ) 


*|lh ..| edges are ds u ds 2y ds 2 . Therefore, 


ds 4 ds x 2 + ds 2 2 + ds 3 *. 


( 2 ) 


M »•••* ‘iiimduce the three numbers h l9 h 2y /z 3 known as metrical 
' til* l lie property 
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i.e. 

Substituting, the 


dsi 


du 


_ r dS 2 , “ J 3 L 

~ hl * ~dv~~ hz9 ^ ~ hz 


ds z 

dw 


ds^hidu, ds 2 =h 2 dv , ds z =h z dw. 
values of ds l9 ds 2i ds 3 from (3) in (2) we get 
ds 2 =h x 2 du 2 +h 2 2 dv 2 +h 2 dw 2 . 



Now if r be the position vector ot F, reterrea to me origin c 
rectangular co-ordinate system, the tangents to the co-ordinate cu 
at P are parallel to the directions of e*, e 2 , e 3 and have the magnitu 
h l9 h 2y h z respectively. Therefore, 

0r , 9r , dr _L a 
dv ~ h 2 C2 ’ dw " 3 3 ‘ 


or . or , 

Ci » 0v ~ h 2 e2> 

These give, 


0r 0r 7 . 

e iXe 2 


i.e. 

Similarly 

and 

Also 


01/ 

0r 

j>r_ 3r 
dv X 0W 

0r ?r 


du X 0V 


0V 

=h l h 2 e 3 from (l) 
0r hjhj) r_ from (5) 
Aa 3* 


Zio/io 0r 


// x 0M 
h,h l 0r 


[ 


cr 


0w * 0 m h 2 dv 
81 a - ]=(£*- 


0W 0V 0VV 


.( 


0V 


0 * 0VV — ^2®3*^3®3 — 


1.38. CONDITION FOR ORTHOGONALITY 

We have mentioned that the curvilinear co-ordinates of a point 
space are determined by three continuously differentiable sea 
functions 

«=/, (x, y, z), v=/ 2 (x, y, z), w=/ 3 (x, y, z) 


• iHli 
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J' " functions ^, v, w are not functionally related, then these 

** bc solved t'Q give x, y, z in terms of u, v, w such that 

' £1 (w, v, tv), y=g 2 (u, v, tv), z—g 3 (m, v, tv) 

y * ' • " r c continuously differentiable functions of u, v, tv. 

I •> du position vector r of any point in space, referred to the 
i M-ctangular axes along which the unit vectors are i Mr 
iPl' n an 9 J ’ 5 

r -ti+yj+zk 

Wt («, V, tv)+jg 2 (u, v, u) -j- k" 3 (u, v, tv) 

F («, v, tv) say. 

W= Q where C x , C 2 , C 3 are constants, 
BP*"' Ilu co-ordinate surfaces, then the co-ordinate curves are 

v C 2 , tv = C 3 ; tv=C 3 , u=C x , m=Ci, v=C 2 

A* cu rve v=C 2 , tv=C 3 through (C„ C 2 , C 3 ) is the 

1 (w, C 2 „ C 3 ), m being the parameter. 

m tit* Inngent to the curve v=C 2 tv=C 3 is parallel to the 

IHiht 

■dttlHiU the tangents to the curves vv=C 3 , «=Cx and u=C x , 
R If* respectively parallel to the vectors -|L and 

(IV 0W 



*•. lit* dot product of two parallel vectors is zero, it therefore. 
*' "" ,l ,hc curvilinear co-ordinate system will be orthogonal if 


^ 0r 0r 0r 0r 0r 

fa dv dv dw dw du 

.ii. the required conditions for orthogonality. 


b?"". v. The line element ds derived in relation (4) of § 1.37, 
IN •» din cd from the conditions of orthogonality, 
r F (w, v, w) 

J" £*+£*+-&;• *■ 





0r 


0r 


dw 1 


\\ h du+ ^ dv+ ^ dw 


\ 


( Ir ) ^ 2 + (i£ ) dv2+ (^J dwi 

■% dudv + 2 ~ d V-Tw dvdw+2 %-^ dwdu ■■■(2) 
the conditions of orthogonality, this reduces to 

b (3u) 2 ^ 2+ (It) 2jv2 +(t^) 2 ^ 2 • • • (3) 


no 
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I 


Putting (dr) 2 = | dr | 2 = ds 2 

V du ) -I du I '~ hl ’ \dv ) ~" 2 ’ \dw ) ~" 3 • 

The relation (3) yields 

* 2 =/* 2 2 du 2 +h 2 dv 2 +h 2 dw 2 . 

1.39. RECIPROCAL SETS OF TWO TRIADS OF MUTUAI 
ORTHOGONAL VECTORS 

Ifu,v, w be a set of curvilinear co-ordinates of a point P wha 
position vector is r with respect to the origin of a rectangular 
ordinate system , then the two sets of triads of mutually orthogo 

vectors , V u, V v, V w and ~ are reciprocal to each oth 

We have shown in equation (7) of §1.37 that if e l5 e ? , e 3 for; 
right handed system of unit vectors tangent to the co-ordinate cur 
u , v, w respectively at P and directed towards increasing w, v, w, til 


f 0r 0r 0r 1 , , , 

L du dv dw J ~ hl hi h * 


Now Vv, X/w are the vectors lying along the normals to 
co-ordinate surfaces which are the level surfaces of the functil 
w, v, w. But the curvilinear co-ordinate system is orthogonal, there 
the conditions of orthogonality stated in §1.38 when applied to j 
orthogonal system of vectors Vw, Vv, X/w , yield 

V«*Vv=0, Vv*Vw=0, Vw*Vw=0. 

Let us now assume that the mutually orthogonal unit vectors al| 
V u Vv V M’ 

I Vw i ’ | vv I 1 TW 

which form a right handed system. 

Here | Vw I is the directional derivative of w along the dirt* 
of the normal to the surface u—C x i.e. along the tangent to the 
v=C 2 , w=C 3 . Hence if ds x represents the differential of length 
this curve, then we can state 

, du 

1 V " I== *T 

But from the Corollary of §1.38 the line element ds x along 
curve v=C 2 , w=C 3 will be obtained by putting dv~ 0, dw 
ds 2 =h x 2 du 2 +h 2 2 dv 2 +h 3 2 dw 2 , whence we have 

ds 2 —h 2 du 2 | 

du 1 

glving -drr Ul K' 

so that I Vw I —'f'y ie - h i = J ' y u | 

/i 2 == —J,.. , and h 3 * 


Similarly, 


I Vv 


I Vw | 


hhm 


I ' ' 

"I H) give 








Yji vu 

ljh, ~ e i ie- Vu - ~ 

K 


I \/u I 

•hnllurly V v 

[ v , «VvVn']=(Va X Vv)- Vw 


mereiore ( 3 ) 

__ e a 


t- 


•(5) 


= (^1 1 e 3 \ 

l A X K) 


c 3 

h. 


Xh h H as c i Xe 2=e 3 and e 3 -63=1 


= -JL__ • • * (6) 

««'M,in E(I)aild(6u J£ iWegei 

IVuVvVw ] hi 

J L du dv'dw 

W "' 

Sw dv dw 

rooliDi wates ERMS of orth °gonal CURVILINEAR 

coSnateswf v! n i fUnCtl ° n given in te ™s of orthogo- 

functions of rectangular 


dx dudx +dv ds + d^dV 

,d*dv_ U dw 
dy du dy dy +a^-gr 

d f J± d JL J* dw 

dz du dz + dv dz +dwfr 


. . . (1) 
• • • ( 2 ) 
( 3 ) 


vr VW cz • • • [j 

'"" l " -'XCS x P y° S z respectively and Unit Vectors al °ng the 
* ' " n| t vectors along the tana f 1 ’ 62 ’ e s are the mutualiv 

N.011 by relation (5) ofSl.39, we have° l,,c “onJinate curves 


v “"t' 


:-53 

^3 


'* multiplying (1) bv i o? h - X 3 

** ,l,cr w e get • ( ) by j and (3) by k and then adding 
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/ 3 . 0 , . 5 \ , ^<f> ( . 

( l 0T+^ +l 8Tj ' 

W . s . 

r( >gj +J . 


0V 


dx +J 0y +K 8z 


)■ 


'9y+ k l) v+: 


;(' 


sy +i ;y +k ;t 


) 




v^v.+2v.+£v». 


0£ 

0w ’ 

-i^+i^ + i^ c>by<4> 

which is the required expression. It is obvious that the compOw 
of grad i.e. along the unit vectors e 1; e 2 , e 3 are respectively! 

_L d A, _L 0 i_. gra, | 

0M /l 2 0V /l 3 0W 

1 41 DIVERGENCE IN TERMS OF ORTHOGONAL CUR^ 

‘ NEAR COORDINATES ( A s ra > j 

Let F (u, v, u>) be a vector point function given in terms of orthoj 
curvilinear coordinates u, v, w and let F lt F 2 , F 3 be the compono| 
F along e x , e 2 , e 3 the unit vectors along w, v, w axes. Then, 

F=F 1 e 1 -i-F 2 e 2 +F3 e 3 

= F 1 e 2 xe 3 +F 2 e 3 xe 1 +F 3 e 1 xe 2 since e i> ® 2 ’ 

mutually orthogonal v« 

=FJi 2 h 3 V v X V w+F 2 h A V w X V«+Wa' V « X < 

by (5) ofj 

• v • F= V • (FiMaVv X V w+F 2 h A V w X V u+F s h A V u ) 
.v(FMwxv.)+wwAv»xW i ) 

By the properties of divergence and curl, we have 

V(FMV.xV»K,WW>xW )< 7> . vw | 

where V -(Vvx V*v)= V»v-curl Vv-Vvcurl Vw 
=0 

and V (W a)=£ (W3)V«+|r (fM)Vv+^(^: 

So that V • {F 1 h 2 h 3 V v X V w) - 

= Vvx Vwj^(fi*A)Vii+ e V (WVv+j-lfAAiI 

= VvxVM"VM^(Fi/jA) other terms vanish, by the pro] 

scalar triple prc 


«^_ x ^L.±,l.(F 1 A 1 Wby(5) of § 1.39. 
A 2 ~ A 3 «! 0M 
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»t*» 


| 0 

m a, 

1 

A A .1/ AMa) since e J( e 2 , e 3 being unit vectors foeae!]—! 

I*- 

these values in (1) we get 

...( 2 ) 

•• I i" ' I lie required expression for div F. 


||9 H Ml IN TERMS OF ORTHOGONAL CURVILINEAR 
i ( M MtDINATES (Agra 1971, 74) 

1 1 (*» >. m) be a vector function given in terms of orthogonal 

■lilt coordinates u, v, w and let iy, F 2 , F 3 be the components of 

« . c 3 (he unit vectors along u, v, w axes. Then, 

I /'',c, + F 2 e 2 +F 3 e 3 

/( 1 F 1 Vm+A 2 F 2 Vv+A 3 F 3 V>v by (5) of § 1.39. 

I ■ V X{A 1 FiV«+A 2 F 2 Vv+A 3 F 3 V>v} 

■ . V X(A 1 F 1 Vu)+ V x(A 2 F 2 Vv)+ V X(// 3 F 3 Vh-) ... (1) 
[||l *i have by the properties of curl 


l 


(A,/iVm)=V (^i^i)x Vw+^FiV x V« 

= V (hxFJx V« since V X 

- [ g ~(Vh) Vw+J-tWi) Vv 

0 ^ 

+^(}> 1 F 1 ) Vh- jx Vm 

— i) Vvx Vm+^AFj) Vwx V«, 


the other term vanishes 

10 10 

(hiFJ e 2 xe 1 +- rT - 5 - (A 1 F 1 ) e 3 xe, 


h x h 2 0v 

1 0_ 

h x h 2 0v 


h 3 h x dw 


by (5) of § 1.39 


(AjFj) e 3 


■pT lr (/iiF,)e2 - 


V X (A 2 F a Vv) 


1 0 
/l,/z 3 0VV 


(W e i +li^3 u ^ ) e * 


ll-M I v 
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0 


and V xCV^Vh-)— (*•*■»> ei 

Substituting these values in (l), we get 







/l 3 /ll 

1 r 0 






3 


hih 2 h 3 


hit i 

h 2 e 2 

M 3 

0 

d_ 

0 

0U 

0V 

0W 

Mr 

h 2 F 2 

Ms 


which is the required expression for curl F. 


V X F — T T 7 
n 1 « 3 w 3 


Mi 

M 2 

Ms 

0 

0 

0W 

01/ 

0V 

0W 

Mi*F Mz'F 

^3 C 3 * F 


since 

e 1 *F=Fi etc 


1 43. LVPLAC1AN ( V 2 ) IN TERMS OF ORTHOGONVL CO 
VILINEAR CO-ORDINATES 
By (5) of § 1.40, we have 

1 W . , 1 ?<f>~ , 1 ty 




VV-V-V# 

/ 0 0 9 \ (Jl ? i_ , _L ^ 

=V«i 0iT +e2 a7 +e3 aw j V a x a« ei+ K 0v 


M e +i 

C, + A, 


e 0 


j_r 


3_/ /» Jh d A\ 

du V h 3 du ) 


0_ 
^"8v 


/ Mi 9 ^ , 9 / 

' Ms 

0^\n 

V K 8vJ + 0w>\ 

s ^3 

0iv yj 


AiMaL 9 " 

which is the required expression. 

144 EQUIVALENT EXPRESSIONS FOR V& V F AND V: 

" IN RECTANGULAR CO-ORDINATES 
In§§ 1.40,1.41 and 1.42 we have derived the expressions for V& ' 
and V X F in terms of curvilinear co-ordinate system as follows: 

, 1 d<f> , 1 0* , 1 

v -r-s Hi 


h > M f. 
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\7XF: 


M.L 


~a 


+ hj h (/ll/r i> — ^7 (*3^)] e 2 


hJh [; 


(A 2 «)-|-(W] 


• ( 3 ) 


•*). t* 2 > e 3 are unit vectors along w, v, vc axes 
order to get the equivalent expressions for these quantities in 
<*•. . hi rectangular co-ordinates, if we use the transformations, 
u=x, v=y, w=z 
U have ds 2 = dx 2 -\- dy 2 -f dz 2 

h 1 =h 2 =ha=l, 

I ,,lr unit vectors e x , e 2 , e 3 are taken as usual unit vectors i, j, k. 
Willi ihcse substitutions, the relations (1), (2) and (3) become 


r?. d<f> 

w= a7 ,+ 87 ,+ & 1 


V *F= 


it- 1 


5F m 

0F 2 

, 9 -F 3 

0X 1 

0y 

0Z 

f 9 ^ 
l By 

0Z j 

M 


I M I YI.INDRICAL CO-ORDINATES AS A SPECIAL CURVILI- 
NEAR SYSTEM 

H l‘ hr a point in space such that its curvilinear co-ordinates are 

k iii\ j j . i* 

z 


M ) and cartesian co-ordinates are 
i i * ) Let the projection of P in the 
■wok !>c Q whose polar co-ordinates 
Edi. plane are (r, 0). Then the cir - 
MP 1 ' i ylindrical co-ordinates of the 
Hpd V .ire specified by 
f/ r, v — 0, w=z. 

- co-ordinates are transformed 


3 mu. M.m co-ordinates by the help 
irlations 


r 1 x 2 +y 2 ,Q= tan~ 


z=z . 


r cos 0, y=r sin 0, z—z. 

n -l3L 

x ’ 

■Mil $ \ is a function of r, 0, z, 

plan 

0* , , fa 


& 

tel 


/. 

0 

\ 5^ 

r/jsr 

/ ,z 
/ 1 

/ 1 

/ 1 




|Q 




0a: 


Fig. 1.42 


dx== dF dr+ df dd+ dF dz 


ftmihu ly 


=cos Q dr—r sin 0 J0. 
</y=sin 0 dr+r cos 0 do 
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and dz—dz. 

Therefore, the relation (*)•-(*)■+»)■+(«* 

(dsf=( cos 0 dr-r sin 6 </0) 2 + (sm 0 dr + r cos 0 </0) +(« 

=(Jr) 2 +r 2 (J0) 2 +(*) 2 
Also from relation (4) of § 1.37, we have 
ds^h 2 du 2 +h:- dv 2 +h 3 2 dw 2 

S“T“ — — ~\ 

Comparing (1) and (2), we get 

/, 1= =1, /i 2 =r, /i 3 =l- . - 

With these substitutions, the functions V$, V <f>, V an *) 
in cylindrical coordinates become 
„ , 3 <f> , 1 


,30 , 1 ?0 , 

y 0=gp e i+7- 0r e *+3 z e 3 


V 2 0 = 


V *F= 


3 2 0 

3r 2 

1 


1 


3r 


0 2 0 , 9 2 0 

+ r 2 30 2 + 0z 2 + 

3, n ,i afk , 

( rF i )+ T r30 + 


1 


r 

0_/} 

0Z 


0<ft 

0r 


{Rohilkhand } 

VXF=(i^-fV(f-f)e. 


_1_ 0Fi 

r 00, - 

(^gro, 7974; Rohilkhand 


1 46 SPHERICAL POLAR COORDINATES AS A SPl 
CURVILINEAR SYSTEM 
Let P be a point tn space such that its »l- c ™£ 

dinates are (x, y> z )• jX 
spherical polar coordin 
the point P are specif. 

w=r, v=0, w—A 
where r (=OP) is the dl 
of the point P from the 
0 is the angle between 
the z-axis and is thf 
included between the xfl 
and the plane OPZ . 

These coordinates ar 
formed to cartesian 
nates by the help 
relations 

x=r sin 0 cos 4 
y=r sin 0 sin 
z=^r cos 0. 



Fig. 1.43 
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sin 0 cos <j> dr+r cos 0 cos 4> dQ—r sin 0 sin <f> d<{>. 

tefly 

mii 0 sin (f> dr+r cos 0 sin ^ J0+r sin 0 cos $ d$ 
ms (/ Jr— r sin 0 J0. 

Ildll* — (Ja) 2 | (Jy) 2 +(Jz) 2 gives 

|*r (Jr)« | r 2 (J0) 2 -f r 2 sin 2 0 (J<£) 2 . ... (1) 

»Mli iIk •.(* transformations, the relation (4) of § 1.37 becomes 
Mti (drY+r 2 (J0) 2 + r 2 sin 2 0 (J<£) 2 . ... (2) 

ftoi'il ( I ) iind (2) we get 

/i, 1, h 2 =r , /* 3 =r sin 0.. 

1 Mtn. substitutions, the functions V+, V 2 <k .V.F and V XF 
Mhl 1 * I .11 coordinates become 

1 0vp _ , 1 d<\> 


r 30 ® 2+ r sin 0 3^ e ® 


3 2 <J; 


2 cot 0 0i{^ 
7~ 0r + r~ 00 


•I' , L 5 !!! , _L 

i - / 1 00“ ' sin 0 0$ 2 

(r J F,)+ — ? — r-^-(sin 0 F,)+ — 

17 r sin 0 00 r sin 0 0^ 

(a Rohilkhand , 7P7tf> 


I 

i* hi 


^ I r 9 / • /, r \ ^2 ~ 

I f uln 0 Ls®” 0 F * 8?" J ei 

1 / sinO 3^ 3 r ( rF 3)Je,-f r [_g r ( r/ S> 00 J e 3- 

(. Rohilkhand , 7975) 

RIM / ind an expression for ds 2 in curvilinear coordinates 
determine ds 2 /or f/ie special case of an orthogonal 

> Mhihiom vector of a point in space be r, where r is a vector 
Mf u, * , h\ Then, 

k* »/• Jr (by the assumption in § 1.38) 

[ ( t du+ % dv+ ll dw J 
i -( ‘ r j t,u2+ {iy dv2+ (^- j dwi+2 t-w du dv 

, ^ Or 0r , , . 0 0r , , 

2 , -r- Jv Jw>+2^ 5- Jw du. 

0v dw dw du 

J I IH (In* conditions of orthogonality are 

0r JUl 0 

i’i/ 0v ~~ 0v dw dw dv c= 
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So that the above relation becomes 

(£/**• . 

Problem 116. Ifx=uv cos w,y=uv sin w, z=Uu 2 -v 2 );fmd h v h t , 
and show that ds 2 =(u 2 +v 2 ) (du 2 +dv 2 )+uv dw 1 . 

We have 





=M cos w du+v cos w dv -uv sin w dw 


dyJ^du+^dv+^dw 


=u sin w du+v sin w dv+uv cos w dw 


. dz j . 
<fe= ^ U+ 0^ 


Sz , , cz . 
dv +Jw dW 


— u du—v dv+O-dw. 
ds 2 = dx 2 + dy 1 r dz l 

=(« COS w du+v cos w rfv-Mv sin w dw) 

+(« sin w du+v sin w dv+uv cos w dw) 

+{u du-v (Iff 

=(u 2 +v 2 ) du 2 +(u 2 +v 2 ) dv 2 +u 2 v 2 dw 2 . 

Now comparing this relation with 

ds 2 =*h 2 /7w 2 +/v dv 2 +h 3“ dw*. 

We 8 « +r .to ..I 

J'onlZml c/dfir,A‘ W * *“ *- 1 

The given relations can be expressed as 




_y=v+4, z=w— 2. 


3_ 

T — 2 

Then, if r be the position vector of a point in space, 
r=jci+}-j+z* 


\ ) i+(*+4J j+C^- 2 ) k 


So that 


3r 


?r i- _?I — i 
' =5 , » ■*’ 01V 


=k. 


du — s '’ 2v 

The system of coordinates w, v, w to be orthogonal, we must b|l 

s** ar dr _ cr 3r 


3r_ ft iL ^L = o ii--— =0. 
0« ‘ av ’ av aw ’ ew a« 


Here 

Similarly 


ii.ii =^ij=o 

3m av 




av aw 


1 


►* IOH«t 
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M« me u y v, w are orthogonal. 

M. ss . to find ds 2 , we have 

, dx _ 0x , . 

^a^+aT^+ar**' 

=\du 

^Miillurly dy=dv , and dz=dw 

ds 2 = fifo 2 + //y 2 + dz 2 

=JJw 2 +dv 2 +Jw 2 . 

Aimiui to find Aj, /* 2 , /j 3 let us compare the last relation with 
ds 2 =h x 2 du 2 +h 2 2 dv 2 +hf dw 2 . 

WHmcc, we get 

Ai=i, h 2 ~\^ h^=\. 

huliirm 118. .For spherical coordinates 

\ r sin 0 cos y=r sin 0 s//7 <f > , 2=r cos 9. 

r , . 0r 0r 0r , 

1*1 /Vovc //;o/ /Ac components of 1 ^ are given by 

0 r 

— =s/>2 0 cos $+s/n 9 sin (f> +cos 0k 
0/* 

=r cos 0 cos $+r cos 6 s'n $j — r sin 6k 

00 

0r 


d<f> 


=— r sin 0 sin (f>\+r sin 0 cos #j. 


0^ 3r 

1 » I //ie mutual orthogonality of » 


0r 

0*’ 


(1 * f ind expressions for Vr, V0, owrf /Acn sAow that they 

r , 0r 0r 0r 

o sc/ of vectors reciprocal to — > 

It t, t*r the position vector of a point in space, then 
r=*i+jj+zk. 

|*i Wr have 

0r dx dy 02 
£r ~0r + 0r ,+ ar k 

=sin 0 cos ^i+sin 0 sin ^j+cos 0k 


t H*( 


_0r _dx dy , 1 02 

— aa 1 ‘ 1 1 k 


=r cos 0 cos $ +r cos 9 sin j>\—r sin 0k. 
dr dx . . dy dz , 

a^ ^a^ l+ e^ J+ a^ k 

= — r sin 9 sin <f>i+r sin 9 cos #j+0-k. 
t^i t uking the values of ~ , and from (a) we have 
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0 r 0^ 

0 ^ — (sin 0 cos <£i + sin 0 sin ^j+cos 0k)-(r cos 0 cos 

+ r cos 0 sin $ — r sin • 

=r sin 0 cos 0 cos 2 <f>+r sin 0 cos 0 sin 2 </>— r sin 0 cos 0 
=r sin 0 cos 0— r sin 0 cos 0 
== 0 . 

Similarly 


?r 0r 

00 ' d<f> “° and 


d</> 0r 


Since all the scalar products vanish, it follows that the ve 
0r 0r 0r 

dr ’ dti’ d<f> are mutuall y orthogonal. 


( c ) We have 

r 2 *=x 2 +y 2 +z 2 , 0=cos — 1 


r 1 — • 


;> ■ o , — o- — or and <£=tan 

V(*' +y +* ) * 


r7 dr dr dr 

V fa l+ dy i+ W k 


X 

r 


— j-f — k=sin 0 cos c&i+sin 0 sin ^j+cos 0 
r r 


v-7n 00 . . 00 . . 00 , cos 0 cos ^ . cos 0 sin <£ 

V0= T -,+- T -i-f— k--= — H 

0x 0y J 0z r r 




^T ,+ 0)7 J+ 07 k 

sin ^ if cos ^ j| 0-k. 
r sin 0 J 


r sin 


So that [VrV0 V^]— (VrX 70)* 

( sin 0 . , cos <j> . , . _ \ / sin ^ cos ^ A \ 

--r‘+-r>+°V{-T^f' + TW»‘ +0 V 

sin 2 <f> cos 2 <f> l 


Also 


far 

0r 

3 r 1 

/ 0r 

. 0r\ 

L dr 

col 

J 

H 0r 

x 00 ) 


=(— r sin i-f r cos ^ j+0k)*( — r sin 0 sin ^ i+r sin 0 cos 0 
ar 2 sin 0 sin 2 ^+r 2 sin 0 cos 2 (/> 


r 2 sin 


[VrV«V«[£!-§^]-l 

which shows that Vr, V0, W is a set of vectors reciproc, 

0r 0r 0r 
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• m:<; RATION OF A VECTOR 

§ In . v thiO integration is the reverse process to differentiation, 
d l md r be two vector functions such that the derivative of F 
Mfc ii i|*t l to t is equal to r, 

dF 

dt r ’ 

jl* l M ' is c tiled the indefinite integral or simply the integral of r 
M* to t and is denoted by 

Jr dt=¥+C 

Ik dit « onstant vector C is known as the constant of integration, 
.p Hftk » to apply the integration to definite problems the value of 
III determined from some initial or geometrical conditions. 

|thu css of finding a vector F whose derivative with respect to 
^BtNpnd to r is known as integration of a vector. 

Wm $' "■ lid the nature of the constant of integration is the same as 
HlHf t hr integrand. 

Hp* wr ' te down the values of the following integrals: 

If/ ds dr 

K* dt - +S ' 


dt 


I 


1 ‘I f T 
'• , -dt 

dt 


, dr d i r , 

d dF d ‘ 


^ dt—r-s+c where c is a scalar 

f dr 2 

— J ~jj-dt=i 2 +c=r-r+c, c being a scalar. 

" " ■ (4r)‘ 


dt dt 


+c= 


+c, c being a scalar 


</" r dr 

‘ ( j f f dt —r X -y — be, where c is a vector. 

f f I d r dr r \ r 

r ( f t — ^772 J dt=*-j +c— r+c, c being a vector. 
^ w ,s a constant vector, then we have 
J * " ~dt~dt= aXr-fc, c being a vector. 


j2 

"lilt in 1 19 . Fi n d r from the equation — a/+b, where a and b are 

dF 

• instant vectors / given that both r and ~ vanish when t=0. 

dt 

TM «i ven vector equation is 
d 2 r 
~dF 

p H“»ting with regard to t we get 


d 2 r 


dt 2. 


=a y+b f+c. 


..( 1 ) 


iMlilfdly when 
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c=0. 

Thus the equation (1) becomes 


dt t~ . 

sr— y +b '- 


Integrating it again with regard to t , 


/3 

r=a-g- + b - 2 “ + d 


when 


f=0, r— 0, 
d=0. 

Hence r=la f 3 +|b f 2 . 

d 2 r , * 

Problem 120. So/ve /or r : the equation ax -^ 2 ~— b, where a 
Arc constant. 

d 2 r 

Here 

Integrating 
Integrating again 

axr=£ b / 2 +c t+d 
where c and d are constant vectors. 

Problem 121. Given that r (t)=2\—}+ 2k when t=2, and 
r (t)=4i— 2\+ 3k when t=3. 

d r 


ax dt% b. 

dr , , . 

• x -ar- k,+t 


Show that 


i 


dt=10. 


\uw iriui J 2 1 (ft — * 

Here f 2 r ‘ 4 r dt= i \\ 2 r - 4 r dt= t[ r2 ] 


=1 [(41 — 2j + 3k) 2 — (2i — j + 2k) 2 ] 

=i [16+4+9— (4+l+4)]=10. 

Problem 122. Evaluate the integral J ^ F*di 

w/zerc F=c [-3a sin 2 0 cos 0 i+a (2 sm ®— 3 ®) j+f jj 

//zc carve Z 1 /s given by r=a cos 0 i+a szn 0 j+M k, 0 va y 
7 1/4 to n/2. 

Given r=a cos 0 i+a sin 0 j+&0 k. 

dr 


</0 


= — a sin 6 i+a cos 0 j+bk. 


Now 


\r "“J 


W 2 
tt/4 


c [—3a sin 2 0 cos 0 1 


+a (2 sin 0—3 sin 8 0) j+£ sin 20 
.(— a sin 0 i+a cos 0J + 
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• j ^ {3a 2 sin 3 0 cos 0+a 2 (2 sin 0 — 3 sin 3 0) cos 0 

+b 2 sin 2 0} dd 
r*i /2 

{a 2 (3 sin 3 0 cos 0 + 2 sin 0 cos 0—3 sin 3 0 cos 0) 

J ••/* 

+6 2 sin 20} </0 

•• («' | sin 26 </6=c (a 2 +7> 2 ) [~_ c .°;» 26 T^ 2 

J tt/4 L 2 J^/4 

• J (« l +6 2 ). 

HI* Evaluate J* F*c/r w/ze/z F=xyi+> , zj+z;tk > w/zere c ft 

c 

|| | /'j+/ 3 k, / varying from —1 to +7. 

•f • • •« lllcicnts of like vectors in 
1* 'I | jj+zk=/i+/ 2 j + / 3 k, 

Hi# |*«i i it metric equations of the curve as 

»W, y -/ 2 , z=t\ 

1 r - 1 [ | /'-j + / 3 k, we have 

dt * s l+2/j+3/ 2 k. 

ri dr 


I* * r 


F .-^-dt 
I dt 


• f j (Aji +>-j+7A'k) • (i+ 2/j + 3/ s k) dt 

■I' 


i dt 


I ( .vp + 2/ yz + 3 / 2 zx) dt 

-f , {/ 3 +2/ 6 +3/ 6 }rf/=J^ i (/ 3 +5t 6 ) 

f I* , 5/Hl 1 1 5 / 5 \ 10 

I 4 '' 7 J-j- 4 ~ 4' + T~{“T ) = 7 * 

1,4 Evaluate (A-BxC)A a +[; Ax(BxC) 

4 - 1\ .?J+2/k, B=i— 2j+2k and C=3i+fj-k. 

»• C (I — 2j+2k) x (31+ /j — k) 

(2 — 2/) |+(6+l) j+(,+6) k 
-2(l-/)i+7j+(/+6)k 

' m < ’)—(/! — 3j+2/k) - [2 (1 — 0I*+7j+(/+6) k] 

J =( 2 / — 2 / 2 ) — 21 + 2 / 2 + 12 / 

- 14/— 21. 


124 


mathematical PHYS* 


|| [A-(BXC)] <ft= J| (14? — 21) dt 


Again 

where 


2 8-42-7+21=0. 

Ax(BxC)=B (A-C)— C (A-B) 

A-C=(ii— 3j + 2?k> • (3H- ? j k) 

=3? — 3? — 2?= — 2f. 

B( A • C) = (> — 2j + 2k) (—20 
=— 2ri+4/j— 4tk 

(A-B)=(<i-3j+2fk)-(i-2j+2k) 

=r+6+4? 

=(5f+6). 

C (A B)=(3i+?j-k) (5<+6) 

=(151+18) i+(5f*+6f)j-(5*+6)k. 

Thus, || AX(BxC)<fr=f| B(A.e)*-f|c(A.B)* 

2 (— 2/i+4rj— 4/k) dt 



So that 
and 


So that 


■f: 


-| 2 [(151+18) i+(5l 2 +6/) j— (5l+6)lJ 


=| J| (-18-17?) dt+] f| (-21-51*) dt+l J^z+6)* 

r-, 8( - w ]; +j [-*-»<•]; + i [‘ ,,+6 'l 

=1 [-36+18-34+V-l+i[-^‘--'' +il+k l2 " 1 + l 1 


— 8 7 S ±± S J_1"L k 

— a - 1 a J i T K ' 


1.48. THE LINE INTEGRAL inte zral. 

The integration of a vector along a curve is nown .. ^ r _J 

Suppose that F (r) is a continuous vector [ P 01I J “ rve between 
is the given curve. Take any arc C of thegi ven fl af 

points A and B for which length s of t J. the curve> then 


points A and B, for which length s ot tne arc then 

respectively. If t is . 


gives the resolute of F in the direcuo limits a and b, is cl 

integral ofF-t with respect to s bet’ wee n the s hip t fl 

the line integral of the vector F along the curve ircw 


is written as 


r. 


F t Js = Lim F-t6s 

a 


Iuks 
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Mut we know that t= ~ 
as 


(1) becomes. 


CB 


B 


F-dr=Lim 


F-6r 


XI 

• M l and B are the end points of arc of integration, and Sr is the 
NMlitlioinial vector, Sst parallel to the tangent at the point considered. 

li* integration round a closed curve is denoted by the symbol 

m While in mechanics this integral is known as the circulation of F 

Ifc-i.l I he closed curve C, being the velocity of the fluid. 

PtuMtni 125. Compute I = j* (x dy — y dx) over the 

I (*> Straight line y=x from ( 0 , 0) to (7, 7) 

I |M Varahola y=x 2 from ( 0 , 0 ) to (7, 7) 

I l» I Circle x=a cos t, y—l+sint ; — 

f|t'> bit r grate also round the square ( 0 , 0) ; (7, 0 ) / (7, 7) ; ( 0 , 7). 

I lie line integral /— J (x dy—y dx) over the line 

y — x, dy = dx, is given by 

| (.v dx — y (/*)= J (x dx—x dx) limits of x are from 0 to L 

= J‘ 0^=0. 

I he line integral 

/ J(x dy— y dx) over the parabola y=x 2 , dy=2x dx 
I | (2x 2 dx—x 2 dx) limits of x being from 0 to 1 


(hi 


to 


|n / 


-f* x 2 dx 

Jo 

in - 
r.«[- 

-[+-■] 




cos 2 /+(4 sin 


;in t) sin /J 


dt as x—a cos t 
y«=l +sin t 
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r 



(d) 7=0+ 1* r/y— J° the figure being a square and. j 

integration is along straight lino( 

= 1 + 1=2. 

Problem 126. Find the condition that the line integral 

taken between the points A and B , is independent of the curve r=r 
joining the points on a smooth curve. 

We observe that, if J F-A is independent of path in a certi 

region then (fiF dr—0 for all closed curves in the region. 

J < 

.3 For if AP X BF 2 A is a closed curve, then 

$F-A= f FA+f F A 

JF J AP X B J BP 2 A 

-p, =[ FA— f FA 

Yl J APiB J AP 2 B 

Fig. 1.44 =0. 

Hence, if F-A is independent of path then ^)F-A=0. 

Conversely, if ^>F-A=0 over all closed curves of the region, 

then Jf-A is the same over any two paths from AXoB that do 
cross. 

Problem 127. If dr is the infinitesimal vector and r=r (0 is 
equation of a curve , then evaluate the integrals 

(«) J c 4> dr (P) J c F-dr 

along the curve C where F is a continuous vector and </> is a contin 
point function. 

If r==xi+.yj+zk 

then A=i rfx+j dy + k dz . 

Thus 

(a) J c <f> dt= J* <f> (i dx + j dy+k dz) 

=i J ’ <j> dx+ j J^’ <f> dy+ k J^ 2 <f> dz 

where A and B are initial and final points of the curve with 


h IKS 
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"" <*» and (*., y», +). Thus the integral f $ * can 5e 

••.i.Mtrd when y and z are known in terms of * for points on the 

^ 1 ’ (x> y, ^)=/ 1 i+/ 2 j+/ 3 k then as in ( a ), we find 

Jc F • dx=ff c dx+f t Jc dy+f 3 J^ dz 

»/'' rf 2 VC F ^ ev y ywhere in a r e S‘on R of space, defined 

■•>/ L . ,r' b ^ y f~ h - Ci ^ z ^ c *’ "’here <f> {x, y, z) is single valued 
w i ( ontinuous derivative in R , then show that 

[*// 

I ^ J a * * s ^dependent af path C in R joining A ana B. 

y (//I The converse of (/) is true 
I ni 

■|ml J j F • A =0 around any closed curve C in R. 
have 

* ^-v*-(ig +i | +k ») 

di=dx\-\-d y\ + dzk 

l" Of +# +*&)■<*+***) 

I ’f t (% Jx +tf d r+ f£* ) 

(5)-<4 (/4) 

= ^ (* 2 > +>> ^o)-^ ( Xl , Jj, Zl ) ... ( 1 ) 

ii* «nd (x>, >+ z 2 ) being co-ordinates of A and B respectively, 
from ( 1 ) that the integral depends only on points A and 
¥ ItH on the path joining them. This is true if onlv <f> (x, y, z) is 
^■1 VMMieti at all points. 

W4 K J* F- A is independent of the path C joining A and B then 

conservative field. Thus ifF= V ^then V^is conservative 
*»nd (f> is its scalar potential. 

Il » "im rscly, if J c F-<* is independent of the path C joining 

points then there exists a function <f> such that F= W. 
^■^*"*ln|i the line integral to be independent of path, we have 


f+' 2 > F-* 
J (*!.>+ *l) 
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-J 


(*.**) _ dr , 

C*l,Pl,Zl) d3 


di> dr 

Differentiating we get =F«-^- 

and also we have - f = f7 <!>•—- 
ds ds 

Subtracting (2) from (3), we find 

dx 




dx 


This will hold independent of -^r-, if 
V^— F=0 

or F=V^. 

(iii) We have from (1) 

‘ B T-dx=if> (B)-<f>(A). 


i: 


If the integration is taken round the closed curve i.e. whf 
points B and A coincide then 

l A F ^ X ~\ a F ’di=^(A)~ ^ (A) 

=0 


or 




Problem 129. If C is a simple closed curve in the xy plat 
enclosing the origin. Show that 

(fic F-</r=0 

where F= *>-±1^. 

x 2 +y 2 

Given that F=- T ^ r H — jT-TJ 
x*+y* x 2 +y 2 1 

and dr—dxi-\-dy\ when r = xi +>j 

x*+y* 


So that 


Ic F 'M< 


xdy—ydx 


C x z +y 2 

Let us change to polars by putting x=r cos 0, y=r sin^O i 0 
x 2 +y*=r 2 and 


r 2 _L.-i> 2 — r 2 cinH A — = tan~^ —— 


so that 


l 
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d8= 


1 


v 2 

1+ £ 


x dy—y dx 

■ 


d y-y dx_ 


H 


de 


K. —4>~4>=q. 

PH** 1 • *0 Show that 


I 

J(\x 2 +y: 


j )-dr=^2n 


. - x-* 5 +F ,+ x*+yz 

I I* I hr circle A 2 + V 2 = / in ,A„ , 

r 


^STXfTTtior^ 

I hit* 


+H(r*&f*) 


. y d* x 
.»* Iy i + S+P 


f 2n 


d$ changing to polars 


.felr' ( ' ;) //VxF 0 (ie. F is ir rotational), prove that F 
■tf ' 'Minefield, prove that curl F= V XF=0 , c . (F * 

* ^ I* F dt iS independeat of Path C joining A and 


d a conservative field. 

F =/ii+/ 2 j+/ 3 k. 


■0 gives 


i 

a_ 

dx 

f\ 


j 

a 

/. 


k 

_a 

/a 


=0 


( ^ £ Ml -!•>+ (| 


IpitN hold only if. 
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i.e. 


% % _ n Ok §/s #v %_Jl L = 0 

0Z ’ 0Z 0X * dx 

AJA A-A, AJA 

dy dz ’ dz dx dx dy 


then, we have to show that F= V^. 

Now work done = F*Jr=J^(/i dx+f 2 dy+f 3 dz) where 

the path from (x u y l9 z x ) to (*, y, z). Take in particular the 
joining along straight line (x l9 y u z x ) to (x, y u z,) then to (x, 
and then to (x, y, z) and denote the work done along this path 
(x, y 9 z). We thus have 

<f> (x, y , z)= \ X f x (x, y l9 z x ) dx+ [ f 2 (x, y 9 z x ) dy 
J jci Jy i 

- \ Z fz (Xy y, 1) 
JZl 


+ 


Which follows that 

d<l> 


dz 

d± 

dy 


=fs (Xy y, z) 


=k {x,-y, Zi) + £ -fy (X, y, z) dz 

=h (.X, y, zd+ |~ 2 (x, y, z) dz 

=/ 2 (*, y, Zj)+ J ~/ 2 (x, y, z)J^ 
=/ 2 (x, y, z) 

fa =fl Zl)+ \yifa ( ' X,y ’ Zl) dy 


+ 


Jzi dx 

= fi I'''’ y\’ Zi)+ J> Zj) 


2 (X, y, z) dz 


* ok 


+ L dz 


(x, y, z) 


=/t (x, y lt z0+ [/i (x, y, zi)~\ y yi +[/i (x,y, 
=/i (x, y, z) 

Then F=/ 1 i+/ 2 j+/ 3 k=^i+ A j+P k=W‘ 

(6) If F is a conservative field 

F=W 

/, curl F= V X W=0. 
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show that the field is 

r It * •• » i vaiive if 

7 XF=0 

F=cos y\—x sin jJ—cos zk 

VXF= ,• j k 

A A A 

dx dy dz 

cos y —x sin y cos z 

Pl/t <n,s ‘ ) j? ( “* sinj) ] +j [jF (C0SJ) ~^ (cosz)J 

I +k [& ( ~ X Sin y) ~fy (c0S 

PW » n | | ( sin y+sin y) k=0. 


Pk Mil M IK FACE INTEGRALS 
Min* tli.it the parametric equations of a surface 
x=x (w, v), y=y (w, v) z=z (w, v) 

| It# tnnihmcd into a single vector equation 
r=xi f^j+zk=f ( u , v). 

M M ’ r * r 1 f (tf, v) is termed as smooth if f (w, v) possesses conti- 
J •» «»rdcr partial derivatives. In the following discussion we 
that the surface under consideration is smooth. 

H « lni"Mfh surface She given by F (r)=r=f (u, v). Consider S to 
PlW" *nlcd surface one side of which being treated as the posi- 
|Ui> II V is a closed surface the outer surface may be taken as 
iMi'iiiur Letnbeanout- 
M unit normal vector 

l|f fltiltif of (lie positive side 

■■Ih divide *S’ into any finite 
Tpi 1 »«• elementary sub-surfa- 
m h»K. a point (x 99 y V9 z P ) in 
sub-surface. Let n„ 

B Itmt normal vector to this 
Mof e* «it (x p , y Pi z P ) drawn 
H fn • 1 1 1 m • side of S. 

r V the magnitude of the 
|l*l tin sub-surface under A 
pit'iii 'ti, t hen the vector 
i Hi lltli -ulvsurface S p 

AS p =n P A 

inn both sides by F (jr„ y p . z p ) % we get 





^ *P ,A\ 


Fig. 1.45 
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F (a„ y p , *„)• AS„=F (x p , y„ z,)- n* A S 9 
Consider the sum 

p=M p=M 

2 F ( x Vi zf) * 2 F (x*p, Zp) 'iiy/^Sg 

p = 1 />=1 

where summation extends as to include all sub-surfaces of S. 

Take the limit of this sum as M~> oo in such a way that the lar 
dimension of each A S p approaches to zero. This limit, if it existij 
termed as the surface integral of the normal component of F (r) o 
S and is denoted by 


or simply 
or 


J>«<B 

| 5 F-rfS= J^F-ndS 


o, }J S F..S- J J s lA (x, y, z) dy dz+f 2 (a, y,.z) dz dx 

+/ 3 (x, y, z) dx 

when F =fi (a, y, z) i +/ 2 (a, y, z) j +/ 3 (a, y, z) k 

We sometimes use surface integral F • ndS to call as the flu 

F over S. The notation (ft s is used to indicate integration 
closed surface S. 

Other forms of surface integrals are: 

(a) jj 5 (*) {j s *n<» ( c ) Jf s *xdS 

where <f> is a scalar function. 

Note 1. If F=/j (a, y, z) i+/ 2 (a, y, z) j+/ 3 (a, y, z) k then it 
be verified that 

j j 5 F x dS=i J j 5 (/ 2 dx dy-fi dz dx) 

+j 1 1 5 (/a dy dz f y dx dy )+ k j (Adz dx+f t dy 

Jj 5 ^n^= Jj^rfS=i {J^rfprfz+j 


and 


+k 


I * 


dz i 


$ dx dy 


Note 2. Solenoidal vector function. A vector point function is 
solenoidal in a region if its flux i.e. 9 the surface integral 1 F JS 


lit*. 
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■) »!"*• j .in face in the region is zero. 

MM* h« I \ ' Supposing that the surface S has projection R on the 
fllMo Wi»m» that 

dy 


If r *n tIS= 


P MM . mlcgrals, may be conveniently evaluated by expressing 
I •• integrals taken over the projected area of the surface 

Hi"! Ilu* coordinate planes. This is only possible if a line per- 
■bl h» Hie coordinate plane (chosen) meets the surface in only 
• 

MpH'l in t In Fig. 1.45 and §1.49, we know that the surface inte- 
Hll Hn limit of sum 
p-*M 

^ F (Xf) 9 y p, Zpy) •Up /\Sp. 
n I 

W* lion of AS V on xy plane is 

I | «k ... (1) 

l|p!' * i« I area -original area (cosine of angle between the nor- 
HUf ♦•••!.». . md coordinate plane)] 

= ASp | ivk |. 

Wm MU mi i of projection of A S P on xy plane 
= A*„A y v (i-e. 6 x p ^y v ) 

B* 1 1 1 Mini (2), we get, A S p | n„*k | = Ax*A y* 


.( 2 ) 


A Sp — 


A*„Ar* 

I n^.k | 


Hi# limit of sum becomes 
p—M 

m -s— 

p=i 

In the limit, when M->0, A*j> and Ay P both-4) 

dx dy 


AXrAyy 

n.,k | 


II,-- II*- 


n-k| 


'itm I M I'vuluate 


Hi 


F-m/S 


f, F=I8zi-I2j+3yk 

/'in i 'if plane 2x+3y J r6z=I2 which is located in the first 

ll^h'in ol the plane 2a+3f+&=12 
z-= 0 plane is 
2*+3v=12 
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Z 



i.e. referred to Fig. 1.46 the 
jection of the plane ABC on 
plane is OAB. 

By the problem, 133 we )m 

Also we know that V ^ is a * 
tor perpendicular to the surf 

^ (x, y, z)=constant. 

As such a normal vector 
pendicular to the plane 

2jc + 3^+6z=12 

( 2x + 3 >’+ fe ) 


=2i+3j+6k. 


Unit vector along 2i+3j+6k 

2i+3j+6k 

“7(4+9+36) 

=t i+$ j + f k. 

Now (n-k)=ai+4j+|k)-k=4. 

Also F - n =( 1 8zf — 12j+ 3>'k) • (t i+£ j+H) 

36z-36+18y 
- - - ? 


But we have. 


z= 


12-2x— 3>- 


F n= 


6 (12— 2x— 3y) — 36+18y 36 — f 


Hence j \ s ** dS 

= jj^ (6-2 x)dxdy 

To integrate it consider the relation 
2*+5.y=12 

12 — 2 * 


dx dy 
6 
T 


135 


hole area BOA 


s s mirs from 0 to 


\2~2x 


* ii n s from 0 to 6. 


If, P ll”o \7-o' "" <«-*)** 


*=6 (>=( 12 — 2 jc )/3 

1(12— 2*)/3 


=i 

= [ 6 [24— 4*— 8*+4* 2 ] dx 

J x — 0 

= f* [24— 12*+4* 2 ] dx 


I2x 2 4 x s 

~r+j j 

= 144-216+96=24. 


=£ 24*— 


I 


■b M* / valuate J" 5 ,(x 3 i+y 3 j+z 3 k) -dS 

h •*» '<« hue of the sphere 
* , \-y t +z t =i. 

1 |W» " v’+ 7 *+z 2 = 1 

< 

•* 2 +> 2 =lJ 

ppN* i to the surface (1) is 

( i a4 +J a7+ k 4)<* ! +' ! +*’> 

2 [fr+jy+kz] 

"long 2 [i* + jy + kz] is given by 

2lx 2jv - 4 - 21 iz 

" 2VlF+7^) where **+y*+z 2 =l 

l^+jy+kz 

" k (I* + jy +kz) • k —2. 

I n (* s i+y 3 j+z 3 k)-(i*+j>+kz) 

- * 4 +y 4 +z 4 . 

| (''I l> , j+z 3 k) <fS+2ff F n-^^, 

J )R | n-k | 

~ 2 /J« ** 

[* 4 +y 4 +(l-jt*_y*)*1 . . 

7(l-**-y*5 dx <ty 


^•1 


T’JJ- 


...(I) 

...( 2 ) 
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To cover the whole area of x 2 +y 2 — 1 

y varies from —\/(l—x 2 ) to +y/(l— x*) 
and * varies from —1 to +1. 


J 5 (x 3 i+j 3 j+z 3 k) dS 

~* 2 ) x^\ 

Vd-Jt 2 ) V(l-x 2 -y 2 ) 


_o l* =I |>=+V(1-* 2 ) x 4 +/+(l-x 2 -^ 2 ) 2 ^ 
J*— lh— V(l-X" — 2 -” 2 ' y 


' % jo 

4 -(i— jc 2 — ^ 2 ) 3 y a 

' 8 jit ** sin '‘ v ( h ?>~ , ’’ (1 

+3 JV ( l - x 2 -}' 2 ) 1 / 2 < j >+ J (1 - x 2 -/ 2 ) 3 ' 2 
8 Jo["J *‘-0-^d 

VU-* 2 ) 


+ 


\: 


(1 -x 2 -? 2 ) 3 ' 2 dy+ 


VU-* 2 ) 

o 

Vd-* 2 ) 


f v 

Jo 






8 Jo [y * 1+2 Jf (1 ~* 2)2 ' cos4 6 *) 

"yX 4 +2(l-X 2 ) 2 .^]<f.X 
y x 4 +(H-x 4 — 2;r)--| 7t J dx 

=* Jo (4* 4 +34-3x 4 -6;r) </* 

=* Jo ( 3 - 6 * 2 + 7 *) 


Put >»=\/(l— Jc 2 ) si 
< jy=.v'(l— x 2 ) c 


-j: 

-j: 


= 7T 

= 7T 


3x— 2 jc 8 +’^ 6 

3 - 2 +;]=-^. 


I 


Problem 136. Evaluate J J s K* 3- P z ) dz—2x*y dz dx-\-» 

over the surface of a cube bounded by the coordinate planes 
planes x=y=z—a. 

Here the surface is the cube in positive octant. To evaluate t 
integral let us project the given surface on the three coordinate 
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I I f , 11 ’ * >•' ) dy dz—2x 2 y dz dx+z dx dy] 

m,. * \\ s &-y*')4ydz+ ff s -2x>ydzdx+ jj s zdxdy 

H| ImI Integral 

llu*' Vi) dy dz 


HjMil vector to the face 
Ik ilir outward direction 

HH mum, ,1 vector to the 
Rif A H H A' in the out- 

fB* li 1 1 . 

J v ( ' 1 -yz) dy dz 



v (x*~yz) dy dz for *=« and x=a 


ii 


m * *JJ V y z ) dy dz+i-ijj (x 3 —y Z ) dy dz 

*=° x= a 

j\ s (0-yz)dy dz+jj s ( a 9 —yz ) dy dz 

' EX. ,2 dy dz+ \“y~ 0 iLoV-rt * * 

* j„"j, 

* #Mf» parts of integral are 

ff s 2x 2 ydzdx 

| 2 x 2 y dz dx+ f (j.j 2 x 2 y dz dx 

I v-0 y=a 

* Jo Jo 20x2 dx dz== ~§ a *- 
I * ^ ,,V JJs 11, z dx d y+ JJ S (k-k) z dx dy 

7=0 

fsj a dx dymma *- 


z~a 
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Hence the value of the integral is=|a 5 +a 3 . 

Problem 137. If Y=4xz\—y 2 \-\-yz)s. evaluate 

where S is the surface of the cube bounded by x=0, x = l, y^O 
z—0, z—1. 

For the face ORR'O 

n=— i, x =0 

ff , ,F niS 

J J ORR'O' 

= Jj(-y ! j+>'zkM-0 
=0. 

For the face PQQ'P' 

Fig. 1.48 n=l, x=l 

J \nxrr 

" 4 JiJi 1 **- 2 - 

For the face POO P' 
n=-j, j =0 

F-nd r S=f 1 f 1 (4x zi)-(— j) dx dz 
POO'P’ Jo Jo 

= f 1 f 1 0 dx dz= 0. 

Jo Jo 




For the face QRR'Q' 

n=j. y = 1 


n F-ndS= f 1 f 1 (4xz1— J-f-zk) -(j) dx dz 
QRR'Q’ JoJo v 

-ix 


dx dz = — 1 . 


For the face OPQR 

n=— k, z=0 

1 \ OPQP Ji 
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r n> * 

b i, . o /• t > R' 

■ t uni i 

I n. /.V f 1 f (4xi— j 2 j+jk)-k dx dy 
Jo JO 

•Jifo ytedy-i. 

•II ii<|f|her, 

1 J I 0 1 4-0+i+0=-|' 


MU //I - y\+(x—2xz)\—xyk, evaluate 
(Vx ¥)-ndS 


ih 


||| |4« tin liter of the sphere x 2 -f > ,2 +z 2 =n 2 


F y\-\-(x—2xz) }—xyk. 

ll-H.fir- i k 

JL JL jL 

dx dy dz 

y (x-2 yz) -xy 

>xi+yj—2zk. 

| pl MUhlrtlf, 

|| M > rj 2zk) n<tt'=j^ J(jri+>'j+zk)-n ^ 


dx dy 

k I 


|«I9 


'■'* {‘i + >l +k £)v +y,+ * 


2x\\-2y\+2zk. 
vi t lor n along 2xi+2y\+2zk 
2 (xi+7j4-zk) 

VU 2 +/+2 2 ) 

xi +yj+ zk 
a 


V x 2 +y 2 +z 2 =a 2 


III l.k 1 .-(xl+ } 'i-2z k) .(-S±f±i) 
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jc 2 +/-2z 2 


n . k= ^j±tm^Ly 


z 

a 


Hence the required integrah 

x 2 +y 2 —2z 2 \ dx dy 


) zja 

J'=+V (a 2 - x~) x n -+y 2 —2 (a 2 —x 2 —y 2 ) 


x 2 ) V (a--x 2 —y 2 ) 


-U (- 

ra=+a f^==+V( fl2 “ 

~Jx=-a J y=~V (a 2 -, 
as x 2 +;v 2 +z 2 =a 2 

_f“ f' /< “’7*‘ ) 3 - f, + & - % dx dy 

J*=a v/(a 2 -x 2 ) \/(a 2 — X 2 — J’ 2 ) 

put jc=r cos 6, y=r sin 0. 

r f* 

J 9=0 Jr=0 


dx dy ' 


V (a 2 -/- 2 ) 
3 (r 2 -a 2 )+a 2 


r dr dd 


rdd dr 


“Je- X-o V ('■-«') 

”l«lo ir-o[“ 3r V (r '-‘' I)+ 7 F=J) J 


1 


da <*• 


-jslo 

-J. 


d0 


[a 8 — a 3 ] d% 


= 0 . 


Problem 139. Evaluate 

(a) J ^ J(V xF+n dS 

(b) jVn dS 

where F =(x+2y) S— 3zj-\-xk and <j)—4x+3y—2z and S is th<> 
2x+y+2z=6 bounded by x=0, x=7, y=0, y = 2. 

(a) Given 

F— (x+2y) i— 3 z j+xk 

V xF-i[i- (*>-| (-3z)]+j[|-(x+2F)- 
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HH«I vector to the surface 2x+y+2z—6 is 

^ 1 ;r) (‘ fc +i dy +k dz ) ( 2 - x +>’+ 2z )‘ 
2i+j+2k 

HttiMtl vector n along 2i+j+2k 
2l+j+2k 
" V (4+1+4) 

2i+ j + 2k 


■ 10 n (3i— j— 2k) 


J [6—1—4] 

{^} k 


$ t •»« given surface on the plane z*= 0, we find* 


«} f f 

J *=0 Jy=0 


dx dy 


T=l- 


I. h « U #D rs 


dx dy 


- j* f( 4 ^+3j-2z) i 2 l + i+ 2fc )../ x _|L 

= i |(4^+3 j- 6+2^+7) (2i+j+k) dx dy 

* j| =0 J* =0 [6 x+ 4^-6] (2i+j+k] dx dy 

i £ o [12X+8-12] [2i+j+k] dx dy 

i J* =o (12*-4) (21+j+k) dx dy 
—i [6—4] [21+j+k] dx dy— 2i+j+it. 
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= Ax»Ay k A z» 


Y 


1 50 THE VOLUME INTEGRALS 

Let F(r) be a continuous vector point function and V a regio 
sed by a surface 

r=f (u, v). j 

Let us subdivide IM 
on V into N cubes || 

volumes 

fc=l, 2, 3.../V 
as shown in figure Ij 
Take a point (*»• 
within this cube and 
der the sum 

N L 

F (oc fc , J'fc, Z*>1 

k = 1 

Fig i 49 taken over all possi 

symbol j K F (r) dV or simply F dV or J J j y F dV and t «< 
the volume integral or space integral. 

Its cartesian equivalence is 

F dV =\ j J J v Fi dx dy dz+i j j j v F • ^ dz 


III. 


f 3 dx <q 


If ^ is a continuous scalar-point function, in V , then, 

is also known as volume integral or space integral. 

Problem 140. Evaluate j j J y F dV 

where F=2xzi-xj+rk 

and Vis the region bounded by the surfaces ^ ^ ^ 

J SS? 2f-SL£? SSiW = - ‘ 

integral is 
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> rfl Z 



But 0 to the line in which 2=x 2 meets the plane z—4 i.e . , 
^mih t> to v 2 =4 or x=2. 

Mm i from 0 to the plane y=6 i.e. limits of y are from 0 to 
Hit* i from „v 2 to 4. 


I'(/K=2i f 2 [ 6 [ 4 o xz dx dy dz 

I J*=0 J^=0 }z=x- 

~j[ 2 [ 6 f 4 xdxdydz 

J*=0 Jy=0 J Z=X* 

+y \l-X-X-* y ' dx iydz 

*\lo\lo y { z 1^ xJy 
=€-. C-O * dy 

+k P [ 6 (4— x 2 ) y 2 dx dy 

J*=0 Jy=0 

=iP [96x— 6x 5 ] cfx — j 1 2 [24 x-6x 3 ]dx 

Jx=0 Jx=0 

+k f 2 72 (4— at 2 ) dx 

jx=0 
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=i[ 48x-x»] o -j[ 12,-^] 0 +k [ 4 H 

= 1 20i ~ 24j + 3 84k . 

Problem 141. Lei t=45x 2 y and let V denote ihe closed 
bounded by the planes 4x+2y-\-z=8, x=0, y~0, z—0 evaluat 


in. 


f $dV 


Referred to the figure 1.49 we have, 

|| | ^ <f> dV= J y 45 x 2 y dx dy dz 

z varies from 0 to 8— 4x— 2 y 
y varies from 0 to 4— -2x 
x varies from 0 to 2. 


[ 2 

f4 — 2x 

[ 8 - 4 '- 2y 45 Sydxdyd, 

Jx=0 


J z—0 

f 2 

I 4 ‘T 

45 x 2 y (8—4x— 2y) dx dy 

)x=0 

)y=o 

T4-2x . | 

45 L. 

Ci 

H 

© 

4y 2 -2xy 2 -& 3 F dx 


=45 P ~ [12 (4— 2,) 2 — 6, (4— 2,) 2 

-2(4- 

2 * 2 (4— 2,) 2 [12— 6,— 2 (4 - 


=45 
=45 
= 15 
= 15 
= 15 
= 15 


, x=0 3 

1 4 (4-2 xfdx 
Jx=0 3 

2 , 2 [64-32,+ 16, 2 -8,*]</, 

0 

2 [64, 2 — 32, 3 + 16, 4 — 8,*] dx 
0 

64,* 32, 4 , 16,® 8^“|2 

5 ' 6 Jo 

16x32 4X64 


3 

' 64x8 


4 1 

-128+ 


_ 1 5 3 

=[64x8x5-128x15+16x32x3— 4x 
= 128. 

Problem 142. Evaluate 

(a) Jjj K ( V - F ^ K {b) III (V X F) dV. 

where V is ihe closed region bounded by the planes 

x=0. v—0. z—0 and 2x+2y+z—4, 
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I 1 (2x* 3z) i = 2x)'j — 4xk. 

1 I-’*’ 3z) t— 2x.yj— 4xk 
* ( x , “^+ k J:_) [(2, 2 -3z) i-2,jj-4,k] 

f.'r , - V ~ 3z)+ |r(- 2 ^)+ c 4 (-4,) J 


• > 2 , 


1*1 


t\v 


( 4.x)- ~ (-2„)]+j[|- (2,’-3z) 
^-(-4,)]+k [ g |- (-2 xy)~ |(2, 2 -3z)] 


‘l"||j[-3 + 4]+k[-2j]=j- 2 jk. 

v >•»»«-( from 0 to 4— 2,— 2 y 
viirlcs from 0 to 2— x 
1 v.iflcs from 0 to 2. 


II V * O dV= jjj^2xdxtfydz 

I (2~x r4-2x-2 y 

J.~<> J.r-0 Jz=o 2 xdxdydz 
]!-„ \lZ 2x (4~2,-2 y)dxdy 

2x K4-2,) (2— ,)— (2— x) 2 ] dx 

I! o 2x [ 8 ~4,-4x+2x 2 -4+4,-x 2 ] dx 
| t _ 0 2x [4-4,+ x 2 ] dx 

’ In (4,— 4,*— ,*] dx 

**/<£ 

1 1 " *' * d ^ 2yk] dx dy dz 

It f I < f4 2x-2 y , 

1-nL-oJ. o [j -2yk]dxdydz 
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dx 


=\l * (j— 2j>k) (4-2x-2 y) dx dy 

= lo D ^ 4 ~~ 2x ) y — y 2 }- k tf 4-2 *) 

= f 2 [j {(4—2*) (2 — x)—{2 — x) 2 }— k {(4—2x) (2-x) 2 

- 4(2 

= | 2 [j {8-8x+2x 2 -4-x 2 +4x}-k {16-24x+12x 2 

— 2x 3 — 4 (8— 12x+6x 2 — * 


= J^ j ^4-4*+* 2 j— |-£l6-24x+12x 2 -2x 3 ) 
=[j | 4x-2x 2 +yj-y|l6x-12x 2 +4x 3 -|x 4 ]]' 
8-8+# 32-48+32-8 | 



=4 j— 4k=| (j-k). 




1.51. GAUSS’ DIVERGENCE THEOREM (Agra, /<Mf 

This theorem gives us a powerful device to transform the 
integral into surface integral and its statement is: 

7/F is a continuous differentiable vector-point function and M 
closed surface enclosing a volume V, then 


j^F.n dS=^ y div F dV. 


where n is the unit normal drawn outward. 

In other words, “The normal surface integral of a function 9 
the boundary of a closed region is equal to the space integral of 
gence of F taken throughout the enclosed space.” ■ 

Z Taking i, j, k as the unit 

along the axes of x, y and 
pectively, we have 

F=Fi (x, y, z) i+FJ I 
F u F 2 , F 3 and their derivuliC 
any direction being assumed 
uniform, finite and continue* 
Suppose 5 is a closed 
such that any line parallel 
coordinate axes cuts it at tM 
in two points. Let the z coo£ 
of these two points be 

z=/i o>>o> *=/•(*• r 

pectively. jp 

As such the lower and 





Fig. 1.51 


I 
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,,u l; i 


* ° are given by 


the integral 

111 


ff r„ ^ ^®' n S projcetion °f 5 on vv place; 

rf Jh(x,y) 

J J* [ * 3 (x, y,f 1 )~F 3 (, v> } , t fi)] dx (Jy 


JJ/e ^ (x, y, d x c iy __ f L . f\ k u, 
p-»„ wo have J*J *>(*.>. ft Jxdy. 


dx dy= cos y dS,= k.n d<? 

I 1 * " unit normal vector to the surfU /* 

K e sur laLe dS 1 iq outward 


*<* have 


dx dy = cos y 2 dS 2 = ~ k 

' " un 't normal vector to the surface dS 2 in outward direc- 


JL {x ' y>fi) dx dy= r 3 k , B dSi 

\\ h ^ ft) ^x dy=z — f f 

■ J J 


F 3 k*n 2 dS 2 


W" /; ' iXt y ’ /l} dx dy ~\\ R F * (*, y, h) dx dy 

I = jjL F * k ‘ n * ^+J/ Ja Fa k.n 2 4S, 

= J J <r F * k *(“i A +n 2 dS 2 ) 

, F 3 k-n dS; 



-JJ, 


[ . nS — n i £ T 1 +n 1 >.S , 2 ] 

•i r ,lx ‘ , y*~jj s F,k..js. (1) 

7f f *11/ ° ther c ° or,liMt ' Planes, we may find 


JlfcIS 


• • -( 3 ) 
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Adding (1), (2) and (3), we get 


liWf 


dF 2 . dF, 


dx “f dy 


dz 


) 


dx dy dz 


= [^i.n+Ki *n +E 3 k-n] dS 

III k 0 k +» k +k k) - (F ‘ i+FJ+ ' w dx * 1 

=| [Fji+Fgj+Fjkl'B dS 


|||^ div F dV =Jj 5 F-n</S=jj 5 F-dS. 


Note . The theorem can be extended to surfaces which are HUfJ 
lines parallel to the coordinate axes meet them in more tlwi 
points. This is also true for multiply connected regions. 


(Agra, I 


1.52. DEDUCTIONS FROM GAUSS’ THEOREM 
(1) The volume integral of the gradient of a scalar point fundi, 
be expressed in terms of the values assumed by the function 
boundary of the region i.e. 

Ill ^ ■Hfs* 1 * 

Gauss’ divergence theorem, is 

j j j P div F dV— 1| 5 F.n dS 
Assume F=^a 

where a is a constant vector. Then it becomes 

{jJ K V.W^={f s #.n^ 

Since V (^a)=(V^>). a=a. (V$ and ^a.n =a.(4>n) 


jJ{ K a.(V^)iF=J 

j s a.(^n) dS 

or a. \\\y V>dF=a.j 

<f>n dS, a being constant 

« IIWH 

j s ^n dS. 


(2) The dot product of Gauss* s divergence theorem is re 
cross product i.e . 
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Wing F=a x A in Gauss’ divergence theorem, we get, 


" « is a constant vector. 

If 


§4 Mi F 

Hi 


— , 

V.(axA) ^=jj 5 (a x A).n dS. 

V.(axA)=— a.(VxA) 

(a x A).n=a.(A x n)=(A X n).a. 

i.(V XA) ^v=J|^ a .(Axn) dS. 

\\\v ^ dv=a. Axn dS, a being constant 


-III 

III 


V X A dv 

V X A dv 


A x n dS 


I 

f ' De fi"‘t>on of grad <f>, div F and curl F can be put as 

■ 


-II. 
-II 


A Xn dS 


“I!- 


XA dS. 


I n <f> ds 

■ |l .ld T im jA 


t— Lim - 

k-h) y 


I 

■ iliv F== LimH 

v^-o V 


.F ds 


:„L B 


XF<& 


J |uil F= Lim 

J v+o y 

^Nhclow prove (1), the other two can be proved on similar 

rf hy a C su rLice 1 ^ ^Th er! J n , 3 j T aH re S ion of voIume v 

m »y a surtace S'. Then the first deduction of §1.52 gives 

\s " * dS= \v V* dV = 

_| 4V ^)" denotes *e value of at P and e-+0 as F->0 
[ s . n^ ds 

~v = (W)o= grad <f>. 
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153 PHYSICAL INTERPRETATION 
GENCE THEOREM 
The Gauss’ Theorem can be stated as 


mathematical PH 
OF GAUSS’ 


| V.n dS= | div V dV, 


where the vector point function V denotes the vetoci y nul^ji 

incompressible flu.d of unit density and IS denotes any V! 

drawn in the space of the fluid, enclosing 

Since the scalar product V • n re P^ nt ® * e onward drawn no 
a point of the surface 5 in the direction flowing out in 

therefore V-n6S expresses the amount of flu »d jc «* , 

time through the element of surface 5S. As sucn 

the surface S, U„ j V n dS gives the amount of flu.d flovrin, 
the surface 5 in uni" trme. But ■ SSX 

Now the div V at any point repreants the amount^fluid 

5535i rtfSJSSSS °‘*‘ — v: d 

point. Thus the integration round the volume V, r e., J div 
denotes the amount of fluid supplied by the sources inside S 1« 

Hence the equality J V ' n dS- \ div V IV is jusufied. 

'JoJsJficl l1^S"c7^,owl o f fluid, 

out from all volume elements m 5. 

1.54. GAUSS’ THEOREM vector of . 

Jf S be a closed surface and r be t p 
(x, y, z) * ilh respect to on origin O, then 

nr 


ss- 


dS 


h z: :r r 

divergence theorem gives 


s . x 
ti » ^)^-SSIfv (?)‘ ,k 


Ml 


15. 


V- (^)=V-(r- 3 U 

=(V r -s )-r+(r~*)V t 
= — 3r~ s r-r—(r~ 3 ) (3) 
= -3r- 3 +3r- 3 ==0 



is zero everywhere inside 


V 


n.vl.lcd r=£ 0 in V i.e., O is outside the closed surface S. 


\\s n -? dS =°- 


••till case. When O lies inside the closed surfaces . 

*♦ I is not defined at the point O within S , so we cannot apply 
blur theorem. To overcome this difficulty let us surround O by 
>11 sphere of radius a and surface S , with its centre at O and lying 
jm S For S ± outward drawn normal will be directed towards O 
him i ion F will be continuous and differentiable at all points 
1) S and j S A . 


» ffivcrgence theorem can now be applied to the two closed 
ll *V, and S i.e. 


)|t»ll outside the region SS X ) 



= 2( 47tfl2 ) 

=4tt. 

■ \ 

I WO GREEN’S IDENTITIES 

Until It y. Jf <j> and ^ are scalar point functions haying continuous 
!*• v of the second order at least , then 
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Jjj K ^V*4*+.V+-W)^- JJ 5 WV+)-dS. 

The divergence theorem is 

Taking F=^V<|», we have 

IJIf 

But v (*v+W(V-V4>)+(V*MV4<) 

=*(W)+(V*)-(V<I0. 

or jjJ f/ [0V 2 <H-V^-V4') rfK= Jj s ^V 4 'MS 

Second identity: 

1 1 \v^ -4* v V) j J 5 -'J' v^) • 

Putting F=4>V0, in divergence theorem, we get 

J{f K v-(W) | j 5 v^) ' n ds~ | | s 0W4) 

But y(W)=<HV-V$+(V4'MW) 

=<|A7V+(V^HV<10 

••• {JI K V»V«<(K-jJj 

And JJJ k [+vwv*mv*)]^= \\ s w*« 

Green’s first identity, is 

J|j K ^V 2 4'+(V^)-(VW]^=jJ 5 [^V4']^S. 
Subtracting ( 1 ) from (2), we find 

JJj F tfW4,-+VV]^-SS 

Problem 143. Verify divergence theorem for F=x 2 i+>' 2 j-i 
over the cube 0 < x 9 y, z < 1. 

The divergence theorem is 




We have 


F=x*H-/j +2*k 
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v ‘ F= ( i h +j k +k ^)' (xH+yti+ztk) 

= 2x+2y+2z. 

J lltr volume integral 

IJJ,, V F dV= 111^2 (x-\-y+z) dx dy dz 

“E-oE-oE-o 2 (x+y+z) dx dy dz 

=2 LoLo dx dy 

= 2 Lo ( * +M) < / *- 

=2 [*+*+*] 

= 3 - ...( 1 ) 

■(mTik c integral is contributed by six faces of the cube, i.e. 


dS— 

fL, F -'«>+. 

[L^+I 


(face *=0) 

(face *=1) 

+ 1J 

'^F-^.+ Jj 

y^+jj 


(face y=0) 


(facey=l) 
x= 0, n==— i 


(face z= 0) 


(face r=*l) 


ILf--.=1L— . 

-LoLo°^"° 

||k«.V l , x=l, n=i. 

j f ^ F n dS 2 = JJ (x 2 i+3' 2 j+2 2 k)*(i) dS, 
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-I !**■« 

_p [' 

J ^=0 Jz =( 

For face S 3 , y=0, n=— j, 

Ik— Ik 0 -- 

= 0 . 

For face S t , J=l, n=j. 

Ik F "-‘-Ik 4 -‘ 


'-IL 


dS 2 


IS 2 - 
dx dz= 1. 


For face S 5 . 


rJ 1 [* dxdz= 1. 

J *=0 Jz =0 

z= 0, n— — k 


Jk F "-‘- !k° 


dSs 


For face S, 


= 0 . 

Z—I, n=k 


Ik F "-‘=!k-‘ 

= [ l f 1 dx dy=\. 

Jx =0 J >’=0 

Therefore, F-n dS=0+ 1+0+1 +0+1. 

=3. 

From (1) and (2) it follows that the volume integral - 
integral. ■ 

Problem 144. Evaluate J r n <£!? 

where r is the position vector of any point on the closed surfac4% 

The divergence theorem is 

II s F "--I!k v(F) ‘ fF ' 

Given F=(xi+>'i+zk) 

|J s rn dS— j j J ^ V • (*i+.yj+zk) dV. 
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V-(*l+?j+*k)=(i |^+j |- +k ^).(xi+>'j+ Z k) 


=3. 


»ltirc 


IL'— "III, w - 3F 


■ l In the volume of solid bounded by closed surface S. 
pfclHtt 145. (a) State and prove Gauss 9 theorem 
|| If ilrnotes the charge density and] the current density due to 
9f* s, show that the equation ^ +div j =0 expresses conserva - 

I hr total charge . (Agra, 1966) 

M 'V I c the outward flux of electrostatic intensity E through 
•m<I surface S, then 

f E-dS=4nQ, 


\J denotes the total charge enclosed by the surface S. 
jWlng to the definition the outward flux of electric intensity' 
jk any closed surface is proportional to the total charge within 

|fm r 

know that the flux of a vector E across the surface element dS 
>•! ns the scalar E- dS. Therefore, if S be any surface, closed or 

Hi* llux ofE across .S’ is j E-dS. 


ilir electrostatic intensity or the electrostatic field vector, i.e. f 
ptlnt due to n charges e l9 e 2 , . . . e n is defined as 
n 

E= S — 3 r „ 

#=1 ri 

I. denotes the position vector of the point relative to the fth 


1 1 </s= f 

f 2 ££i" 1 

II 

[li-dS 

1 J 

L.= l '•< 3 J 

1=1 . 

n 

ik. 


n - n 

e x \ d<Oi=2 

1=1 J 1=1 

(since the solid angle du> subtended at a point by a 
surface element of area dS is given by </co= -j- 3 -dS) 

fci In the solid angle subtended by the closed surface at the /th 
Hut G)*=47t or 0 according as e, is inside or outside the 
unit Xe<= Q* 
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| E-JS=4ttQ. 


(b) Suppose that a charge of density p is flowing with (p 
velocity V. 

The charge crossing the smT|J| H 
ment dS in a unit time is 

9 V-dS=ydS 

where j is given to be current Hj 
vector or conduction current 
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V 

Fig. 1.54 

Now the current say i across any surface S drawn in the 
is given by /= j j*</S while the total charge inside a closed 

S enclosing a volume v is given by Q— | p dv. 


Assuming that there are no sources or sinks inside the sur <*• 
rate at which the charge is decreasing is 

-if*- I 


Since this is due to the outward flow of charge, we 
(1) and (2), _ j-g dv= J j- dS= j div j <lv ' 

v S v 

by Gauss’ divergence thcofd^f 

j(| + divi),v=°. 


or 


The volume being arbitrary, the integrand must vanish 
and thus we have the equation of continuity or the equation j 
servation of charge as 

— +divj=0. 

Problem 146. Prove that Vox V y.f/S=0. 

F = V^x m Gauss’ divergence theorem 

jj s (Wxv<w {} 5 f ^ s = JJJ^v-f</f 

V-WxV' P)dV. 


Put 


■III, 


But V-(V^xV<W=V4<curl V^-V^curl V<M>. 


)»■ V ' (V ^ X V’i') dVs= [V<J/ curl V^~Vf curl V<M dV 
=0. 

| s . (Wx V<J0- </s=o 

4lrm 147. (a) Jf H =curl A, prove that 

J s H*n dS=0 for any closed surface S. 

| " * ! s un “ outwar d normal to any closed surface of areaS show 
j J j P div n dV=S. 

Idlvcn H=curl A. The Divergence Theorem gives 

I — 

V-H=V-(curl A) 

=0 

I H nrfS-o. 

■ I he Divergence Theorem gives 

J -iL"-* 

iMtom 148. Prove that 
i \y F ’ V? 5 | 5 i F dS~ j -F dV. 

I] v W-cm/7 F dV~ (Fx dS. 

I I l' c divergence theorem gives 

m/-v*iv-\ v vmdv- \ y w.Fdv 

=-| f [^V*F— F* Vfl dv — J^V*F</K 

-J^VF-rfF+J^F.V* dV- j^V-F dV 

dV. 


4 


\ 
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(b) Applying divergence theorem in R. H. S. of 

curl F (F X V $)• dS> we get 

| ^ V ^ curl F^F=J f V-(FX \7$)dV 

curl F— F*curl V^] dV 

= V^ curl F */F as curl V^—0, 
Problem 149. Show that volume enclosed by the surface S is 

V=ij> s V-(r*)dS 

where r is the position vector to a point of dS . 

The divergence theorem gives 

Vr 2 - dS =J y V-(Vr*)dV 
= j K V[2r 2 - 2 r] dV 
V *(r) dV 


=2 

=2 


3 dV 


dV=6V 


Vr 2 -dS. 


= 6 I» 

’'“'Is 

Problem 150. Prove the following : 

« 111^=11 ,-?* 

(« iL'-HIP— 

(a) The divergence theorem gives 

-E- v -Ob 

-fHp['? v " +v '?' r ]‘' K 
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dV_ 

.2 


I W* have 


||./‘— Jll^- 

•»i (51. Show that Green’s second identity can be written as 

111 £-♦£]« 

Jfern’s identity is 

,,WV 2 ^-^v 2 <f>) dV= J 

dS 


■II, 


where n is unit normal vector. 




I KIM’S THEOREM IN THE PLANE 

mi dosed region in the x-y plane bounded by a simple closed 
•in,! tf> and y be two continuously differentiable functions of x 
Green's theorem in the plane is stated as 

fd* dy 

h traversed in positive ( anti-clockwise ) direction. 

"'Kion R be bounded by single closed curve C having the 
:» Unit any straight line parallel to the axes cuts C in at most 
ind let the parallels AM (say x=a), BN (say x=b); QF 
f) mid DE (say y=d) limit the curve C in the xy plane as 
pl'ig. 1.55. 

i lie equations of the curves AQB and ADB are respectively 
y=fi (x) and y=f 2 (x). 

\\fd X d,.\ b ['•<*> p** 

tlsdy ’ }x=a )»-/, ( X , dy * 
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= -Q* 4 1 {x,f x )dx 

,—fc* * fl 

-/c—- «.a 





* 

Again if the equations to the curves Z>A£> and DBQ are 
x=F! (y) and x=F 2 O'), respectively, then 

JI,£* *-£-&£** 

= j £ (F 2 , y) dy+ <f> (Fi, y) dy 

-fc* dx | 

$c* iy -\\M dx ‘ ly - I 

Adding (1) and (2), we find that 

f c ® dx+ * dy) =\\ R ^irFy) dx dy ' 


1 57. VECTOR FORMS OF GREEN’S THEOREM tfl| 
PLANE 

Vector treatment of Green’s Theorem yields two different foq 
Form 1. 7/f=4i+# and x=xi+y\, then Green’s theorem 
form 


£ f.rfr=J j^(Vxf)*k dS. 


4 
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I » theorem in the plane is 

dx+4. d,)= JJ s (g-g) * d, 

x=x\+y\ 

d x=dx\+dyi, 

< 1 1 dx +4, dy — (<}J + tfj) • (dxi + dy\) 

=fdr 


.0) 


( 2 ) 


Vxf= 


« i 

± A 

dx dy 

<l» 4> 


k 

d_ 

dz 

0 


df>. . ,/<¥ 

“ dz l+ dz 1+ \8x ~8y) 


Hi) 


(Vx "' k =|-| 


..(3) 


(j)^f 'ds^ 


piulmg values from (2) and (3) in (1), we get 

ds=dx dy represents the element of area. 

Til if dS—dx dy , g=fxk and n be the outward 

pi i normal to C , then Green's theorem gives 

P H on element of the curve. 


!m the position vector of any point P and T be the unit tan- 
ptr to the curve, then 

r=xi+J ; j, so that </r = dx\-\- dy\ and 



| mul k, both being vectors normal to the tangent at any point 
Bfvr, the definition of cross 



Fig. 1.56 
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Also 


so that V • 


in a scalar triple product dot and cross can be in tci o 
= g • n ds. 

g=f xk=(+i+^j)xk=0i— 




<ki) 


,g= W^/ 

~8x dy 

Substituting these values in Green’s theorem i.e. 


we get 


/ c (♦*+**- JI,(gS-g)** 


Note. Physical Interpretation of Form 1. Vector form 1 of d 
theorem is 

f *=j j^(Vxf)-k dS. 

Assuming that f represents a force field acting on a particlf I 
position vector is r, the integral § c i<h may be interprct#4| 

pressing work done in moving the particle around the cloned 
and it may be evaluated by the value of V X f. 

As a particular case if V xf=0 i.e . if f= V&, 0 being sc* 
the integral around a closed path is zero. It follows that 
done by a particle in moving from one point of the plane to t| 
point of the plane is independent of the path traced in mov|l 
one point to another in the plane. In other words this 
expressed by saying that the force field is conservative. 

Conversely, if the integral around a closed path is indef 
the path joining any two points in the plane i.e. the intcgr*|I 
the closed path is zero, then V xf=0 where f==^i+^j. 


i.e. 


path 

j± 1+$! i+(^_m k =o 

dz +dz i+ \dx dy) 


r - • & W 

Glvmg frc=d~y 
1.58. GREEN’S FORMULA 

Suppose that <j>= -y is a scalar point function which hill 


tiiHs 


163 


if* ..ml continuous derivatives upto the second order in a region 
■ loicd by a closed surface S. 


L ! ,kl “ ,ixed point P within the region, such that r 
B*Mmc from P to a variable point of the region 
■ * Its position vector relative to P. Now since 4> 
wtii's infinite at P, therefore to remove this 
^wliy enclose P by small sphere of radius e 
11 * lurfac e of this sphere as S x . Clearly in the 

L * 1 . * • . b? un< * e d t>y S and S l9 4* is twice conti- 
lly differentiable. 


wc know that, 


1 


v*+-v(-i)_o. 



Jf*' a Pplying Green’s identity to the region bounded by S and 
P net 




suiface S! the direction of unit normal drawn outward from 
^flon considered will be towards P , so that 


8n\ 


<(-x) (- 7 )]., 

■KL -KL 


__L. 

e2 


tf to the limit as e-M), we find 


u ’ a ^\T d i is - Q 


( 2 ) 

(3) 
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In the limiting case when e->0, (1) yields with the help of ( 2 ) 
and (3), 

1,-7 V **-\s [ 4 (t)- 7 80 * (P) 

Thus W )» \ s [f fn-*Fn{ ?)] dS ~\v7 V * 4 | 

or 4**P )- \ s [f V*-*V (y)}* iff - \ y \ Ip 

4 ^p } = j 5 [lv^v(})]^s-J F lw* 

which is known as Green’s formula. 

1.59. POISSON’S EQUATION WITH ITS SOLUTION 

Let <f> be a scalar point function vanishing outside a finite regl 
the equation 

V**=-4wp, 

is known as Poisson’s equation. 

Poisson’s equation is v 2 ^= _ 4rcp 
Green’s formula is 



4*#P)= \ s [7V*-*v(y)<®-J F yVV* 

(for a region bounded by a surface S ) 

= \s [7 V^-^v(y)]^S+47rJ^- dv by (I) 
In case the region V tends to infinity S also recedes to infill 
Supposing that for large values of r, <f> is of the form ~ 
remains bounded, | | is the form -£• 




So that [^rV^— ^ v(t-)] ^S-^O. 

Then 4* f{P)=4n ^dv 

or ^)=Jy dv. 


The volume integral being carried over the whole space rc 
same as the volume integral over the region outside at w 
zero. 
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Nil 

t*i<ii equivalent 

If f=/ii+/ 2 j+/ 3 k. 

F=F 1 i+F 2 j+F 3 k 
In* v 2 F=-4Ttf. 

F (P>=j-^dv. 

V 2 F=— 4r:f is equivalent to 
w- 4 tt/i ; V 2 F 2 =-4*/ 2 ; V 2 F 3 =-4tc/ 3 
for a point P of the region 

I (P)= dv ; P 2 (P) = dv ; F S (P)= dv. 

•ling suitable conditions on f u / 2 , / 3 , and multiplying these 
bill by i, j, k respectively and then adding, we have 

Kin l-j F 2 (P)+k f 3 (p)= j GA+jA+k f 3 )±rdv 
F (P)= {4 dv. 




I AI’LACE’S EQUATION WITH ITS SOLUTION 

h twice differentiable scalar point function </> V 2 $=0 is true for 
l»*>lnt of the region , the function $ is said to be harmonic in the 


pi equation VV=0 ...(1) is called Laplace’s equation. Green’s 

Ml* in 

)} ^ 1 T * 

7 ['T v#- * v (f)]' , ' s by<1) 

follows that the harmonic function $ at any point within the 

r\ j 

i i an be expressed in terms of the values of $ and ^ at any 
‘ nl flic surface enclosing the region. 

Inn 152. Verify Green* s theorem in the plane for 


f c (xy+y 2 ) dx+x 2 dy 

t ( is the closed curve of the region bounded by 
y=x 2 , and y~x. 
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The shaded region shown in Fig. 1.58, represents the positive 
tion traversed by the closed region C made up of a paraboll 
straight line. 

Given, 4i=(xy+/) and 4‘= x '- 
Evaluating the integral along z=x 2 , we have, 

y 




| i|/ dx+<f> dy 
= J[(x-jc 2 +jc 4 ) dx+ydy\ 

=[ 4 + 4 H«: 

= 1 + 1+1 


1,9 

— a o • 


Fig. 1.58 

Evaluating the line integral along y=x we have 


j <j> dx+t dy=\[{x*+x*)Jx+y*dy]=\° x=i 2 x* dx+ 


1. 


the required integral=4-§ — 1==-~ iV 


Also ^ =2x and =x+2 y. 

dx 8v 


Thus 




dx dy 

= ||^ [2x— x— 2y\ dx dy 

= [' • \xy-y 2 ] dx 

Jx=0 

= ( ' [x 2 — x 2 — x 3 +x 4 ] dx 

J*=0 

srl 1 (x 4 — x 3 ) dx 
Jjc=0 v 


I 


167 


HlMiilnu that | <ji dx-Y<t>dy=:\^ dx dy= 

H Urccifs theorem is verified. 

153. Evaluate [(>’— sin x) dx+cos x dy] where C is 

Hmi/, whose vertices are (0, 0) ; , O^j ; (^2~> ^ 

H thirdly, ( b ) by using Green's theorem in the plane . 

I f hr line integral along OQ on which ^=0 and x varies from 

1 , | sinxdx=*-l. 

ml Jr - 0 

Hi line integral along QP on which 
!| mu! y varies from 0 to 1 


M (0'-l)0+0dy}=0. 
hit** integral along PO for which 

7T 

mul x varies from — to 0, 



r** , 2 . no 7 u 2 

hcos xH sin x =1 — ~r — — . 

L « TZ Jtt/2 4 7C 


2. 

TZ 


7T 

T 


2 

« 

7T 


«m the line integral along C= — 1+0+1 — 

In order to use Green’s theorem we have 
I , 0+ , d<f> 

+ Sin x, 0=cos X, =1,-7^- = -Sin x 

f. <♦ *+^)= J 1 ( §- w ) * *- { J * <-y sU > *-') 

dx dy 

It ’o!K [(-”"*-'>« »” 

1 1" • / 2x . 2x \ , 

| — - sinx I dx 

■)u V TU TZ J 


(—x cos x+sin 


, x 2 l 

V-— j 


W2 

io 
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2_ 

7T 


TC 

'T 


Problem 154. Compute $ {(xy-x 2 ) dx+x*y dy } over the I 
b y Hues y=0, x=/, J=x and verify by Green’s then,, 
The line integral along OP where >>=0 and x varies from 0‘ 

_ f 1 —x 2 dx——h- 

]x=0 

The line integral along PQ for which x = l and y varies IV 

= P {(j'-l) 0+v dy}=\. 

J^° - » 

The line integral along QO for which x—y and y varies Ir 
= | j {(/-^ 2 ) dy+y 3 dy} — — y 3 dy=-\. 

Y Thus the total integral along 

= -*£ + £ — i=““TT* 

Now, by Green’s theorem, wi 

| {( x y — * 2 ) dx+* 2 y dy) 

-isc^r 8 



(1. 

i) 


/ 7.y 

0 

i 



P 

0 

(i. 

0 ) 


'dy 


fxy V) 


[ ' [ y X [2xy-x]dx dy 

)x=o]y -0 


Fig. 1.60 


which verifies the Green’s theorem. 

1.61. STOKES’ THEOREM IN SPACE 
This states that if, F is a vector function, which is uniform, 
continuous along with its derivative in any direction, then t 'he 
line integral of F over any closed surface S bounded by a <* 
equal to the normal surface integral of curl F over 6 , t.e., 

^ c F-A=jJ s (VXF)-n<7S=jj s (VxF)<fl* 

where n is the unit normal vector at any point of S drawn In 
in which a right handed screw would move ^Tlistlvik, 
description of C. v 6 

Consider a surface S such that its projections on 
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its 


' I'laocs are regions bounded by simple closed curves as shown 
■ ri( I <>l. 

ill l he equation of surface as 

) 

•' • ’/i (x, y) 

I I f> (x, z) or x=f 3 (y, z) 

■ > /'.l-t-^j+^k, 

B *•’ liave to prove that 


| # Vx(F,I+F 2 j+F 3 k)-n^ 

=/ F-Jr 


C | 


Jk: — 

■ 




*dxdy 


jl lirst consider, 
W\t)bndS 


G 

Fig. 1.61 


f(\'\ 1 J dy +k dz ) x/7li J* n ds 


8F 1 8F 1 1 

" , “2T k J n 


, cz 

8F, 


dS 


n j 


8F, 


— n*k 1 

' J 


dS 


• 0) 


_ dz " J dy 

' •vl+vj+zk=xi+jj+/ 1 (x, y) k 

••1 k since z =fi (x, y) 

< T O 

1 ^ IS perpendicular to n as ~ is the tangent to the surface S. 

f r> ==n * j+ f-"- k = 0 - 


8A 


•»»r ii • j = — ■— 

dy 

■fit (I) yields 
nr/*S’= 


n*k=- 


. "8z 
dy 


n k. 


r 8F\ dz dF, 1 
L dz dy ' 8y J 


n k dS 


Mu the surface S, we have 

r i ( x , y, z)=F 1 [x, y,f v (x, y)]=F (x, y) 
dF\ L dF, dz dF 


dy dz dy ’ dy 

'lull i >n (2) with the help of (3) gives 

dF 


• ( 2 ) 


• (3) 


WM>ndS =— |£ n . k dS= 


dy 


dx dy 




< 4 ) 
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.to, Sis to project of S on ^ 
Green’s theorem in plane giv 

rf , 


rreen’s theorem in plane gives 

Green s me ■ the boundary of * 

r „ . f 1 eLjit dy where Ci is we ju 

<£ F dx— ]\r( )y r tbe value of F beiltM 

J Cl t . no , nt ( X y) of the curve C,® being <h*|P 

Now at each point ^po inl (x? y z) of C ana 
same as that of Fi £ we conclude tha 

for both the curves C and Cl 

r /7-v' 



i.e. 


^ 

<£ F c F ' dx 

y* , f ( 4^ dx dy 

y) c F\dx= ~~ ]) R gy 


I I 


1 1* 


The equations (4) and (5), give 

Js*— ■" “ de M ,te pIoi 

^ (7 x(F 3 fc)V n ^ 5== $c Fi<1Z 

t ^ Ult 

$c*‘ 1 '=\\s n * V * dS cK , i n the Store’s th 
Put F-*. ">“ re * iS “ V “ ’ dS 

But *e ta ° w ( ^ , w _ gw l *x.+* curl »“V* X * 

__n a xVf®^ _ 

__Jj S s .v^«JS-.-5 S s v*x*J 
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!*••• m is a constant vector 

| ( dr=-jj ? V^xn d£= n x 7£ dS. 

PltfMrtn 156. Show that 

| c drxF=|| 5 (nX 7)xFd,S. 

f=axF, a being a constant vector; 
theorem gives 

J c (axF).*=JJ s [Vx(axF)]'ndS 

m *r know that 

V X (a X F)=a7 • (F)-F V *(a)+(F. V) a-(a • V) F 
=aV -F— (a-7) F 
[(a* V)F]-n=(a* V) (F-n). 

(«xF).dr=jj 5 La (V-F)nxa-V (F-n)] dS 

• j Fxdr=a*Jj 5 [(V-F)n-V (F.n)]d6’ 

+ « is a constant vector) 

|Fxdr=jj 5 [(V-F) n-V (F-n)] dS 

=|| 5 — t( nx V)xF] dS 

jdr x F=| [(n X V) x F] dS. 

Rtokcs’ theorem in the plane is sometimes known as Green’s* 
in the plane. 

Jmii 157. Verify Stokes ’ theorem for F=(2x—y) i—yz 2 }—y 2 zk, 
f fi the upper half surface of the sphere x 2 +y 2 +z 2 =l and C is 
jury. 

theorem is 

j c F-dr= J{ 5 (VxF)-ndS. 

it plane the boundary C of the surface S is a circle x 2 +y 2 = 1- 

mjoh /, y=sin t and z= 0 for which 0< t <2tc so that these: 
* parametric equations of C. 

j ( .F-dr= J c [(2x— y) fH<M+<W+*k]= j c (2x-y) dx 
= ^[2 cos t— sin r] (—sin t dt ) 
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and 




Sr 


mathematical 

= J 2 " o (2 sin / cos /-tin 2 *) dt 

VxF-i [|r 

=0i+0j+k= k - 

. U (VxF)n^-^ s k -"'' S 

1)5 since *•»«-** 

p" ,ion £ ;; ** 

Thus, L* .lx— 

Problem 158. Evafcm/* s ( 7 

F ^-z + 2)i+(r+^)J ^ k ; =r . 

whe reSist h esurfaceo fth ecu b e X =y=*-0, X 

xy plane. 

**«*"-< ■ 

Here the bouodar, Cof *« ^f^tae.T” 
the lines x-0, x , - r F>Jr 

\ **-U F- * + U F 80 . 

i c 1 Along, OP, > -0 and .v 

0 to 2. 

. I F-^\l2H 

• •• J op i . 

Jy= 0 and 



_9 \ Jx= 4. 

jx-0 


Along P0> -Vio^lzl 
0 to 2, so that dx—0. 


17 J 


/V 


| [(p+z) >+4j]*tj dy] 

[ ” 4 fo^“ 8 - 

|Jh'» ^=2 and x varies from 2 to 0; so that dy~ 0, *fe=(L 

L»R F-^r=| [4i]-[c/xi] 

{ 0 

^ dx— — 8. 

4 #ff), x^O and j varies from 2 to 0 so that dx*= 0, dz=0 
J^F.A=j [4j] * [</>• j] = 4 j® Jj=-8. 

I |w/r=4+8~8~8--~4. 


#i 


159. Verify Stokes' theorem for the vector F =(z, x, j’)* 
I he half of the sphere x 2 +y 2 +z 2 =a 2 lying above xy plane. 

fcJfCtion of the surface on z=0 plane is a circle x 2 +y 2 =*a 2 v 
ilV C (say), 

► /I fxj+jk 

V i dr 


l 


*j +j>k)*(<£xi + dy\) 

* i #« 

l ii 


H 


x dy 

I V ( a 2 —y 2 ) rfy 


! V (« 2 -J 2 ) dy, 

u sin 0, so that 
cos 0 dd 



I II 


id cos“ 0 dQ—nd 2 . 


V - 1 


Fig. 1.63 


i J k 

111 
dx dy fa 
z x y 


=(i-j+k) 


|(V X F)*n dS=| (i— j+k)*n dS 
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= jj s(i . n _i.„ + k.n) dS 

-IS ^HS*,"*^*'* 

=sl 


dx dy> 

two integrals cancel out. r, V (a*-* 2 ) dx Jy 

Thus (L (VxF)-ndS=J^_ fl ) y =_V(^) 

^ J f /l . , « 2\ ^ 


=2 j° V (« 2 -* 2) 

t jo V ( a "" _x2) dx 


=4« = 7ra2 - 


H«»ce, SS s WxF)..^-Sc F -‘' r 

Which verifies Stokes’ theorem. 

Problem 160. Prove that 

j c rx*=2 jj s <* s 

f *■ *° k i 

Putting Jb=a* r > 


i.e. 


!c'-*-S!. lvxn ”* 


We get 


! (»xr) *-SSs VX(a><r) ^ 

J s V7 r-(a-V)i= 3a - 2a=2a- 
But, VX(axO==aV-r la ) 

j c (ar)X^jj s 2a^S 

a .(rX*=2a-jj s ^ s 

Since a is an arbitrary constant vector 
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It HI il 


J, X *=2 JJ, 


d S. 


"•Iilnii 161. Prove that a necessary and sufficient condition that 
j) F -di=0 

r closed curve C is that V X F = 0 identically . 

■ (ondition is sufficient : 
fell' V xF=0 
|H Slokes’ theorem gives at once, 

f F-</r= f j^(V xF)*n dS—0. 


the condition is necessary: Since if 


* 


F*A=0 round 


any 


iMirve C, then taking V xF^O at some point P y there will be 
’ ,M w ith P as an interior point where VxF^O provided 
! U continuous. Assuming S to be the surface contained in 
Pf"’ n whose unit normal n at each point has the same direction 
1,1 V XF, we may express V xF=An where A is a positive 
J Thus Stoke’s theorem gives 

■ f -A=|| 5 (V xF) n n n dS=\ Jjj^O 

■litis positive contribution, 
p contrary to our hypothesis and hence VxF=0. 

Ucccssary and sufficient condition for j^F-A=0 is that 
V xF=0. 

in 162. Prove the following : 
r dv=0. 


f (<l>V<f>]'dr= 0 . 
Slokes’ theorem 


■ '</r= j [V xr]«n dS=0 as Vxr=0. 

Slokes’ theorem 

|fvty]-*=Jj 5 [V x V $] • n dS. 

x(V*)+(W)x(V0 

-0+0-0 
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... 

(c) By Stokes’ theorem 

x(<£V4')]-n dS. 


But 


and 


V x(^V'W=^Vx(V4')+(V$x(V|) 

=V^xV4'- 

| c [^V«W-*=|| s (V^x V|)-n dS 

-= — ■ J ( V<j> x V$ *b dS 
A VxWV^'niS 

(by Stoke*' I 

= _n s , v x(WH.V,xV,, 

V$.n</S 
as ^Vx(V^)=0 

It is evident from (1) and (2), 

J c f v f <*= - j c f Vf dr. 

Problem 163. If E-dr= || 5 H* dS, 

where S is any surface bounded by curve C, show that 

„ i dn 

VXE=— 1F - 


Let 


„ „ 1 8H 

vxe=— c 


Then Stokes’ theorem yields 

f E-*=JJ s (VxE) iwiS-JJ s (V 

by "’ 

=-ML 8 


Is dt 


( U)-dS 


> 4-ff HxfS 
— C g.JJs 

the integral being independent of t. 
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F vssLi ° ~fr/- a- 

*" F nmitts boundary, pn„ " / " TC '""S™' 

G=curl F. 

M »Tvln by " 16 inteSraJ ^ P ° im fUnC - 

® ll ii surface. 

r“" £C " ,ia ' ,ine in "e ral »f vector poia, f u „ ctio „ F if ^ 
*' .lie given that 

f( s C,iS„/ c F.*. ... 

Iheorem, yields 

I Jr «={| S (VXF)., FWS 

II // v GJS =// S (VXFMS by (|) 

■own that 

[ G=VxF 

I G=curl F. 


^Ml THEOREMS 
Cj; ?L"ST rF lf W/ /to a vee/or 

t^such^F^ lf F bC irrotational then th ere 

l-eurl(V^=VxV^=0 

r" 1,1,1 « sufficient, since if curl F=0 th™ ;* #• .. 

* theorem that tben 11 foJ, °ws 



J 5 curl F-dS~0 


*"■ I is irrotational. 


E l T h h f n% e ? ar L a ? d sufficient condition that a vector 
f /, that div SimpIy C ° n - 

pbHl^S SiDCC if F ^ S “*l then at any 


iliv F 


= Lim f f 


F-JS 
S V 


t^* 1 i' is solenoidal. 
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The condition is sufficient, since if div F=0, then Gauss’ dl 
theorem yields, 

| c F-dS= J" ^ div F dV—0 

showing that the Flux across every closed surface i« 

Note, div curl F=0 => divergence of every curl is zero i r (| 
every function is solenoidal. 

THEOREM 3. If F is a continuously differentiable vector jut 
lion such that div F —0, then there exists another vector point 
f such that F *=curl f. 

Firstly to show that f is any function whose curl is F, take it 
function f+V^ whose curl is F, <f> being continuously d i IT 
scalar point function. 

Assuming that curl f==F=curl g, we have curl (g— f) 0 
which follows that g— f is the gradient of some scalar $ /.#, 
g— f=V^ giving g=f+V^ 

But if be any scalar point function, then 
curl (f+ V^)=curl f+curl 


=F+ V X V^=F 
which proves the proposition. 

Now to prove the main theorem, let us suppose that 
F^FJ+FJ+Fak 
f—fii+ffj+fzk 


Then, curl f=Vxf= 


_d 

Cx 

fi 


J 

d_ 

dy 

h 


k 

cz 

ft 


(df* BA \ . , (dfy cA \ . , (cA _c £\ . 

= \dy ~8z J ,+ \dz~dx J J 1 \dx dy) 

So that F=curl f gives on companion of the cof 

J, k, 


F - OJa 8/2 p cfv c fa p _ 6/2 

^ dy~dz' 2 ~ CZ cx'- : " 


cA 

cx dy 

A1 8F x dF 2 , cE \ _ n 

Also, 

dx ^ dy cz 

If we suppose that /,=(), then (1) gives 

F,=— giving fz=—\ X F„ dx+<f> (y, z) 

J x 0 

and 


f- s A 

^ ~ dx 


giving / 2 = | dx +' {< {y, z), 

J Xq 

y, z being paramctcu 


"•>1 
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|N get from (3) and (4), 


■ 


Bmimi 


fl- 


df. 


»-£ 
df, = p 
J.V 0 


C- 

df. 


*o cy cy 




.(5) 

. ( 6 ) 

<4 


az ~ J * 0 l ^ r + ir /- v + gp 

-L * + fru " ,ith ,he lKlp of(2) 


F ( v v zl-^ ^ 


=*i(*> J, z)—F 1 (x 0 ,y, z)+t~ 


dj> 

~dz 


■ ii"W suppose that 4'=0, then 

p y = F i (*o» z) gives $= J' (*„, j, z) dy 


•Hi Ii we find from (3) and (4) etc. 

/i=0, 

J*o 

[X 


'--l 

4(y,:)=i 

J; 


F 2 dx+<f> (y, z). 


Fi (*o> y, z) dy 

I "vident that f u / 2 , f 3 as determined here are the compo 
p * vector f whose curl is F. 

div F=0^F=curl f. 

fill' CLASSIFICATION OF VECTOR FIELDS 

{Kanpur 1968yUgra 1954 , 63, 6 5) 
¥ - 0 i.e. V xF=0 then F=grad $ t>r F is called as a 
> fttfld or a Zero Curl Field . Also if div F=0 i.e. V F=0 
•hiiI f or F is called as a Solenoidal field . It is conventional 
I In* vector fields into four: 

Vn curl F=0 and div F=0, then the first condition shows 
lo he lameller or irrotational 
implies 

»l | w,o— ~=^F=grad $ and in 
pond condition it gives div 
>0 l e. V 2 ^=0 i.e. Laplace’s 
•howing that the field is sole- 
|f [^compressible. On the whole 

■W m termed as a type of field, - rv r _A 

Ww rotational motion of incom- \/*r — Up v X r — U 
] /mid as shown in Fig. L63. Fig. 1.6.^ 


180 


mathematical pm 


I y XF=0 

1 V • Pf 0 

fig. * 64 

f^O orVx(V Xf)=^0 
i.e, grad div f-V 2 f^0 

ThLl-sthatiffissoleno^t^ 


(2) When curl F=0 but div F 

Then curl F=0 gives F= grad J> a 
view of second condition this M 
7 grad ffl-0 i.e V 2 J° - 

field is termed as the type of field 1 
is irrotational motion of comp) i mi _ 
fluid as shown in Fig- 1.64. 

(3) When curl F#0 but div FJ 
Then div F=0 gives F=curl f 

view of first condition fields curl ■ 




U££*«. 

f^o and as such V‘f^-0. Hence sucn 
a field is termed as the type of it 

which is rotational motion of mcon ' Fig. 1.65 

possible fluid as shown " 8 jr^o. This type of vector fli 

(4) When curl F^O, also air r , ^ _^ o , alw1 it terme 



tntH m 


fJt 

ut m 


Fig. 166 


most general and it is termed 
type of field which is roiaL 
motion of compressible flu* 
shown in Fig- 1 66. 

In fact this field is made 
two fields namely (0 Lameller 
field (i.e. having no curl bill 
have div only), (») Soienoidal 
field (i.e. having no div DUI_ 
have curl only). Mathematical* 

F=grad <£+curl f 
F=div (grad ^+ curl f) 

= div grad <f> V div curl f=0 

div F#0, “therefore which determine, f ' 

“ 0 cur, F=curl (grad #+ cur. D—l - ^ Vj 

y2f 

But curl F#0, ••• v=r# 0, where f is soienoidal vecufl 

8 ”r!j S a e drmpos!iion of vector field comprising Um.fc.0 
soienoidal held is known as Helmholtz's theorem. 


So that div 


additional miscellaneous problems 

. * /i mnJ flflClT V€C* 


ADDITIONAL ■ 

. . .r A R rnrl C are three non-coplanar vectors, im 

F=.BXC +P CXA + ,*XB 1 

Determine *, P and 1- 


ICRS 
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(1) 


L i liven that A, B, C are non-coplanar vectors and we have to show that BxC, 

• *K mid AxB are also no.i-coplanar. They will be so if their scalar triple 
is not zero i.e. if [BxC, CxA, AxB]^0 

Now [BxC, CxA, AxB]=(BxC) . (CxA) X(AxB) 

= (BxC) . {[CAB] A — [CAA] B} 

= [BC A] [CAB] v [CAA]=0 

= [ABC] [ABC] 

-[ABC] 2 

lint [A, B, C]=^0 since A, B, C are non-coplanar. 

I ll ihcrefore follows from (1) that [BxC, CxA, AxB]^0 

I I II xC, CxA, AxB are three non-coplanar vectors and as such any vector F 
hi expressed in the form 

F=aBxC+!3CxA+YAxB •••(2) 

I Now to determine a, 3, y, multiply (2) scalarly by A 

A.F-aA.BxC, other two scalar triple products vanish 

A.F 

r 1 a ~[ABC] 

I Similarly multiplying (2) scalarly by B and C successively we find 


B.F 


and y=f 


C.F 


[ABC] aAm 1 [ABC] 

Problem 166. If A (/) be a vector function of the scalar variable t and be of 
pftifuN/ length , then show that ~ A (t) is a vector perpendicular to A (/). 

(Agra, 1968) 

Olvcn vector A is*of constant length i.e., | A | —constant and is a function of 
\ Wf know that A.A— A 2 — | A l 2 — A- t A being module of A. 


I Mllcrcntiation gives. 


dt 


■:2A 


dj 

dt 


=0 


• — =0 when ^-constant. 
dt 


Or 


A(0.~A(0 -0 


|li*li follows that A (t) is a vector perpendicular to ^ A(f). 


( Agra t 1960) 


■ Problem 167. Show that div (S7 uXSJy'=0 
Ipy §1.35, div (^uX r \Jv)=SJv. curl \/u—SJu. curl V v 

=Vv.curl grad u—\Ju . curl grad v 
=0 as curl grad n=curl grad v=0 by Problem 91 M) 
I Problem 168. Show that V.(aXr) — 0, a being a constant vector. ( Agra, 1958) 
Take a— aj-f r— xi+yi+zk and verify it. 

I problem 169. In the gravitational field of a mass m, the potential is given by 

where r is the distance from the mass , given by r 2 =* 2 4\V 2 + z- ’ Obtain 

■ hmponents of force vector by differentiation. Find \ the curl of the force and 

Mr that it is zero. (Rohilkhand, 1977/ Agra, 1955) 


Meic 


if V — — - 


3 V 

then F x — — — etc and F— Fa;H-F,j4-F g k. 
ox 


(i li easy to verify \/x¥= 0. 
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Problem 170. Find the Cartesian components of vector C[which is perpendt 
to the vectors A (2i— j— 4k) andB (5i— j— k). (Agra, I 


both 


It is easy to find the components of AxB which is perpendicular to A mid I 

h. Ans, -3, -■ 


Problem 171. Prove that (AxB)«(CxA) — (A*C) (B*A) (B*C) (A«A) 


i 


Problem 172. The rectangular components of a vector A are 

c f 

dz* X dy ' dx 


(Agra, IHI 


0/ V _ tf V A _ x ^f_ __ y ?/ 

— 2~, Ay — Zt~ X A z ; 


Ax ~ y Tz ~ L Ty’ " v Sx ^ 

Where f is given function of (x, y, z). 

Express A as vector product of two vectors and evaluate A.r and A . grad f, A 

(Agra, /■ 

Here A^Aj+Ayj+A z k=(xH-yi+zb)xVf=rxVf *c. and it is easy to il|| 
that A . r=0=A . grad/. 

Problem 173. Establish Poisson's and Laplace's Equations. 

Gauss’s theorem, for a volume distribution of density p, gives 


N= A*n dS=4r. p dv. 




where N is the flux of the electrostatic intensity A at a point of closed surl 
on v hich the positive unit normal is n. 

With the help of divergence theorem, we find 


(div A) dv= 4tt J y p dv 
(div A— 4^p) dv— 0, 


(Agra, 196 


which is true for all volumes however small. 

.*. div A— 4 tcp=0, i.e,, div A=4^p 
or V*A=4^p. 

V ( VA) = 4^P 
or V 2 A=-4r:p. 

This is known as Poisson's equation. 

In free space, P^O- 

.*. V 2 A=0. 

This is known as Laplace's equation . 

Problem 174. Show that curl pp — — 73“ + 73' ( a ’ r )> where a is a 
vector and r=n+)’i+zk. 

0 


Here, curl x 


Now 


J 

dx 


(■^)-7i fe ■«+ M‘ x %)"¥ **' + * 


and 


3r 

r=br+yj+zk gives — =1 

0 j, 

r 2 = x 2+y2- f z 2 gi ves _ = _ 


/ a xr \ 


riv/«v-\ix i-ix(axi) 


Ions 
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7r r^a— (ixa) r]+ i- [»—(!*) i] 


3a: - 3r .. . a (i«a) i 

=-- ^-a+7s («*)+;r-V- 


onilarly. 


. v 3 / axr \ 3 y 2 3r 

’* JX 0^( r J )~ r5' a+ r« 


()-a) 1 


+7I -^-[(‘-a) i+(j-a) j+(k-a) k] 

3a , 3r , 3a a . .. . , . , , 

= -73 +75- ra + 75—73 since lf a=a iH-a 2 j+fl.k, 

i*a=fli, j*a =a2, k*a*=fl a . 

(i-a) i+(j*a) j+(k-a) k= <7ii+0 2 R fl»k-a 

... ( 2 ) 


a 3r , . 

==- r 3 + >2 ( a * r )« 


Wwue from (1) and (2), 
Curl 


a Xr 


r 3 + r 


3r , . 

T( a -r)* 


175. Give example in support that vector methods have been used to 
faults in a simple and elegant form. 

hj»i since the development of Quaternion analysis by W.R. Hamilton and of 
. Amdehnungslehre’ by Grassman, it has been a growing feeling that new 
>!i and ideas be applied more simply and more directly to many of the 
Jfhons of geometry, mechanics and mathematical physics, than those long 
The methods of Vector Analysis are adopted on the grounds of 
Incss, simplicity and directness. 

p 1 “n example, Faraday the great physicist with his mind’s eye visualized the 
nf force emerging from the magnet and so he had a visual conception of the 
in which the electro-magnetic waves were travelling through the ether 
bim and so divergence and divergence theorem to him had simple 
Itiy. 

Jtnncrous other examples can be quoted from geometry, mechanics and 
nit ical physics. 

Mblcni 176. Show that 

I ( a) The vector product of two vectors is a vector . 

I ( b ) The gradient of a scalar function is a vector. 

I (f) The divergence of a vector function is a scalar. (Agra, 1965) 

Mil cm 177. What is Green's theorem. Use it to solve the equation . 
a 2 y a 2 y a 2 y 
a*2 + 'a72 + 17 

— V 

M»Um 178. (a) Prove that (AxV)XR=- 2A 

i A > V ) • R , where A is any vector field and R is a vector drawn from the 
p to a point P : ( x , y, z). 


+-ST2- +-5TT = - 4tc P (*. y> *)• 


{Agra, 1965) 
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( b ) Find the directional derivative of the function 4> (*, y 3 z)=2xyA i 1 M 
direction of the vector i+2j+2k at the point (/>—/, 3). 

( c ) If the divergence of a vector field H vanishes , show that it can he ■ 

as the curl of a vector field A. ( Bombu » , I W 

( a } Let A=A X i+A y j +A Z k and R=*i+;Fj+zk 

/ ^A y dA z / dA z dA x \i 

~\ dz " dy / li_ V dx dz /" 

(-TT lf' 

So,h,l (A:<V) xR-{(i /l> -iA,)i + (^-ii)i 

+(%■-•-&> m *® 

« 2 (A x \-\-Ay )~\~Ag k) = 2A 


"> i j 
then A x V = 


A x Ay A Z 

JL 

dx dy dz 


It is also easy to show that (AxV)* R=0 
(b) <j>=2xy+z 2 

V^— (i aT +j ?r+ k fz‘) (2-0'+z 2 ) = 2>> i+2x j+2 z k 
•=—2 i+2 j+6 k at x=l,y=-\, z=3 


2 2J — {- 2k 1 . 

A unit vector in the direction of i+2j+2k is 2 ^~ ^ ^ J 

Since the directional derivative along a unit vector u is u • grad ^ 1,0 J 
therefore the required directional derivative in the existing case is 

= T(»+2j+2k).(-2i+2j+6k) 

( c ) Tt is easy to show that div H O^H— curl A by Theorem (3) of |l^ 
Problem 179. (a) Prove the divergence theorem of Gauss. 

( b ) Prove that J (N XF) dS Jff r (VxF)rfK 

where F is a vector field and N is the normal unit vector to surface S < 
the volume. 

These are well known theorems. 

Problem 180. (a) Prove the following by using vector methods : 

( 1 ) The medians of a triangle meet in a point of trisection of each other M 
t2) Sin (a+p ) = sin a cos p+ cos a sin P 

( b ) Prove that 

(/) [AxB]xfAxC]=([AxB].C) A 

Id/ 8 \ / 8 / , . J \ 1 3 2 

(2) V 2 =^2 r s7j+ ,2 sin® 80 (/'" 6 ‘ 80 J+ rZ s«Z0 * 8^- 

(a)-(l) See Problem 14 (b). ( Nagpur . 1965 ; 4| 


N lOKS 
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f ' Take i, j unit vectors along OX, OY two mutually perpendicular axes and 
■kltlcr two coplanar lines OA and OB 

l^lng angles a and p with OX. If a and 

B unit vectors along OA and OB 
P^vlively then 

I I- cos a i-f sin a j 

I 9 COS p i— sin P j 
L # 

I m c be a unit vector perpendicular 

kl mill j both, then 

I « = 1.1 sin (a+P) e 

■ <". sin (a+p) e=(cos p i— sin p j) 

X(cos a i-f sin a j) 

A 

1 ■- 'sin a cos P+cos a sin P) e 
V ixj=e 

I »in (a-f p)=sin a cos P+cos a sin p. 

Mt> (I) L.H.S=[AxB] x[AxC] 

= ([AxB]*C) A— ([A xBfA) C 
= ([AXB].C)A v [A XB]*A=[ABA]=0. 

g 2 g2 g2 

I We have V 2 — +"g ^2 carte sian coordinates. 

I I lie Iransformations to polar coordinates are 
x~r sin 6 cos <f > , y=r sin 0 sin <f>, z=r cos 0 
Him us first change x, y, z to m, <j> y z (cylindrical coordinates) by the trans- 
■Mtlon 



x=u cos fa y=u sin <f>, z=z 


( 1 ) 

!•- 

(2) 


I lo that u=\/ r x 2 +y 2 and </>=tan 1 


y 


du , du 

Who. — =cos^, s y = sin . 


It 

dx 


sin <f> d(f> 
r * dy : 


cos <f> 


3v dv du dv d<b , 3v sin <f> dv . , 3v 

now, 3- = — — - — +— ~—cos9~r~— srr, similany — 

dx du dx 1 d<j> dx du r d<f> J dy 

• , dv , cos <f> dv 

=sin <f >— + -tt 

du u d<f> 

I *y 

r -S~>H£)-(“ s h) (» s w) 


(3) 


, ( , d-v sin <f> d“v 

=cos <f> ( COS ;r 

\ du- u 


dud<f> 1 ii l 


(• 


3 2 v 


cos +Tu H _sin 1 


si n <f> dv 
d<j> 

3v sin <f> d 2 v cos <f> dv 
dr u u dt}> 


\ sin < 
* / u 


) 


( 9 j 1 ^sin <f> cos </> d 2 v , sin ? ^ 3 2 v , sin 2 ^ 3v 

“\ * du 2 u dud^ u 2 + ” du 


2 sin ^ cos 4 s Iv 


8) 


186 


MATHEMATICAI. C 


j"v . 9 2 v . 2 sin ^ cos 4 9 2 v cos 2 ^ 9-v cm | 

Similarly =sm ^ a7J+‘ « "luS? + a 2 9^ 2 ' » 

2 sin <f> cos ^ l| 


^2" 


If 


0 z v 


Adding ^§' + 
3 2 v 


3% 0 2 v- 1 5v 1 3 2 v 

a . ,'L h* u 3 /i 


5 * 2 ‘ 3/2 ’ 0 M - r " W 3 « « 2 3 ^ 2 


Adding on either side of (4), 
3 2 v 


_ v K 1 jSy a 2 v , JL 1L 

V v W 2 9 ^2 + 0 2 :i + w 3« 

Now by putting w=r sin 0, r=r cos 9, the transformations (2) redlHllJ 
form (1) and by applying (4), we get 


0 2 v 3 2 v 


d J v 


dr* + r2 002 + r 3r 


1 02 v i 3v 


and 


] 9v 1 /. n 3 V cos e 0v\ 

u du r sin 9 \ Sin 3r r 39 / 

Substituting values from (6) and (7) in (5) we find 

0 2 v 2 3v 1 3 2 v cot 9 0v 

V 2v =- 37 z‘+ 7J7+pr W + r 2 



II 

7*1- 

0r l 


\ 1 8 
) + r 2 sin 0 96 

( sh,e Tf 


~hL 

II 

«N 

> 

3 , 


!+ 1 8 -< 

'sin 6 f] 

i.e. 

0r ^ 

l ®rj 

' ' r 2 sin 9 09 * 

^ sm 39 / 


Problem 181. Evaluate the following : 
+00 __ * 2 
„ a' 1 




ikx , 
c dx 


—00 
-f 00 


(«V) —Tg f f \SZ!1 £ ,k ' r dxdydz [r=X’‘x' l +y-+z*, r = ( x > 7, *)l 
(2*0 3 J J I r (Af 

W JW »*|J 

Problem 182. (a) Starling from the definition V^- “3^ + 3/ 2 H »<“ 

V 2 ^ i n polar and cylindrical coordinates. 

(6) BW/e the general solution of the equation \J 2 ty=0 in P° ar C °°*K^ 

(See Problem 180). 

Problem 183. {a) Prove the following identities : 

-> -> -> 

(/) V-(Vxv)=o, «/) Vx(W)=° , . J 

(ft) 5 /;oh> that if a scalar point function <A depends only on the magnir 

position vector r, then \ f — — - er, er being the unit vector in the direcl^t 
dr ■ 

-> 

(c) Show that xr=0 
( Here v is a vector function of r and ^'fz *** ^ 

Problem 184. {a) Define (!) The dot product and (ii) The cross pn 
vectors . Show that Ax(BxC)=B (A«C)— C (A«B; 
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( It 4 tv fl/y> vea/ar and A arcy vector, then show that 
f it i </jv ^ A=A • grad </>+<!> div A 

tit t curl <f> A=^ ck/ 7 A-A X ^ [FUram 7957, (i) 69 also] 

« ii* m 185. Explain how the haplacian operator V 2 can be expressed in any 
lV orthogonal curvilinear coordinates . 7fr*ce express it in cylindrical and 
mg i*ol a r coordinates. ( Vikrara , 7967) 

1 i 1 F line’ §1.46. 

■ ti..n 186. f/sm# the Theorem of Gauss prove the following identities : 


(0 


V *h=<fi *ndS, (ii) J t/ VxF</t= & nxF 75 


L \ |t a closed surface enclosing the volume V and n is the unit normal 
fit the surface element dS. (Agra, 1968 ) 

187. Explain the meanings of the operations V.V* and V x • sflow that 
— ► 

(A - II) • (B-V) A-(A-V)B-B (V-A)+A(V-B) (Mra, 1972) 

Blniii lire clear from §1.24, §1.28 etc. For second part see §1.33. 
fkm 188. (a) Prove the Green's theorem 

(* S--+ U).* 

4 rtttor field is given by A =(x 2 +xy2) i+ (y 2 -\- x~y) j 
i ihut the field is irrotational and find the scalar potential. ( Bombay % 1970) 

is the well known theorem and for second show V XA=0. 

>mi 189. Establish an expression for the components of the curl of a vector, 
m fagonat curvilinear coordinates and hence obtain the radial component of 
mil ipherical polar coordinates (r, 9, «£). ( Agra , 1974 ) 

||l 4J, |1.45. 

i 190. Find the divergence , the gradient of the divergence and the curl of 

i* r, where r is a position vector. ( Agra , 1974) 

[jMihlfm 98. 

191. If div A— 0, show that curl curl A~—\J 2 A (Agra, 1975) 

\«t 192. (<j) Clearly explain the physical significance of divergence and 
them in spherical polar and circular cylindrical coordinates. 

If h Vi ctor function F depends on both space coordinate (.y y z) and time t 

■ 

</F = (drXJ) F+ F lit {RohUkhand, 1976 ) 

...» I9.V Define Solenoidal and Irrotational vector fields. Show that 
) t»* 'tm lonal vector for every n, but is solenoidal only if n=*— 3, where r 
Mftot vector of a particle. 

) ft udt at tonal field cf miss m, the potential at a distance r is given by 
"yun the components of force and show that its curl is zero. 


H«mt Problems 111 and 169. 


( RohUkhand , 1977) 
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I ix and denoted by I n . Thus nX ° r an , ^ en ” 

I« = 


- 1 

0 

0 ... 

°i 

0 

1 

0 ... 

0 

0 

0 

1 ... 

0 

- 0* 

”6" 

T 

i _ 


2.1 DEFINITIONS AND NOTATIONS 

A set of rim numbers, real or complex, arranged in a recti 
array of m rows and n columns such as ra xx a 1% a ln * 


‘&ml a m2- 


is called a matrix of order mxn. 

In other words a scheme of detached coefficients a tj arrangc^H 
ro,ws and n columns is called a matrix of order m by n or all 
matrix or a matrix of type m x n. 

In case /n=w, the rectangular array becomes a square amljfl 
matrix having number of rows and number of columns equal IlM 
a Square Matrix of order n. 

Any matrix obtained by deleting any number of rows 
number of columns from a given matrix is said to be a Sul 
of the given matrix. 

The mn numbers a ih (/= 1, 2,.... m\ 7 = 1, 2, ... n , /=£/) 
ting the mxn matrix are called its elements or constituents, 
ments an ( i=j ) of a square matrix A are called its. diagonal 

n 

and their sum as trace of A denoted by tr. A= 2 an 

i*=l 

A matrix is usually denoted by capital letters like A (in Cl 
type) or [a i3 ], where a i3 represents the (z,y)th element z>., the 
in the zth row and 7 th column of the matrix. 

Thus an mXn matrix may be expressed as 


, ~ mui a matrix m 

such as 

| (•*» a 2 a p ] and r b x 


- L b Q J 

m «nc being a matrix of order I xp is called n ^ 
frond one beta, a n,a„ix of ordfr ?xi 

I**"* 1 ' e,ement constitutes a matrix of order 1 xl 

■N »..it hence are called scahfrs!^ ° rd,nary numbers as multi! 
mpSlRATIVE EXAMPLES 

3 — n is a matrix of order 2 x 3. 



is a square matrix of order 3 . 


[i s £| is a sub-matrix of the matrix 


A = [*,;] 


'an 

012 

... a X n 

where 

l<i<m 

021 

022 

• • • 02n 

and 


-0*n l 

0m 2 

• • • 0mn^- 

but 

&J 


We have so far used only a pair of brackets i.e. [ ] to 
matrix, but a pair of parentheses i.e. ( ) and double ban 

are also sometimes used to indicate a matrix. 

A matrix having all of its elements zero is said to be a Null | 
and denoted by O e.g. 


I *. o, 6 are the diagonal elements of the matrix 
A=[4 5 6“ 

2 0 3 

J L2 -5 6_ 

|l,2, -5, 6 i.e. if[a„]=r 4 5 6 - 

2 0 3 
l_2 -5 6. 

Mrace^of A i.e. tr A=4-f 0+6—10. 
a 3x2 null matrix. 


*ix r 2 0 
4 5 
L9 4 
e matrix 
whose elements are 4 , 5 , 6 


3 

6 

2 


-1 

7 

1 


3 


then a n =4, a 12 =5, 
a i 3 — 6 etc. 


ro 

0 

01 




1 

*1 

0 

°1 

0 

0 

0 

r° 

0 

01 


0 

1 

0 

Lo 

0 

0J or 

Lo 

0 

OJ 


0 

0 

ij 



a unit matrix of order 3 . 
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7. 

8 . 


[2 3 

a 

i j 

L 7 j 


—5] is a 1 x 3 row matrix, 
is a 4x 1 column matrix. 


2.2. EQUALITY OF MATRICES 

Two matrices A and B defined as 

« - .. * 7- ,”L‘S j 

*• ■’ / 0 ' *• /or '* 
o/ subscripts i anclj. f muS t be identical III 

“ re equa ’ lf ” , ' d ' 

S a duplicate of the other. 

illustrative examples 
j jf \=r«.. a,»l and B 


[ an a ia 1 
a 21 a M l 
Cl) 1 1 032 J 


bn 

b?A 

_^31 


b 2 “l 
^22 I 

? 32j 


b 

b% 2 

^32 


then 


A=B if and only if 

a n =b u> «»“&». 

The matrices ri 21 and 


b M , a 3l =b iU a 32 =^b 3t . 

2 5T being of fll 


2 51 
-4 OJ 

are comparable bl^^| 


G Jr na G 

order are not comparable for equality. 

3. The matrices T2 3"! and f2 3 

^ Fi n <\ row and 1st column of the find 

sa !"ri of ,r,: c :»a, 


4. The matrices 

5. The matrices 


r2 

Lo 

r4 

16 


1 

9 

5 

0 


:y 


271 

31 


and f2 

LO 


and 




1 

9 

2 3 

3.2 


5] 


5 

0 


V 9 


3 3 J arc eq| 


sail 


COROLLARY. Equivalence Relation ^ 

If there are three matrices A, > 
following three properties. 

(/) Reflexivity A=A » 

t=S3'B-c “^.a-c _ 

W Trm,mv„y .J form a „ tqu w.,kn«* 

Then the equality ot matrices 1 

tion. 


IUl('l<S 


191 


• \ DDITION OF MATRICES 


m\ matrices A=l a^] and B=[6^] are said to be conformable for 
Union if they are of the same order i.e. they have the same number 
I lows and the same number of columns. The sum of the two 
wires A and B is then defined as the matrix each of whose elements 
kihr sum of the corresponding elements of A and B i.e. 

A + B = [a ij] + [bij] 

— [dij+bij] 

p M.unple 


^011 

012 

... a ln 

and 

B = 

~b n 

b\o ••• 

... b Xn 

021 

022 

... a 2n 



b-n 

Z?22 ••• 

... b^n 

~0mi 

0m 2 • • • 

... Cl mn 



- b m i 

b m 2 ••• 

... b?nn— 


A+B 


0n + ^n 012 + ^12 
021 + ^21 022 + ^22 


0]M+^m’ 
Cl 'in + b.)n 


—Cl mi ~\~b m i 

0 «i 2 ~t” bm 2 

Ai an other example if 

I A 


Clinn~\~b mn — 


r 2 

0 

3T and B=J 

■-1 

2 

°i 

L— 4 

1 

5J [ 

. 3 

—4 

-5J 


IMMI 


A+B=f 2-1 0+2 3+0l = r 1 2 3 1 

L-4+3 1-4 5-5J L-l -3 OJ 


IHmh.lary 1. tr (A+B)=/r A + /rB e.g. if A = r— 1 2l and 

L 2 3J 

B = r2 3-| then tr (A+B)=l+4=5=*2+3 
LO IJ =/r A+//* B 


IHOt.LARY 2. Subtraction. The difference of two matrices A and B 
tire conformable for addition may be defined as the sum of the 
htntrices A and (— B) where (— B) is the matrix obtained by 
ll|flviivg every element of B by — 1. Thus 
A -B=A+(— B) 

lilt ^m^nts of'the difference matrix A — B are obtained by sub- 
Ibir the elements of B from the corresponding elements of A. 
y \ A =[c lV ] and B =[£+]> then 

#^B= [ciij] — [bij\ = [a i} - — bij] 

I* <iii illustrative example if 


A=r2 

5 

— 3 ] and B=[ 

• 4 

0 

3 1 

Lo 

7 

— 8.J 1 

.-2 

0 

5 } 


Hi A— B=f2— 4 5-^0 — 3 — 3“1 — r — 2 5 -6 1 

LO— (— 2) 7-0 — 8 — 5 J L 2 7 — 13J 


W'U.i.ary 3. Multiplication of a matrix by a number (scalar) 

1 A is a matrix of any order say mxn defined as 



then the addition law follows 

A+A = p 0 n 

(I21 ^22 

~ci m \ G it »2 

or 2A— 2 p (i\\ a i2 
CI21 a w 


_a w i a m2 

Similarly 

2A+A=3A = 3 pan 
a 2l 


flinl + P^U (l 12 

t7oi ^22 


a 2 n I 

Clmn-^ 


G 1 n 




« 1 ,n=r^u ^12 ••• 

« w I 2a *> - a - 2 ;;; 

flmn-i <- 2 a m i 2fl ™2 ••• 


**inn mm ■ 
... 2 rti*w 

2 c/,- 11 


*12 

Go* 


Gml a m2 

’3 fl 31 3<3 12 
3fl 2 l 3^22 


dm 

G- ln 

Gatin' 

3c/i -t? 

. 3/I 2 n 


. . 3d ftr n 

or complex and A is a 


-3a m i 3o m2 ••• 

is said to be the scalar multiple of A. 
As an Illustrative example it * - 


2A " 2 [-? 


3“[-S 

3- 


3A= 


=3 [- 


4 

10 

6 

15 


3 


a 


then 


12 


3 


2 
5 

0 2 3-l = r 0 
_ -1 5 4J L— 3 

It is easy to verify that 

an i s^«tlr=rM, + 0 + Ae,e.,-e,= V-. 

D v 4 I incar Combination of Matrices 
corollary 4. L'ncar applied to combine any nut 

The same law of addition c ^be ^ finite num ber of mill 

° f r a f iC d'or T !x«( s^y) and * bc scalarS the * J 1 

eachoforda »x«( y) fcK=[ttflt , + ^+YC«+ ** M 1 

K -< w 

As an illustrative example it 5 -, 

A “G -? 51 ' ""[» “5 S’ t 0 d 


corollary 5. tr. ( XA)—Mr . A, A being scalar e.g. if A = r2— 2"1 so 

Lo-iJ 



m tr. W.^’kir. A. 


J 4 PROPERTIES OF MATRIX-ADDITION 
|l| The Commutative Law 

j If A and B are two matrices of the same order say m X n. then 


A+B=B+A 

Let A=[a 0 ] and B *=[&«], i = l, 2 ,. 

7=1, 2, 

Wc have 


.m 

.n 


A + B = [&ij\ + [bij\ — [dij + bij] 

~[bij+a i7 ] since b ti and an are scalars 
=[bij]~\-[a tj ] 

=B+A 

It the commutative law of addition holds. 

1 2] The Associative Law 

//A, B, C are three matrices of the same order say 'm x n, then 
(A+B)+C=A+(B+C) 

I Let A=*[a is ] 9 B=[ 6 ,J and C=[c«], /= 1 , 2 ,...m 

j= 1, 2 , .../1 

We have (A+B) + C =([^]+[M+[^] 

= (i a ij + + [ c ij] 

*= [(da + bn ) + r 1 J 

«</» being scalars 

= + ([&»7 + c u\) 

=A+(B+C) 

/#. the associative law of addition holds. 

1 1] The Distributive Law 

[ If A and B are two matrices of the same order say mxn and k is a 
hitlar then k (A+B)=&A+A:B 
| Let A a= [a*;] and B=[ 6 „], z=l, 2,...w 

y- 1 , 2 ,...n 


then 
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k (A+B)=* [aa+bii] 

=[k (aa+bii ) ] 

z=[kai,+kbij\ 

=fc[a„]+*[6«], A: being a scalar 
=JtA + A:B 

i.e. the distributive law of addition holds. 

[4] Existence of Additive Identity 

ie A+0=A 

then O is said to be the additive identity of A. 

u sr, *, h ^nis-^. ^ 1 

since a zero added to any seals 
leaves it unchanged. 

=A 

Because of this fact O is said be an additive identity of A. 

[51 Existence of Additive Inverse 1 

-A % b ZZZVder?uA S ifi itVJdded to Agivlfa null mail 

0. 

1. e. A+( — A)=0 

then ( — A) is said to be the additive inverse of A. 

Let A=M 

Then, — A= — [a i3 ]=[ «»#1 

So that A+(— A) =[««]+[ - fl ol 

—[an — ««] 



=o 


Because of this fact (- A) is said to be an additive inverse of A. 

[6] The Cancellation Law M 

H ABC are three matrices conformable for addition then im 
relation ' A+B=A+C 

holds if and only if B=C . . 

Let A=M, B =[bn\, C=M, 

Then the relation A+B=A+C follows ’that (ij)th element. J 

either side are identically equal i.e. 

aa+bii—an+Ci) 

which yiel b { ,=Cn , since a iit bn, c (i all are scalars. 


Ill Hires 
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• (/, y)th element of B •=■(/, y)th element C for all values of i and j. 
A» «uch B=C 

Hence the relation A+B=A+C holds if and only if B=C 


iMIem 1. 7/A = r7 


3 

4 


rl 2 -31, B=f 3 -1 21 
Li 0 2} L 4 2 5 J 

1 
3 


and C 


21 then find 

2 J 


10 A+B 
|I0 A-C 
MO -2A 
m 2X+3B-4C 
(0 We have 
A-| B=rl 2 
L5 0 
=ri +3 
L 5+4 

= f4 1 
19 2 

HO We have 

I 4 c=ri 


-3 

2-1 

0+2 


H 


-1 

2 


-3+2l 

2 + 5 J 


r 4 1 -1 i 

L9 2 7J 


fl 2 — 3]_r4 1 2-1 

L5 0 2J Lo 3 2J 


1-4 2-1 -3-2-1 

5-0 0-3 2-2J 


-3 
5 

l*n Wc have 
2A=— 2rl 


1 -5 

-3 


a 


r 1 2 -3 i 

l5 0 2J 
= r -2 -4 6-1 

L— 10 0 -4J 


Ml Wc have 

2A + 3B— 4C=2fT 


2j L4 


2 5J 


= r 2+9-16 4-3-4 -6+6-8 


LlO+12— 0 0+6-12 4+15-8] 


=r-5 -3 


-3 —8"| 

22 -6 llJ 


hatlun 2. If A = 


P 2 -31, B=fi -/ 21 

5 0 2\ \4 25 

L 1 -1 l\ \_2 0 ,?J 

[? J 3 


and C=f 


1- 

c 


3l + 3r3 -1 2i—4r4 1 


LO 3 


2j 


196 

Verify that A + (B — C) = (A + B) - 
and determine the matrix D such that 
We have 
A + (B — C) = 


MATHEMATICAL HIM 


7 

il-»Hll is 

"MM I 


A + D-B 


and (A+B)-C= f 



From (1) and (2) it follows that 

A+(B-C)=(A+B)-C * 

Hence the required relation is verified. 

Now given that 

A + D=B 

Adding (—A) to both sides, we get 
A+D— A=B— A 

or D-f A— A=B— A by commutative law 
or D=B— A since A — A =0 by existence of additive || 


4 


1 

2 > 

T 1 

2 

- 3 1 

2 

5 

5 

0 

2 

0 

3J 

Li 

-1 



t-i 1 1 ] 


2 —3 5 “ 
2 3 
1 2. 

Which is the required matrix. 


2.5. MULTIPLICATION OF MATRICES 

Two matrices A and B are conformable for multiplication if an<l t 
the number of columns in A is equal to the number of rows in 
product of the two matrices A and B denoted by AB is then 4 
the matrix whose elements in the ith row and jth column is thi 


: 


197 


i uni of the products of the elements in the ith row of A by the 
impending elements in the jth column of B. 

In oilier words the product AB of two matrices conformable for 
Implication, is the matrix whose element in the /th rowandyth 
Mini is the inner or scalar product of the ith row of A by the y'th 
•Min of B, while the inner product or scalar product of two 
»l>ors .r and y with components x u x 2 ,...x n and y u y 2 ,...y n is 
i** n| to 

•*iJ'i + -X2>’2 + + *n J’n 

|i should be noted that inner product of two numbers with 
|N|uul numbers of components is not defined. 

A* mi illustrative example if 
A= 



a i2 

<*13 

and 

B = 

~*u 

*i 2 l 

Cl 2i 

a 22 

<*23 



b 2 i 

*22 

a 3l 

<*32 

<*33 



_ b 3l 

*32 J 

L a xl 

<*42 

<*43 _ 






■" it is clear that the two matrices are conformable for multi- 
vlmn since the number of columns in A is equal to the number of 
Tm in B. 

AB=r a u b, 


d o 12 bix+a ri b 31 a xi b lt +a l2 b 22 -\-a 13 b 3l ~i 

0-21 *n~b^22 ^2i~b^23 b 3 i ^i2“i“it22 b 2 2~fa 23 b 32 

«31 *11+^32 *21 + ^33 *31 «3l *12+fl 32 *22 + ^33 *32 

*— ^41 ^11 ^42 ^ 2 l “ b ^43 ^31 ^41 ^ 22^~^43 ^ 32 - 

ill is worth noting that the product BA is not defined, since the 
mkr of columns in B is not equal to the number of rows in A. 

I In l he product AB, the matrix A is known as Prefactor and B a» 
mi factor. 

I A* un illustration in generalized form if 
A = a matrix of order mxn 
B=[M, a matrix of order nxp 
m AB = C (say) is a matrix of order mxp 

C=[c IJfe ] is a matrix of order mxp such that 


n 

Cijg 2 an bjk 

7=1 


=an bi k -\-a i2 b 2k -\- •••+a in b n it ; /* 


Mms 


= 1, 2 t ...m and 


C= 


c n 

C 21 


C l2 . 

^22* 


c lv 
• C 2 f> 




'Cmv — 


imoi LARY. tr (AB)=/r (BA), all matrices being square of order n . 
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•T 


If A =[a w ], B=[M then AB=C say =[«?*] 


where 


Cij — 2# 

k—\ 


a%k bkj 


Lei BA— 0—1//*+] where <7,+= 2 

k= 1 


Thus/r. (AB)=2c<,= 
/ 


=2(2flf a h w ) 
i k 


n n 

— 2 2 a** h** (on interchanging the order of summation) * 

*-! i=i 

= 2 (2 b ki a ik ) 

k=l i=l ■ 

= 2 d kk =tr. (BA) 

*=1 

which proves the proposition. 

2.6. PROPERTIES OF MATRIX-MULTIPLICATION 
[1] The Commutative Law for Multiplication does not hold in ge 

Consider the matrices 

A "[ l ~ 3]“ <iB ''[ 1 0 2 ] 

These are conformable for multiplication and so 


AB= [ 


1+0 0-2 2 - 61 = 
2+0 0+3 4+9 

3+0 0+1 -6+3 


]U 1 31 


and BA= 


[ 1+0-6 -2+0+2 1 r-5 O’] 

L 0+2-9 0+3+3 J“L-7 6J 


It is apparent that the product matrix AB is of order 3x3 
the product matrix BA is of order 2 X 2 and therefore the two | 
duct matrices are quite different i.e ., 

AB^BA 

This follows that the commutative law of multiplication does I 
hold. 

Had the order of the matrices AB and BA been the same, th 
would be possible that AB+BA if every or at least one elen 
AB would differ from the corresponding element in BA. Though I 
are a few exceptions in which case the commutative law holds \ 
Such cases will be considered in the discussion of special matric 


matrices 
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In fact for a given pair of matrices A and B it is possible that the 
pioducts AB and BA may not be conformable. For example if A is 
“f order mxn and B of order nxp , then the product AB is confor- 
H,,, hle and will be of order mxp while the product BA is not confor- 
mable since number of columns in B is not equal to number of lows 
to A. Thus the product AB exists while BA does not. 

[2] The Distributive Law for Multiplication holds Good 

If A, B, C be three matrices of suitable orders such that the products 
K (B + C) and AB, AC are conformable then 

A (B+C)= AB+AC. 

Suppose that 

A is of order mxn 

B=[6,*] is of order nxp 
•ml C=[c jk ] is also of order nxp 

Then, (B+C) is of order nxp and A is of order mXn so that A 
III I- C) is conformable and of order mxp . Also AB and AC both are 
[if order mxp so that the sum matrix (AB+ AC) is of order mxp. 
Hence the matrices A (B + C) and AB+AC are of the same order so 
Hint they are comparable for equality. 


n 

2 a i: 
7=1 

Cjk 


(bj k +c jh ) 


Now, 

(/, £)th element of A (B+C) = 

n n 

=" ^ a^ bj k + 2 a i4 
7=1 7=1 

=(*, k)th element of AB+(/, k)th element of AC 
=(r, k) th element of (AB+AC) 

for all i=l, 2 ,......m and k= 1, 2, .p 

A(B + C)= AB+AC 
A similar procedure will show that 
(B+C) A=BA+CA 

jllirrc B, C, A are of orders mxn, mxn, nxp respectively. 

Hence the matrix multiplication is distributive with respect to 
^klition. 

|l| The Associative Law for Multiplication holds Good 

If A, B, C be three matrices of suitable orders such that the 
ducts (AB) C and A (BC) are conformable then 

(AB) C=A (BC) 


200 


MATHEMATICAL PHYUKli 


Suppose that , 

is of order mxn 
® == [^yj is of order nxp 
an ^ is of order pxq 

is oforde^xi 5 ^s^BO^f ^ C ° f order / x <? s ° that (*B) (1 
that A (BC) is of order mxJ ° rd !u m x ? and A of order m y « «l 

are of the same order so tw ,? he matnc L es ( AB ) C and A(BC) 
that they are comparable for equality 

Now (/, *)th element of AB = 2 a {j b jk 

/= 1 

So that '(/, /)th element of (AB) C= I {2 c „ 

*=i y=»i 

= k~i J, a ‘ j b,kCkl 1 

Als °. (j, l ) th element of (BC)= 2 c », 

*=1 


So that (/, /)th element of A (BC)= I {2 b jk c kt } a u 

/= 1 &=l 

, S a ‘i bj k c kl 

J-l *= 1 

/> n 

^ a '> bjk c kl 
A=1 y=i 


=(*» 0th element of (AB) C 

. . foraU /=»!, /=1, 

. . A (BC)=(AB) C. ■ 

Hence the matrix multiplication is associative. 

[4] If A be a matrix of order mxn and n n . . , 


f or dtf 

i.e. 




4 


then theft product is a null ’matrix' o^orde^ ° f ^ "* 

« A =O m , , 

Conclusively if A be an n-rowed square matrix and O an n-row|fl 

AO=OA=Q 


’ 


null matrix, then 


M 
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i V the product of Wo matrices A and B is a null matrix then it is 
filial that either of them is a null matrix i.e. 

IH 0, it does not necessarily mean that at least one of A and 
I Mill-matrix. ( Meerut , 1967 ; Gorakhpur, 1961) 

•h Illustrative example if 


A=rl n and B = 

r-i n 

12 2J 

L i -u 

AB=rl in r— l 

n=r — i+i 

L2 2j L 1 

-lJ L— 2+2 

=ro o-i=o 


Lo oj 



10* product of two non-zero matrices A and B is a zero matrix. 
I If I be an m-rowed unit matrix and A an mxn matrix then 
I m A=A 

Mou' that A=---[tftf] a matrix of order mxn. 

■ft, \ m A is a matrix of order mxn and so is comparable to A. 


m, (/./) th element of I m A= 2 (/, &)th element of I m -a w 

k = 1 

Hie (/, &)th element of I m is zero except when fc=i, therefore 
■Id hand sum of the above expression will have only one term 
jH from zero and that is the zth term which is equal to 

It, /)th element of I m ‘tf f ,=l 

= £,•, 

It, /)th element of I m A =a 0 

=(i,j ) th element of A 

follows that 

Im A = A 

Jmly it may be shown that if A be an mxn matrix and I* an 
Jd unit matrix, then 

A I n =A 

m 1 ' This result shows the existence of a multiplicative identity. 

I fndtive Integral Powers of Square Matrices 
I* a square matrix of order n (say), then 
A 2 =AA 

associative law' of multiplication leads 
A*A=(AA) A=A(AA)=AA* 


A 
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or A 8 =AAA— A 2 A=AA 2 

In the generalized form if p % q are two positive integers, thU 
A P A Q =(AA...A, p times) (AA...A, q times) 

=AA...A, (p+q) times 
=A p+q 

and (A P ) C =(AA...A, p times)® 

=A®A®...A®, p times 
=A pq 

corollary. If I is a unit matrix of any order, then 
I 2 =I 3 =...=I P ==I. 

Problem 3. Find the product of the matrices 

A=f 



iftfcm 


0 3 u 

p-1-3-4 
4-1 — 5-4 
L2-I — 1 -4 

r-10 

h - 


-2 

2 


a 


-2-2+3' 

-4-2+5' 

— 2 - 2+1 

21' 

37 
11 


2-3+3 

4-3+5 

2-3+1 


a 


b U clear that AB and BA being of the different order cannot be 


f 2 1 2 11 and B= 

- 2 -1 On 


0 4 1 


-2 1 0 


L 1 -3 2 J 


AB^BA. 

heblem 5. If Aa = [" co 
L — si) 

W"' 


cos a 
sin a 


sin a 
cos 


a l 

aj 


and Ap ■ = £ cos 0 


sin 0 


sin 
cos 0 


a 


The matrix A is of the order 2x4 and B is of the order 4| 
that they are conformable for product and the product matrix < 
of the order 2x3. 


m* prove that 


Aa+P=[" cos (a+0), sin (a +0)1 
L— sin (a+0), cos (a+0)J 


Aa Ap =Ap Aa =Aa-f p 


Nowj 


AB-f2 


r2 1 2 11 
Li 1 1 lJ 


R: 


2+1 


-0+2-(— 2)+l 
■ 0+1 -( — 2)+ 1 


■ 2 

0 

-2 

. 1 

1 
1 


-1 
4 
1 

-3 
2 •( — 1) + 1 
1*(— 1) + 1 


0 

1 

0 

2 


[l 1 3) 

Problem 4. If A=r 1 — 2 3 " 1 

1-4 2 jJ 


4+2-1 + 1 •(— *) 
4+1 - 1 + 1 -(—XI 
2-04-1 -1+2-0 
1 - 0+1 -1 + 1-0 



r cos a sin al r 
L— sin a cos aj |_ 

= T cos a cos 0— sin a sin 0 
L — sir 


cos 0 
-sin 0 


+ cos (a+0) 
L — sin (a+p) 


and B = 


2 

4 

2 


i] 


-sin a cos 0—cos a sin 0 

sin (a+p)l 
cos (a+p)J 

=Aot+B. 

milurty Ap Aa =Aa+p 
HltMtr Aa Ap =Ap Aa = Aa+p. 
fiHblcm 6. //A=fJ —4 1 prove that A n = 

U l\ 


sin 01 
cos 0J 

cos a sin 0+sin a cos 
— sin a sin 0+cos a cos 0 


a 


A n =[ l + 2n -4nl 

L n l — 2n\ 


find AB and show that AB+^BA. 

Since A is of the order 2x3 and B of the order 3x2, the 
and B are conformable for the products AB and BA both, 
be of the order 2x2 while BA will be of the order 3x3. 

| 

• 2 — 2 - 4 + 3 - 
• 2 + 2 - 4 + 5 - 
—4*1 


Wf n is any positive integer. 
Iff have 

V-AA=r3 


Now, AB= 


Li -\ a 


[i n 


■B 


'A 2 A=| 


it -n g - t ] 

B =!] [? -J]-G =? 2 1 


zSN '? 2 


l- 

-4- 


1 -3 — 2-5 + 3 - 
— 4 - 3 + 2 - 5 + 5 1 


a 


=r 0 - 4 1 

L10 3J 


=; 2 ] [? 


- a-K = 5 6 ] 


-t i+ r 3 

-[l +2 .4 


-4 

1-2 


-4 

1-2 


—4-41 

1-2-4J 
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Assuming that the result is true for an integral power rt, we huv# 
A n = ri+2« — 4ni 

L n 1 — 2/z J 

Multiplying both sides by A, 

A n +Wl+2 n — 4«> [~3 -41 = fl +2 (n+l) -4 (n ‘ 

L n 1 — 2 / 2 J LI lJ L w+1 1 — 2 (/i 

Thus if the law is true for A n , it is also true for A n+1 . But it ih 
for n— 2, 3, 4 ,... ; hence by the method of induction the same I 
true for any positive integral value //. 



2.7. PARTITIONING OF MATRICES 

In many cases it is found rather convenient to regard a matrix as rt 
up of a certain number of its submatrices which may be treatc 
the elements of the matrix. This can be done by drawing any null 
of lines parallel to the rows and columns of the given matrix, 
submatrices contained in rectangles so formed are then treated all 
elements of the matrices. This process of dividing a given matrix || 
certain number of sub-matrix elements is known as the Partltlo 
of matrix . 

As an illustrative example if A is a matrix defined by 


A=[" 12 4“] 

b S i J 


then this matrix can be partitioned in different forms by dral^H 
lines parallel to row or column or both. 

In the first instance, we may partition it as 


A-r i 

-2 


2 4=j 

0 -5 


0 3 


f A U 1 where A u = | 

- 1 

2 

4 1 

U 21 J 1 

.-2 

0 

— 5j 


and A 21 =[0 3 


In the second instance we may have 

a=4 




r 1 

2 

4 1 

-2 

0 

-5 

L 0 

3 

6 J 


=[A U A 12 ] where A u = 


-!] 


In the third instance we may express 


«=r l 
-2 


2 

0 


0 3 


-31 

6 J 
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-rA„ 

A.jfl where A u =f 

■ 1 

2 1 

A 12 =r 4i 

La 21 

a 22 J l 

.-2 

oJ. 

L-5J 


A„=[0, 3], A aa =[6] 

As another example if we have two matrices of the same order say 


“ 0 

2 

-5“ 

and B— [ 

“-2 

0 

1 

j 

4 


5 

4 

-1 

5 

2j 

1 

3 

-1 


Jiiiitioncd identically as below 


\=r 


0 

1 


L —1 


i)"i B=r- 


L 3 


2 

3 


-5 1 
4 


2 J 

0 3n 

4 2 


—1 6 . 


= fA n A 12 “| 
La 21 AojJ 


=rB u B ia i 
Lb 2 i BjJ 


31 

2 

6 


m\\ the two matrices A and B are said to be identically partitioned. 

■ 1 lie two identically partitioned matrices A and B are comparable 
m addition if the corresponding sub-matrices in A and B are of the 
Mr order i.e. the order of A u , B u is the same, the order of A ia , 
I., is the same, the order of A 2i , B 21 is the same and the order 
M A g |, B 22 is the same in the above example and then we have 


A+B==rA u Ajjl + rBn B lt "| 
LAji A 2 2-J LB 2 i B 22J 
= rA u +Bn A 12 +B 12 "j 
lA 2 i + B 21 B 2 2 J 


M PRODUCT OF MATRICES BY PARTITIONING 

;|H A be a matrix of order mxn and B be a matrix of order nxp 
••• I hat the matrices A and B are conformable for multiplication 
AH Now if the two matrices are partitioned, then the partitioned 
mirlces will be conformable for multiplication ‘ when to each partition 
|hi' of A parallel to the columns there corresponds a partition line of 

f i parallel to its rows such that the number of columns of A lying 
tlu cen two adjacent partition lines is the same as the number of rows 
• I H lying between corresponding adjacent partition lines j Broadly 
milking if in A there lie a partition line after third column, another 
I Hr lifter fifth column, then in B a corresponding line should be after 
Hill d row and the another line after fifth row. 

j li is notable that partition lines in A parallel to its columns may be 
liltiwn in any arbitrary manner. Two matrices A and B partitioned 
Ih the above described manner are said to be conformably partitioned 
jvi multiplication , for, with such partitions the two matrices can be 
Hiulliplied as usual, with sub-matrices as the elements. 

Ah an illustrative example if A be a matrix of order 4x5 and B a 
hut 1 ix of order 5x6 partitioned as below: 
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2 1 

3 -1 

2 ' 

3 2 

2 5 

0 

4 5 

0 5 

3 

.0 2 

6 7 

4 


~rAu 


a 12 

A»a 


A, si of order 


Cal 

^23J 


where 


and 


A u 

An 

A 13 

Aji 

Aj2 

a 23 

B = 


is of order 


0 

5 


2x2 

2x2 

2x1 

2x2 

2x2 


3 

-2 



4 

-2 

3 1 

=rB n 

b„1 

5 

6 

2 

b 21 

b 22 I 




Lb 31 

Bad 


2 

-2 


0 

3 


3 

4 


4 

-6 


•where 


B u 

Bu 

Bjt 

Bji 

B 32 


0 4 -1 i 

is of order 2x3 
” 2x3 

” 2x3 

” 2x3 

” 1x3 

1x3 


7 8 J 


of order I 


Then it is clear that A and B are conformable for multiplictlj* 
Also the partitioned matrices A and B are conformable f Jfl 
cation, for, the partitioned matrix A is of order 2x3 and e pH 
tioned matrix B is of order 3x2. 

Thus, 


AB=fA 


La 21 


A 12 

A 2 2 


A 

A 23 


lal 

23-1 



= rAn Bu+Aw B 2l +A 13 B n A u '®* 2 t+' £ 3 ‘1 

La 2 i Bu+Aj, b 21 +a 23 b 31 a 21 Bi2+a 22 b 22 +a„ b 3 »^ 


GDG 
GOG 

[o a g 
B a g 


2 

4 

-2 

6 

2 

4 

-2 

6 


_a + B 
a + e 
16 

3 1+ [0 


“J. 


-ac -6 01 


a [—2 5 a + 0 

a 


[0 4 
[2 7 8] 


J] + i 
l] 


sir 20 3i+r3l 1° 4 -U 1 
7J L— 2 3 4J UJ 
si r 1 4 51+m i 2 7 81 

7 J 1.5 -6 Oj l4j 


T 5 8 4-j + r 
1.10 14 5J L- 


8 -3 51 + rO 8 -21 

6 15 26 J Lo 0 0j 

rl3 2 8l4-r--2 18 

L22 6 1 3 J L 27 -22 


'i '3 
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f25 28 2l + |* -10 15 20l + f0 12 -3*1 
LlO 8 — 4J L~2 21 46 J LO 16 -4j 


2 21 46 J L0 16 
r41 22 22“| + f25 -30 0l + r6 21 24l 
LlO 12 4J L41 -18 30 J L8 28 32J. 


in 

13 

7 i r 15 

34 391 

U 

29 

31 J 1.49 

-16 23.J 

I 1 ' 

55 

191 r72 

13 46-1 

ll * 

45 

38J 159 

22 66 J 

i|i 

13 

7 15 

34 39-| 


i 

29 

31 49 - 

-16 23 


I' 

55 

19 72 

13 46 


i 

45 

38 59 

22 66_ 



UAL MATRICES WITH THEIR PROPERTIES 

Mining a matrix, we have already mentioned a few of the 
types of matrices like square matrix, null matrix, row and 
matrices, unit matrix etc., but in this section we have to 
utmost all the special types of matrices with their properties 
jjons to others. Some types will be discussed in more detailed 
frw others which are rarely used in different branches of 
tics applied mathematics and mechanics. 

iime Matrix and Special Square Matrices 

ru A having the number of rows and columns equal is called 
matrix e.g. 

A=r 


0n 

021 


013* 

022 * 


•0m 

•02n 


L a n 


r 0n 

L 021 


A is said to be a square matrix of order n or an n-rowed 
"matrix or simply ^-square matrix. 

dux which is not a square matrix may be called as a 
m matrix, e g. 

012 013 "I 

022 033 J 

M u matrix of order 2x3. 

mlmint of a square matrix. The determinant of a square 
A is the determinant which has got for its elements all the 
«>f the matrix A in the same places. It is denoted by | A |. 
I *-[««] then | A |=| a (j \ . 

Bwlier example if A be a n-Square matrix given by 


An= 

" 011 

012* * • 

•0m 1 


021 

022** 



— 0nl 

0f»2 • • • 
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then | A | = 


0n 
a 2 1 


a \% a W 

^22 ^2 n 


0nl QflZ a nn 


It is easy to show that the determinant of the product inn! 
equal to the product of the determinants of the square 
and B of the same order i.e. t 


I AB | = | A | ! B ! 

Or, in general the determinant of the product of any 
square matrices of the same order is the product of the df 
of those matrices i.e. 

| ABC K |=| A | | B | ! C | | K | 

Special square matrices. While discussing the properties 
multiplication we have mentioned the commutative pr 
relation to square matrices A and B of the same order say 
say that if AB=BA then A and B commute and if AB — 
A and B anti-commute. It can be easily verified that li 
matrix A commutes with itself and also with identity matfll 
AA=AA 


and AI n =I w A 

If & is a positive integer, then the matrix A with I ho 
A k+1 ==A is said to be periodic . In case k is the least poslf 
Such that A* +1 = A, then A is said to be of Period k. 

In the case when k— 1, so that A 2 =A, then A is slid to 
tent and if p is some positive integer such that A p =0 then 
nilpotent . In case p is the least positive integer such that A 
A is said to be nilpotent of index p. 


ILLUSTRA T1VE EXAMPLES 

is a square matrix of order 3 
2. f2 3 4 *1 is a rectangular matrix of order 2x3 


LL/Ji A\fi l IT JL. JL.Si.SHVl 

l.r 5 0 4 "1 
2 3 9 I is 
L-l 5 Oj 
r2 3 4 ] 
1.5-2 OJ 


3. The determinant of the 3-square matrix 


4. The matrices 
since 


;es fa p~| and fy 5 
Lp aj LSr 


‘2 0 4' 

5 -2 1 
0 3 2 


j commute for all values 0 


fa p-l f y 5"1 = f ay+p8 
Lp aj ' l 5 yj Lfiy+aS 


5. The matrix 


2 -2 -4 

-1 3 4 

1 -2 -3 


a6 + py-| = fy 5] fa p 
PS+ayJ l_S yj Lp a 

is idempotent, sinca 


IS|I i s 
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-4 

4 

-3 


2 

-1 

1 

<\ 

A 

-1 


-2 

3 


-4 

4 


-2 -3 

-2 -4 

3 




4 

-3 


* 2 -2 -4 

-1 3 4 

1 -2 -3 


I In* matrix 


1 v-2 -6 

-3 2 9 

2 0 —3 


is periodic of period 2, since 


* 1 —2 

t 
° 1 

+] 

“ 1 - 

-2 

-6T 

r 

1 


-2 

— 6 -1 

3 2 


-3 

2 

< 

) 


3 


2 

9 

2 0 

- 3 J 


_ 2 

0 

- 




0 

— 3_ 


— 


5 —6 

-6" 



l 


A 


61 



c 

> 10 

9 

j 


-3 


2 


9 1 



_-4 

1 -4 

-3_ 

i 


2 


0 


•3 J 


= 

~ 1 

—2 

— 6 - 









j he matrix 


-3 
2 

1 1 3 

5 2 6 

-2 -1 -3 


2 

0 


9 

-3 


is nilpotent of index 3, since 


IT- 

6 


2 -1 —3 _ 

2 -1 -3. 

_ L “2 

-1 -3 

*= 

0 0 01 

3 3 9 

" 1 

5 

1 3 1 

2 6 


_-l -1 -3 

—2 

-1 —3 


‘ 0 0 0 1-0 
0 0 0 
_ 0 0 0 _ 

l| N<w Matrix and Column Matrix (Row and Column Vectors) 

Kjtutnx having only one row and any number (>1) of columns 
IM t" he a row matrix or a row vector e.g. t a row matrix of order 

l • 

I fan «i 2 a ln ] or [a x a 2 a n ]. 

I Mnil rix having only one column and any number (> 1) of rows 
Mhl he a column matrix or a column vector e.g a column 
mk •'! order mX 1 is 


-All ~ 


- 01 - 

021 


a 2 


or 


— 0fnl _ 


- 0»n _ 


Ml I ‘icssing vectors as matrices, the elements of the row vector or 
Pit vector are known as the components of the vectors. Thus 
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we can define a n-vector as ‘ an ordered n-iuple of n real or cow 
numbers written in a horizontal or in a vertical lined 

Algebraic operations on vectors. If A and B be two vectors 

components a Xl a 2i ...a n and b x , b 2 ,...b n respectively, then it is t 
to show that 

(0 A+B=[a 1 , a 2 , 9 (*n] + [bi, b 2 ,b Tt ] 

= z [a x -\-b 1 , a 2 -f- b 2 , ,0 n -{-b n ] 

(ii) k\=^lc [a u a 2 a n ], k being a scalar 

=[ka x , ka 2i k a n ] 

(iii) A*B=fl 1 6 1 -t-flr a 6 2 + + a n K 

(iv) A*A= | A 1 2 =a l a x +a 2 a 2 + +a n a n 

= 1 <*\ | 2 + | #2 ! 2 + +1 a n \ 2 

(v) A vector will be a unit vector if ] A | = 1 
(vz) The vectors A and B will be orthogonal if A.B—0 

\vii) The vector O [0, 0, 0] is said to be a null vector 

(vzzz) A+0=0+A=A 

Linearly dependent and Independent sets of vectors. A set of n 

tors A t , A 2 , An is said to be linearly dependent if there exil 

set of n (of which at least one is non-zero) scalars k x ,k 2> . 

such that 

k x X x ~\~k 2 A 2 + -\~k n A n — O 

In the case when k x ~k 2 — —k n =0, th^ set of n vectors 

A 2 , A n is said to be linearly independent if 

k x At+Ar 2 A 2 +...+ k n A^^O. 

A vector A is known as a linear combination of the set of ve 

At, Ao, , A n if it is expressible as 

A=k x A x -\~ k> 2 A 2 H“ k n A n 

where k x , k 2 > , k n are scalars. 


ILLUSTRATIVE EXAMPLES 

1. [1 0 2 4] is a 1 x4 row matrix (or row vector). 


2. 


in 


is a 3 x 1 column matrix (or column vector). 


3. If A=[4, 6, 0, 3] and B~[2, 3, 4, 0] are two vectors, then 

A+B=[4, 6, 0, 3] + [2, 3, 4, 0}=[6, 9, 4, 3] i 
3A-2B=--3[4, 6, 0, 3] — 2[2, 3, 4, 0] 

=[12, 18, 0, 9]— [4, 6, 8, 0]=[8, 12 —8, 9] etc. 

4. The set of vectors [1, 2, 3], [2, — 2, 0] is linearly independent 
k x [1, 2, 3 ]+k 2 [2,-2, 0]=0 is equivalent to a system of equal 

k 1 +2k 2 =0, 2k x -2k 2 =0, 3 k x = 0 
which are satisfied only if k x =k 2 =0. 


HAIRfCES 


211 


The set of vectors [2, 4, 10], [3, 6, 15] 

•Incc 


is linearly dependent, 


k\2, 4, 10]+/c 2 [3, 6, 15]=0 is equivalent to a system of equations 
2 k x + 3 k 2 ^4k x +6 k 2 = 0, 10 ^+15 /c 2 = 0 
*!iidi are satisfied when k x =3, /c 2 = ~ 2 t.e., non-zero values of k x 
Hid k 2 . 

I !| Null Matrix 


If all the elements of a matrix are zero then it is said to be a 
••nil matrix and denoted by O e.g ., 


0 0 0 0 
0 0 0 0 
0 0 0 0 


is a null matrix of order 3x4. 


I lie commutative law of multiplication holds good in case of a 
mill matrix e.g., if 


A=r 2 — 1 1 and 0*=r 0 01 

L3 1 J LO Oj 

•hen AO=r 0 0 "] = 0A=0 

Lo oJ 


We have also proved that a null matrix acts as an additive identity 
•f nny matrix i.e ., as in the above example 


A+o=r2-i 

£3 1 


l + [2 



2—1 1— A 
3 1 J 


|4] Unit Matrix or Identity Matrix 

A square matrix of order n having unit elements in the Principal or 
puling diagonal and zero elements everywhere else, is called a unit 
$mirlx or identity matrix and denoted by I n . Thus 


~1 

0 

0... 

...on 

and for n=4, I 4 = 

r i 

0 

0- 

0~ 

0 

i 

0... 

...0 


0 

1 

0 

0 

0 

0 

1... 

...0 


0 

0 

1 

0 






0 

0 

0 

i 

Lo 

0 

0... 

...l - 





- 


ll is clear that a square matrix A=[tf*j] is the unit matrix if 
««= 1 for i=j 
=0 for zV7 
j ll is also evident that 

¥ T 2_T 3 

— 1 n — 1 n — 

' The commutative law of multiplication also holds good in ease of 
| unit matrix r.g-, if 


1 

2 

0“ 

1 and I 3 = 

" 1 

0 

0 ' 

3 

4 

5 

0 

1 

0 

2 

0 

-3 

1 

0 

0 

1 


H»m AI=-IA=A=r-l 2 0” 

3 4 5 

L 2 0 -3 
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[5] Upper and Lower Triangular Matrices, Diagonal 
Matrices 

A square matrix A of any order n , defined by 

A=[#» 3 ] I 

is said to be an upper triangular matrix if its elements #/* — 0 or ■ 
where i, j are positive integers ranging over from • 

upper triangular matrix of order n is 


# ii 

^12 

a i3--. 


0 

a** 

#23 - •• 

...a 2n 

0 

6“ 

#33* •• 


0 

0 

0 .. . 

...an n 


The square matrix A =[a tj ] of order n is said to be a lower tnangM 
matrix if its elements a u = 0 for i<j where i, j are integers such \M 
1 1 Thus a lower triangular matrix ot order n is 

.0 
.0 
.0 



' #n 
#21 
#31 

0 

#22 

#32 

0 

0 

#33 


— #nl 

#n 2 

#713 

A square 

matrix of 

order 

triangular is called a diagonal rr 


^ #n 

0 

0 


0 

#22 

0 


0 

0 

#33 


L o 

0 

0 




which is both upper and 


This is denoted by diag [a n , a 22i cz 33 ,......, 2nd sunl 


+ + a nn is called its trace i.e ., tr A 


In a diagonal matrix if all the diagonal elements are equal I 
scalar quantity say A i.e., a 11 ^a 22 =a 3Z =...—a nn -r., then tne « 
is called a sca/nr matrix e.g., 

A 0 0......0' 


0 

0 


0. 

A. 


L 0 0 0 AJ 

It bears the name scalar matrix due to the reason that if a 
matrix A of order n be multiplied by the scalar matrix of ort 
then it is equivalent to multiplying the matrix A by a scalar.. 

In case A=l, the scalar matrix reduces to a unit matrix . 

In other words an n-rowed square matrix is called a 
matrix when 

a a — A (some scalar) for i=j. 

— 0 for Z+j. 
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I, 


l 2 

0 -1 
0 0 


1 

-2 

3 

2 
0 
0 


is a 3 -rowed upper triangular matrix. 


is a 3-rowed lower triangular matrix. 


0" 

0 

3 _ 

0 ‘ 
0 
2 


3 
5 

-2 

0 
0 
-1 

is a 3-rowed diagonal matrix. Its trace is 2 + 1+3 
i.e., 6 

is a 3-rowed scalar matrix. That’s why? Because if 


multiply it by a 3-rowed square matrix A = 


1-1 
3 4 
-2 5 


Nhm 


1 1 -1 2 *1 

“ 2 0 0" 

= 

“2-2 4“ 

=2 

“ 1-12“ 

3 4 5 

0 2 0 


6 8 10 


3 4 5 

U-2 5 4 

0 0 2 


-4 10 8 


-2 5 4 


= 2A 


■ /( , A has been multiplied by the scalar 2. 

Problem 7. Show that if AB=A and BA=B then A and B are 
mptipofent. 

| Wc have ABA=(AB) A 

=^AA as AB=A 

=A 2 ... (1) 

I Also ABA=A (BA) 

= AB as BA =B 

=A as AB = A -..(2) 

Wrom (l) and (2) it follows that 

A 2 =A=ABA 
I Hence A is idempotent. 

I Aji.iin consider 

BAB=B(AB) 

==BA as AB=A 
=B as BA=B 


m\ also 


|l is clear that 


BAB=(BA)B 

=BB as BA= 
=B 2 

BAB=B 2 =B 


B 


llnicc B is also idempotent. 
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Problem 8. If X andB are n-square matrices then show that A dm 
B commute if and only if A— AI and B— AI commute for every scahu A, 
If A — AI and B— AI commute, then 
(A— AI) (B-AI)=(B-AI) (A-AI) 
he. AB-A(A+B)+A 2 I=BA-A(B+A)+A 2 I Y AI=A etc. 
The comparison gives 

AB=BA since A+B=B+A 
he. A and B commute. 


Conversely if A and B commute then AB=BA. 
Consider (A-AI) (B— AI)=AB-A(A+B)+A 2 I 

=BA-A(B+A)+A 2 I 
=(B— AI) (A-AI) 

which follows that A— AI and B— AI commute. 


Problem 9, Derive a rule for forming the product BA of an ttt X 0 
matrix B and A —diag (# lls a 22 ,...a nn ) 

On 


Given A=r«n 0 
0 #22 


.0 


0 


0. 


• Ann- 


and suppose that 

B=r6n 
b 2 \ 

-bml b m2 . 
then consider the product 


bi2 

^22 


'••b± n 

••'b 2 n 
• ■ b mn — 


BA— 

^12 b in 

b 2 \ b 22 b 2 n 


- a n 0.. 
0 #22* * 

....0 -] 
....0 


-b m i b m 2 b mn _ 


0 Q 


== 

~^n0n b l2 a 22 

^ 21^11 b 22 a 22 

b\n^nn 

b 2n a n n 




b m2 a 22 

•b m n^nn— 




which follows that the product BA of an mxn matrix B by aft-squill 
diagonal matrix A is obtained by multiplying the first column of* 
by a Ui the second column of B by a 2 2 and so on. This gives the rcquji 
red rule. " „ 

[6] The Transpose of a Matrix 

The matrix of order n / m obtained from any matrix A of onlff 
mxn, by interchanging its rows and columns is called the transput) 
of A and is denoted by A' or A r . Thus if A =[#,*], 

then A' or A T =[a it ] where #',*=#„ i.e the (j, i)th element of A 
is the (/, j ) th elemerrt-of A, e.g. } if 
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A = 

~5 4 — 2 ” 

, then A'= 

"51 3 6" 


1 0 2 


4 0 4-4 


3 4-5 


_— 2 2—5 2 


-6 —4 2- 




I’fopcrties of the transpose of a matrix 

It, %e P amatrif!hen (A '")' =1 ° f " C °'" C/ * 5 with itsel f' 

llri A —[#,,] be the matrix of order mXn. 

I Thru A —[a'ji] is the matrix of order nxm. 

r" ^ ,at y W *N the matrix of order mxn. 

I;;: ch Y n A (A . T are th , e matrices of the same order. 

I A *'"n, (/,y)th element of A =(y, z)th element of A' 

Ln, (A')'=A. =(w>h element of (AT 

A=[a tJ ] be the square matrix of order n. 

K.'.'v ' h | l ra , n l P ? Se ‘\ f A / >M A ' wiI1 be the s q uare matrix of order n. 


fcl 


A' I = 


a u = 



j' 

0 2 i 

012- 
022- •• 



0«1 

0y»2- • • 


= 


021--. 



a X2 

#22- •• 



a in 

a 2n 


= ] 


01 2 ♦ • • 



021 

022-... 


1 

0ni 

0n 2 .-. 


=1 

A | . 




since the interchange 
of rows and columns in 
a determinant does not 
change the value of the 
determinant. 


II..' determinant of the matrix! P C 8 squarematri * is equal 

,111 \fk be any scalar and A a matrix, then 
(kA)'=kA' 

I * A ^c iJ ] ^? c matrix of order m x n. Then A' and so /-A' 
I " (MV i,°t r A ! S ° «*> h the matrix if cri 

tM&:LZ\ZZ£ f ,° ,der ” xm - Th " s lhe « 

■jw, 

■ (t,y)th element of {kA)'={j, /)th element of kA 

~k times the (j, /)th element of A 
=k a, t 
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—k times the (/, y)th element of A' 

~-(i,j ) th element of kA' 

Hence (kAf^kA'. 

IV. The transpose of the sum of two matrices A and B (< conformal H 
for addition) is the sum of their transposes i.e., 

(A+B)'=A' + B 

Let A =[a i} ] be the matrix of order mxn 
and B=[6 t; ] „ „ mxn . 

Then (A+B) will be the matrix of order mxn 
and (A+B)' ,, ,, nxm. 

Also A' is the matrix of order nxm 

0 

and B' ,, ,, nxm 

so that (A'+B') is the matrix of order nxm. 

Thus, (A + B)' and (A'+B') will be the matrices of the same ordfl 
nxm. 

Again (j, /)th element of (A+B)'==(?,y)th element of A+B 

—aij+bij 

and (j, z)th element of (A' + B')=(./\ i)th element of A'+(y, I) l| 

element of B' 

=(/, /)th element of A + (/, /Ml 
element of B 

= = Qi ; + b ij 

=(y, /)th element of (A+B)' 

Hence (A+B)'=A'+B'. 

V. Reversal law for a transpose. The transpose of the product of ftfl 
matrices A, B ( con formable for multiplication) is the product of //Mfl 
transposes taken in reverse order i.e 
(AB)'=B'A' 

Let A=[r+j be the matrix of order m x n 
and B — [/^] be the matrix of order nXp. 

Then AB is the matrix of order mxp and so (AB)' is the matfl 
of order p x m. 

Also, A' is the matrix of order nxm and B' is the matrix of orfl 
pxn so that B A’ is the matrix of order pxm. 

As such the order of the matrices (AB)' and B'A' is the same. | 

Again, (k, r)th element of (AB)'=(z, k ) th element of AB 

= X an bjjc * • (B 

j M 

Now A'=[a', t ] where 
and B '=[&'«] where b' kj =b ik 
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n n n 

(k, /)th element of B A' = 2 b' kJ a ' 2 b jk a^— 2 a u b jk 

y=i y= i y=i 

=(k, z)th element of (AB)' from (1) 

M#ncc (AB)'=B'A' 

itiu The general reversal law for a transpose may be stated as: 

|l A, B, C, K be any number of matrices- conformable for 

Implication in order, then 

I ABC JK)'=K'J' C B'A'. 


Il| Symmetric and Skew-svmmetric Matrices 

Wk square matrix A is said to be symmetric if its transpose coincides 
Mil itself i.e., A'=A. 

I In other words a square matrix A— [a^] is said to be symmetric if 
(/,, for all integral values of i and j e.g. if 


K 

~a h g 

then A' = 

~a h g 


h b f 


h b f 


S f c_ 


_g f 


I, A' A and hence A is the symmetric matrix. 

I ll is evident that the total number of independent elements in a 
■Nnutric matrix of order n is — ^ i n ( ;? +l) since all the 

■lugonal elements are independent and of the remaining elements 
| a i he equidistant elements from the diagonal are the same, so 
|l the number of independent elements other than the diagorial 
■hi nls is \ (n 2 —n). 

■Am in, a square matrix A such that A' = — A is said to be skew- 
hgtiiidric. In other words a square matrix A is skew-symmetric if 
dji for all integral values of i and j . It follows that = — 

H (. j\ so that 2 au=0 i.e., au=0 which shows that all the dia- 
BmI elements of a skew-symmetric matrix are zero. 


A* an illustrative example, the matrix 



is skew-symmetric. 

Ili - number of independent elements in a skew-symmetric matrix 
Ettrly | (n 2 — n). 

problem 10. Every square matrix can he uniquely expressed as the 
j*i o f a symmetric matrix and a skew-symmetric matrix. 


| cl A be any square matrix. Then we have 
A=i (A+A')+i (A-A') 
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Denoting \ (A+A') by P and \ (A— A 7 ) by Q we have 

a=p+q. 

Now P'={i(A+A')} # 

= HA'+(A 7 )'} 

= i {A'+A} Y (A')'=A 

—i (A+A 7 ) 

=P 

which follows that P is a symmetric matrix. 

Also Q'={£ (A-A')}' 

= HA'-(A')'} 

=i(A-A} 

= ~~i (A— A') 

=— Q 

vjfhrfch follows that Q is a skew-symmetric matrix. 

Thus the square matrix A is expressible as the sum of a symnuiht 
matrix P and a skew-symmetric matrix Q. 

Now to show that this representation is unique, let us assume 
if possible A can be expressed as 

A-R + S 

where R is a symmetric matrix and S a skew-symmetric mu US 
Consider, A'=(R+S)'=R'+S' 

=R-S as R=R' and S' = -S 
£(A+A')-P=R and \ (A-A')=Q=S 

/>., R is not different from P and similarly S is not different fromA 
showing that this representation is unique. 

[8] The Conjugate of a Matrix 

If the elements of a matrix A are complex quantities , then the rnatm 
obtained from A, on replacing its elements by the corresponding amfm 
gate complex numbers , is said to be the conjugate matrix of A itfjf 

is denoted by A. 

Thus if A=[tfjJ, then A=[5,-;] where a if denotes /the conjugfll 
of an 

As an illustrative example if 


A- 

' 1—5* 

— 2+7/ 


5 

2 i 


— 5+6/ 

3-4/ 


•i 

-2 


_ — 3 — 5/ 

4+5/ 


0 

-7/ 

A= 

~ 1+5/ 

-2-7/ 

5 


—2 i 



— 5—6/ 

3+4/ 

i 


-2 



_— 3 + 5/ 

4-5/ 

0 


li 



then A= 


lit unis 
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|W properties of the conjugate matrices 

I the conjugate of the conjugate of a matrix A coincides with 
min.c., (A)=A 

opposing that A==[a li ] is the matrix of order mxn, the matrices 
til *nid (A) will also be the matrices of the same order mxn. 

N"W (/,y)th element of A=conjugate of the (z,/)th element of A 

m (i y j) th element of (A) == conjugate of the (/, y)th element of A 

=conjugate of a {j 

=a ljt since if a^=a + /p, then 5^=a— 

and («»,)= a +/p=c<, 
=(i,/)th element of A 

ll»mc (A)=A. 

II The conjugate of the sum of two matrices A and B ( conformable 
muhlition) is the sum of their conjugates i.e., (A+B) =A+B 
Suppose that A =[a <y ] and B— [£*>] are the matrices of the same 

Iti mxn. Then the matrices A and B will also be of the same 
H»i mxn and the order of the sum matrix (A+B) and so that of 

fcH*iijugate (A+B) will be the same i.e., mxn 
f N"W A + B = [a^] + [bij\ = [a tj + bij\ 

|r ( A + B) = conjugate of [aa+b i3 ] 

= conjugate of conjugate of b^ 

=A+B 

[Unite (A+B) -A+B. 

Ill // a be a complex number and A a matrix\of any order say mxn,. 

M I 

(aA)=aA 

1 1 #1 A [ai,] be the matrix of order m x n. 

Bin'll A will also be the matrix of the order mxn . 

Bk»*. aA=a 

=[oc a ti ] 

(aA)= conjugate of [a a id ] 
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=[* «<j] 
=a [a <3 ] 


=aA 

IV. The conjugate of the product of two matrices A and B (cwm 
mablefor multiplication) is the product of their conjugates i.e. 

(AB)=A B 

Suppose (hat A=[« i3 ] is the matrix of order mxn 
and B=[6«] is the matrix of order nxp 

So that AB is the matrix of order m xp. 

The order of (AB) will also be mxp. 

Again the orders of A and B being mxn and nxp respectively, (H 
order of A B will be mxp. Thus the orders of the matrices (A B) 


A B are equal. 

Now, (/, A;)th element of (AB)=conjugate of (/,/') th element of 41 

n 

—conjugate of 2 a^ b jk 


— ^ aijbjic 

7=1 
n _ 

*= S djj b jk 
7=1 

==(/, /)th element of A B 

Hence AB=f A B. 

[9] The conjugate transpose of a Matrix 

The matrix , which is the conjugate of the transpose of a matrix 

said to be the conjugate transpose of A and is denoted by A oil 

_ 

or A r . 

As an illustrative example if 

A=r-2+3i 3-4 i i 

L — 5/ -5-3/ 4+r 

then A'-r-2+3* ~~5/ 

3-4 / —5 — 3/ 

i 4+i 


5 ] 


So that A 8 or A' = 


-2-3 i 
3+4 i 
—i 


5 i “ 
-5 + 3/ 
4 — i 


It is easy to see that A'=(A)' 
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I he properties of conjugate transposed matrices 

I Hie conjugate transpose of the conjugate transpose of a matrix A 
vitti idcs with itself i.e., (A 6 ) e — A 

m* have A®=A'=(A)' 

, . (A 9 )':={(A)'}'==A since (B')'-B 

kH that (A e ) 9 i.e., (A 9 )'— (A) 

= A Y (A)== A 

II The conjugate transpose of the sum of two matrices A and B 
mable for addition) is the sum of their conjugate transposes i.e., 

(A+B)®=A 9 +B 8 

have (A+B)®=(A+B)' 

— (A'+B') 

=A'+B' 

=A®+B 9 

III. If ol be a complex number and A a matrix of any order then 
(a A)®— a A® 

M have (aA)®=(aA') 

=a A' 

A® 

I IV The conjugate transpose of the product of two matrices A and B 
wbnformable for multiplication) is the product of their conjugate trans- 
mits in reverse order i.e. 

(AB) 9 =R 9 A®, 

•f have ( AB) ® = ( AB) ' = B 'A' 

=B'A' 

=B 9 A® 

1 10] Hermitian and Skew-Hermitian Matrices 

I t square matrix A =[«*,-] is said to be Hermitian if A coincides with 

[(M conjugate transpose i.e., A=A e (=A') or if the transpose of A 

mincidcs with its conjugate i.e., A'— A 
‘ I hus aijz^’aji for all integral values of / and j. 
mho that au^-au for i=j 

[ Which follows that every diagonal element of a Hermitian matrix 
■ rqual to its conjugate and it is only possible if all the diagonal 
■founts are real. 

r As an illustrative example, the matrix 
" 5 2 + 3/ -/ " 

2-3/ 3 —3—4/ 

/ — 3 + 4/ 0 


is Hermitian. 
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A square matrix A =+/;,] is said to be Skew-Hermitian if 




A® ——A or A' = — A i.e., 5^ = —^ for all integral values of / ami/ 
Thus fin — — d ti for i=j 

i.e., ciu+aa^ 0 


Which follows that every diagonal element of a Skew-Hcrinl|||| 
matrix is either zero or a pure imaginary number. 

As an illustrative example, the matrix 


3 / 


- 3 + 4 / 4 — 5 / 


is Skew-Hermitian. 


+ 3 - 4 / - 4 / 5 
— 4 — 5 / -5 0 


Problem 11. Every square matrix A can be uniquely expressed M ■ 
sum of a Hermitian matrix and a Skew-Hermitian matrix. 


We can express 

A=4(A+A 9 ) + ! (A-A 9 ) 

— P+Q where P=J (A+A 9 ), Q = J (A— A 5 ) 
/. P Q =i (A + A 9 ) 0 

{A®+(A 9 ) 9 } 

(A®+A) V (A®)®=A 
=+(A+A®) 

=P 


which follows that P is Hermitian. 

Also Q 9 =J (A-A 9 ) 9 

=i {A 3 — (A 3 )®} 

(A 3 — A) 

= -HA-A®) 

= -Q 

which follows that Q is Skew-Hermitian. 

Hence the square matrix A is expressible as the sum of a HermitlH 
and a Skew-Hermitian matrices. 

In order to show that this representation is unique, let us asilM 
if possible that there is another way of representation say 
A=R+S 

where R is Hermitian and S is Skew-Hermitian. 

Consider A 9 =(R+S) 9 =:R 0 +S 0 

= R— S as R is Hermitian and S is Skew-Hermitian. 


These give R = | (A+A 0 )=P 
and S=£ (A— A Q ) = Q 

which show that R is not different from P and similarly S ii Ml 
different from Q. Hence this representation is unique. 

Problem 12. If A, B, C are three matrices conformable for mu/tjf} 
cation in the given order , then show- that 
(ABC)'— C'B'A' 

We have (ABC)'={(AB)C}' 

=C'(AB)' by the reversal law of transput® 
=CB'A' 
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Problem 13. If A and B be symmetric matrices , then show that AB 
b symmetric if and only if A and B commute. 

Since A and B are symmetric matrices, therefore 
A'— A and B'— B. 

We have (AB)'=B'A'=BA . . . (1) 

But AB is symmetric if and only if (AB)'— AB • • . (2) 

I iom (1) and (2) it follows that AB is symmetric if 
AB — BA 

L 1 • , if A and B commute. 

I t onversely if A and B commute, AB— BA, then 
(AB)'=B'A' = BA=AB. 

I I Bus if A and B commute AB is symmetric. 

Itlence AB is symmetric if and only if A and B commute. 
Problem 14. If A is a m- square matrix and P is a matrix of order 
M" then show that B— P'AP will be symmetric or skew-symmetric 
Whirling as A is symmetric or skew-symmetric. 

■Assuming that A is symmetric, we have 

I N (P'AP)'=={P'(AP)}'=(AP)'(P')' by reversal law of transposes 
-P A P v (AP)'=P'A' and (P')'=P 
P'AP v A is symmetric so that A'=A 
[ Hius (P AP)'=P AP 

P" B Allows that P'AP is symmetric if A is symmetric. 

I^r.uin if we assume that A is skew-symmetric i.e., A' = — A then 
U (P'AP)' = — P'AP (proceeding as above) 

M Ii follows that P'AP is skew-symmetric when A is skew-symmetric. 
I Problem 15. If A and B are Hermitian , show that AB+BA is 
Wt in it tan and AB — BA is Skew-Hermitian. 

■' A and B are Hermitian 
l< A 0 =A and B 9 — B 
| Consider (AB+BA) 0 =(AB) 9 +(BA) 9 
=B°A Q +A®B 9 
=BA+AB 
-AB+BA 

Mm Ii follows that AB+BA is Hermitian. 

Again we have 

(AB— BA) 9 = (AB) 0 - (BA) 9 
=B 9 A e — A 9 B 0 
=BA — AB 
=— (AB— BA) 

■ Ii loilows that AB— BA is skew-Hermitian. 

Problem 16. Prove that every Hermitian matrix A can be expressed 
H I iC where B is real and symmetric and C is real and skew 
mtowtric. 
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y B and C are real, 

B° = B and C*=C' 

(because the conjugate of a real number is itself) 

Again since B is symmetric and C is skew-symmetric, we lmvf 
B =B and C'=-C 
(1) and (2) yield, 

B®=B and C« = -C 


Conjugate of i is 


Now assume that 
A=B + /C 
A 9 — (B-f /C)® 

=B 0 --/C® 

=B~z (— C) 

=B+i‘C=A 

which follows that A is Hermitian. 

Hence the result follows. 

Y 111] Adjugate Matrix or Adjoint of a Matrix ^ H 

If A=[flij] be a square matrix of any order say n and A„ rep 
the cofactor of the element a u in the determinant | A | if-. \ 
the square matrix A, then the transpose of the matrix [Afj] is CM 


Thus if A== 


flu 

a 21 


—@n 


a l2 

fl 22 ... 


, then adj A-- 

~ An 
Au 

A 2i» 

Ac 2 . 




- A ln 

A 2n 


The determinant of the adj. A i.e. 9 | adj 
gate determinant of A or the adjugate of 
As an illustrative example if A= 


cofactor of a— I 


/ 

c 


h =- 1 


a 
h 

Ls 

bc—f 2 in | A 


I =fg—ch 


then 


h 

b 

f 


8= 


etc. 


8 


b 

f 


=bf—bg 


.. Adj A =Vbc-p gf-ch hf-bg 
gf-ch ac—g gh—af 
hf-bg gh-af ab-hf 

An important relation between a matrix A and its adjugate. 

If A be a square matrix of any order say n and i the unit null 
the same order then 

A (adj A )=t A | I=(adj A) A 
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A =[<*<>] be the square matrix of order n, i.e., 
A=r^n &i‘, 


u 12- 
^22 ‘ 


L a„ 


IImi it A ij is the cofactor of a u for all integral values of i 
I have 


and j. 


adj A= 


r A u 
^12 


Aoj. 

A 22 . 


• A nl 

• A 7j2 


-A lw A 2 


• A, 


Imuv the orders of A and adj A are the same, therefore they are 
l"i mabie for product. Moreover both of them being square mat ri- 
, Hicir product is commutative. 

Now we know by the properties of a determinant that if the elements 
« tow (column) of a determinant are multiplied by their own co- 
t‘'i\ then the sum of the products is the value of the determinant 
Hie sum of the products of the elements of any row (column) by 
fo factors of the corresponding elements of another row (column^ 
pro i.e., if 

I A | = 


a n 

a 2l 


a \2- 

# 22 ' 


^fil &n2 

I An, A 12 , are cofactors of a n , 0 12 ,...etc., then 

A u +a 12 A 12 + +a ln A ln =| A | etc. 

*n A 21 +a n A 22 + + a m A 2 n — ^ etc. 

Applying these results, we thus have 


A (adj A) = 

j- 1 

Q <3 

I 

a l2 --. 

a 22 

(t\n 


An 

a 12 

A 2i . 
A 2 2 • 



~&nl 

On2 



— Aj n 

A 2 n- • 


= 

r 1 a | o 

....0 






0 

1 A | .. 

...0 






L o 

0 

-1 A 

u 




=1 

A \ 

rl 0. 

0- 







0 1. 

0 







0 0. 

1- 






=1 A|I. 

Iftillnrly it may be shown that (adj A) A=| A | I 
pHu r A (adj A)=| A | I=(adj A) A 

follows that multiplication of A and adj A is commutative 
lluil their product is a scalar matrix having every diagonal ele- 
U\h\ A I. 


.(1) 
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Note 1 We have shown above that 

A(adjA)— rlM 0. ;; 0 ’ 
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1 12] Singular and Non-singular Matrices 

A square matrix \=[a i} \ is known as si^ular matrix if its deter- 
minant | A |=0 i.e., | a i} |=0. In case | A \^0 the matrix A is 
known as non-singular matrix. 


II 1 1 STRATI VE EXAMPLES 


A (adj A) 


1=) I A 
0 


0 

A 


.0 

.0 


or 


0 

adj A 


0 

1=1 A 


| 1. The matrix 

A= 

-21 

17 

7 

10 1 



24 

22 

6 

10 



6 

8 

2 

3 



.. 5 

7 

1 

2J 


i.e I A 
which gives 


adj A | = | A |" 


1 

0 ... 

...0 

by the properties of del# 

Iilncc I 21 

17 

7 

10 

0 

1 ... 

...0 

minants. 

1 24 

22 

6 

10 





6 

8 

2 

3 

0 

0 ... 

...1 


1 5 

7 

1 

2 1 


is singular 




A! 


tiich gives | adj A |=|A I” 1 'V'.. . 

Note 2. If the square matrix A of order n is such th 

then A (adj A)=(adj A) A=0. 

Note 3. If A and B are two n-square matrices then 

adj AB —adj B adj A 
which may be shown as below: 

Applying the result (1) we have 

AB ( adj AB)=| AB | I=(adj AB) AB , 

Now AB adj B-adj A=A(B adj B) adj A 

=A ( | B | I) cdj A by (1) 

= | B | (A adj A) 

=1 B | ( I A | I) by (1) 

=|AB | I 

and (adj B-adj A) AB=adj B [(adj A) A] B 
=adj B-| A | I B 
= | A | {(adj B)B} 

= | A | 1 B 1 I 
=| A 1 B | I 

AB (adj B-adj A)=(AB) I=(adj B-adj A) AB 
From (a) and ((3) we conclude that 

adj AB= adj B-adj A . . 

Note 4. The result of note 3 can be extended to the case of 
square matrices A, B, C i.e., 

adj ABC = adj C-adj B-adj A. 

It is easy to show it as below: 

By result (3) we have 

adj A(BC)=adj BC-adj A 

=adj B-adj C-adj A by (3) 


..(II 


2, The matrix 


.Cr-* 


A= 


12 

27 

36 


7" 

17 

22 


is non-singular since 
i A |=r3^0. 


=1 


(a) 


(P) 



1 1 3] Reciprocal Matrix or Inverse of a Matrix 

[Agra 1970; Allahabad 65: Gorakhpur 1963, 65] 
If there exists a square matrix B of the same order as that of A such 
that AB=BA=I, I being a unit matrix of the same order then B is 
Hid to be the inverse of A and is denoted by A" 1 . Thus by definition, 
AA" 1 =A~ 1 A=I ... (1) 

When the inverse of A exists, then A is said to be Invertible . 

Inverse of a matrix in terms of its adjugate 
According to the definition if A is an invertible matrix, then 
AA 1 =A 1 A=I 
Also, we have from §2.9[11], 

A (adj A)=(adj A) A=| A | I 

A (db adi A Mm adi A ) A - 

I rom (a) and ((2) it is obvious that 

A adj a) and A ' 1 A=(|^-| adj A )a 
| hrr of which lead to 

X| adjA 

lloih gives the inverse of a square matrix A in terms of its adjugate. 
i THEOREM 1. The necessary and sufficient condition for a square 
»/.v to be invertible is that it is non-singular . 

• |n prove that the condition is necessary let us assume that A is 
lllvcn square matrix which is invertible and let B be its inverse. 

[ Then, AB=I (by definition of inverse) 

Inking determinant of either side we get, 

I E'A 


AA" 


A~ 1= =r 


(2) 
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if tlit 


| AB | =| 1 1 

or | A | | B l =1 , , . 

which is only possible if neither of ; A. | and | B | is zero i.e., 
matrices A and B are non-singular or if | A | #0. 

To Prove that the condition i,s sufficient, let us assume that j A 
and there exists a matrix B such that 

B= rhr adj A 


Then. 


AB =A 


1 


adj A 


(A adj A) 

■ I A ' I from §2.9[11] 


and similarly 
i.e., 


. A 

1 

~ I M 

1_ 

|A| _ 

=1 
BA— I 
AB=I==AB 

which shows that A has an inverse i.e., A is invertible. 

THEOREM 2. The inverse of a matrix is unique. [Agra, /9JW 
Let A be an invertible (square) matrix and if possible let us ass mill 
that B and C are two inverses of A, then 
AB=BA=I 
AC=CA=I 

Now CAB=C (AB)— Cl— C 

Also, CAB = (CA)B=IB=B 

so that CAB=B = C 

i.e., B is not different from C 

’dence the inverse of a matrix is unique i.e., there exists only oM 
inverse matrix to a given matrix. 

Properties of inverse matrices 

I. The Reversal law for inverses. //A and B are two n-square W 
singular matrices (conformable for multiplication) 
then (AB)" 1 =B 1 A -1 

Since A and B are non-singular square matrices, they are lnvertibU 
Let their inverses be A -1 and B- 1 respectively. 

• AA' 1 =A“ 1 A=I 

J — B _1 B— I 

AB 1 = 1 A I IB 


and 


BB 


. » y 

Now I A I ^0, I B | imply that 
which shows that AB is also invertible. 

Let us now consider a matrix C given by 
C=B 1 A 1 . 

C (AB)— (B 1 A- 1 ) (AB) 

— B _1 (A' 1 A)B 
=B 1 (DB 


IB=B 


=B“ 1 B 

= 1 

i.e., (B- 1 A- 1 ) (AB)=I 
Similarly it can be shown that 
(AB) (B- 1 A- X )=I 

These results follow that B _1 A -1 is the inverse of AB i.e., 

(AB)-^Br 1 A- 1 • - .(3) 

Note. The result can be ! extended to any number of square matrices 
ivliich are conformable for multiplication i.e., 

(ABC...JK) -1 =K _1 J 1 ...C 1 B 1 A 1 
II. If A is a non-singular matrix, then the inverse of its inverse 
toincides with itself i.e., (A- 1 ) _1 ==A 

We have AA _1 — A _1 A=I 

Which can be interpreted as that A is the inverse of A -1 i.e., 

(A~ 1 )- 1 =A. . . .(4) 

HI- If A is a non-singular matrix, then the transpose ( conjugate 
uwispose) of an inverse is the inverse of the transpose ( conjugate 
(tunspose) of A i.e. 

(A- 1 )'=(A')" 1 and (A- 1 )®=(A 9 )- 1 
Since A is non-singular, it is invertible and therefore 

aa _1 =a- 3 a=i . . .(y) 

laking transpose of either side and using I'=I, we have 
(AA- 1 )'=(A- 1 A)'=I 

I or (A _1 )'A'=A'(A- 1 )=I by reversal law of transposes. 

I Which follows that (A -1 )' is the inverse of A' i.e. 

(A')" 1 =(A- 1 )' . . (5) 

Again taking conjugate transpose of either side of (y), we have 
(A A -1 ) 0 = (A -1 A) 9 = I 9 
or (A _1 ) 0 A 9 = A 0 (A -1 ) 9 = I y I 9 =I 

Which shows that (A -1 ) 0 is the inverse of A* i.e. 

(A 0 )- 1 =(A- 1 ) 0 . . .(6) 

IV. If A is invertible then 

tr. (ACA- 1 )=/r. C [Ag a, 1973 1 

lf B— CA _1 , then 

tr. (ACA ~ 1 )=/r. (AB) 

=tr. (BA) by Cor. of §2.5 
=tr. (CA _1 A) 

=tr. Cl 
=//. C 

Problem 17. Compute the adjoint of 


0 1 21 
1 2 31 

U i i J 


Then, 
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Let 

then 
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lift 


A= 


A I = 


'0 

1 

.3 

0 

1 

3 


are 


The elements of the first row of | A | are 0, 1 , 2 and their cofactofl 


I 

2 3 |-| 

1 3 II 

1 2 | 

i. e . , - 

1 

ill,! 

3 ill 

3 1 I 


The 

elements 

of the 

second 

row 

cofactors are 



-11 2 1 

10 2 

1 “I 0 

1 !’*• 


1 1 1 I, 

1 3 1 

l |3 

1 1 

The 

elements 

of the 

third 

row 1 

cofactors are 




2j -| 

0 

2 1 10 

1 I 

1 2 

3 1, 1 

1 

3 |Jl 

2 1 


The matrix 
8 -51 
-6 3 
- - 2 -lj 

and therefore Adj A 


• • A IK 

r-i i 
1 -< 
L-i ; 


| A | are 1, 2, 3 and lltolf 
1, —6, 3 respectively. 

| A | are 3, 1, 1 and thfflf 
i*e., —1,2, ~-l respectively, 
having its elements as cofactors of | A | ||| 


transpose of 


-1 

1 

-1 

-1 

2 

-1 


8 

-6 

2 


—5* 

3 

-1 


-1 1 

8 -6 

« 3 

Problem 18. Verify the following: 

(0 The adjoint of an identity matrix is the identity matrix . 

(//) The adjoint oj a scalar matrix is a scalar matrix . 

(m) The adjoint of a diagonal matrix is a diagonal matrix . 

(/v) The adjoint of a symmetric matrix is a symmetric matrix . ■ 

(v) The adjoint of the transpose of a matrix is equal to the transptJk 
of the adjoint matrix. 

(0 Let 1= 


t 
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0. 

0. 

1. 


Lo 0 0 U 


= 1 . 


(//) If A= 


rA 

0 


..on 

,.o 


be a scalar matrix of order nXn, then 


LO 0 AJ 


*• in (0- 


p 

0 

0 

1 

p 0 

...on 

...0 

be an identity matrix of order nxn t 

H/. 

M Let A = 

“*11 

*12* •• 


0 

0 

1... 

...0 



*21 

*22* • • 


Lo 

0 

0... 

...1- 



~ a nl 

a n2 ... 



If A a denotes the cofactor o\ (/', y)th element of | I | [for 
integral values of i and j ranging from 1 to n, then it is clear that 
Aij = 1 for i=j 
=0 for ij- j 


A,/==A n-1 for i=j 
=0 for ii=j 

-A”- 1 0 . 
0 A"- 1 . 


No that Adj A= 


0 H 

.0 


which is a scalar matrix. 


.A”- 1 . 


L0 0. 

In other words A=AI 

Adj A=adj AI=A n_1 I which is a scalar matrix. 


««) Let D= 


0 

b 

0 


be a diagonal matrix of order 3x3. We 


L v v 

llmll verify the result for it, but the result can be verified for a dia- 
♦■•ii.il matrix of any order in the similar way. 

Then D n =bc , D 22 =ac, D 33 =tf& 

i —Da 


* n 

Jl2 = 1 ^i3 

Thus, adj D= 


D 12 D 1 3 = D 2 1 — D 23 = D 31 : 


*=o. 


D=n>c ooi 

0 ca 0 
_0 0 ba J 


Ifcich is also a diagonal matrix. 

(/*) If A is a symmetric matrix, then A'=A and so | A' . . 
Ihiis if A ij denotes the cofactor of (i,/)th element in | A I, then 


MAI 


\ij~Aji in | A | 

As such the adjoint matrix of the symmetric matrix 

feltiincfrir 


is also 


if A ij denotes the cofactor of (/, y)th element, 
[•dj A= 


A 12 


A 2 i. 

a 22 * 


• Ani 

• A n2 


LA,, 


• A nn ~ 
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/. (Adj A) = 


'An A 12 . 
A 2 i A 2 2- 


• Aj w 

• A 2 n 


Again, A' = 


LA n 


i 12 a 22 


a m 

• a n2 


L_ 6 / in 0 2n .., 

So that adj A'=rA u 


A. ? < 


•Am 

•Ao n 


-A nl A n2 


.A«n- 


It is clear that (adj A )' =adj A' 

Problem 19. If A is a square matrix of order 77 , then show that 
adj (adj A)= | A | n " 2 A 

We have (adj A)A= | A | I ... (I) 

We can thus express by replacing A by adj A, as 
{adj (adj A)} adj A=- | adj A | I 
So that, (adj (adj A)} (adj A) A = l adj A | IA 
or adj (adj A) | A | I=| adj A | A from (1) and since IA=A 

| adj A |=| A \*~ l I 


or 


| A | {adj (adj A)}= | A | n " 1 A 
adj (adj A) = | A | W_2 A 
Problem 20. Find the inverse of the matrix 


Let A = 


[Hi] 


(AM 


j=0 — 1 ( — 1)+1.1 expanding about first column 


Now the matrix having its elements as the cofactors of the corfH 
ponding elements of | A | 


r i 

0 

1 1 

-1 1 

1 1 

1 1 

0 


! 1 

1 

0 1 

1 1 

01 

1 1 

1 


1 -1 

ri 

1 1 

1 0 

1 1 

-i 0 

1 


1 1 

! 1 

0 1 

1 1 

0 1 

1 1 

1 


1 1 

1 

1 1 

- 0 

1 1 

1 ° 

1 1 


l 

! 0 

1 1 

1 1 

1 1 

1 1 

0 1 

j 


-1 


1 -1 


r 

1 

-1 


Its transpose gives the adj A i.e., 


adj A= 


-1 

1 

1 


1 

-1 

1 


mviricbs 
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i = J_ 

I A | 

=£ 


adj A 


Now we have A“ 


Problem 21. IfD=diag [d Xi d 2 d n ]> d l9 d 2> d n --fi0 9 then prove 

that 


~-i 

1 

11 

= 

r-i 


n 

1 

-1 

1 


i 

-i 

i 

1 

1 

-1 


L * 

i 

-d 


Given 


D-W/tfg [d^ 1 , df 1 d n’ 1 ] 


[ Banaras , I960] 


Vj 0 0.. 

0 d 2 0.. 
0 0 d z . 


.0' 

.0 

.0 


So that \D\= d 1 

is 


L0 

0 

d, 0 
0 d 3 


0 0 ... 

0 0 

.0 
.0 


...d » J 
—d 3 d 2 


■d n 0 since d 2 \ 


d n * 0 


l.e., 

Now adj D= 


0 0 0 d n \ 

D | is non-singular and therefore D is invertible 

rd 2 d 3 d n 0 0 0 

0 d k d 3 d n 0 0 


D“ 


1 


D 


0 

adj D= 


<h 

0 


0 

d 2 

0 


■■■■0 d l d 2 d„- 3 J 

0 .... 


0 .... 

...0 | 

0 .... 

ij 

1 

_L1 

d 2 > - 

dn J 

d 2 -\.. 

■■■■dn- 1 ] 

A O] 
.B CJ 

1 is r A_1 
L— C _1 BA” 


° 1 

c-u. 


•litre A, C are non-singular and hence find the inverse of the matrix 

-1 0 0 U~\ 

110 0 
1110 
.1111. 

Suppose that the inverse of the given matrix i.e., rA Ol is 


[b 2] is [r 1] 


there P, Q, R, S are the submatrices of the inverse matrix which has 
Wen partitioned so as to be conformable for premultiplication with 
lie matrix fA 0”| i.e.. 

Lb cJ 


T 
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ft 


or 


T 


]-[{, 

?] 1 

•ml 

ii 

o3 

1 

-'oi 

=ri o 

1 

S=c- 1 =r l 

°1 

L o i. 

J 


L-l 

oJ 
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TAP AQ 

LBP + CR BQ + CSj 

Comparison yields, 

AP=I i.e., P=A -1 as A is non-singular 
AQ=0 i.e., Q=0 as A is non-singular 
BP+CR=0 and BQ+CS=I 
or BA -1 +CR=0 and CS=I from (1) and (2) respectively 
or C- 1 BA _l +C _1 CR=0 and S=C~ 1 as C is non-singular 
or R=— C~ l BA _1 as C -1 C|t— IR=R 
and S=C _1 

Putting the values of P, Q, R, S, the inverse of the matrix 


.11) 

.(ll 


.01 

.141 


C ?]" [- 


ft <’]" 


-i 

1 BA- 


Now to find the inverse of 


r l 
l 
l 

Ll 


0 

1 

1 

1 


o 

c 

0-1 

0 

0 

1J 


let us partition it as 


0 

0 



i 

1 = 10 





-i 

1-11- 




When it is 

compared with | 

r A 

On, we have 



1 

LB 

CJ 


A= 

=ri 

on, o=ro 

O' 

i B =r ] 

1 H’ 1 


Li 

lJ Lo 

0. 

1, Ll 

[ iJ 

Now it is easy 

to compute . 

A -1 - 

=r 1 

oi 

• 



L-i 

oJ 



i 

C -3 

=r i 

on 





L-i 

0J 

As above, 

r p 

Ql is the inverse of p 

v on 


Lr 

SJ 


LB CJ 


P=A~ 1 =r l On 

L-i oJ 
o=o=ro on 
Lo oJ 


R=C 1 BA 1 = 


[-i 

-ft i][ 
-ft J] 


1 an lit- 


1 0 


°1 

oJ 


1 0 
-1 


01 

OJ 


1 Irnce the inverse of 


rl 

0 

0 

0- 

is 

f 1 On 

ro 

°11 

1 

1 

0 

0 


L-i oJ 

Lo 

oJ 

1 

1 

1 

0 





Ll 

1 

1 

lJ 


r° -Of 

l 

°1 





LLo oJ L- 

-l 

oJJ 


i.e. 


r l 
-l 

o 

o 


0 0 0 

0 0 0 

-1 1 0 

0 -1 OJ 


|H| Unitary Matrix and Orthogonal Matrix 

I /t square matrix A having its elements as complex numbers is said to 

p unitary if - 

A'=(A -1 ) or (A)'=A -1 or A 0 A = I 
In case A is real i.e., the matrix A consists of real numbers as its 
llwncnts, the matrix A will be unitary if A'A=I for, in this case 

I At an illustrative example the matrix 

A = r 1 - : =*— 


A®= 


1 


V 2 

V 2 

—i 

-1 

-V 2. 

a/TJ 

1 

i ~ 

VT 

~a/T 

— i 

-l 


is unitary, since 


Lv 

In that A*A= 


V 


1 


V 2 
— f 

■VT 


2 J 

/ 

V2 

1 

a/TJ 


i 


V 2 

— i 


v 2 

1 


Lv'2 v 2 J 


real 


-Vo ?]=' 

I pence the matrix A is unitary. 

H4 real unitary matrix is known as orthogonal matrix i.e., a 
Bw* A is orthogonal if A , A=I=AA' for, in this case A^A"* 1 
F I lie determinant of an orthogonal matrix is +1 or —1. 

Blir orthogonal matrix is said to be proper or improper according 
ill* determinant is -f 1 or — 1. 

[Iliice | AA' | = | I 1 = 1 
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i.e., | A 


or 


we have 


A' | = 1 
I A. | 2 =1 
I A |=i 


as 

1 


A | = | A' 


As an illustrative example the matrix 

is orthogonal, since 

ej 

AA' = fcos 0 


E, (X) | =AtiS 0 
I E,y(X) | = | E'„(X) | =1 
Mill show that no elementary matrix is singular. 

] ^ U r s : rat ' ve exain ples, the elementary matrices obtained from 
■a — I 0 01 are 


-sin i 


and 


c ?]■ 

A' I = 


sin 
cos 
sin i 
cos 


a 


rcos 0 
Lsin 0 


— sin 
cos 0 


3 


Ki, - 


= rl 


0 

Lo 

‘0 

l 

o 


,E 2 (>) = 


and E 23 (A) = 


—cos 2 0+sin 2 0=1 


cos 0 sin 
I— sin 0 cos 0| 

[15] Normal Matrix and Normal Form of the Matrix 

A square matrix A is said to be Normal if AA°=A 9 A. 

The normal matrices include diagonal, real symmetric, real tl 
symmetric, orthogonal, Hermitian, Skew-Hermitian and uni! 
matrices. 

As an illustrative example the unitary matrix 


0 O’ 

1 A 
0 lj 
or Column 


A= 


1 + / -1+f 


2 

l+i 


2 

i-i 


is Normal, since 


aa 0 =i=a®a 

The normal form of a matrix isfl r 


matrix, if H •• 


LO 8 ] 

[16] Elementary Matrix and Elementary Operations 

A square matrix of order n is said to be elementary , 

obtained from a unit matrix In by subjecting it to any of the folk 
elementary operations (transformations): 

(i) Interchange of any two rows (columns) to be denoted him 
(Cn) for the interchange of ith and yth rows (columns) and j 
elementary matrix obtained may be denoted by E ,-y. 

(ii) Multiplication of elements of any row (column) by any 


[to elementary operation is said to be the Row operation 
*"" ,on according as it is applied to rows or columns. 

Lly th e elementary transformations or rather say that by a series of 
kh , h ° r ° W a w column transformations, a matrix can be redu- 

rJ n ie nf 0rma f °. rm - This P art wil1 be discussed in the section 
| Rank of a matrix’ m more details. 

r/// OT?£Af Every elementary row ( column ) transformation of a 
pin can be brought about by pre-multiplication ( post-multiplication ) 
m the corresponding elementary matrix. [Allahabad 1966 ] 

Kjfij matrices A and B of orders mxn and nxp >res P e «- 


A= ~Rj 

r 2 


and 


® [Ci, C 2 , >C P ] 


R m - 

Pic R, R 2 ...R m are the rows of A and C„ C 2 C P are the 

P Imve ° f B The " ^ thC <r ° W by column ’ rule for multiplication 


AB= 

fRiCj 

R 2 C, 

RiC 2 . 

R 2 C 2 ... 



-RtnCj 

RmC 2 ... 



zero scalar, to ke denoted by Ri (X) {C, (X)} for the multiplication 
ith row (column) by A 7^0 and the elementary matrix obtained 
be denoted by E* (A). 

(Hi) Addition to the elements of any row (column) the co 
ding elements of another row (column) multiplied by any noil 
scalar, to be denoted by R u (A) {Cu (A)} for the addition to 
(column) of the yth row (column) multiplied by'A^O and the 


inclusively every elementary row (column) transformation of the 
W a AB can be effected by subjecting the prefactor A (post factor B) 
mt same row (column) transformation. 

■ shall apply this result to the required proposition. Suppose 
A is a matrix of order mxn and I an identitv matrix of order m 
‘ it is obvious that 

A=IA. 

tary matrix obtained may be denoted by E*j (A) for row operatioit^^^KV'r ‘ l result can be applied to show that every elementary row 
by E'„ (A) for column operation since E' W (A) is the transpose of ^^V (ori mation of the product A can be effected by subjecting the pre- 

I, J, be verified .ha, t. , ,'°dl £ ^ by A » «* 

I E* | =-l 


m' 

rs 1 

ellil 


follows that if the rows of A are subjected to any elementary 
(column) transformation, then the rows (columns) of AB are also 
11 led to the same transformation. 


n 

m 1 
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>0 

Again taking A-Al, it can be Sf8 

U., by post-multiplying A b, 

thoi mrresDonding elementary matrix. 


factor I to the same uaiiMuniw—. 
the corresponding elementary matrix. 
As an illustrative example, take 

A=r«n 0li Qli au 

l 0 2 1 022 a 23 I 

032 fl 33 a 3lJ 

and suppose that R lt operation gives 
B=r «21 fl 22 fl 23 ° 24 

fl U °12 fl >3 ° 14 

|_fl 31 fl32 0; ’ 4 3 

Take the elementary matrix E 12 = 


identity matrix 


Consider 



O'] obtained from thl 


, t o jc effected by subjecting the 

which shows that the product B is “ re ^ ult ^ lying the matrll A 
F to the same row operation t.e.,uyy 

by* the corresponding elementary matrix. 

Inverses of the elementary matrices 


identity main* * 7' i vmfT r of ith and /tti rows 

“XeEStS-SiSying (PO S .-™um plying) by ft. - 

ponding elementary matrix »« '■«• 

or (Eur 1 *^ 

which shows that E„ is its own 4 - ne( j by multiplying the ith ■ 

Again if E f M ' s , a matri - X j by a then I may be obtained baoj 
(column) of an identity matrix I y * 1 . A -\ But by t h e preeel 

multiplying .he ' Column) of E,W by; 

theorem the muluphcat.on 1 , ti lying (post-multiplying) I 
(i.e.. A- 1 ) may be obtained ny p matrij[ E . (X -i) ue _ 
by the corresponding elem ^ 


nay w — 
responding 

E, (A" 1 ) Eg (A)=I 
so that 


'[Ef (A) Eg (A- 1 )==I3 
{E ; (A)} _1 =Ei (A- 1 ) 
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which follows that the inverse of E* (A) is E* (A *). 

further E is (A) being the elementary matrix obtained by adding the 
dements of yth row multiplied by A to the elements of ith row of an 
identity matrix I, the original identity matrix I may be obtained back 
by adding to the elements of zth row of E*y (A) the corresponding 
dements of yth row multiplied by —A. But the same row transfor- 
mation on E a (A) may also be effected on pre-multiplying E« (A) by 
llic corresponding elementary matrix E*; (—A) i.e., 

E« (—A) Eij (A) =1 
•r {Eij (A)}- 1 =E ?i (—A) 

I which shows that the inverse of E fj (A) is E ?J - (—A). 

The same result may be shown to hold in case of column operation. 

Conclusively the inverse of an elementary matrix is also an elemen- 
lirv matrix of the same type. 

1 1 7] Equivalent Matrix 

I matrix B is called the equivalent to a matrix A if B can be obtain - 
hi from A by a sequence of elementary transformations and denoted 

it B-A. 

As an illustrative example if 


A — 


(ten 


-6 

3 

6 

0 0 
3 4 
6 2 


-2 

4 

2 

0 

5 

4 


-4 

5 

4 

2 

-1 

-3 


5 ” 

-1 

-3 
by R 1Z (1) 


inverses of the elementary I " atr, ?* S btained by interchanging fth 

E • being the elementary matri . y j e ld back the onglH 

/th rows (Idumns) ' f *" ?ows But by ftfl 

-yaaaJrssfr 


At 

3 


THEOREM L Two matrices A and B are equivalent if and only if 
fie exist non-singular matrices R and C such that 

RAC=B 

hre R=R 1 R 2 R» and C=C X C 2 C m ; R's being operations 

flirting rows and C's those affecting columns . 

If A and B are equivalent matrices, then B can be obtained from A 
I a series of elementary operations. "But the elementary row (column) 
Jinsformation can be effected by pre-multiplying (post-multiplying) 
Ihy the corresponding elementary matrix, therefore if we denote the 

bmentary row transformations by R x , R 2 , R« and elementary 

llumn transformations by C r , C 2 , C m where R t represents the 

jhl elementary matrix corresponding to the first elementary row 
Nnsformation, etc., and similarly C x represents the first elementary 
plnx corresponding to the first elementary column transformation 
I,, then 

(R n R 2 Ri) A (CjC 2 C m )=B 

RAC=B 

Lie R and C are non-singular matrices. 

Corollary. There are three fundamental properties of the relation 

B: 
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(i) Reflexivity. Every matrix A is equivalent to itself i.e., if we tnll| 
R=I, C=I, then IAI=A 

(ii) Symmetry. If a matrix B is equivalent to another matrix A, thU 

A is also equivalent to B, for if a 

B=RAC 

then A=R 1 B C 1 

where Rr 1 and C~ x are non-singular matrices. 

(iii) Transitivity. If A is equivalent to B and B is equivalent lull 
then A is also equivalent to C, for if 

A=PBQ and B=RCS 
then A=PRCSQ=(PR) C (SQ) 

where PR and SQ being the products of non-singular matrices Iff 
themselves non-singular. , I 

THEOREM 2. If a square matrix A is reduced to an id* l|B 
matrix I by a series of elementary row operations, then the same 
of row operations applied to I yields the inverse of A i.e., A . J 

Suppose that E„ E 2 , E r are the elementary matrices and I iM 

identity matrix, such that 

(Er E 2 Ei) A=I 

Then, post-multiplying both sides by A -1 , w'c get 

(Er E 2 E,) AA-’=I A- 1 

i.e., (E r E 2 E0 I=A _1 

which proves the proposition. 

Note. In practice, we write, A=IA 
and perform a series of elementary row operations on A and prefMfl 
I till A is reduced to I and I is reduced to B such that 


I=BA 

which follows that B is inverse of A 
As an illustrative example if A= 


then take 
' 1 

-3 
2 

1 


or 


or 


or 


i 

- 2 "i n o oi 

-5 ~ 0 1 0 

oj L° 0 1 J 



Iii 


H I 0 (f| by R. n 

-2 0 lj 

ij i it ? n 

J L- 2 0 ij 

[ 1 0 10"1 r-5 0 31 
0 1 21 H -13 1 8 
0 0 25 J L — 15 1 9j 


0 10 ' 
1 21 
-1 4 


(3) and R 31 (-2) 


by R 13 (3) and i? 23 (8) 


by R i2 (1) 
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-!- — T 1 by R l3 (-2/5) and ^ 23 (-^) 


I Ins gives, A _1 = 


a! 

1 


4 

a S 

l 

TT 


by R 3 (tV) 


~r 

4 

TS" 

l 

"a IT 


i— u » a -a »> 

In practice we may write the steps taken in this example as. 


Ititr 


(the form A=IA) 


by R n (3) and ^ 3l (-2) 
by R 13 (3) and R 23 (8) 



i) and R 3 3 (-«) 


_ _ T ST 

Mill gives the required inverse. 

|IK| Canonical Matrix 

I This is a non-zero matrix in which 

nl) the first few rows have non-zero elements while the elements of 
molding rows may be all zero, 

III) the first non-zero row is unity, and 

Mill) all the other elements of a column which contains the first non- 
y* clement as unity, are zero. 

pun illustrative example, the matrix 

Canonical. 


[ 1 0 0 Olis 
0 0 0 0 
0 0 0 oj 


ftublcm 23. Show that the matrix Ta-f/y — .S+ZSl 

11 1 , - , K 2 r LP + lS a-/ T J 

■c +r+8 2 =/. 

Iflriioling the given matrix by A, it will be unitary if 
A 9 A=I 


is unitary if 


Consider, A 9 A = f a— iy (3 

-j'8 a+i'y, 


r a— if fJ— /6T ra+iy 
L— (3— j'8 a+iyJ Lp+i6 
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-P+»l 

a — i'y J 

= ra 2 +li !! +Y !! + 62 0 1 

L 0 a 2 +p 2 +Y 2 + 8 *J 

which becomes an identity matrix if 

ix 2 +|3 2 +y 2 +S 2 =1 
Hence A is unitary if a 2 +[i 2 +Y 2 +S 2 = l. 

Problem 24. If A is a unitary matrix and B=AP where PfO, lh*n 
show that PB _1 is unitary. 

Let C=PB 1 
Then C=P (AP) 1 

_p p-i ^ by reversal law of inverses. 

or C=IA=A 

which follows that C is unitary, since A is unitary. 

Problem 25. If A is real skew-symmetric matrix such that A 2 +H|| 
then show that A is orthogonal. 

Given A 2 +I=0 

V A is given to be real skew-symmetric, 

A=— A' 

Premultiplying both sides by A, we get 

A 2 =— AA' 

or — A 2 =AA' • • (J| 

Adding (1) and (2) we find, 

A A'=I 

vhich follows that the matrix A is orthogonal. 

Problem 26. Reduce the matrix A to its normal form, where 


.71 
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■1 

0 

0 

0 

1 

* 

0 

0 

0 

: 1 

0 

0 

0 

1 

0 

.0 

0 

0 

•1 

0 


{ 

0 

1 


1 

.0 

0 


1 

I , 



o 

o 

o 


by i?32 (-2) 


by c 32 (-1) and C 42 (-f) 


o o- 
0 0 


by partitioning 


0 0_ 


We have 


[0 1 
\4 0 

L 2 1 
' ‘ 1 ; 

1: 
1 


2 

2 

3 


3 


which gives the normal form of A. 

Problem 27. Applying elementary transformations, find the inverse of 
the matrix 

A =r 0213 

11-1-2 
12 0 1 

-1 1 2 63 

Wc may write, A=IA 

It., 


r 0 

2 

1 

3'i 

= 

rl 

0 

0 

0-1 

1 

1 

-1 

-2 


0 

l 

0 

0 

1 

2 

0 

1 


0 

0 

1 

0 

L-i 

1 

2 

6j 


Lo 

0 

0 

1_ 


i 
0 

0 

0 

i; 


-21 by 

t 


-21 by R 31 (-l) 


2 
2 
3 

2 
2 

1 3j 

0 01 by C„ (-2) and C„ (2) 

2 6 

1 3j 

0 01 by R 2 (i) 

1 4 

1 3J 


or 

- 

1 

3 

0 

1- 

= 

rl 

1 0 

On 



0 

2 

1 

4 


0 

1 0 

1 



0 

3 

2 

7 


0 

0 1 

1 


_ — 

-1 

1 

2 

6._ 


_0 

0 0 

1J 

or 

rl 

3 

0 

1“ 


■rl 

1 

0 On 

A 


0 

2 

1 

4 


0 

1 1 

0 1 



0 

3 

2 

7 


0 

' 0 

1 1 



Lo 

4 

2 

7- 


Li 

1 

0 lJ 


Of 

rl 

3 0 

1 

1T 


■l 

1 

o on 


0 

2 1 


4 


0 

1 

0 

i- 


0 

1 1 


3 


0 

-1 

i i 

0 


Lo 

0 0 

i — 

■1J 

_ 

i 

-1 

0 - 

1J 

or 

rl 

3 

0 

o- 

— 

r 2 

0 

0 - 

-1- 


0 

2 

1 

0 


4 

-3 

0 - 

-3 


0 

1 

1 

0 


3 

-4 

1 - 

-3 


.0 

0 

0 - 

-1- 


_1 

-1 

0 - 

1. 

or 

-1 

3 

0 

°l 

= 


■A 

J* 

0 

0 


0 

1 

0 

0 



1 

1 - 

1 


0 

1 

1 

0 



3 

-4 

1 


.0 

0 

0 

lJ 



1 

1 

0 


A by R n (1), Ru (1) and R 3i (1) 


A by ^ (1) 


-1-1 A by R 14 (1), R 24 (4) 
and R 3i (3) 


-1~1 A by/? 23 (—1) and 
0 * 4 (- 1) 

-3 

1J 
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r l 

0 

0 

On 

= 

--1 

-3 

7 

— In 

A by i? ]2 (—3) and 

0 

1 

0 

0 


1 

1 

-1 

0 

^32 ( 1) 

0 

0 

1 

0 


2 

-5 

2 

-3 


Lo 

0 

0 

1- 


_-l 

1 

0 

1^ 



which follows that A" 


-1 

1 

2 

L— 1 


3 

-1 

2 

0 


-in 

o 

-3 

1J 


[19] Derogatory and Non-Derogatory Matrices 

An n-rowed matrix is said to be derogatory or non-derogatory accoH I 
ding as the degree of its minimal equation is less than or equal to n. 

Note. If m ( x ) is a scalar polynomial of the lowest degree with lend* 
ing coefficient unity, such that m (A)=0 then the polynomial m ( vl 
and the equation m (x)=0 are respectively known as the minimnj 
polynomial and the minimal equation of the matrix A. It should b| 
committed to memory (z) the minimal polynomial of a matrix is uniqMf 
(ii) the minimal polynomial of a matrix is a divisor of every polym# 
mial that annihilates the matrix. 

For example if A be a zz-square matrix with each element unity* 
then A 2 =n\ and the polynomial x 2 —nx annihilates A. Hence x 2 —^ff 
is the minimal polynomial of A. 

THEOREM . Every unit matrix of order > 2 is derogatory . 

If I be a unit matrix of order n (> 2), then the polynomial m ( i) 
=x— 1 annihilates I so that x—l is the mininlal polynomial of ( 
since degree of x—l is 1 (<«) therefore I is derogatory. 

As an illustration A=f 7 4 — 1”) is derogatory. 


=r 7 4 -r 

4 7-1 

L-4 -4 4 


Note. The minimal polynomial of a matrix is a divisor of every pofy 
nomial that annihilates the matrix. 

Let m (x) be a minimal polynomial of A and h (x) be another po()jp 
nomial that annihilates A. Then Division algorithm leads 

h (x)=m (x) q {x)+r (x) . . . (I) 

where r (x) is a zero polynomial or its degree is less than that If 

m ( x ). 

Put x=A in (1), 

h (A)=m (A) q (A)+r (A) . . . (9 

V m (x) and h (x) both annihilate A, (2) gives 
0=0q (A)+r (A) i.e., r (A)=0 

showing that r (x) also annihilates A. If r (x)=fiO, then it is a non-/# 
polynomial of degree less than that of m (x) and thereby contradict! 
that m (x) is minimal polynomial and hence the only possibility 
that r (x) is zero polynomial. 

Then (1) gives h (x)=m (x) q (x) 
i.e. , m (x) is a divisor of h (x). 


; s 
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1 10. RANK OF A MATRIX 

While defining a matrix, we have already mentioned that the matrix 
constituted by the array of elements which are left after deleting any 
number of rows or columns or both of a matrix is said to be its sub- 
mitrix. A square sub-matrix of a square matrix is known as a princi- 
pal sub-matrix which may be obtained by deleting the corresponding 
rows and columns of the square matrix. If it is obtained by deleting 
only some of the last rows and the corresponding columns of the 
njuare matrix, then it is called as leading sub-matrix. 

It is worth-noting that a square sub-matrix is not always obtained 
Imm a square matrix, but it may be obtained from any matrix after 
deleting certain numbers of row and columns such that the remaining 
matrix may have equal number of rows and columns. 

The square sub-matrices of a matrix play an important role in 
deciding the rank of the matrix, for, the maximum order of the non- 
tlngular square sub-matrix of a matrix determines its rank. 

Wc have also mentioned that the determinant of a square sub- 
matrix of a matrix A is said to be the minor of the matrix. The minor 
o principal or leading according as the corresponding sub-matrix is 
principal or leading. 

As an illustrative example of A = 


1 8, 9 are the minors of order 1; 

1 3 I, I 2 3 

4 6 | | 5 6 

4 6 1, 15 6 

7 9 J I 8 9 

I he sub-matrix 


t 


, then 1, 2, 3, 4, 5, 6, 


1 

2 

4 

5 1 

4 

5 i, 

7 

8 I 


i. 

1 1 

2 l> 

1 3 1. 

1 2 

3 f, 

l 

1 7 

8 1 

7 9 | 

1 8 

9 1 


are the minors of order 2. 


6l is a principal sub- matrix of A. 

L8 9J 

The sub-matrix fl 21 is the leading sub-matrix of A. 


[i i] 

k a 

I It is also clear that the square sub-matrices of orders 1, 2, 3 are all 
I Hon-singular, which follows that the maximum order of the non- 
ungular square sub-matrix of A is 3*and hence the rank of A is 3. 

(Mlnilion of Rank of a Matrix 

I Let A be a given matrix of order mxn and p be a natural number 
Much that 

P<min (m, n) 

ilirre min (m, ;i)=the smaller of m and n for m^n 

—m—n for m—n 

[ Lot us now delete any (m — p) rows and (n— p) columns of the mat- 
Ife A, so that the retained elements constitute a square sub-matrix of 
ijdcr p, whose determinant is a minor of the matrix A, of order p. 

I burly there corresponds a syystem of minors of A to each admissible 
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value of p. A definite positive integral value r of p, with the following 
two properties is known as the rank of the matrix A : 

(/) There is at least one minor of order r, which does not vanish. 

(ii) All the minors of order (r+1) vanish. 

Conclusively the rank r of a matrix is the largest integer for which 
the statement “ not all minors of order r are zero ” is valid. 

Thus the rank of a null-matrix is zero , the rank of a non-singulat 
square matrix of order n is n and the rank of a singular square matrlM 
of order n is less than n. 

The rank of a matrix A is denoted by p (A) or Rank (A). 

In determining the rank of a matrix, the following statement l| 
often found useful : 

“If in a given matrix a certain r-rowed determinant is not zero an4 
all the (r+1)— rowed determinants oj which this r-rowed determinant It 
a first minor are zero , then all (/*+ l)-rowed determinants of the mattli 
are zero". 


ILLUSTRATIVE EXAMPLES 
1. The rank of the matrix 


is 3, for the minor of 


“1 3 4 7" 

2 4 5 8 

,3 12 3. 

order 4 is obviously zero and none/of the minors of order 3 are zcfOi 


2. The rank of 


3. The rank of 


r 1 2 3 i 

L2 4 6J 


3' 

7 

10 . 

3' 


is 2. 


is 1. 


2.11. SOME THEOREMS ON RANK ■ 

THEOREM 1. Elementary operations do not change the rank oj 0 
matrix. 

Let A=[a* ? ] be the matrix of order mxn and rank r and let B IN 
the matrix obtained from A by elementary operations. Suppose tW 
r' (+r) is the rank of B. 

Case I. Let us first assume that B is the elementary matrix obtain® 
from A by interchange of a pair of rows. 

Suppose that B 0 is any (r+l)-rowed square sub-matrix of B, M 
that 0 + 1) rows of the sub-matrix B 0 of B are also the rows of so® 
uniquely determined sub-matrix A 0 of A, with the only difference tli*l 
the identical rows of A 0 and B 0 may or may not occur in the sft® 
relative positions. But we know that an interchange of a pair of roflM 
of a determinant results in the change of its sign, therefore we IflN 
have 

| B 0 | = | A 0 | or | B 0 | = - | A 0 | 

Now the rank of the matrix A being r every (r+ l)-rowed ml® 


of A vanishes i.e., | A 0 1=0 and hence | B 0 1=0, showing that every 
(r+l)-rowed minor of B also vanishes. As such r f , the rank of B can 
not exceed r, the rank of A i.e., 
r'<r 

Moreover A can also be obtained from B by interchange of rows 
and therefore a similar procedure will yield that 
r^r' 

The results r'<r and r<r' imply that r=r' i.e., the interchange 
of a pair of rows does not alter the rank of a matrix. 

It can be similarly shown that the same result holds for column- 
operation. 

Case II. Let^is again assume that B is the elementary matrix obtained 
from A by multiplying the elements of a row by a non-zero scalar say 
X /+. 

If | B 0 | is any (r+l)-rowed minor of B, then (r+1) rows of the 
lub-matrix B 0 of B are the (r+1) rows of A 0 of A or one of the rows 
of (r+1) is multiplied by A the corresponding row of A 0 , which 
happens when B 0 contains the affected row. Applying the property 
of a determinant that the multiplication of any of its row by A results 
In the multiplication of the determinant by A, we have 
I B 0 |=| A 0 | or | B 0 |=A | A 0 I 

But the rank of A being r, every minor | A 0 1 of order r+1 vanishes 
I.e,, | A |=0 and hence | B 0 |=0 showing that every (r+l)*rowed 
minor of B also vanishes. As such r', the rank of B cannot exceed r, 
Itic rank of A i.e., 

r'<r 

Moreover A can be obtained from B by multiplying the row of 
II (which was assumed to be multiplied by A) by ~ and therefore 

tt similar procedure will yield 
r<r' 

Thus r'<r and r<r' imply that r—r' i.e., the multiplication of the 
elements of a row of a matrix by a non-zero scalar A, does not alter 
|U rank. 

It can be similarly shown that the same result holds for column- 
operation. 

Case III. Let us further assume that B is the elementary matrix 
[Obtained by adding to the elements of zth row of the matrix A, the 
products with any non-zero scalar A of the corresponding elements of 
another say yth row of the matrix. 

If | B 0 | is any (r+l)-rowed minor of B corresponding to the minor 
I A 0 | of A, then it is apparent that if the sub-matrix A 0 does not 
mntain the zth row of A, | B 0 |=j A 0 |, also if zth and /th rows of A 
arc contained in A 0 , | B 0 J=| A 0 |, because by the property of a deter- 
minant, if the elements of any row are increased by the same multiple 
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of the corresponding elements of another row, the determijmitl 
remains unchanged. 

But if ith row of A is contained in A 0 and jth row not, 
then I B 0 J = | A 0 |+A | C 0 | 

where C 0 is a (r+l)-rowed square sub-matrix of A such that all th# 
rows of C 0 except the ith coincide with those of A 0 while rtn row ll 
obtained by replacing the elements of A 0 in the ith row by A tiintt 
the corresponding elements in the yth row. Clearly ± I C 0 I isa(r | |) 
rowed minor of A. 

But the rank of A being r, every minor of A of order r+1 vanishfl 
i.e., I A 0 1 =0, | C 0 |=0 and hence | B 0 1=0 showing that every (r | II 
rowed minor of B also vanishes. As such r' the rank of B caniMN 
exceed r,. the rank of A. i.e., 
r'<r 

Moreover A can be obtained from B by an elementary tranaftoN 
mation of the same type and therefore a similar procedure will yield 
r<r' 

Thus /*'</• and r<r' imply that r=r' i.e., the addition to tty 
elements of a row of a matrix, the products with any non-zero sotUf 
A of the corresponding elements of another row of the matrix dd#| 
not alter its rank. 

Conclusively the elementary operations do not alter the rank of | 
matrix. 

corollary 1. Equivalent matrices have the same rank. 

If A and B are two equivalent matrices, then by the definition tif 
equivalent matrices B can be obtained from A by a series of elcm«|i 
tary operations and hence by the preceding theorem, the rank of 
A=the rank of B. 

corollary 2. The rank of the transpose of a matrix is the sam* *1 
that of the original matrix. (Meerut, J9i fj| 

If A is a matrix then its transpose A' is obtained from A fei 
interchanging its rows and columns i.e., if 
A =[Oij] of order mxn, 
then A'=[a it ] of order nxm 

Let r be the rank of A and r' that of A'. 

If P be a square sub-matrix of A of order r such that I P 1^0, th#| 
P' will be a sub-matrix of A' of order r. 

But | P |==| P' | by the properties of determinants 
| p | = | P |+0 cos |P |+0. 

Thus by the same argument as in the above theorem 
r'>r 

Again if Q be a square sub-matrix of A of order (r+1), then Q 1 
will be a corresponding sub-matrix of A' of order r+1. 


Hut the rank of A being r, | Q |=0 
•ml since | Q | = | Q | 

| Q' | = | Q |=0 showing that every minor of A' of order (r+1) 
I k zero, therefore 

r'<r 


Hence r'>r and r'<r imply that r'=r i.e., the rank of the trans- 
put of a matrix is the same as that of the original matrix. 

THEOREM 2. Every non-singular matrix of order mxn and rank 
l(>0) can be reduced to one of the following normal forms : 




O], [/,] 


a series of elementary operations. 

\ Suppose that A =[+,] is the given non-zero matrix of order mxn 
W<l rank r. So A being non-zero will have at least one non-zero ele- 
iM'nt say a k i= A^0. If we interchange the &th row with the first row 
Itul the /th column with the first column, we find a matrix B with 
li leading element as A i.e.. 


B= 


r A 
b, 


21 


bi2 

b 2 2 


b u . 

b 2 i. 


.bi n 


u 


ml u m 2 u m3- 


->ml- 


If we divide the elements of the first row of B by A, we get another 
Ullrix C with its leading element unity, let it be given by 


1 o 12 c 13 c x i c ln 

c 2 i c 22 c 2 3 c 2 i c 2n 


—Cml Cm 2 C m i Cfnn— 

L ll we now subtract the suitable multiples of the first column of C 
Imn the remaining columns and the suitable multiples of the first 
j^»w of C from the remaining rows, then we get a matrix D with 

t iling element unity and all the other elements of the first row and 
it column as zero i.e., of the form 


D= 

rl 

0 

0 

0-1 


0 

d 2 2 

d 23 — 



Lo 

dm2 

dm 8* . • 



Milch may be expressed as 


D~ 

o 

o 

...On 

or 

-i 

Cfl by partitioning 


-6 Aj 



o 

; aJ 


Mtrc A x is a matrix of the type (m— l)x(«— 1). 

Ill A^O, then proceeding as above, we can find an elementary 
kllrix from X x with leading element unity and all other elements of 
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the first, row and the first column as zero. Continuing this proctUl 
times, we shall get an elementary matrix of either of the forms. 


(0 Hr 

; Olwhenrcw, n 

Lo 

! oJ 

(») r i„ 

1 when m = r, r<n 

L 0 

J 

(Hi) Hr : 

O] when r<m, n=r 


(zv) [I r ] when m=n—r. 

THEOREM 3. If A is a matrix of rank r, then there exist ft# 
singular matrices P and Q such that 

PAQ==rl r O-J 

Lo oJ 

Suppose that A is a matrix of order mxn and rank r. ThcniMj 
given in the preceding theorem, if r<m, n, A can be reduced to H 
normal form fl r Ol by elementary operations. But by theorem I 

LO OJ 

§2.9, the elementary row (column) operation is effected by |HJj 
multiplying (post-multiplying) the corresponding elementary matnifl 
suitable size, therefore corresponding to A the matrix of order fHj 

and rank r, there exist elementary matrices P x P 2 , Ps each of of® 

m and Q x Q 2 , Q t each of order n such that 

p - p - p ‘ aq ' q = a J 

Here each of the elementary matrices Pi, P 2 , etc, and Q lt Qg& 

etc, being non-singular, their products are also non-singular and It 
if we take 

P=PiP 2 P s, Q=Qi Q 2 Q i 

thenPAQ = rI r Ol 

LO oJ 

where P is of order mxm and Q i*e., of order nxn. 

THEOREM 4. If A is a matrix of order mxn and rank r, then 
exists a non-singular matrix 
(/) P such that PA~^J 

where G is a matrix of order rxn and rank r and O is t/w flit 
matrix of order (m— r) X n. 

(zz) Q such that AQ=[HO] 

where H is a matrix of order mxr and rank r and O is the null-nuilfH 
of order m X (n—r). 

By the preceding theorem there exist non-singular matrices PH 
such that PAQ rl r Ol 

Lo oJ 

(i) If Q=Qi Q 2 Qt, where Q lf Q 2 Q, are element) 

matrices, then 


PAQxQ 2 Qt=[-Ir Oj •••(!) 

Post-multiplying the left hand side of (1) in succession by the 

♦lomcntary matrices Qf\ Q 2 _1 » Qr J > e ^ e N ct ^?. 

I H*rrcsponding column operation in the right hand side of (1) while no 
■ folumn operation would affect the last (m—r) zero rows, we shall 
I ftml a relation of the form 



But we know that the elementary operations, do not alter the rank 
•ml hence the rank of PA and so of G will be r, which is the rank 

nr a. 

[(//) Take P=PxP 2 P s ; where P x , P 2 , P s are elementary 

•wttrices, then we have as in case (z), 

I P, p 2 p 3 Ps AQ=ri r Ol ... (2) 

Lo oJ 

I Pre-multiplying the left hand side of (2) in succession by the elemen- 
tary matrices Pr 1 , P 2 “ 1 ......P S “ 1 and effecting the corresponding row 

S eration in the right hand side of (2) while no row operation would 
bet the last (n—r) zero columns, we shall find a relation of the form 

AQ-[H O] 

nhcre the rank of AQ and also of H will be r, since the elementary 
•perations do not alter the rank and the rank of A is r. 

I THEOREM 5. The rank of a product of two matrices A and B whose 
funks are r l9 r 2 respectively cannot exceed the rank of either matrix 
I r , if r be the rank of product AB, then 

/*<>! and r<r 2 . ( Agra , 1968) 

I let A be the matrix of order mxn and B the matrix of order nxp 9 
t<> that the product AB is conformable and has order mxp. 

By the preceding theorem, A being the matrix of order mxn and 
unk r I? there exists a non-singular matrix P which is the product of 
•tamentary matrices, such that 
PA= [g] 

there G is a matrix of order r x xn and rank r x and O is the null 
•Mtrix of order (m—r^Xn. 

I Post-multiplying either side of (1) by B, we get 

PAB=j-Gj B ... (2) 

But P being the product of elementary matrices, we have 
tank of (PAB)=rank of (AB)=r ... (3) 

I l or, the elementary operations do not alter the ranK. 

I I rom (2) and (3) it follows that 
link of [ G ] B=r 


... ( 4 ) 


252 


MATHEMATICAL PlIVlM* 


T 

■•mmices 

f% IM I 


But rGl B has at most non-zero rows which arise by the rottlp 

LoJ 


plication of r 1 non-zero rows of G with the columns of B, thercfoff 


rank of |"Gj B<r 1 


,(*• 


Problem 28. Find the rank of the matrix 


4 

12 

4 


Denoting the given matrix by A we have 

A=j 


(Agra, /# 


"1 3 4 3" 

3 9 12 3 

J 3 4 1. __ 

The matrix A is of the order 3x4 and so it can have minof|p| 
order 1, 2 and 3. The minors of order 3 are 


4 

12 


4 

12 


3 

9 


4 

12 


i.e.. 


12 


1 

3 


4 . 

1 

3 

i 

9 

l 

4 

1 

13 


4 

i 

1 

1 

1 

3 

1 

1 

3 

4 

1 

1 

3 

12 

1 

1 

3 

3 

3 

3 


3 

3 

3 


3 

3 

3 


3 

3 

3 

1 

1 

1 

9 

1 

1 

1 

9 

1 

1 

1 

9 

J 

1 

1 


all of which vanish as they consist of at least two columns identic 


I lie minors of order 2 
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are 


Thus from (4) and (5) it is apparent that 
r<r 2 i.e„ the rank of (AB) ^ the rank of the prefactor A 
Again r=rank of (AB) 

=rank of (AB)' by corollary 2 of Theorem 1. 

=rank of (B'A') Y (AB)'=(B'A') by reversal law 

of tranipp 

<rank of the prefactor B' by (6) 

<rank of (B) 

2 

i.e., the rank of (AB)< the rank of the post-factor B. 

THEOREM 6. The rank of a matrix does not alter by pre-mi Jb 
pljcation (or post-multiplication) with any non-singular matrix . 

Let A be any matrix and P a non-singular matrix such Unit Ik* 
product PA is conformable and let 

B=PA ...01 

Then by the preceding theorem, 

rank of (B)=rank of (PA)<rank of (A) . . fl(tj 

(1) may also be written as 
A=P _1 B 

rank of (A)=rank of (P _1 BK rank of (B) • . » Wk 

Prom (2) and (3) it follows that 

rank of (A) = rank of (B). 


1 

3 

1 

1 

3 

1 


1 

3 

| 1 
1 1 

3 

1 


4 

12 

4 I 

4 I 
12 
4 


P of which do not vanish 


eg- 


1 1 3 I 13 

4 

1 

1 3 

3 

1 

1 4 

3 1 

1 3 3 1,1 9 

12 

l 

1 9 

3 

L 

1 12 

3 |, 

J 3 113 

4 1 1 

1 3 

3 

| | 

1 4 

. 3 

1 

1 11,13 

4 1, 1 

3 

1 

U 1 

4 

1 

I, 

I 3 3 1 | 9 

II 1 U 3 

12 

1 j 

9 

3 1 

1 

12 

3 1 

4 I 

’> 1 

3 

1 1 

, 1 

4 

il 


3 J==3 — 9= — 6 ^ 0 . 


{Gorakhpur, 1965) 


or in 
thus since 


Hence the rank of A is 2 
froblem 29. Find the rank of the matrix 

A= [jj Jj] 

a fl**® 

0 oj 

by *2 a) 

b y ^2i (~i) 

- o oj 

■.lore the rank of A is clearlv i e 

PU of orders 3 and 2, vanish fOT ’ the minors of equivalent 
Ir^blcm 30. Reduce the matrix a , 

I^ J rank, where ° t ^ e normal form and hence 



h*ve A'' 


A = 


ri 

1 

1 

1 


1 

3 

-2 

1 


2 
0 
- 3 
2 


3 

3 

-3 

3J 


(Delhi, 1960} 


A 


1 

0 

0 

L0 


ri 

l 

1 
l 

o 

2 
—3 

0 


0 

2 

— 3 
0 

0 

—2 

—*5 

0 


0 

— 2 
—5 
0 

0 

0 

— 6 

OJ 


h yc 21 (~~i), a 


0 

-6 
0. 

by R. 


31 (—2) 

and C 41 ( — 3 ) 


2i ( 1), R 31 (— ]) and R tl (_ 


1> 
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— ' 

-i o 


0 0 T 


0 1 

— 

1 0 


0 3 


5 ( 



Lo o 


0 0 J 

rw 

rl 0 

0 

0 1 

bj 


0 1 

0 

0 



0 3 

8 

1 



Lo o 

0 

0- 


< — '| ^ 

0 

0 

01 

0 

1 

0 

0 1 

0 

0 

1 

1 

lo 

0 

0 

0 - 

~-i 0 

0 

0 

ib 


by Rz (I) and R 3 (-D 


by C 32 (1) and C 4 (1) 


0 1 0 0 
0 0 1 0 
_0 0 0 OJ 

I a Ol which 


by Cfj (—1) 


is the required normal form and its rank III 


Lo oj 

Problem 31. Find the non 
is in the normal form, where 

“[; -I ' 


■singular matrices P and Q such that l*M| 

1 51 

4 -2 

1 -19] 


The matrix A Wag of «kt : « 3 • « J* 0 

B j p[? ' - 1 r> ! 

'B 


-4 

1 

2 


11 

4 

-1 


PG i s 


0 0 
Lo o 

Ar i o o o 
oioo 
ooio 
0 0 0 1 


0 0 
0 0 
1 0 
0 1 

by l<„ 


* [• 1 i i "ip ! 

by (-5) and ( “ 3) 
or ^ ; ? *ff° 0 1 



10 0 0 
oioo 
0 0 10 
0 0 0 1J 


-il 


A rl 


ri 

i° 

Lo 


4 

1 

0 

0 


-11 

0 

1 

0 


191 

0 

0 

1 


fcy C„ (4). (»(-m " d 0 c * 1,, i , 1 A rl i K K 

or n 0 o 01=[0 0 ‘ A o l 0 o 

0 3 3 3 0 1 __ 5 J o 0 -t‘t 0 

|_0 .2 2 2J D 0 Lo 0 0 A 

by C 2 (|),C 3 (-TV)and C. (A) 


i o o oi =ro 

0 111 0 

o l l lj li 

, (J) and R 3 (£) 

ioo oi=ro o 

0 1 0 0 0 i 

0 1 0 OJ Li 0 



11 19 - 

TT ITT 

0 0 

-tV o 


TT 

0 


t 

IT - 1 



0 0 


T 

0 


t n ( 1) and C 42 ( 

1 0 0 
0 1 0 
0 0 0 


■1) 


ol — TO 0 llArl * ttt ttt 

0 0 i -4 o * -} -i 

oj Li -i U o o -tV o 


LS 

kith gives the required normal form i.e., 

ri 2 Ol=PAQ 

Lo oJ 


0 0 


Mrc P= 


r° ° n 

o £ —I 

Li -i i] 


and =Qrl 
0 


4 

T 


ITT 


T T 

0 0 - T V 


L0 0 0 

Froblem 32. Find the rank of the product matrix AB when 


A= 


■« liuve AB= 


1 

-3 

-2 

1 

-3 

-2 


-71 

4 

3. 

-\ 

4 


[ 0 0 01 
0 0 C 
0 0 OJ 



Mmce rank of (AB)=0, since the rank of a null-matrix is zero. 

Ul SOLUTIONS OF LINEAR EQUATIONS 

llhis section we shall make an attempt to apply the concepts and 
frequences of matrices discussed in the previous sections, to find 
B nolution of any system of linear equations, homogeneous or 
■••homogeneous. 

Ill nhould be clearly noted that a system of n linear equations in n 
•b>»wn variables has not always a solution, e.g. the system of 
pm Ions 

(0 


2x+3y=7\ has a single solution namely x=2, v=l 
4* — 5y = 3J 
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(») 2x—3y—l 

—4x+6y=2 

and (iff) 3x+2j=5 1 

6x+4y=10j 

Homogeneous linear equations 
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has no solution 

has an infinite number of soliillo* 


'rRICES 

la king 
(•flic 


Ci. C 2 


Let there be a set of m homogeneous linear equations in n 
ables x l9 x 2 , x 3 ,jt n , 

a n x i +# 12 * 2 + +cr ln x n =0 

** 21 * 14 - 022*2 + + 0 2 nXn = 0 

a m\X 1 + a m2 x 2 + + a mn x n = 0 

In contracted form this set of equations may be expressed as 


V0l 


as column vectors of A, 

>lhaftfJ Cl ’ C *’ ’ Cr C "J of order 1 X» 

^ ^ equation AX=0 is equivalent to 

^C 1 + Xg C 2 + +* iCr + 

l acn of the column 
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we can 


•+*» C n = Q 


>ition of c„ C 2 ,...c;^^: JBlV"*. C » linear 


Cr+ 2 — 

C n =k n 


we have the relation’s of the form 
M+*i« C 2 +. 


a Mi -K U C 2 
12 Cj+A: 2 c 


~ fl ll 

**21 


tf 32 . 

^22* 


.(7 ln 
• #2n 


*1 “ 

— 

r0 “| 

x 2 


0 

-Xn ~ 


-6 _ 


I Wltere C ‘ + * 

Now the relations (3) 

k ~ 


■+k lr C r 
■+k 2r C r 


■+k ir C r 


u c i+£ 12 c 2 + +k lr C r ~l 


Writing, 


A= 


'«u 

^21 




ml 


fl 22“ • • 

I 

C e 
o’ Q* 

x= 

*1 “ 
x 2 

o= 

1 

o o • 

[ 

2 ••• 


9 

~x n - 

> 

-6 _ 


where A, X, O are the matrices of orders mxn, nxl and 
respectively, the given set of equations is equivalent to a 
matrix equation 

AX=0 

Let us assume that r is the rank of the matrix A of order mk» 
As regards the solution of the set of homogeneous linear equullMH 
the following results can be summarised: 


il C l+*!2 C 2 + C’ 

... . Cf+ 2 -f- . . 

pn,pa„sonof(2) and (4) yields 


12 C 2 + 

l=n—r 
can be rewritten as 

IrC.-l. C r+1 + 0 . 

r+2 + . . . + _ _ 

+k 2r C r +0. C r+1 ~}~ 
M+2+...-bO. C n = 0 


••( 2 ) 

com- 


(3) 


*» c ,+*.« c,+ 




(4) 


+°. C r+1 +o. I 
~1 c„=o J 


"■ • V f 


:1 


x 2 = 


i (M 


I. A system of homogeneous linear equations always have 

more solutions , 


one 


Since r cannot be greater than n, therefore, 
either r—n or r<n. 

In the first case the equation (r) will have no linearly indepcildM 
solutions, for in that case trival (zero) solution is the only soluliM 
while in the second case there will be ( n—r ) independent solujZfl 
and therefore the equation (1) will have more than one solution, 

II. The number of linearly independent solutions of AX=0 is (ff> n 
i.e. if we assign arbitrary values to ( n~r ) of the variables, thsnlk 
values of the others can be uniquely determined. ' 

Since the rank of A is r, it has r linearly independent columiM 
There is no loss of generality if we suppose that the first r column* li 
the left are linearly independent for, it amounts only to renamini Ik. 
variable components of X. 


k lr 
I —1 
I 0 
I : 
l 0 


'21 ") 
22 | 


•x„_ r = 


0 

-1 


U 


ku ■) 


klr 

0 

0 


.(5) 


linearly independent set of 


... ( 6 ) 
components on 


- - 0 J , 

\ 1 are (n~r) solutions of AX=0. 

« K? co " s,i, “ tt "* 

^'Xi+A: 2 X, + +£ y _ n 

Mini a comparison of fr4-l)th / , * 

F side of (6) will give 1)tb> ^+ I. 2 ) th , nth 

T S* 

. . X+ * r+ i Xi+x r+2 x 2 +.. v y 


vector 
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is a solution of AX=0 and hence from(2), we have 

But the se/of ve^orfct C 2 ,.l^C r is linearly independent, thereto*# 

Jl=0, J’2=0, J'r=° 

which shows that (7) is a zero vector and thus 

X=— *r+l Xi — *r+2 X 2 X n X„-r 

Hence every solution X is a linear combination of the n-r lino 
independent solutions X 1; X 2 , X n - r . „ v _ 1 

“o.VvkM that the rank of the matrix of the coeffidJ 

° f NM%~irX b 'x“lL Ch ° S ‘xI?!“lx aset of (n-r) arbitrary indet* 
dem »luiion?rf the Equation AX-O, then its general solution 1 

X = k 1 X 1 + k 2 X 2 + + k n - r Xn-r 

where k lt k 2 k n - T is a set of (n-r) arbitrary values. 

///. //fbe number of equations is less than the number ofvanahM 
then the solution is always other than 

IV. If the number of equations is equal to the number of va riabl*,$ 
necessary and sufficient condition for solutions other than 
— Xn= 0 is that the determinant of the coefficients must be zero. 

Non-Homogeneous Linear Equations 

Let there be m non-homogeneous linear equations in variOM 

x» X 2 Xn, such as 

«11*1+<*12*2 + + a ln x n — b 1 

a i ix-L-\-a 22 x 2 + +a 2n x„=b 2 

a ml x 1 +a m2 x 2 + +a mn x n =b m 


~ a n 

a 2\ 

a 12 ... 

...am - ] 

-*i“l 

*2 

— 

~bi - 

h 2 







- a m\ 

Um2 • * 

....J 

—Xn — 


-b m - 


A= 


5 

~<*XX 

n 12 ... 


x= 

-*1 ~ 
x 2 

and B = 

r 

«H M 

1 _ 

- a ml 

a m2 . . . 


> 

_X n — 


J 


we have the matrix equation 
AX=B 

This equation is said to be consistent i.e. the equation posHj 
solution if the matrices A and [A, B] are of the same rank, ■ 
[A, B] denotes the matrix 



a l2 •• 


bn 

a 2l 

fl 22 ... 


b-2 

O 

1 

2* • • 


hm » 


Here the matrix A is called Coefficient Matrix and the matrix 
| A, B] is called Augmented Matrix. 

THEOREM. The system of non-homogeneous equations AX = B 
possesses a solution if 

Rank of (A) —Rank of[ A, B] 

f r, if r and p he the ranks of the matrices A and [A, B] respectively , 
then the given equations are consistent when r=p and inconsistent when 

r<p. 

Supposing that C x , C 2 ,..., C n are the column vectors of the matrix 
A, the equation AX=B ... (1) 

h equivalent to 


[C x , C a ......C n ] 


*1 

*2 


=B 


lr, x l C 1 -f* 2 C 2 + +x n C n =B ... (2) 

The rank of the matrix A being r, it has r linearly independent 
Columns and so there is no loss of generality if we assume that the 
first r columns form a linearly independent set such that each of the 
irmaining n—r columns is a linear combination of these r columns. 

Case I. If the given set of equations is consistent, then there must 
exist n numbers say k l9 k 2i k n such that 


*iC 1 +* 2 C 1 + +k n C n =B ... (3) 

But each of the (n—r) columns C r+1 , C r+2 , C n being a linear 

Combination of first r columns C x , C 2 C r , it follows from (3) that 

It is also a linear combination of C x , C 2 , , C r . As such the greatest 

number of linearly independent columns of [A, B] is also r showing 
that r is also the rank of [A, BJ. Conclusively the system of equations 
AX ^B is consistent if rank of (A)=rank of [A, B]. 

I Conversely if the ranks of A and [A, B] are the same say r, then the 

J icatest number of linearly independenfcolumns of [A, B] will be r. 

iiul since the first r columns C 2 , C 2 , C r of [A, B] form a linearly 

Independent set, therefore the column B is expressible as a linear com- 
bination of the columns C x , C 2 , C r . As such there exist r scalars 

k 2 k r such that 

k\Qi-\-k 2 Q 2 -\- +£ r C r =B 

kr.,A: 1 C 1 +A: 2 C 2 + ...+* r C r +0-C r+1 +0-C r+2 +...+0-C n =B ... (4) 
I Comparison of (2) and (4) leads to 

Xi—ki, x 2 —k 2y x r —k rf *r+i=0, ^r+ 2 = 0 > JV n =0 

Milch constitute a solution of AX=B. 
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. , „ . c vstem of equations is consistent if and only it I 

rankTof *e coefficient matrix and the augmented matrix W ^ 
same. 


given system of equations has no solution. 

Note 3. The most general solution of AX==B is 

X 0 +k 1 Xy + k 2 \ i + + k ”-r x„- r-Xo-t-* 



, v v ° v 1 is a set of (n— r) solutions of AX=0 and *|l| 

where X l5 X 2 , Aj-jJ? a u „ic nk k k n , is any set ol in ■ 

any fixed solution of AX=B, also *„ k 2 , tc n -r y V ' M 

constants. 


Here 


A <X,+V)-AX„+AY 
=B+0=B 

So That X.+Y is a solution of the given equation l.e AX-1 
Conversely if Z be any solution of the given equal, ons. then 
A (Z-X 0 )=AZ-AX, 

=b-b=o 

showing that Z-X 0 is a solution of AX=0. 

If we write Z=X 0 +(Z— Xo) 


t ! ien i t i° 1 . l f 0WS fi t vcH t onTitio^x! 1 thereof a^f : soSe^lution Z *, | 


then it follows that every buiuuuu 
the sum of a fixed solution X u thereof and some 

mart? and B be an”xl matrix, .hen the system ofoqtH^ 

U&5 j£V£ ^-^“l!!t“h.,e • 

If we pre-multiply either side of AX B y » 
a 1 ax=a 1 b 
or DC=A- J B 

ie. X-A-B 

is LtrJshow 1 

ble that X 1( X 2 are two solutions of AX-B, then we 1 

AXy=B and AX 2 =B 

which follow that AX l =AX 2 
or A- 1 AX 1 =A- 1 AX 2 

or IX 1 =IX, 

i.e„ x i= x * 

which shows that the solution is unique. 
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• I » CRAMER S RULE 

It K matrix equation is of the form 

AX=B • • • (0 

•iint' A is a non-singular square matrix i.e., | A 1=^0, then pre- 
*Mlnplying either side of (1) by A we have 

A 1 AX=A 1 B 
IX=AB 
X=A -1 B 

t 1 being unique, these are the only solutions. 

1a* a particular case if we consider a set of three non-homogeneous 
m*3\ equations 

#11 *^1 ' l - # 12**2 “h ^ 13*^3 ^1 

# 21*^1 " f " # 22**'2 “ 1 ” # 23*^3 == ^2 
#31*1 4“' #3 2 X 2 + #33*3 = ^3 

m lyMcm is equivalent to the matrix equation 



■ I ^noting by A =r#u a 12 # 13 1 X=r*i"l 

I fl 21 a 22 fl 23 I 

L fl 31 a 32 fl 33J) L*3J> 

I liuve AX=B. 

I h. multiplying by A -1 , we get as above 
X=A -1 B 



... ( 2 ) 


Uni wc know that 

, a "“TXT adj A 

I A 1=1 an #12 #13 
#21 a 22 a 23 

i a 3X # 32 #33 



Iff A,, etc. are the cofactors of the elements a n etc. in the deter- 
fMIll I A | . 


Hire (2) may be expressed as 


*1 

- 1 

fA„ 

A 2 i 

^31 

* 2 

1 A | 

a 12 

a 22 

^32 

*3 

1 

La 13 

-^23 

A 3 3_ 



/ 
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a 2 

03 

02 

03 

02 
0 a 


I A | 


or 


lit 


~by 

by 


22 023 

1 1 Ql2 

013 


I 012 013 


1 

ft! 

32 033 

1 1 032 

033 


1 022 023 



M 

21 023 

1 1 UlX 

013 

— 

011 013 


1 

L -T J 

31 033 ! 

1 031 

033 


021 023 




11 022 

J 011 

012 1 


011 012 




11 032 ' 

1 #3i 

032 > 


021 022 

J 



J 022 0 

23 1 ^2 1 

012 

013 1+^3 1 

a 

12 

018 I 

1 #32 a 

‘33 1 

032 

033 1 

a 

22 

028 

I 021 023 1 + ^2 1 

011 

013 1 ^3 1 

a 

11 

018 1 

1 031 033 

031 

033 1 1 

0, 

21 

028 1 

I 021 022 1 ^2 

1 011 

012 1+^3 1 

a 

11 

018 1 

1 031 032 1 

1 031 

032 1 1 

a 

21 

028 1 


f[ by 

012 

013 | 

, - 

b 2 

022 

023 


I b 2 

032 

033 1 


( 0 ii 

by 

013 


021 

b‘i 

023 


1 031 


033 


| 011 

012 

by 


021 

022 

b 2 


J 031 

032 

^3 

J 


^11 012 013 


a . 


22 


a 9 


033 1 


which is equivalent to 




by 

012 

013 

1 

011 

by 

013 

b 2 

022 

023 


021 

b 2 

023 

b<i 

032 

033 

v — 

031 


033 

011 

012 

013 

, x 2 | 

I «n 

012 

013 

021 

022 

023 


1 021 

022 

023 

031 

032 

033 


• 031 

032 

033 


*3 = 


0ii 

021 

031 


012 

022 

032 


by 

K 


*11 


*21 


012 

022 


“32 


01* 

023 

038 


This result may be extended to the general case and thus givci 
rule given by Cramer. 


4 For a given set of n non-homogene ous linear equations in n vail til \ 

x l9 x 2i x n each x t (i=l, 2, n) is a quotient , the denominator 

which is the determinant j A | of the coefficient matrix A ami 
numerator of which is a determinant obtained from | A | by substit 


: 


the column \ector 




for the ith column of | A 


L£ n J 

Problem 33. Solve : 2x+3y- z=0 
x—y—2z—0 
4x-\-y—5z=0 

The given system of equations is equivalent to the matrix equatli 
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IM 


1 

i 

<N 

l 


"x 1 

1 -1 -2 


y 

.4 1 -5. 


UJ 

'0 5 3" 


* X ” 

1 -1 -2 


y 

.0 5 3_ 


_z _ 

'0 5 3" 


’ x]: 

1 -1 -2 


y 

0 0 0 


_ z m 


1=0 where 0= 


o=r o 

j . 


=0 by R l2 (—2) and R 32 (—4) 


=0 by R 3l (-1) 


winch is equivalent to 

5y+3z=0 

x—y— 2z=0 

living x=iz,y=~i z 

which give the solution for arbitrary values of z. 

The general solution is given by 

where z—5 k is an arbi- 


[ift-flTfll-i ]' 4 


trary parameter. 


Problem 34. Solve 4x-\-2y+z-\-3u=0 

6x+3y+4z+7u=0 

2x+y+u=0 ( Meerut , 1968) 

I lie given system of equations is equivalent to the matrix equation 
1=0, where O=f0’J 



=0 by R n (-4) and R n (-*) 


— O by R 32 (-*) and R 2 G) 


which is equivalent to 

4x+2y+z+3u=0 

z+u— 0 

y+u 


u 


living, z— — u, x 
The rank of 


I* -I. 


[4 2 13] 
6 3 4 7 
L2 1 0 lj 


is 2 and number of unknown variables 
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=4-2=2 


Number of independent solutions 
If we choose u—k x and x=k 2 
then, y=—2k 2 —k 1 and z=—k x 
which give an infinite numoer of non-trivial solutions. 

Problem 35. Solve x+2y+3z=0 
3x+4y+4z—0 
7x+10y + 12z=0 

The given system of equations is equivalent to the matrix equatiol 


or 


or 


Problem 37. Solve the equations by using matrix methods : 
x+y+z=6 

x—y+z=2 

2x+y—z=l (Agra, 1970) 

The given system of equations is equivalent to the matrix equation 


[i -i Jiimn 


'1 

2 

3i r 

x 1=0, where 0=f 0 1 

1 or r 

1 

nm=r 6i 

3 

4 

4 

y\ o 

0 -2 

0 \ \ y\ -4 

7 

10 

12 J L 

z\ [oj 

L3 

0 

oJUJ L 3J 


2 

-2 

-4 


3 


? nr 

o iJL 


r 


by R 2 i (—2) and R 3l (—7) 


=0 by R 2 (— I) and then R 32 (4) 


which is equivalent to 

*+2y-f3z=0 

= 0, 2 = 0 

giving x=0 y y= 0, z=0. 

Moreover the rank of the coefficient matrix 


ix f 1 2 3"1 

3 4 4 

\l 10 1 2 J 


3lis 3 whlil 
12_ 

is the number of unknown variables and hence the system has onlf 
zero solution. 

Problem 36. State the conditions under which a system of non~hoM $ I 
geneous linear equations will have 

(0 no solution , (ii) a unique solution, and (iii) an infinity of som 
tions. ( Meerut , 

Let the system of non-homogeneous linear equations be equivi* 
lent to the matrix equation AX=B 

where A is of order mxn , X be of order n X 1 and B be of onM 
mxl 

(0 The equation AX=B has no solution if 
rank of (A)^ rank of ([A, B]) 

(ii) The equation AX=B has a unique solution if 

rank of (A)=rank of [(A, B)]=number of unknown variably 

In particular if A is a square matrix, then AX=B will have A 
unique solution if | A | ^0. 

(if) The equations AX=B will have an infinite number of solutl(H§ 
if rank of (A)=rank of ([A, B])< number of unknown variables. J 


by R 21 (~1) an( * 7?32 (1) 


Which is equivalent to 

x+y+z= 6 
— 2y=~4 
3x=3 

Jiving x=l, y=2, z= 3. 

Problem 38. Show that the equations 
x+2y—z=3 
3x—y+2z—l 
2x-2y+3z=2 
x—y+z= — l 

mr consistent and solve them . 

J The given system of equations is equivalent to the matrix equation 


1 2 
3 -1 

2 -2 
Ll -1 



( 1 ) 


l Denoting the coefficient matrix by A and augmented matrix by C 
*f have 


rl 2 -1-| 

, c= 

rl 2 -1 3l 

3-1 2 


3-1 2 1 

2-2 3 


2-2 3 2 

Li -i i- 


Ll -1 1 — 1 J 


Here fourth order minor of A vanishes but none of the third order 
l( A vanishes, therefore the rank of A is 3. 

Again fourth order minor of C is 

by adding the 4th 


12-13 

= 

4-12 3 

3-1 2 1 


4-2 3 1 

2-232 


4-4 5 2 

1-1 1-1 


0 0 0 -1 


putuinn to 1st and 3rd and subtracting 4th column form 2nd 
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= 4 


= 4 


=4 


=0 


-1 

-2 

-4 

1 

2 

4 

1 

1 

3 
1 | 

3 I 


by expanding along 4th row. 




by subtracting 1st row from others. 


by expanding along 1st column. 


i.e„ 4th order minor of C vanishes, but none of 3rd order vaninhH 
as may be seen easily. So the rank of C is also 3 

rank of (A)= rank of (C) 

i.e, 9 rank of coefficient matrix — rank of augmented matrix. 

Hence the given system of equations is consistent . 

Now in order to solve the given system by performing R 2 \ 

R n (—2) and R n (—1) on (1) we have 


or 


or 



by i?32 (“t)> ^42 (*~t) 


mH] 


-1 by R a (i) 


which is equivalent to 

x+2y— z=3 
— 7y+5z<= — 


8 


giving x~ — 1, y— 4, z— 4. 

Problem 39. Solve by Cramer's rule the system of equations 

x+2y-\-3z=10 

2x—3y+z—l 

3x+y—2z—9 

[ 1 2 31, so that 

3 -? -il 


Here A = 


I A | = 


2 

-3 

1 


3 

1 

-2 


I 

31 , 


matrices 


By Cramer’s rule 
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y== 


ftul 


Hence x=3, y= 2, z 
Aliter we have 


An— 





-3 

1 1=5; 

► A 2 i — 

2 

3 1 

1 

-2 1 


1 

-2 1 


A 31 — I 


2 

-3 


i=m 


Ajj— — | 


2 

3 


1 2 1 

= +7; A 22 = 

i 

3 

1 3 -2 


3 

-2 


— 11 ; 


= 11; A 23 =- 


= + 5; 


=+'; 


2 

-3 




thus 


A- 


Adj A=f 


r 5 7 n i 


1 1 r 5 7 

1 =.~ T adj A= — I 7 -11 

l A I 52 [n 5 

solution 

[+ 


-0 


Hence the solution of the given system of equation is given by 

‘ 5 7 

7 -11 

11 5 


. 1_ 
'52 


■I'll 


lliich gives x=3, y—2, z= 1. 


50+7 + 99 
70-11+45 
110+4-63 J 


L-| 

ri56] 

I 52 1 

L 52 J 
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2.14. CHARACTERISTIC MATRIX AND CHARACTERISTIC 
EQUATION OF A MATRIX 
Matrix polynomials. An expression of the type 

F(x)=A 0 +AiX+ A 2 x 2 + ... +A m x 1w , 
where A 0 , A x , A 2 ...A m are all square matrices of the same orcljH, 
is known as matrix polynomial of degree m provided A, ;l ^0. TM 
matrix polynomial is said to be /z-rowed where A 0 , A lt A 2 , ...A m 
each of order n . 

The non-zero coefficient A m of the highest power of x is called th* 
leading coefficient . 

The degree of the sum of two matrix polynomials cannot excUd 
the degree of either polynomial. 

The degree of the product of two matrix polynomials is less (Iiah 
or equal to the sum of the degrees of the two polynomials. 

Characteristic matrix. If A be any /z-rowed matrix and I he m 
/ z-rowed unit matrix, then the matrix polynomial A — xl of the AfM 
degree is said to be the characteristic matrix of A. 

Characteristic polynomial. The determinant | A— xl | is known H 
characteristic polynomial of the matrix A. 

Characteristic equation. The equation | A — a:I [ =0 is said to fcl 
the characteristic equation of the matrix A. 

Cayley-Hamilton Theorem 

Every square matrix satisfies its own characteristic equation , 
i.e. if | A— xl | —a 0 +a 1 x+a 2 x 2 + ...+a n x n ^=0 

be the characteristic equation of a square matrix A , then 
c 0 I+a 1 A+a 2 A 2 +...+fl n A n =O, 

where every x has been replaced by A and so a 0 =a 0 x 0 -—aQ\°—a 0 l, 

Adj (A— xl) is a matrix polynomial, since the adjoint of (A— xl) ■ 
a matrix having its elements as ordinary polynomials in x. 

By the property of adjugate polynomials, we have 

(A — xl) adj (A-xIW | (A— xl) I I . • • ■ 

The relation (1) stands between three matrix polynomials numftf 
(A— xl), adj (A— xl) and | A— xl | I of which the last one is a >0^ 
matrix polynomial. The relation (1) also shows that (A— xl) is Kll 
factor of the scalar polynomial | A— xl | , so that its left functlolty 
value is O for x=A. Thus 

| A— xl | I=(J=(a 0 -^a l x+a 2 x 2 +...+a n x n ) I 
= a 0 I + < a X lx + a 2 lx 2 + . . . + a n lx" . 

Forx=A, it gives fl 0 I+« 1 A+a 2 A 2 +...+^ n A TK =O. 

Aliter. Since | adj C | = | C ! n "\ we may suppose that 
adj (A-xI)=B 0 +B 1 x+B 2 x 2 +...+B n _ 1 x w - 1 , 
then (A— xl) adj (A-xI)- [ (A-xf | I gives 


(A-xI) (B 0 + Bj x + B 2 x 2 + . . . + Bn-xX” -1 ) 

=( a 0 +a 1 x+a 2 x 2 +...+a n x n ) I 
=A 0 1 + ajx + a 2 lx 2 + . . . + a n lx n . 
Comparing the coefficients of like powers of x, 

ABq— #()I 
ABi— B 0 =«il, 

AB 2 Bi=fl 2 I» 


— B n _ 1 = flnl. 

Prc-multiplying these by I, A, A 2 ,. ..A* in order and adding, 
tr get a^L~\~ai\-\-a 2 ^‘‘\~ ...-f 0nA n =O. 


I corollary. Cayley-H^milton equation is 

a 0 l + A + a 2 A 2 + . . . +a n \ n = O • • • (0 

I In characteristic polynomial | A — xl | it is obvious that when. 
M, * 0 = I A | ^0. 

I bus premultiplying (1), by A -1 , we get 



l Note. The right and left functional values of an /z-rowed matrix 
polynomial G(x) for any /z-rowed matrix C are defined as 
G r (C) = A o + A X C + A 2 C 2 + . . . + A*C fc , 

G r (C) = A 0 + CA X + C 2 A 2 + . . . + C*A fc , 
then G(x)=A 0 +A 1 x+A 2 x 2 +...+A fc x fc . 

II G r (C)=0, then C-— xl is called a right factor of G(x) and con- 
•tiKcly and if G i (C)=0, then C— xl is called left factor of G(x) and 
| Inversely. 

I Problem 40. Find the characteristic equation of the matrix 


ri 2 

2 -7 

3 1 



pii verify Cayley-Hamilton theorem for it. 
I lince A 


l that 


A-xI=n 2 3” 

2-14 
L3 1 1_ 

A— xl | =1 1— x 
2 


1 2 

2 -1 
3 1 

—x 


1 0 0 
0 1 0 
0 0 1 _ 

2 3 

- 1 — x 4 

1 1 — x 


2 3 "I 

— 1 — x 4 

1 . 1-x J 


1— X 
2 
3 

== — x 3 + x 2 + 1 8x + 30. 


Hence the characteristic equatian is 

-x 3 +x 2 +18x+30=0. 
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Now in order to ^^H.mU.onVh«orem, we have to .hM. 


that 
Here 



and A 3 =A"A = 


3 
9 

l 6 

so that 30I+18A+A 2 — A 3 
= 30 n 0 0“1 +18 F 1 


l=p 0 01 
0 l 0 

li -i ;][? -i ill 1 
t“ i ;i -i till 

A 3 

3i+n 4 3 i4i-r 6 

4 12 9 6 4 

lj L 8 6 14 J l_6 


n o oi +i8 n 

k i ?] Li 


2 3 
*2 4 


24 6)1 


=r30+18 + 14 — 62 
0+36 + 12-48 
L 0+54+ 8-62 

=o. 


14 3 141— f62 39 Ml 
12-9 6 48 21 7l I 

8 6 14j L62 

0 + 54+14-681 

3n— 18+9— 21 0+72+ 6—78 

. 0 _ uz , 0+12+6-24 30+18+14— 62J 

=ro 0 o' 

000 

Lo ° °_i . fl . 

Hence Cayley-Hamilton theorem is verifaed. 

SUB-SPA® AND NULL SPACES ^ 

SKS? of V. 7&ZASJ& .0 the operations ot 

and scalar multiplication, is 7,.Z I* any two members of A# 

r+t is also a member of S and when I be any member of S, *t ' 
a member of S, k being a scalar. 

Every sub-space of V,, being the scalar product of any vectof j 
the scalar zero, contains the zero vector. 

For example if £ £ £■■ £ be ajet of vectors defined a» 

0 0.. 0],t 2 =[0 1 0...0],...5„=[0 0 0 .0 1], 
then this set is a basis of the vector space V n if 

kiZiT k£t + . . . + Win — ®> 

. j - ; C\ Ir 0 A".. — 0 Icn — 0, so that th#P 

which is satisfied, when * 2— *3 » • 


— > 

linearly independent and that any vector £=[a,, a 2f ...a n ] of V n may 

be expressed as 5 = 2? 2 + • • • + 

Dimension of a sub-space. The number of vectors in any basis of a 
mb- space is said to be the dimension of the sub-space, e.g. dimension 
oi V n is n. 

If we have a matrix A of order mxn , then each of the m rows of 
{ consisting of n elements is an ^-vector and each of the n columns, 

I consisting of m elements is elements is an w-vector. 

The row space of A is one which is spanned by the m- rows which is 
<l sub-space of V w and the column space of A is the space spanned by 
1 lie //-columns which is sub-space of V TO . 

The dimensions of row and column spaces are respectively known 
;|h tow rank and column rank of the matrix. 

Premultiplica^ion by a non-singular matrix does not alter the row 
funk of a matrix. 

I The row rank of a matrix is the same as its rank. 

The column rank of a matrix is the same as its rank. 

Null space and nullity of a matrix. The sub-space generated by the 
vectors X, such that AX=0 is said to be the column null space of 
matrix A of order mxn and rank r and its dimension n — r is said to 
be the column nullity of matrix A, i.e. 9 

tank of A+column nullity of A=nuraber of columns in the 

matrix A. 

I Similarly the sub-space of the solution of YA = 0 is said to be the 
fern v null space and its dimension m—r is said to be the row nullity of 
Ihc matrix A, i.e. t 

rank of A+row nullity of A=number of rows in A. 

In case of a square matrix the row nullity and the column nullity are 
Iftjual. Thus if p(A) denotes the rank of A, v(A) the nullity of square 
matrix A and n the number of rows of columns of A, then 
p(A)+v(A)=«. 

I Sylvester’s theorem i.e. 9 Law of nullity. 

I If A and B be two n- rowed square matrices , then 
max . {v(A), v(B)}^v(AB)<v(A)+v(B), 

Here v(A), v(B), v(AB) stand for the nullities of A, B and AB. 

If p(A), p(B), p(AB) denote the ranks cf the matrices A, B, AB, 
lllicn we have 

p(A)=w— v(A) 1 

p(B)=/i-v(B) V ... (1) 

p(AB)=/z-v(AB)J 

Now we know that corresponding to the matrix A of rank p(A)=r 
(lay), there exist non-singular matrices P and Q such that 
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[Note. Here if A be an m x n matrix, then P and Q are m x m 

n x n matrices respectively and then the form (2) is said to be not 
form of A while every non-zero matrix of rank r can be reduced In 
the normal form by a sequence of elementary transformations.] 
Premultiplying by P _1 and postmultiplying by Q“\ (2) gives 


A=P" ] 


1% 0] 
Lo oJ 


Q 1 


Consider another matrix C given by 

c==p _1 ro o iQ 1 , 
Lo o„- r J 

so that A+C=P _1 


fir O 1 

Lo o_J 


Q-1=P-1Q-1. 


...(!» 

...(•I 


It follows that A+C is a non-singular matrix. 

Now p(C)=n— p(A) 

and p(A+C)=n. 

But A and C being non-singular, we have 
P {(A+C) B}=p(B), 

i.e.y p(B)=p(AB+CB) 

<p(AB)+p(CB). 

Also p(CB) < p(C) = n — p(A). 

Thus (5) and (6) yield 

p(BKp(AB)+«-p(A) 
or p(AB)>p(A)+p(B)-n, 

i.e., if A, B be two //-rowed square matrices, then 

p( A) + p(B) — w < p(AB) <min. [p(A), p(B)] 
or n— v(A)+n— v(B)— v(AB)<min. {n— v(A), «— v(B)} from Hi 
or v( A) + v(B) > v(AB) > max. {v(A), v(B)}. 

This proves the theorem. 

Problem 41 . Find the basis of the row and column null spaces of ■ 


matrix 


ix n i -l n 

\l -1 2 7 1. 

13 1 0 /J 


1 -1 
1 -1 
3 1 

For the column null space, let us consider the matrix equation 


. . M» 


n 

1 

-i 

11- *1=0 

...lb 

1 ire respectively 





i 

-1 

2 - 

1 1 J’ 

[-2 

-i i] n i 

-1 

r 

=o 

L 3 

1 

0 

lj Z j 



1 - 1 

2 

~i 





LwJ 



L3 1 

0 

i 



or 


ri 

1 

-1 

11 

~ x - 

1 on subtracting the first row 

1 Ami 

p 

i 

-1 

n 

--i 

0- 

=o 

jo 

-2 

3 

-2 

y 

1 n 2nd and 3 times the first row ftM 
3rd and then subtracting the M 


3 

-i 

2 

-i 

3 

-1 


L° 

0 

0 

oJ 

Z 


Li 

i 

0 

ij 

2 

0 





1 

L w . 

J second row from the third jB 





1 

^ 0 

lJ 
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This is equivalent to 

x- \-y-z+w=0, 

—2y+3z—2w=0, 

which yield j=#z— w, x =-*z, 
hi that the general solution of (1) is 
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x - 


~—iz " 


r-ii 


r On 

l» 

y 

z 

= 

%z—w 

y 

=z 

3 

a 

i 

— W 

-1 

0 


~ w w 


~ w _ 


L oJ 


L i_ 


where z and w may be trea- 
ted as two parameters. 


Hence the two solutions 

r-in 


r 0-1 


3 

a 


-i 


l 


0 


L oJ 


L i_ 


i'(|lumn null space of the given matrix whose nullity thus is 2 (two). 
Now for the row null space, let us consider the matrix equation 


[xyz] 


B 


1 

-1 

1 


or [xyz] 


or [xyz] 


p 0 

1 ~ 2 

|_3 -2 

P 0 
1 -2 

I 3 -2 


-1 

2 
0 

0 
3 
3 


0 
0 
0 

which is equivalent to 


1' 

-1 

1 

O' 

-2 

-2 


01=0 


=0 ... ( 2 ) 


a 


-o on substracting the first column 
from 2nd and fourth and adding it 
to the third column in the second 
matrix. 

on adding 4 times the second column 
to the third and subtracting the 
second column from the fourth. 


x+y+3z=V, 

—2y—2z=0, 

giving y=—z, X— — 2 Zy 

•o that the general solution of (2) is 

[xy z]=[—2z, z, z]=z [-2, — 1, 1], 
where z may be treated as a parameter. 

Hence the solution [—2, —1, 1] constitutes the basis of the 
mill space of the given matrix whose row nullity is thus 1 (one). 


row 


row in the first matrix. 


274 


MATHEMATICAL PHYSM 


« U'RICBS 


275 




2.16. TRANSFORMATIONS 


Linear forms. An expression of the form 1 a iy x y said to be linoftf 

7=1 

form of the variable x 

Transformation. If an be the given constants and x } the variable 
then the set of equations 


X t = 2 aijXj (for i=l, 2 ...«), ... (I) 

7 = 1 

is called a linear transformation connecting the variables x y and thf 
variables X jt 


The square matrix A=[fl iy ]= 


' a 


ii 


a 


12 * 


•#i 


matrix of transformations. 

The determinant of the matrix 


#21 #22 #2n 

-#nl #«2 #nn*~ 


is said to be thi 


: #»j — 


#11 

#12 • * • 


#21 

# 22 ... 


#nl • 




is said to be the determinant or the modulus' of the transformation. 

For the sake of convenience and brevity (1) is written as 

X-Ax, . . 

when | A | = 0, the transformation is called singular and wht|| 
* A | t^O, the transformation is said to be non-singular. 

In case of non-singular matrix the transformation may be exprci||| 
as x=A _1 X (on premultipl>ing (2) by A -1 ). 

In particular the linear transformation 

X 1 =a* 1 , X 2 =x 2 ,.. X n =x n 


whose matrix 


is r 0 
0 


.... on 
o 


L 0 0 0 0 J 


=1 is said to be the identical tran 0 


formation and its determinant is unity. 

Resultant of two linear transformations. If the two succcMM 
transformations be Y=PX and Z=QY, then the resultant traniflfl 
mation is determined by Z=QPX which shows that the mat ri*J 
the resultant of two linear transformations, is the product of fl| 
matrices of the transformation, due regard being paid to the 
of multiplication. 

Evidently the rank of the product of two matrices cannot e 
the rank of either factor and if a matrix of rank r is multiplicd^M 
any order) by a non-singular matrix , the rank of the produefW 
also r. 


Orthogonal transformation. Any transformation x=AX that 
msforms lx- into 2X 2 is said to be an orthogonal transformation 
the matrix A is known as orthogonal matrix. 


ir 

A = 

" #11 

#12 





#21 

#22 -* • 





- #nl 

#n2 * • • 



imd its transpose 

A' = 

~ #11 

#21 





#12 

#22* •• 

* *#r»2 




- #m 

#2 «••••■ 



| Ihcn 

AA'=I which is the necessary and sufficient 



condition for a square matrix X to be 

knee if 





orthogonal, 

X r — #ri X^ “f" # 7 * 2 X 2 ~f" • • 



n n 

n 





Pn 2 X r 2 = 2 Xr 2 
f r*=l r=l 

— 5) (#rlX l -f-fl r 2X 2 -f“.> 

• .#mX n ) gives 

r= 1 






#li 2 + # 2 » 2 + ... +#nt 2 = 1 
#li#n + #2t#2i+..* + #m#ny — 0 


for /— 1, 2...tt,y = l, 2. ...n and i^=j. 
■Now AA'=I gives | A | | A' | = 1, 

■trre | A |=|A' | as interchange of rows and columns does not alter 
■l value of the determinant. 

A I A| 2 =l, j.e.,| A|=±l. 

■Evidently the product of two orthogonal transformations is an 
■Mhogonal transformation. For if x=AX and X=BY be two ortho- 
■nul transformations then AA'=I, BB'=I. 

I [AB] [AB]'=ABB'A' by the law of reversal transpose 
=AIA' 

=AA'=I. 

I Orthonormal Set. A set of vectors is paid to be an orthonormal set 

wurtors if 

[ (0 each vector of the set is a normal vector 
[)//) any two vectors of the set are orthogonal 

F While a complex ^-vector X is said to be orthogonal to another 
Miplex ^-vector y if (X, Y)=0 i.e., if X § Y=0. 

I I be relation of orthogonality in the set of all complex a- vectors 
\Svmmetric. The positive square root of X®X is known as the 
m§ih ofX. 

In other words using the Kronecker delta symbol 5, y =0 fori^j 

= 1 for i=y 
J * 
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normal set if (X,-, Xi)=6 ih /= 1, 2,...k,j+l, 2 ,...k. 

THEOREM 1. Every orthonormal set of vectors is linen tty 
dependent . 

Suppose that the vectors Xi, X 2 ,...X* form an orthonormal ift i 
vectors. 
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» that (X 9 AX)=X a AX, 

* X 9 AX coincides with its conjugate and therefore it is real. 

Mnear Transformation of a Hermitian form. Consider a Hermitian 
in in X 9 AX. 

Any non-singular linear transformation say X=PY, i.e ., X®=Y®P® 


Thus (/) Xi is a normal vector for every i i.e. X< a X<= I 

(//) Xt, X* are orthogonal vectors for every i,j such that It , 

i.e., Xi®X,=0 for every i and j, i=fj 
Consider a relation a x Xi \a 2 X 2 + ... + tf* X*=0 
where a x a 2 ,...a k are scalars. 

Premultiplying (1) by Xi® and applying above condition (l)|Bl 
(»), we find a l 1=0 or a^—O as 1^0. 

Similarly premultiplying (1) by X 2 0 , X 3 e , successively p 

may get tf 2 =0, tf 3 =0 , tf fc =0. 

As such all the scalars a l9 a , a k being zero, the relation 1 

follows that X 2 , X 2 , X* form an orthonormal set of IlMp 

independent vectors. 

THEOREM 2. Show ihat a real matrix is unitary if and only • 
is orthogonal. 

If A is a real matrix, then A 9 =A' 

V A is unitary if A®A=I or if A'A=I i.e., A is orthogonal, 
Conversely if A is orthogonal then A'A=I 
i.e., A e A=I, i.e. A is unitary. 

2.17. HERMITIAN FORMS 

n n 

Any expression of the forms 2 2 a (j XiX*Xj 

j=J i=l 

where 0 t7 = a,» is said to be a Hermitian form in 72-variables. 
n n 

It is easy to see that 2 1 a u xj Xj—X'AX where A=[tf<>) 

j=l i=l 

=X 9 AX 


X 9 AX=Y 9 P 0 APY=Y 9 BY (say) 
llifrc B=P a AP is the matrix of the transformation. 

I Now B® = (P 9 AP) 9 = P 9 A® (P 9 ) 9 

=P e AP=B, 

1# , B is also Hermitian if A is Hermitian, since for a Hermitian 
pirix A 9 =A. 


IlN CHARACTERISTIC ROOTS AND VECTORS OF A MATRIX 
(EIGEN VALUES AND EIGEN VECTORS) 

I «on-zero vector X is called a characteristic vector of a matrix A, 
Where is a number X such that AX=AX. 

I Here X is called a characteristic root of A corresponding to the 
Ihiacteristic vector X and vice versa. 

Irimracteristic roots are often known as Proper, Latent or Eigen 
Btor.v and characteristic vectors are known as Proper , Latent or Eigen 
WNors or in variant vectors. 

jWc have AX=AX=AIX, I being a unit matrix 
(A-AI) X=0. 

■luce X^O, the matrix (A— AI) is singular, so that 
| (A— AI) |=0. 

mhh follows that every characteristic root X of a matrix A is a root 
milt characteristic equation | A — AI | =0. 

I Uwiversely if A be a root of the characteristic equation I A— AI J 
then the matrix equation (A— AI) X=0 possesses a non-trivial 
If . non-zero solution for X, so that there exists a vector X-t^O such 
fel AX=AIX=AX. 


Where X is a Column vector with components x l9 x 2 , x 3 ,.... 

X e is a row vector with components x l9 x 2 , x n . Also the 

A is Hermitian as aa—aa. 

THEOREM 3. A Hermitian form assumes only real values . 



We have 

where X e AX 
transpose. 


being 


(X 9 AX)=X 9 AX, 
a single element 


matrix coincides "ilk .. 


X 9 AX = (X 9 A X)' = (X*AX)' 


=(X'A X)', V X e =X 

=(Xy A' (X')'=X # AX, V (X)'=X». A'=A and (Xfll 


1 1( follows that evey root of the characteristic equation of a matrix 
|l i Imracteristic root of the matrix. 


■Thus if A=[a,v] be an 72 -rowed square matrix and A an indeter- 
■nlc, then the characteristic equation 


AI |=0 gives 

a u -A 

a \2 

a 13 ..., 



a 2l 

a 22 A 

c 2 3«*.. 



a zi 

a Z2 

# 33 k . . 



&n\ 

a n 2 

a n3 .... 

•Onn-^ 


■ li is an ordinary polynomial in A of degree n and hence will give 
■lines of A on simplification. These n values of A are n eigen values 
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of this equation. To every eigen value there corresponds an olfB 
vector. 

As an illustrative example if 



then its charactristic equation [ A— AI |=0 is 

I 1-A 1 3 1=0 

5 2-A 6 

|-2 -1 —3— A I 

which yields on expansion A 3 =0 

giving A 1 = 0==A 2 =A 3 i.e., all the three eigen roots are zero. 

Nature of the eigen values and eigen vectors of special ty))*| 
matrices. 

THEOREM . 1 The eigen values of a Hermitian matrix are all Jjflj 
(. Rohilkhand , 1977',Agra , 1970; Vikram , 

Let A be an eigen value of a Hermitian matrix A. 11ich|( 
definition there exists a vectos X^O, such that 

AX=AX. 

Premultiplying by X® we get 


so that 


P 0 AX=X 9 AX 

=AX 0 X=AX e IX 


X e AX 

X®IX 



Also by §2.17, we have X®AX=X®AX, 

so that X®AX is a real number and therefore in particular XUjH 
also a real number. 


Hence from (2) it follows that A is a real number, i.e. 9 all the 
values of a Hermitian matrix are real. 


THEOREM 2. The eigen values of a skew- Hermitian matris § 
purely imaginary or zero . 


If A be a skew-Hermitian matrix and AX=AX, then 


(/A) X=(/A) X. 

But /A is Hermitian and therefore its eigen values /A arc r«J| 
follows that A is either zero or purely imaginary number. 

Note. In this case X®AX= — X f AX. 


THEOREM 3. The modulus of each eigen value of a unitary H|M| 
is unity , r.e., the eigen values of a unitary form have the 
value 1. 


Let U be the unitary matrix, A an eigen value of U and X a 
rorresponding eigen vector; then 

UX=AX. . . . (1) 

Taking conjugate transpose of either side, we get 

X e U e =AX®. ... (2) 

Post-multiplying (2) by (1), we get 

X®U e UX=AAX 6 X, 

A being complex conjugate of A 
or X e X=AAX®X as U®U=I, U being unitary 

or (1 — AA) X®X=0. 

Since X^O, therefore X®X^0 and hence 

1-AA^0, i.e. f AA=| A | 2 =1, 

I r , the modulus of A is unity. 

Note. The above three theorems when particularised, give that 
(I) the eigen values of a symmetric matrix are real, 

(//) the eigen values of a skew-symmetric matrix are zero or purely 
Imaginary, and 

(in) the eigen values of an orthogonal matrix have the absolute 
unity and are real, or complex conjugate in pairs. 

Thus taking A as an eigen value of the matrix A and X the corres- 
| ponding eigen vector, we have 

AX=AX, 

a 2 x=aax=a 2 x, 

a 3 x=aa 2 x=a 3 x. 

Therefore 

l^ ,, ~I(i)A n-I +I( 2) A n-2 — ... + (— l) n I (W) I] X 

= [X n — 1 (1 1 + I,2)A"- 2 1 )- I (n) ] X, ... (1) 

since A C =I. 

If the characteristic equation be taken as 

| A-AI |=(-1)« [A n — I (1) A n_1 + I (2) A n ~ 2 +... +(—l) n M=0, 

(hen (1) reduces to 

A n -I (1) A n - 1 + I( 2) A n - 2 -...+(-l) n I (n) I=0, ... (2) 

which is Cay ley ’Hamilton Theorem. 

THEOREM 4. Every matrix equation satisfies its own characteristic 
equation. ( Cayley -Hamilton Theorem). 

It is easy to show that the theorem that every square matrix 
mtisfies its own characteristic equation also holds for singular 
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matrices as well as for matrices that have repeated eigen values. It! 
proof has already been given in §2.14. 

If A is non-singular matrix, then multiplying the result (2) abov# 
by A -1 , we get 

A - i = ( - T 1)n+1 - [A n - 1 — 1 (i )A n - , + 1( » )An - 3 — ...+(- D n i<»— „], 

A(n) 

which gives a method of finding the inverse of a matrix. 

THEOREM 5. Any two given vectors corresponding to two distinct 
eigen values of a Hermitian matrix are orthogonal. 

Let X x and X 2 be two eigen vectors corresponding to two distinct 
eigen values \, A 2 of a Hermitian matrix A; then 

AX x =\X l9 ... (I) 

AX 2 =A 2 X 2 , ... (2) 

where from theorem (1) the numbers \, A 2 are real. 

Premultiplying (1) and (2) by X 2 ® and X x Q respectively 

X 2 0 AX 1 =A 1 X 2 0 X 1 , ... (3) 

X 1 G AX 2 =A 2 X 1 e X 2 , ... (4) 

But (X 2 0 AX 1 )°==X 1 e AX 2 , 

V for a Hermitian matrix A e =A and also (X 2 e ) e =X 2 . 
therefore we have from (3) and (4), 

(A 1 X 2 e X 1 ) 0 =A 2 X l 0 X 2 
or \X x q X 2 =\X x q X 2 

or (A 1 — A 2 ) X 1 q X 2 =0. 

Since A*— A 2 =£0, otherwise the roots will not be distinct, therefoit 
the only possibility is that X^X^O. 

It follows that X Xi X 2 are orthogonal. 

corollary . Any two eigen vectors corresponding to two distinct 
eigen values of a real symmetric matrix are orthogonal. (Agra, 1974) 

THEOREM 6. Any two eigen vectors corresponding to two distinct 
eigen values of a unitary matrix are orthogonal. 

Let X x , X 2 be two eigen vectors corresponding to two distinct eigen 


values A ls A 2 of unitary matrix U; then 

UXx-AxXx, ...(|) 

^X 2 =A 2 X 2 . , . . (2) 

Taking conjugate transpose of (2), we get 

X 2 0 U 0 ^A 2 x 2 0 . . . ( 3 ) 

From (1) and (3), we find_ 

X 2 e U°UX 1 = AgAjX^Xx 

or X^Xx == A 2 A 1 X 2 *X 1 since 

or (1— A 2 Aj) X 2 ®Xx=0. . . .( 4 ) 


But U being a unitary matrix, the modulus of each of its ciggQ 
values is unity, i.e., A 2 A a =l. 


I that (1 — A 2 A 1 )=A 2 A 2 — A 2 Aj, A 2 (A 2 A^^O • • • (5) 

I Prom (4) and (5) it follows that X 2 0 Xx=O i.e., Xi and X 2 are 
|4lhogonal. 

] III EO REM 7. The eigen vectors corresponding to distinct charac - 
Ir/vf/c roots of a matrix are linearly independent. 

I Assuming that X t , X 2 , X m are eigen vectors of a matrix A 

fcfiesponding to distinct eigen valves A 1# A 2 , A n such that 

U, A,-X, 1=1,2 m, we have to show that X L , X 2 X m arc 

Bkurly independent. 

■ luppose that X 1? X 2 X m are not linearly independent but they 

■) linearly dependent, then we can choose r such that 1 *^r<m and 
X 2 , X T are linearly independent, but Xi, X 2 X r , Xh-i are 

I TL-.irly dependent so that there exist scalars a x , a 2 , a r+x not all 

p>, satisfying 

a x Xx +^2 X 2 + + flr+i X r +i=0 . • • (1) 

I \ (a x Xi+^ 2 X 2 + *4" a r + 1 Xr+i) = AO 

k a i AXi+fl 2 AX 2 + 4”^r+i AX r+ i=0 

■ 0 X (Aj Xi) + ^2 (A 2 X 2 )+ + a r + 1 (Ar+1 X r + 1 )=0 • • • (2) 

I Multiplying (1) again by A r+1 and subtracting from (2), we find, 

■ *i (Ai — A r+ i) Xi+a 2 (A 2 — A r+1 ) X 2 + + ci r (A r —A r+1 ) X r =0 

I Hut Xi, X 2 X r are linearly independent by hypothesis and 

m A a , A r+1 are distinct, it therefore follows from (3) that 

u l =0=fl 2 = =a r 

|H then (1) gives a r+x X r +i = 0 
■ S * that a r+x — 0 as Xr+iT^O 
■Hence a x =0=a 2 =z =a r =a r+1 

BfciJi contradicts the assumption that a x , a 2 , a r+x are not all zero. 

lit follows from this contradiction that our initial assumption is 

lf<<ng and the only possibility is that Xi, X 2 , X™ are linearly 

Hipcndent. 

I IIITOREM 8. The minimal polynomial of a matrix is a divisor of 
m characteristic polynomial of that matrix. 

Ml f(x) be the characteristic polynomial of a matrix A, then by 
l«v Icy- Hamilton theorem, /(A) =0 so that/O) annihilates A. Thus if 
K< 0 is the minimal polynomial of A, then m(x) is divisor of f(x) by 
■ V|19]. 

wl'HEOREM 9. Every root of the minimal equation of a matrix is 
ms a characteristic root of that matrix. 

Ill f(x) be the characteristic polynomial of a matrix A and tn(x) be 
■ minimal polynomial, then by preceding theorem m(x) is a divisor 
■ A*) and so there exists a polynomial q(x) such that 

f(x)=m(x) q(x) 

I If A be a root of m(x)=0, then m( A)=0 


( 1 ) 

( 2 ) 
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Putting x=A in (1) we get,/(A)=w(A) #(A)=0 by (2) 
which follows that A is also a root of /(x)= 0 
Hence A is also a characteristic root of A. 


THEOREM 10. The characteristic polynomial and hence the el#* 
values of similar matrices are the same. Also ifX be an eigen v<rW|f 
A corresponding to the eigen value A, then P 1 X is an eigen vecttf jf 
B corresponding to the eigen value A where B=P" 1 AP. 

Let A and B be two similar matrices. Then there exists an invcr||||| 
matrix P such that 

B=P -1 AP. 

Consider B— A I=P _1 AP— A I 

=P 1 AP-P 1 (AI) P V P 1 (AI) P=A P 1 |'~M 
=P 1 (A— AI) P 

| B— AI |=| P _1 |.| A— AI | . | P ! 

= | P -1 1 1 P 1. 1 A— AI | v scalar quantities comRH 


HP" 1 Pi . I A-AI| .• | CD HI C| |D | 

= | A— AI | Y | P -1 P | = | I | = 1 
which follows that A and B have same characteristic polynomial 
so they have the same eigen values. 

For the second part, taking A as one of the eigen values of A MM 
X corresponding eigen vector, we have AX=AX 

/. B (P" 1 X)=(P" 1 AP) P 1 X=P 4 AX Y PP-^I etc. 

=P^ (AX) by (1) 

=A (P 1 X) 

which follows that P _1 X is an eigen vector of B corresponding t(|B 
eigen value A. 


corollary. If X is similar to a diagonal matrix D then 
elements o/D are the eigen values of A.' 

Since D has its diagonal elements as its eigen values and D is 
to A it therefore follows that diagonal element of D are eigen 
of A. 

Problem 42 IfXis a characteristic vector of a matrix A corr < 
ing to eigen value A, then show that k X, k being a non-zero 
is also an eigen vector of A corresponding to A. 

As given, Xf=Q, and AX=AX 

k^ Oand X^O give k X^O 
Now, A (k X)=k (A X)=fc AX by (1) 

=A ( k X) 


5 




which follows that k X is an eigen vector of A corresponding 
eigen value A. 


Problem 43. If X is an eigen vector of a matrix A, then prove I 
cannot correspond to more than one characteristic values of A. 
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11 possible let us suppose that X is an eigen vector corresponding 
i" two eigen values A 2 of A. Then, we have 
AX=\ X and AX=A 2 X 
These give, \ X=A 2 X i.e., (\-\) X=0 
I A 1 =A 2 as Xt^O. 
i.e , A 2 and A 2 cannot be different. 

Problem 44. Determine the eigen values and eigen vectors of the 
Matrix A = f5 4l 

L / 2J 

The characteristic equation of A is given by | A— A I | =0 i.e., 

5-A 4 1=0 i.e ., A 2 -7A+6=0 or | A-l) (A-6)=0 

1 2— A I 

I A x = 1 , A 2 =6 are the eigen values of A. 

Now the eigen vector X x of A corresponding to the eigen value A x = l 
h given by the non-zero solutions of the equation (A — 1 I) X 2 =0 

| ([? 2 j ~ [o aoa-ra 

I lie coefficient matrix here is of rank 1 and therefore these 
filiations have 2 — 1 i.e., 1 linear independent solution. 

These are equivalent to 

4x^ ~f~4x 2 =0 and Xi~\~ X 2 — 0 
which yield, x x = — * 2 

H we take ^=1, then .v 2 = — 1 so that the eigen vector of A 
I Xi = ^ 1 J corresponding to the eigen value 1. 

In fact every non-zero multiple of the vector X L is an eigen vector of 
h corresponding to the eigen value 1. 

Again the eigeh vector X of A corresponding to the eigen value A 2 =6 
h given by the non-zero solution of the equation (A— 6 1) X 2 =0* 

r [-;-?] Grm 

I Here also the coefficient matrix being of rank 1, these equations 
•• oc 2 — 1 i.e., 1 linear independent solution. 

I hey are equivalent to 

— * 1 +4x 2 =0 and x^-4 x 2 ==0 
Which are the same and satisfied by ;v 1 =4, * 2 = 1 

^ 2== [ 1 J lS an C ^ en vector ^ corresponding to the eigen 
Mluc 6. In general it may be represented by CX 2 i.e., C [41, where C 


•• any non-zero scalar. 
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Problem 45. Determine the eigen values and eigen vectors of thi 
matrix 

A=r 


[ 3 1 4 ~\ 

\0 2 o\ 

1 0 0 


The characteristic equation of A is I A— AI |=0 i.e. 9 

I 3— A 1 4 1=0 te. 9 (A— 2) (A— 3) (A-5)=0 

0 2— A 0 L\ A x =2, A 2 =3, A 3 =5 

I 0 0 5— A I 

which are the eigen values of A. 

Te determine eigen vectors let us consider the eigen values oil| 
by one. 

(0 When A 1= =2 the eigen vector X x is given by (A— 21) Xi=0 


i.e. 

"1 1 4 

*1 

= 

~0~ 


0 0 6 

*2 


0 


0 0 3 



0 

The rank of coefficient matrix being 


3—2 i.e. 9 1 linearly independent solution. 

These are equivalent to *i+* 2+4 x 3 =0 

6 x 3 =0 

3 * 3=0 

The last two give x 3 =0 and then first one gives x 1 +x 2 =0. 
Take *i=l, then x 2 = — l and x 3 =0. 


Hence 




r 

-1 

0 


C x being a scalar 


(it) When A 2 =3, the eigen vector X 2 is given by (A— 3I)X 2 =0 


i.e. 

'0 1 4 

*1 

.== 

’0 


0-16 

x 2 


0 


0 0 2 

_*3. 


0 

which are equivalent to x 2 +4x a 

,=< 

0 




— x 2 +6*3=0 
2x a =0 

giving x 3 =0, x 2 =0 and x x is arbitrary say Xi=l 5 then 


X 2 =C 2 


C 2 being a scalai 


(Hi) When A 3 =5, the eigen vector X 3 is given by (A— 51) X 3 =0 ( 


te. 


which are equivalent to 


r. 

i 

-3 

4 

6 

* 2 

= 

"O’ 

0 

L o 

0 

0 

*3_ 


0 


-2x 1 +x 2 +4x 3 =0 
— 3x a + 6X3=0 
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x 2 =2x 3 =y'X 1 /.e.2x 1 =3x 2 =6x 


giving 

Take x 3 =l, so that x 2 =2 and x x = 3 
Hence X 3 =C 3 f3l C 3 being a scalar. 


Problem 46. Show that the eigen values of a diagonal matrix are 
lllvcn by its diagonal elements. 

Let D=diag [a ll9 a 229 ...a nn ]= 


a u 0 

0 a 2 2 


0 n 
0 


L0 


Its characteristic equation is 
I D - AI I 0 i.e. 


an- A 
0 


0 

0 .. 


.0 

.0 


0 0 


I.e. (a u -A) (a 22 — A)...(a nn -A)=0 

giving A=r=a n , a 229 ...a nri which are eigen values of D and these are 
dearly the diagonal elements of D. 

Problem 47. Prove that any square matrix A and its transpose A' 
hove the same eigen values. 

^ A (+/]mXm then A = 

The characteristic equations of A and A' are 
I A-1A I =0 and | A'-AI [ =0 

i U. 


a n -X 

a 2l 

a i2 


=0 and 

«1X- A 
<*12 

a 21 

U 22 • 


a ml 

^m2 



aim 

a 2m 



=0 


both the determinants have the same values as interchange of rows 
und columns does not alter the value of the determinant. 

| A— AI | = | A'-AI | =0 

which follows that characteristic equations of A and A' are the same 
und hence they have the same eigen values. 

Problem 48. If A be a non- singular matrix then prove that the eigen 
values of A -1 are the reciprocals of the eigen values of A. 

If A be an eigen value of A and X the corresponding eigen vector, 
then we have 

AX=AX ... (1) 

Pre-multiplying both sides by A -1 and using A -1 A=I and IX=X, 
wc get 

X=A-> (XX)=X(A- 1 X) or A~ J X= y X which in view of (1) 
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follows that y- is an eigen value of A -1 and X is the corresponding 


eigen vector. 

Conversely if k is an eigen value of A -1 , then A being non singular 
gives its inverse A -1 to be non-singular and (A~ 1 )” 1 =A, so that ^ ll 
an eigen value of A. 

As such each eigen value of A -1 is equal to the reciprocal of som# 
eigen value of A. 

Problem 49. If A is a square matrix of order n and has A,, A 2 ,,,,A| 
as its eigen values then show that eigen values of k A will be k\, AA fl 
...&A n , k being a non- zero scalar. 

If A=[tf* 5 ]nx 7 i then its characteristic equation is | A— AI | =C 
(A — A,) (A— A 2 )...(A— A n ) = 0 


i.e. 


(I) 


=0 


i.e. 

ka u — A 
ka%\ 

ka^ 

ka 22 ^ • • ■ 

■ka ln 
■ ka 2n 



ka nl 

ka n 2 


-A 

or 

A 

an ~~k’ 

a i2 




a 2l 

A 

a 2 ~j 




a n\ 

a n2 


A 

k 


=0 


=0 


or 


a -A. 


=0 


ie. Q- - A,) (A -A 2 ) (^-A„)=0 by (1) on putting-^ for h 

Hence the eigen values of kA are &A,, A:A 2) ...A:A n . 

Problem 50. If eigen values of A are A t , A 2 ,...A„ then prove ihm 
those of A 2 will be hf, A 2 2 ,...A n 2 . 

If X be the eigen vector of A corresponding to a eigen value A of A 
then 

AX=AX . . (|| 

A(AX) — A(AX) 

A 2 X=A(AX)=A(AX) by (1) 
or A 2 X=A 2 X 

which follows that A 2 is the eigen value of A* corresponding to (tf 
eigen vector X. 


or 

or 
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( I lienee if A„ A 2 ,...A are the eigen values of A, then A. 2 A 2 A 2 
"» the eigen values of A 2 . 1 ’ 2 *— A » 

IroWein 51. If A and B are two square matrices, then show that AR 

, .' $A have same eigen values. Also show that A _1 B and BA -1 have 
" -'“me eigen values when \ A | ^0. A n 

We have BA=(A~ 1 A) BA=A _1 (AB) A 

same eieen 

I Similarly BA -1 =(AA -1 ) BA _1 =A(A _I B)A“ 1 

I'* BA -1 and A _1 B are similar and hence etc 

o/A Sh " W ' O0 ' S < ’ /A ‘ a ' e * of the 

I 1llc characteristic equations of A and A® are as given 
I A— AIJ^=0 and | A®— Xl | =o 
Hut | A® - A I | = | (A— AI) 9 | = | A-AI | 

|A . - , ••• |a 9 |=|a'|=|a| 

I A 9 - AI | =0 iff j A-AI j = 0 

" r I A» - AI |=o or iff | A-AI | =0 since if z be a 

PPlex number then z=0 iff 7 =o. 

I’roblem 53 a c/, e,ge i. Val ? e ° f A * iff A is an e, S en value of A. 
j roblem 53. Show that the matrix A=J I 0 0 

1-1 0 

I lie characteristic equation of A is j A— AI ( =0 
1-A o 0 

J -1-A o 

K:ir„r her 

Consider A 2 =A-A = 


is derogatory. 

=0 or (A-1)(A+ 1)2=0 


1 0 01=1 
0 1 0 
.0 0 1 J 


is .he mini . 

■ki'Ogatory. ^ x ls ess ^han 3 and hence A 

1 '"Mem 54. If X be an eigen vector o/*B = P~ 1 A p , 

Utyen value A, then show that Y-py/c P A P corresponding to 
W"g to the same eigen value. ^ °' A corres ' 

We have BX=AX 


l 
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PBX=PAX or P(P 1 AP)X=PAX 
° A(PX)=A(PX) V PP 1= I and IA=A m 

which follows that PX is an eigen vector of A corresponding \o \ 
eigen value A. 

. orp nnen ca.ncu aa *»*”*— 

be n distinct 


Such eigen vectors are often called as the invariant eigen vector^ 


Diagonalization of matrices Let 

values of a matrix A and Xi, X 2 , X 3 ...a n 
vectors Also let X, be the column vector given by 

X x< l 

X<= 


be the n corresponding «4|»> 


Consider a 
such that 


X 2< 

LX« 

matrix E whose column vectors are the n eigen 


E= 


rX u 

X„ 


x 12 . 

x 22 . 


•X ln 

•X 2 „ 


_x„ 


•X, 


=[Xij] (say) 


Then 


D= 

rAj 0 0' 

o a 2 0 


_0 0 An. 

ED= 

"AiXn A 2 Xi2 

AjX,i * 2 X 22 , 


LAjXnl A 2 Xn 2 ■ 


(AX 1# AX 2 


=diag [Ai, A 2 , A„] 


,A n X X n 

• AfjX 2 n 


,A n Xn 


=pt,x«] 


.'.in 


H 


< *i 


If E be a non 


(no summation 

,X„) (expressing matrix as vector*) 

=A (X x> X 2 ,..-X n ) 

~~ -singular matrix, then premultiplying by E _1 , P 


Thus ]•£*%&*£££ 

tSA'SSS of , He — a 

fe&sssa tsssssss^ m 

then the diagonal matrix of 


pi t RICES 

tg., if A=rcos 0 —sin 0 0" 

I sin 0 cos 0 0 

L 0 0 1. 

*fn | A— M j=rcos 0— A — sin 0 

sin 0 cos0 — A 

L 0 0 

if., (!— A) (1-2A cos 0+A 2 )=O 
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0 
0 

1— A J 


=0 


Characteristic roots are 1, 

It., 1, cos 0±i sin 6 

.±'0 


2 cos \/4 cos 2 0—4 


... u* 


If; 


\=e 


id 


1, e 
A,=e 


10 


, A a =l (say) 


Hence the diagonal matrix is r id 


0 


-re 


o 


r\ 

0 

0 ... 

... 0*1 

0 

a 2 

0 ... 

...0 

Lo 

0 

0 ... 

...K- 





0 e mw 0 
LOO 1J 
Note. Besides this method we can diagonalize a square matrix 

II) by orthogonally similar matrices 

III) by unitarily similar matrices 

}nt I be above method is rather convenient in practice. 

Ill HO REM. The necessary and sufficient condition for an n-rowed 
kflr/x- A to be similar to a diagonal matrix is that the set of eigen 
mtors of A includes a set of n linearly independent vectors. 

To prove that the condition is necessary. There exists non-singular 
Mlrix E, such that 

E~ 1 AE= D = diag. (A x# A a , A*). 

frc-multiplying by E, we get 

AE=^ED, since EE _1 -=I. 

lupposethat E=[XiX 2 X»]. 

A [X,X 2 X n ]=[X 1 X 2 X n ] diag. (A x , A* A n ) 

[AXi AX 2 . . . AXn] = [A x X x A 2 X 2 ...A n X n ]. 

I his is equivalent to 

AX 1 =A 1 X 1 , AX 2 -A 2 X 2 ,..., AX n =A n X n . 

(but X x , X 2 ,.... X n are n eigen vectors of A whose corresponding 
n values are \ 9 A 2 ,..., A n . As these vectors constitute the column 
• non-singular matrix, there exists a linearly independent set of n 
ii vectors. 

Jo prove that the condition is sufficient. Let Xi, X 2 , X 3 ,..., X n be a 
irly independent set of n eigen vectors of the matrix A and let 
, be the corresponding eigen values. Then 
AX 1 =A 1 X 1 , AX 2 =A 2 X 2 ,..., AX n =A n X». 

| If wc write E=[X!, X 2? ...X«], 


. . • ( 1 ) 
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the system (1) is then equivalent to 

[AX! AX,... AX, ,]=[*, Xi, A,X,...A„X„] 
or A [X 1 X 2 ...X,J=[X 1 X 5 ...X„] diag. (A„ 
ie AE-ED. 

Bui the n-rowed matrix E is non-singular for its columns form » 
linearlv independent system. Thus E*' 1 exists and hence we have 
E" 1 AE=D, 

which follows that A is similar to a diagonal matix. 

Problem 55. Show that the diagonalized matrix of a real symm *<><• 
matrix is orthogonal. , l# i_ 

If A be a real symmetric matrix and D its diagonalized mslrtjj 

then D 1 AD = diag [A,. A, A n ], 

where A,. A,,...A„ are eigen values of A. 

/. (D“'AD)' = diag [A,. A,,...A n ]' 

or D'A' (D _1 )'=diag [Ai, A 2 ...A n ]=D AD 
which follows that D =D 1 i.e., D is an orthogonal matrix. J* 
roblein. 56. Show that diagonalized matrix of a Hermitian mat 

is a unitary matrix. . - 

If A be a Hermitian matrix and D its diagonalized matrix, to * W 

jj-i AD = diag [A x , A 2 .. A„] and A®^-A 
where A 2 ,...A„ are the eigen values of A. 

/. (D _1 AD) 3 =(diag [A,, A 2 ,...A n ] 9 

or D 0 A®(D _i ) e =diag [A l5 A 2 ...A„] 

nr D®A (D- 1 )®=D- 1 AD by (1) 

,hen A f *nv$ i. 

Consider a square matrix B with its columns as vectors X,*H 
tha.t 

B = [Xi, X 2 ,...X n ] 

.*. AB=A[X 1; X : ,...X»]=[AX,, AX 2 ...AX„] 

=[A 1 X 1) A 2 X 2 ...A n X„l by (1) 
=[X 1 ,X 2 ,...A n ]fA 1 0 0 


o A 2 


Lo o... 

=B diag lA lt A„] 

/. B -1 AB=diag [A,, A 2 ...A n ] 

which follows that A is similar to diagonal matrix. 


0 

X 


2.19. QUADRATIC FORMS AND THEIR REDUCTIONS 
(Quadratic Forms. A homogeneous polynomial of the second degree in 
«ny number of variables is said to be a quadratic form, e g., a.v 2 + 
2/i.vy +by 2 , ax 2 -\-by 2 +cz 2 +2fyz+ 2 gzx + 2hxy are respectively the 
quadratic forms in 2 and 3 variables. 

n n 

The general quadratic form is 2 1 a u x ( Xj in n variables x,, 

j= 1 ' = 1 

where /==!, 2, 3 ...n and j= 1, 2, 3 ...« but/#./. 

The coefficient of each product term is a ir ra } ., for it arises as x it 
Hi well as xn. In case i—j, the coefficients of square terms, i.e., x, 2 , 
|X| ,...Xn are a 2 o 9 ...an n . 

If we now define another set of scalars, such that 
b%j an and b{j == bji = {ytij~\~bji) for i^-j. 
n n n n 

pen 2 2 aijXiXj = 2 2 bijXiXj, 

j=l i=l j=li=l 

which follows that every quadratic form can be so adjusted that the 
matrix of its coefficients is symmetric. 

Quadratic form as a product of matrices. If we have a quadratic 
lot 111 

n n n n 

2 2 auXiXu where au=a H then 2 2 a^jt^X'AX, 

y = 1 /= 1 j— i i*=i 

I where A is the symmetric matrix of the given quadratic form. 

We have A=r 


Let X- 


*i 

Lx„ J 


■«11 

a i2 

a \n ~ 


*21 

^22 

@2 n 


a nl 

a n 2 

@nn— 


; then X'=[. 

X u X 29 . 



n n n 

I Now 2 2 QiiXiXi = 2 (a il x l +a i2 x 2 +...+a in x n ) Xi. 

J= 1 /=1 i=l 

From which it is obvious that the form appears as a matrix 
phtuined as the product of the pre-factor row matrix with components 

^21^1+^22' T 2 + ••• +^2n* Y n. 


an l x 1 + a n2 x 2 + . . . +a n n x n 

tml the post-factor column matrix with components 
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Also i. is apparent that the pte-factor row matrix it t the ^pr^tta »' 
the pre-fector row matrix with components x 1( x 2> . . ano P 
factor xnaUix A. Hence 


. i 


n n 

2 X 
;== i /“i 


aijXiXj—X' AX. 


For example, 

ax*+2hxy+by t -[xy] g J] [ * 


A if there exists a non-singular matrix P, such tha 

B=P'AP. 

Properties of congruence of matrices 

(i) Reflectivity. Every matrix A is congruent to itselj as 

A=I AI=I'AI. # J 

(«) Symmetry. If A is congruent to B, then B i» also congruent to A. 

If A— F'BP, then 

B=( P')~ l AP- 1 =(P“ 1 )' AP • J 

(hi) Transitivity. If A is congruent to B and B to C iAen A u " > 

congruent to C. 

If A-P BP, B=Q'CQ, then 

A=P'Q'CQP=(QP)' C (QP) J 

(iv) The ranges of values of two congruent quadratic forms are W 

T'thc two congruent quadratic forms be X'AX and Y'BY, Him 
there exists a non-singular matrix P, such that 
B=P'AP. 

To show that the sets of values assumed by the two forms M ■ 
same when the vectors X and Y range over a field, let us write X-W 
so that Y=P~ l X. 

Suppose that X/AX, is a value of the first form for any vector X* 
and that !»-%«= Yj ; then 

Y 1 'BY 1 =(P -1 Xi)' P' AP(P ] Xi) 

=X 1 '(P') 1 P' APP _1 Xi 
=X 1 'AX 1 , since PP~ 1= =I etc. 

Conpruent transformations. A pair of elementary transformattojjj 
one row and the other column, such that each of the correspond* 
elementary matrices is the transpose of the other, may be called* 
elementary congruent transformation. It may be 

tyP (i) Interchange of the ith and/th rows as well as of the ith and* 
columns as B„AE<* for E'w=Eo. 
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(ii) Product of the ith row as well as the ith column by a non-zero 
scalar c as E*-(c) AE*(c) for E/(c)=E<(c). 

(Hi) Addition of k times the yth row to the ith row and also the 
addition of k times of the jth column to the ith column as F tj (&) 
Aff;(&) for E*/(fc)=«Ea(ft). 

EXAMPLE. Reduce the following symmetric matrix to a diagonal 
form and interpret the result in terms of quadratic forms 


2 2 
-l 3 


Let us write A=I'AI. 



~ 3 

2 

-r 

ss 

“1 

0 

cr 

A 

“1 

0 

0" 

2 

2 

3 


0 

1 

0 


0 

1 

0 

-1 

3 

i 


0 

0 

1 


0 

0 

1 


In order to perform the elementary congruent transformations the 
irefactor and the postfactors of A by the row and column parts can 
>c subjected in two steps: 


(0 adding £ times the first row to the third and (— J) times the first 
row to the second row in L.H.S. matrix as well as ip the prefactor of 
A; and then 

(ii) adding £ times of the first column to the third and (—£) times 
(he first column to the second column in L.H.S. matrix as well as in 
(lie postfactor of A. 


We thus have 


f3 0 01 f 1 

Lo - v - *J L i 



0 


0 
1 

0 1J 

Again performing the elementary congruent transformations by 
adding (— V-) times the second row to the third row in L.H.S. matrix 
is well as in the pre-factor of A and then adding ( — V-) times the 
\ second column to the third column in L.H.S. matrix as well as in 
post-factor of A, we have 


p 

0 

0 “ 


■ 1 

0 

°1 

n 

2 

n 

4 ' 

p 

2 

1 

0 

— 

2 

TF 

1 

op 

U 0 

1 

1 1 
~2 *■ 

1.0 

0 

1 1 7 


4 

1 1 


ij 

Lo 

0 

1 _ 


Thus we get the diagonal matrix 
B=diag (3, f, 

which is congruent to the given symmetric matrix. 
[ From (1), we have 



lo that X=PY gives 


. . . ( 2 ) 
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"xr 


“1 

Q 

aT 

4~ 


x 2 

— 

0 

l ~ 

1 1 
"a" 

y 2 

_*3- 


_0 

0 

1 _ 

jr* J 


>1 

-&2 

4>’ 3 ” 


= 

0 

y 2 

X 

2 

rTs 


__0 

0 


y 3 . 


which is equivalent to 


x 1 =y 1 -iy 2 +4y3 

x,= y 2 — V-^3, 


(J) 


*3 = ^3 

This follows that the linear transformation (3) transform th* 
quadratic form 



"32 — 1“ 

“Xi 

X'AX^fXjX^] 

2 2 3 

x 2 

-1 3 1_ 



3x 1 +2x 2 — 



= [x^Xg] 2Xj + 2x 2 + 3x 

_ — ^i + 3x 2 + *3j 
=*! (3x 1 +2x 2 —x 3 )+x 2 (2x x +2x 2 + 3x 3 ) 

+x 3 (-x 1 +3x i +Mf 

= 3xx 2 + 2x 2 + x 3 2 + 4x^2 + 6 x 2 x 3 - 2x 3 Xi 
to the diagonal form 

Y'P , APY=3j 1 2 +|y 2 2 --i-> 7 3 2 by (2). , 

Note . Corresponding to every quadratic form X AX there exIMI 
non-singular linear transformation X=PY, such that the form tf|0 
forms to a sum of r square terms 

d 1 y 1 2 +d 2 y 2 2 +...+d r y r 2 

where d ly d 2 ...d r are scalars in the diagonal matrix and r is the HH 
of the matrix A. 

Index and signature. X'AX be any real quadratic form of rart^B 
then there exists a real non-singular linear transformation say 
which transforms X'AX to 

Y'P' AP Y= Ji 2 + J2 2 + • • • +Ts 2 — T 2 m — T 2 s+2~ • ; : . JH 

i.e., a real quadratic form is expressed as a sum and difference Of J 
squares of the new variables, then the number of positive squa i| 
s is called the index of the form and the difference s— (r— 
is known as the signature of the form (canonical). 

Definite, Semi-definite and Indefinite-real quadratic forms 
If X'AX be a real quadratic form in n variables of rank r and 110 
s , then 
If r=n, 5 = 


if r=n, 5=0, 


negative definite as 

-y i a -‘ 


-#*• 


if r<n , 5=r, 

1 1 nd if r<n, 5=0, 


positive semi-definite as 

jv+...+>v 2 

negative semi-definite as 


-yi-~'-yr 2 


Hr 0-1 r 

*-i r 

Ol 

Lo oj or [ 

. o 

oj 


In any other case the form is called indefinite. 

A real symmetric matrix A is said to be definite, semi-definite or 
Indefinite according as the corresponding real quadratic form X'AX is 
dflmite, semi-definite or indefinite. 

For a definite n-rowed matrix A, there exists a real non-singular 
matrix P such that P'AP=I n or — I n according as A is positive or 
mgative definite. 

^ or a semi-definite n-rowed matrix A, there exists a real non- 
ling ular matrix P such that P'AP= 

According as A is positive or negative definite. 

EXAMPLE. Determine the following form as definite , semi-definite 
||f indefinite. 

2x 2j r2x 2i +3xf—4x 2 x 3 —4x 3 x 1 +2x 1 x 2 . 

I Let A be the real symmetric matrix corresponding to the given real 
fiittdratic form, i.e., 

I \ AX=2x 1 2 + 2x 2 2 + 3x 3 2 — 4x 2 x 3 — 4x 3 x 1 +2x 1 x 2 
=x 1 ( 2 xx-{-x 2 2x 3 )+x 2 (x 1 -f-2x 2 — 2x 3 ) 

+x 3 (— 2xi— 2x 2 +3x 3 ) 

— 2x 3 " 

~2x 3 
3x 3J 


= [x x x 2 x 2 ] 


=n the form is said to be positive definite as 

y \ *+•••+■ 


= [XiX 2 X 3 ] 


It is clear that A= 


‘ 2xi 

Xj 

2xj 

2 

1 

-2 - 

‘ 2 

1 

—2 


2x 2 
2x 2 
— 2x 2 


-2 

-2 

3. 

1 

2 

-2 


Wc write 


x 2 

L*3j 
-2 
-2 
3, 

A=IAI, 



2 1 -2“ 


ri o o" 

A 

ri o oi 

f ■ 

1 2 -2 
-2 -2 3 

" 

1 

o — < 

1 o 

O Q ) 


1 

o o 

o ^ 


I Performing the elementary congruent transformations 

I I ; Cl(— i )+C 2 , Cj+Cg, we get 

‘2 o 0] f 1 0 01 fl -l 11 

0 4 —1 1=1 — i 1 0 A 0 1 0 

.0-1 1J L 1 0 lj [0 0 lj 

Again performing the elementary congruent transformations, 




296 


MATHEMATICAL PHYIUM 


"2 

0 

°1 

r i 

0 

°1 

fi 


4”1 

0 

3 

2 

0 = 

= -i 

1 

o\/ 

do 

1 

2 

3 

0 

0 

d 

L 4 

2 

~s 

ij 

Lo 

0 

1. 


so that the linear transformation X=PY, i.e.. 



ie., ift+TYs") 

*2= y»— iy 3 f 

* 3 = yj 

transforms the given form to the diagonal form 

2y 1 2 +*-y 2 2 -riy 3 2 , 

so that the rank is 3 and also the index is 3. 
Hence the form is positive definite. 


2 20. DIFFERENTIATION AND INTEGRATION OF MATRICfll 
Limit of a matrix. The limit of a matrix A (/). (each element I f 
matrix being taken as function of /.) as t-+t 0 is a matrix A (/ 0 ) 

Lim A(0=A (f 0 ). 
t-+t 0 

The sequence {A (/)} converges to A if each element of A III 
converges as /~>oo to the corresponding element of A. 

Derivative of a matrix. The derivative of a square matrix A (t)tl 
order n with respect to an independent variable t is denoted by 


A (/) or by A' and is defined by 


A' : 


d 

"dt 


a / \ r a 

A( /)- j dt a n 

d 


~dl l ** 


i A. 

I dt ani 


d 

d 

Tt a »- 

dt ° ln 

d 

d 

dt a * 2 • 

dt a2B 

d 

d 

dt 0 **" 

-• dt a " n 


1 


=[£«» «>] 


provided all the elements a t i (/) are differentiable. 

In general the nth derivative of A(/) is defined by 
d n A (t) r d H a ij (t) "1 

dt n L J 

It is easy to show that 

^r[A (t) B (01= A (/) d ^Jp- + (0=A (r)B'(0+A’(® 
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and — (| A |)= ^T | A, (/) | where A, (t) is obtained from A ( t ) 

i=l 

by differentiating fth row of | A (r) | and n is the order of A. 

Integral of a matrix. If A (/)=[«„ (0], then 

II “• H 

Power series. If there is a square matrix with all eigen values less 
than 1 in absolute value, then the series a 0 1+^i A+0 2 A 2 + ... is 
convergent. The sum of the series is denoted by /(A). Following are 
few convergent series for every A. 

£^=l+A + pjA 2 + 

cos A-l-jy A 2 +|-^-A 2 

sin A— A— |-y A s +j-j-A 5 

and (I— A) -1 =I+A+A 2 + converges only for all eigen values of 

A which are less than 1 in absolute value. 

Problem 58. For a matrix A prove that if 

n I+ZA+jy A* + fyA*+ , then 

~e iA =Ae iA . 


We have (!)«+/ (A)«+ | -y (A*)«+ | 

=»[(A)«+r (A%+ ]=[A+r A 2 + ]„ 

= [ A (1+/ A+^A*+ ) ]„=(A c' A )» 


Problem 59. Show that e A =e* ["cos h x sin h xl when A = fx 

*] 

Lsin h x 

cos h x J Lx 

x} 

wc have e A H ll=e x r cos h x sin h *1 j 

ri n=<?*fV r ^ 1=^1 

i r 

Ll lj Uin /j x cos h xj 

Ll lj le* e x i 1 

.1 1, 

Again e A =l+A+^- A?.+j-y A*+„„ 

• [o i] + *[i l] 


4-*[! !>• 



--- -CiHJ LhGM-C:> 


-L JL1 

£MJ IJ 



Hence the proposition. 
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2.21. SOLUTION OF A SYSTEM OF LINEAR DIFFERENTIAL 
EQUATIONS USING DIFFERENTIATION OF MATRICES 
[A] Linear differential equations of first order 

Let the system be 


dx *1 

-^-=a 11 x 1 +a 12 x 2 + +a ln x n +b 1 (t ) j 


dx 

~df= a i i *i * 2 + +a 2n x n +b 2 (/) 


> 


.<n 


dXn 

dt 


Qn\ X 2 ~\~ (J n2 X2~f~ ~\~On n Xn~{~ bni?") 

dX 


which are equivalent to ^-=AX+B ... (1) 

Making substitution X (f)=PY (/), (2) yields . . . ()) 

-^[PY(t)]=P-^=APY+B(0 V §-=0 

But A is similar to P if P _1 AP=D, D being Diagonal matrix 
cl v 

.*. -^-=P 1 A PY+P 1 B (/)=DY+P 1 B (t) 
which is equivalent to 


(41 


<tyi 

dt 


=^i+ci(<), - d J* =\y 2 +c 2 (t),. 


dy n 

dt 


=Ky n +c n (/) 


or 


. . . 

Their solution being given by 

[V; (0 c ~ A,< ’ ,) ]o =|q °i ‘ dt • • • (t 

y> W=e V [y 0 (0+f' ^ (0 e~ h 'dt ] for 7=1, 2, 3, ». 

Y(/) and hence X(t) can be determined. 

[B] Linear differential equations of nth order 

Regarding a linear differential equation of nth order as equival|^| 
to n linear differential equations each of order one, and writing 

... ( 7 ) 


jpr x (0+tfi x (0+ +^n x ( t)=b (t) 


dt 


we have on making substitutions x 1 ( t)=x (/), x 2 (t)=-^x(t) y ..., 

d n ~ x 

*» X (t) 

Dx, (t)=x 2 (t), Dx 2 (t),=x 3 (/) Dx (/)=*„ (/) «Ml 

DXn(t)—— a L Xn (t)—a 2 x n _ t (t) x n (t)+b (/) where I 
the system is equivalent to Matrix-equation 


"X (/)= 

r dx, (/>-] 

= 

r 0 1 0 0 n 

r*i (*)■ 

+ 

r 0 i 


Dx 2 (0 


0 0 1 0 

*2 ( t ) 


0 


-Dx „ (rjJ 


- Civ Cl n — i dn— 2 - • • 

Lx n (/)J 


LmoJ 


=AX (/)+B (/). 

I there we have used the concept of diagonalization. 

ADDITIONAL MISCELLANEOUS PROBLEMS 

httblcm 60. Write short note on Hermitian Matrices. ( Vikram 1967) 

\ See §2.9. [10]. 

I Problem 61. What is a reciprocal matrix ? Show that a non-singular matrix 
f-idij] always possesses a reciprocal . 

Solve by the method of matrix theory , the linear equations . 

X\-{-2x$=l 
3x i—x 2 +x z =2 

4x 2 +5x 9 — —1 ( Vikram 1967) 

Hce 2.9 [13] Theorem 1 on it for the first part. 

Now, Matrix form of the given system is AX=B i.e., where 

where A=pi 0 2“1, B=r l“l and X=r 


Hy 

••y /?32 (d. 


[hi l][s!] = [J] wt "' A= Ci-i irur x B 

b -i mm 

G ~i -1][;0T=I3 

Milch are equivalent to *i + 2 * 3=1 
—x 2 - 5 x 3 = — 1 
3 x 2 =-2 

2 1 1 
■ Giving x 2 =-~,x 3 = — and *i = y. 

I Problem 62. ( a ) Explain mith examples what you understand by a unita y 
wrtx and a Hermitian matrix. 

| i b) Find the eigen values and the eigen vectors of the matrix 
111 


I or (a) see §2.9 [14] and §2.9 [10] 

(M Denoting the given matrix by A, its characteristic equation is 


(. Agra J 969 ) 


| A — XI I = ^ i.e.. 


1-X 

1 

1 


1 

2-*X 

3 


1 

3 

6— X 


=0 or 
or 


X 3 — SX 2 +9X— 1 =0 
(X— 1) (X 2 — 8X + 1)=0 


(living X— l,4iVl5. 

New proceeding just like in problem 45, eigen vectors can be determined. 

5±Vi5 

Ans. 


etc. 




V 15 -f-1 -J 
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Problem 63. Find the characteristic equation of the matrix rl 2 in 

D i JJ ■ 

and verify Cayley Hamilton equation for it. (VikramJW 

Denoting the given matrix by A, its characteristic equation is 


A— XI |=0 />., 


= 0 i.e., X 3 — X 2 — 15 X— 15=0 


1-X 2 

2 -1-X 

3 1 1-X 

and verify that A 3 — A 2 — 15A — 15 1=0. 

Problem 64. (a) Define Hermitian and orthogonal matrices. Give one examfl) i 
each type. 

(b) Find the matrices C and C -1 required to reduce the matrix 

A=f 1 —71 to the diagonal form by the transformation C 1 Al 


u 

Problem 65. Show that the six matrices 


(Agra t l*i 

— | 

I 


satisfy the relations 

A 2 =B 2 =C 2 =E 
AB=D and AC=BA=E. 

Problem 66. Define eigen values and eigen vectors of a matrix. Prove 
eigen values of an orthogonal matrix are unimodalar . 

Obtain the eigen values and eigen vectors of the matrix A=p 5 

b 


-12 <1 

-25 111 
-42 /tU 
(AgriM 

Problem 67. If the Hermitian matrices oi — V 0 /“I a 2 —V0 —i *] I 

Li 0\ , Li 0 J, 1 0 I 


24 


satisfy the equations 

Cl 2 — ct 2 2== a 3 2 ~ A <*1 <* 2 = *°3, u ^1=7° 2 

ai®2 — °2°i— <, i cr 2“b c f2 a i— 0 
then find the eigen values of the matrices o lf /j 2 , a 3 . 

Problem 68. Define the trace of a matrix. Prove that two matrices A and i pi 
the same trace if B=T 1 AT where I is a non-singular matrix. 

The eigen values of a 3x3 matrix H are equal to the three cube roots of flk 
Prove that H 3 =I, where 1 is a unit matrix of order 3. (Agfi IjJP 

Problem 69. Show that all the matrices of Problem 65 are unitary. 

Problem 70. Find the reciprocal of each of the matrices of Problem 65 MM 

that , ^ , 

D" 1 =B“ 1 A“ 1 . 

Problem 71. Find the eigen values and normalised eigen vectors of the 

[ l 0 Q - 1 

0 1 i] 

72. \A Significant property of diagonal Matrices ] 

Prove that in case of diagonal Matrices , the commutative law for m*/lM mM 
holds good . 

If A aod B be two diagonal (square) matrices of the xswc order, then 
to prove that 

AB-BA 
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I Since a diagonal matrix is such that its all the elements except these in the 
Ifhticipai diagonal are zero, we can take 

A=[>ti and B = [6„- S,y] 

Ltfic 5^=0 for i=£j 

= 1 for i—j 

1 r.AB]ix;=2[Atjf [BJ jjc—jL,aij bjjc 

j j 

=au bite $i k for j—i and no summation over i 
—bn On 

=[BA],’< and zero for k^i 

jlHiJi follows that AB is also a diagonal matrix and AB=BA. 

I Problem 73. !fM.— /a b\,find M -1 , transpose of M, Hermitian Conjugate of 
\c d) 

| M mi the eigen values of M. (Agra, 1975) 

Problem 74. (a) Find eigen value and corresponding orthonormal vector of the 
flowing matrix : 


rl 1 On 

l 1 0 1 l 
L 0 1 lA 

' owing matrix 

AA j -a 


(b) Diagonalize the following matrix : 

3 - 1 
A=| -1 5 

( Rohilkhar.d,! 976 ) 

I Problem 75. Show that eigen values of a Hermitian matrix are all real and its 
ir#n vectors corresponding to iwo distinct eigen values are orthogonal. 

| What do you mean by diagonalization of a matrix? Show that the necessary and 
ntfu tent condition for the reduction oj two. matrices to the diagonal form by the 
H-tn* transformation is that they commute. ( Rohilkhand 1977 ) 

Ik* theorems 1 and 5 of § 2.18. 

In § 2.18 after Problem 54 and also see Problem 72. 


303 



CHAPTER 3 


: TENSORS 


3.1. INTRODUCTION 

It is an established fact that a natural law gives a relation bctwtfw 
different physical entities and its mathematical formulation is not!ill|| 
but a relation between the sets of numbers representing those entitMi 
Tensor Analysis forms that part of study which is rather suitable ft 
the mathematical formulation of natural laws in forms which arc lit> 
variant with respect to underlying frames of reference. In brief tciiMtVf 
are quantities obeying certain transformation laws. In wider sen*# I 
tensor formulation is very compact and good deal of clarity in it* u* 
The tensor formulation was originated by G. Ricci arrd it bcculBl 
rather popular when Albert Einstein used it as a natural tool for iM 
description of his general theory of relativity. 

Actually tensor analysis is the generalization of vector analysis at It 
evident by considering a vector function /( r) of a vector r. This vccUH 
function is continuous at r=r 0 if, 

Lim/(r)=/(r 0 ) 

r->r 0 


and it is linear, if 

/(r + s ) — /(r ) +/(s) .01 

and /(Ar)=A/(r) ..(II 

for arbitrary values of r, t, H 

Now we know that as linear vector function /( r) is completely # 
fined only if and/(a 3 ) are given for any three non-copl*® 

vectors a x , a 2 , a 3 . In terms of a t , a 2 , a 3 as basis if we assume that 

r=xiai+x 2 a2+x 3 a 3 . • ( U 

then we have from (1) and (2), 

f(r)=Xif(*i)+x 2 f(a 2 )+x 3 f(ai) . . , ( 4 | 


As such equation (3) yields 

Aa==r aQc, a = l, 2, 3 . , , (ty 


Let us put /(aoc) = bot. 

So that /(r)=(b 1 a 1 +b 2 a 2 +b 3 a 3 )T 

=$‘ r (say^ . , , (| 


where the operator ^^ajbi + aaba+aabg consists of nine componiUtl 
in three dimensional coordinate geometry and hence it is ndl0 
scalar nor vector quantity but is a new mathematical symbol c*Nl 
as the dyadic. 






1 1 NSORS 


Suppose that there are two vectors u and v such that components 
of vector v are linear functions of the components of vector u 
defined as 

Vjg Cl’XX M x ~)r@XV My~\~a x y M Z 1 

Vy=a vx u x +Qyy Uy + a vz u t y ... (7) 

Vz=Vz X Ux + a Z y Uy+a zz u z J 

In this way the vector v is placed in one-to-one correspondence with 
llic vector u. The scheme of coefficient a**, has thus an independent 
meaning if the correspondence is such that the passage from u to v is 
Independent of the particular coordinate system in which the vectors 
ire resolved into components. We call the coefficients a * 3 in this case 
it the coefficients of a tensor. 


It is observed that the nine components as mentioned above 
characterise the transformation of the components of one vector into 
lliose of other. The coefficients a a p in general transform m into one 
id three parts of v a . 

The equations (7) are equivalent to a single vector equation, 

v=<f>u ... (8) 

Where the operator <j> turns u into v. It is rather graphically known as 
Ttnsor. 


The essential part of a tensor operation is the array of coefficients 
like cap, written in the form of a matrix such as 

M 


( 9 ) 


a xx a xv a xz I 

&yx Gy* Clyz I 
Jl Z x &zy &izj 

As such the dyadic operator turns a vector r into the vector func- 
tlon /( r) and is expressed as the sum of dyads ab i.e. 

<fi=2 aa ba 

a 


In a similar way a triadic is expressed as the sum of the triads 

I A* ba Ca. 

Considering it as an operator that converts vector r into the dyadic 
i, we may write r=2 (a a ba c a )-r 

[ Similarly a tetradic is the sum of tetrads, 2 aa ba ca da and etc. 

I All such physical quantities as scalars, vectors, dyadics, triadics 
If Iradics etc. are collectively knowns as tensors of rank 1, 2, 3, 4 etc. 
Hid as such the tensors can be regarded as generalized extended form 
of vectors. 

The examples of dyadic i.e. tensor of rank two are : an operator 
Mating dielectric displacement vector with the electric vector of an 
ftetro- magnetic wave in anisotropic medium; a stress tensor relating 
iifess and strain in anisotropic medium in which case a component 
nf stress T is a function of every component of strain S 
3 

If. Ta = 2 flap or . . . (10) 
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where <J> is a nine coefficient operator in three dimensional space. 

Note . The dyadic or tensor of rank two is also known as Stress 
Tensor . 

An Explanatory Note on Dyads and Dyadics 

We know that the gradient of a' vector f such as 

Vf=if*+jf y+ki z ...(»!) 

is meaningless as it consists of sum cf three ordered pairs of vectori| 
but we sometimes take it to define as dyadic and the ordered vecUlf 
pairs as dyads . In (11) we regard Vf as an operator setting up a °n#j 
one correspondence between directions c at a point and its direction® , 

derivative i.e. Vf * • • 

ds ds 

Actually the dyadic Vf replaces an infinite number of vectori 
jjp so that any sum of dyads is called as dyadic c.g. the dyadic 

D— a x bx+a 2 b 2 + +*n bn • • • 

is a general dyadic in which the vectors a* are known as antecedent I 
and b* as Consequents , while the dyadic 

D c =b 1 a 1 +b 2 a 2 +. +b rt a« ...( 14 ) 

is said to be the conjugate of D, such that D is symmetric if D»*Q|I 
and skew if D= — D c . 

In (11) if f is replaced by r=xi+.yj+zk 
such that 

r*=i, r„=j, r*—k, then 

Vr— ii4 jj+kk=I • • • 

where the dyadic I is termrd as Idemfactor as it transforms any 
vector V into itself i.e., 

V *1— I* V—V for every V- 


3.2. TRANSFORMATION OF COORDINATES 
If we focus our attention on some point of Minkowski’s four dimilli 
sional world and consider the transformation from one system 4 
coordinates (x x , x 2 , x 3 , x 4 ) to another system (x/, x 2 , *3 , x 4 ), m*** 
that (x u x 2 , x 3 , x 4 ) etc. , , , .. 

then we can solve x lf x 2 , x 3 , x 4 in terms of x/, x 2 ', x z \ x 4 ' such th|| 
Xt (Xj , X 2 » X3 , x 4 ) etc. 

and the differentials dx u dx 2 , dx Zt dx 4 a e then transformed as 


dx x = 


ax/ 


or symbolically 


dx x 


dx t - 


>X ' "*+4g>- 


dx 2 


dx/ 

dx t 


dx t etc. 


dx'y. = ^ ; (V-—1. 2. 3, 4) etc. 


(II 


3.3 THE SUMMATION CONVENTION AND KRONECKER 
DELTA SYMBOL 

Let (x l9 x 2 , x 3 , x 4 ) and {x x +dx u x 2 +dx 2 , x 3 +rfx 8 , x 4 +</x 4 ) be the 
coordinates of two neighbouring events considered in Minkowski’s 
lour dimensional space. Then the interval ds between these two 
neighbouring events in any coordinate system, is given by 

d*P=giidXi*+g2t0x*+g2sdXi 2 +gudxf+2g X2 dx 1 dx i +2g lz dx 1 dx 8 
+2g u dx 1 dx^+2g 23 dx 2 dx 3 +2g 2X dx 2 dx^+2g 34 dx 3 dx 4i . . . (1) 

where the coefficients g^v ([x, v=l, 2, 3, 4) are functions of x l9 x 2 , x 3 , 
\ 4 . This follows that ds 2 is some quadratic function of the difference 
Of coordinates. 


Adopting the convention that whenever a literal suffix appears 
twice in a term that term is to be summed for values of the suffix 1, 
2, 3, 4; the equation (1) can be written as 

ds 2 =g>iv dxp dxv ({x,v==l, 2, 3, 4 and g»jtv=g-vtA) ..(2) 

Since fx and v each appear twice, the right hand side of (2) indicates 
4 4 

the summation 2 2. 

n=l v=l 


Any literal suffix appearing twice in a term is said to be a dummy 
luffix and it may be changed freely to any other letter not already 
Used in that term. Also two or more dummy suffixes can be inter- 
changed e.g. 

d 2 Xoc 9xp ^ c/ 2 xg 9xot 

a 9xV fo'v dx'x ~~ a,i 3x' p 9x'v dx'x 
(hy interchanging the dummy suffixes a and [3 and using 
illustration. To prove that 


9x> 

9x'* 


dx'oc 9 x b ___q 

9xv ~9x v 


if 


= / if fx=v where a = 7, 2, 2, 4. 



dx[L ' 
9xv 


9x/ , dX[i dx 2 dxp 
dxv ~ 1 " dx 2 9x v + 9 x 3 7 


9x 7 3 

9xv 


1 x { i and x v being the coordinates of the same system, 
■ lions are independent and so 

dxy. =0 when 

I dial dx\x — dxv when (x=v 


dXf* 3xp. 

dx\ ~ dx'oc 


dx'oc 

9x v 


= 0 when fx^v 


dXy. 9x' 4 
9 X 4 ' 9xv 


their varia- 


= 1 when (x=v 
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, uir\ii#>r dx >- acts as an substitution operator . 

Here the multiplier ^ 

If is rather convenient to write 

__s or 5 11 which is known as Kronecker delta. 

0xv 11 

As such the above results can be expressed as 

5^ =0 if 

= 1 L tA=V J 

Thus if >4(p) be an expression involving the suffix + 1 en 

|£« ^4 ( |x) =/ 4(v) 

0Xa' cXv 


(3) 


.( 4 ) 


for; .he Sul uon on .he left «i ? -*«» ftf^l H 
SSTi* i>y r, P, the left hand side of (4) I. 
= 1 -a4(v)+0. +(o)+0. a4(x)+0. e4(p) by (3) 

=t4(v) 


i.e. 


^ P 

Evidently 6 6 


b /l((*)=s4(v) 

V 


and 


5^=4 


. . . 0) 
... (^ 

Ml 


,or, in the latter case, ^S^+S^ + SZ+S* 4 

= 1 + 1 + 1 + 1=4- by (3) 

3 4 TENSORS AS CLASSIFICATION OF TRANSFORMATION . 

LAWS 

We have already mentioned in §3.2 that if we consider the transform, 
tinn from one system of coordinates (x l5 x 2 , x 3 , x 4 ) to anolM 
system (+', x 2 \ x 3 ', x 4 '), then the differentials dx u dx 2 , dx 3 , dx K Id 

transformed as 


, , 9*1 ' J 

dx '~ir 1 dx '- 


dxV 






dXn 


0x/ 

0X 4 


dx* etc. 


or in short as 


a= 1 


TENSORS 


307 


Any set of four quantities transformed in accordance with this law 
is said to be a Contravariant Vector. Thus if a coordinate system 
(A 1 , A 2 , A 3 , A 4 ) transforms to the new coordinate system (A' 1 , A' 2 , 
A' 3 , A' 4 ) where 


4 



«=1 


. . . ( 1 ) 


Then (A 1 , A 2 , A 3 , A 4 ) or briefly A * is a contravariant vector. Hence 
(he upper position of the suffix (which is definitely, not an exponent) 
is reserved to indicate contravariant vectors. 

Now, if we consider an operator <f» such that it is an invariant 
function of position i.e., it has a fixed value at each point indepen- 
dent of the coordinate system used, then the four quantities 



d<f> d<f> d<f> 
a*! ’ dx 2 9 dx 3 9 dx 4 


are transformed as 


_0X_1_ , J^L2 dj dx 3 j£,dx 4 dj>__ etc 

dXi dx x dx ± 9 0x 2 ax^ dx 3 dx 4 0x 4 ’ 


a = l 

Any set of four quantities transformed in accordance 


««TI f f Kl C 


Thus if Ayi be a covarient vector, its transformation law is 


4 



ot=l 


. . . ( 2 ) 


where the lower position of the suffix indicates covariance. 

Hence the relations (1) and (2) give the laws of transformation of 
Vectors. If we denote by Apv a quantity with 16 components by 
•ssigning »». and v the values 1, 2, 3, 4 independently, then a genera- 
lization of there laws yields quantities classified as 


Contravariant Tensors 

° X ** V ^<*0 

0Xot 0X0 

... (3) 

1 Covariant Tensors 

0Xoc 0X0 . o 

A 1AV==- 7 . , A ocp 

* dX(i' ax V 

... (4) 

Mixed Tensors 

A'^=~ 

* 9x(x' 0X0 

... (5) 

1 There are the tensors of 

second rank. 



Similarly A^ v has 64 components and Ay ivor has 256 components. 
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Thus a tensor of higher rank is of the type 

_dx<x dxft dx\ dx\ A s 
(xvo dx'[L dx'v fix'a ()XB a(3y 

Note. A vector is a tensor of first rank and an invariant or scalm 
is a tensor of zero rank. 

Rank of a Tensor. The rank of a tensor is determined by tli# 
number of suffixes or indices attached to it. Asa matter of fact Hi# 
rank of a tensor when raised as power to the number of dimensions 
yields the number of components of the tensor and hence the compn# 
nents of the matrix that represents the tensor. As such a tensor of 
rank n in four dimensional space has 4 n component. Consequently thl 
rank of a tensor gives the number of the mode of changes of I 
physical quantity when passing from one system to another system 
which is in rotation relative to the first. It is clear from this discussion 
that a quantity that does not change when the axes are rotated is # 
tensor of zero rank, since the number of mode of changes is th«n 
zero. These quantities named as tensor of zero rank are scalars whll# 
the tensors of rank one are vectors. 

Problem 1. Explain what is meant by the rank of a tensor. 

(Agra, l»?7\ 

See the note on §3.4. 

Problem 2. What is a tensor ? ( Vikram , 1907) 

Define as discussed in above articles or see 'Problem 6 discu«i#<) 
after. 

Problem 3. Define contravariant and covariant tensors. (Agra, J907) 

Contravarient tensor. If n quantities A 01 (a=l, 2 ,...n) in a coonlh 
nate system (xj, x 2 ,...x n ) are related to n other quantities 4*1 
(<x=l, 2 ,...«) in another coordinate system (x x \ x 2 ,. ..xf) by tl|| 
transformation laws 

A'*= -r — A 01 (Contravariant law) 

OXa 

on charge of the coordinate xr to x'd according to summation 00m 
vention, then A* are termed as the components of a contravarl*(| 
vector or a contravariant tensor of the first rank. 

Covariant tensor. If n quantities Aa (a=i, 2 ,...«) in a coordim* 
system (x l9 x 2 ....x n ) are related to n other quantities A 'a (a=l, 2, . .* 
in another coordinate system (x/, xf,..., x n ') by the transform# till 
laws 

A'it = rf—Aoi (Covariant law) 

OX {JL 

according to summation convention, then A a are termed as (I* 
components of a covariant vector or a covariant tensor of the ftfH 
rank. 
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variant vector of rank one. ui any point is a contra - - 

•he time t, we^ave" ^ IS ' he coordjnate of a moving particle with 

dx* 




dt 


as the velocity of the particle. 

In transformed ^ordinates the components of velocity are 


V'a £. 

dt ‘ 

Put V a =~ v — dx'a 

dt A “ “ fcT 


dx 3 dx'a 


... dt dx& 8 

W Problem T ^ 3 Contravariant vect °r of rank one. 

Victor is transitive. * *** ^ ^ °f trans f ormat i°n for a contravariant 

We have A' 1 *— dxV 


Let 


8x a 
cx" p. 

dx’a 


A'* 


A&= ~ x ^ dx’P a* = ^x" 

8x a 


-A* 


P fix'd bxa 

r" ch Sh0ws that contravariant law is transitive. 

More componentfifcar < tp’iin 0nentS . ° vector in P olar coordinates 
iponents in cartesian co-ordinates are x, 1 and x V. 

I As S'ven, suppose that 


0 ) 4 1 = X, A 2 =y , 


k(l 

(H) A 2 =x, A ! ='y\ 
I I hen, we have to find C' 1 , A' 2 . 
Wc have the transformations 


Ping 


■ that 
Also 


x=r cos 0, y= r sin Q, 

r~=x 2 - f y 2 and 0=tan _1 — 

x 

lL = 2L ii_ y A 96 * 

?x r ’ Sy r ’ dx T 2 and dy = 7*" 

r'r =xx-{-yy and 5=^— t2f_. 

r 2 
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(0 


Transformation la. as already defined gives 


(a=l, 2) 

A 0Xa 


. x , WjL/p 
- 0X x + 8 x a 


0xV 8 *'fi y as A X ~X and A 2 -y 
2x2 


0Xi 

2 0Xll A + i^l -y 

4 = asr 0 x 2 y 


dr ,, *L- as Aj_—x, x^y and X x '=»* 

= 0 x ty ' 


x .,y ■ 

■■ — x+~ry 

r r 


_ xx+yj. _li_ =:* 

— r r 


and 


2x 2 ' . . dx«'_ 


*n-r y 


0X X vx 2 
_il * + 1L;, as x 2 '=e. *i~* and Xa==y 


=— — x-t 

0x 9 y 


y • _i_ x • 

*i-'rry 

r r « 


xy -y* = 


(«) ^■-^*+ ^-;«si O p S r t (0 


xx+>’y 


But x*+Ty =r r gives on differentiation 

x*+**+/y + i' 2 rr+ r r^ , 


i.e.. 


'xx+y'y-r-r+r^-y" 


==rH .- 2_(r cos 6-r sin 60 ^ . . ,1 

-(• sin 0 +r cos f! , 


=rr+ /-r 2 -^ ® 2 


=rf — r 


,2 q 2 


rr 


■r -r 2 e * 


*r-~rh 


Thus 
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and 


J'2 9 ® „ , 00 .. 

A = 0 x * + e y y 

Xy 4 -yx 


But xy — y*=r 0 2 gives on differentiation 

ky -4-x y — y x — yx=-r^*^ +2 /> 6 

or x^~.y^=r 2 e +2r r ’e 

. ^/2 r2 6 +2r r 6 

— r 2 

2 r 6 


*d -I 


3.5. SYMMETRIC AND ANTI SYMMETRIC TENSORS 

/.e/ a tensor be such that two contravariant or covariant indices of it 
can be interchanged without altering the value of the tensor , then the 
tensor is termed as sy metrical or symmetric in these indices . 

If A 1 ** and A vft be two contravariant tensors in a certain system of 
co-ordinates such that 

Then if A ** v and A become A '* v and A in another system of 
coordinates, the symmetry will be maintained in this system also if 
A'^=A'^. 

To show it, let us consider 

dx JL dx \j^ 
a^ot axe 


dxji ^ ^ Qn interchanging the indices) 
0X£ 0Xa 

r=A ' vffc as A**=A** 


which shows the symmetry in the other system also. 

Similarly if we consider two covariant tensors, A and A Vf * such 
(hat Apv=Avtt in one system 

Then if they become A'y. v and A' V[ l in another system, we have 

xv _|s., <*L- M 

* 9xV {Jx' v 


0X0 

dx\ 


0Xoc • • 

— 7 — Ap a (on interchanging the indices) 
0X (x 


= A\ h . as A<xfi=Apa. 

In case one index is contravariant and other covariant, the 
| ivmmetry cannot be easily defined. But it is notabe that Kronecker 
- udla which is a mixed tensor is symmetrical with respect to its 
Indices. 
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When A ^ is symmetrical, we have 

A 11 =A 11 9 A 22 =A 22 etc. 

In all, there are 4 r 2 +4- 5 C 2 components. 

As an example the components of the angular momentum oi u 
rigid body B h are connected with the components of its angular velocity 

3 ... 

A* by the relations B[x= X 7^a/4a, where Tjxa is the inertia tensor, 

This tensor is symmetric, because 

7^=^. 

Now it has been already mentioned that a tensor can be expressed I 
as a matrix and the columns and rows of a matrix when interchanged. I 
the resulting tensor is the conjugate tensor. As such the conjugate 01 
the tensor defined in §3. 1 (a) may be written as 


[ Qxx Qyx &zx 
Cl xv Gyy Q Z y 
Cl XZ CJyz ^ZZ«_ 


...( 2 ! 


Thus the tensor cf> c is the conjugate of <£, when 

Clxy — ^yxi &xz == @ zx *md Clyz ® zy 

If a single tensor satisfies this condition, it is called a symmetric 
tensor. It means that condition (1) is essential for a tensor to hi 
symmetric. It has only six independent elements in three dimensional 
space and may be written as 


/m-—} a *x a :cV a xz I 
I CJyx AyV a Vz 1 
L a zx &ZV a zzJ 


l WNSORS 


From (5), we get 


The relations (2) between the components of tensors follow th|ff 
any symmetrical tensor corresponds with a transformation trom tl 
principal atfes to another rectangular system of axes. To express M 
symmetrical linear functions by graphical function, let us suppogf 
that we have two vectors u and v sijch that 

Project is upon v so that we calculate 
U • V = I War "f - tly\' v -\-U z V z , 

where u v , u z and v„ v v , v. are the components of u and ♦ H 
pectively along the principal axes. 

Multiplying both sides of (3) scalarly by u we get 

=u r y I J rUyV v +u z v : from (4) 

= u.c (a xx u x +a~yii v +a xz u z )-\-(a vx u x +a vv u v -]-a vz u z ) u v 

+ M r (a zx Ux+a zv Uy-\-aJM 
Say S=a xx u x 2 + a vv u v 2 -\-a zz u 2 -\- 2 (a xV u x u y +a vz u y u z +a, t tfjjH 
where S is a scalar point function. 
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— — =2 [a xx u x -fa x y u v -\-a xz tt 2 ] — 2 by §3.1 (7) 
du x 


or 


2 


dS 

du x 


Similarly 
So that v = v x 

MCS 


1 05 


y=—-— and v s - 


l co 

2 dUy s 2 du z 

j+ Vtf j+v, k; i, j, k being unit vectors along principal 


-H 


a s . , dS 


du. 


-i+ 


0W„ 


■ i®kl 

0 J 


__1 


grad S . 



f arad S 

ip 


__ /l\^S==Const. 
/ 1 \ 

/ j! VI \ 

\ °l 

I 

V I 

J 

i 

1 

Fig. 3.1 


Which shows that v is a 
vector perpendicular to the 
mrface 5=const. in the 
direction of the outward 
normal. But 5=const. is an 
filiation of the second degree 
tn the rectangular compo- 
nents of u regarding these 
I* coordinates defining the 
fHtremity P of the vector u 
| the locus of P is a conicoid. 

As a particular case if 5= 1 , 
the surface defined under 
icrtain conditions is the tensor ellipsoid as shown in Fig. 3.1. 

I Also u*v = 5=l = resolute ol u in the direction of v. 

In the direction of grad 5, this resolute becomes y~j“- 

Fcw ether examples of symmetric tensor may be given as below 
A fi,Qc 0 === Aoc/xR 

*nd A jaOc 0 "y =r= A oc ■y A oc JA0 ^ A 3 oc j* v A ot 0 /wy A 0^i,oc*y 
Here the first tensor is symmetric in its first two indices and the 
I lecond one is symmetric in first three indices. 

! (fa tensor is such that two contravariant or covariant indices of it 
when interchanged , the components of the tensor alter in sign but not 
In magnitude , the tensor is said to be anti-symmetric or skew-symmetric. 
I Hence if A^^-A^* 

Li,. ° X ’- >X ’’ 


A'*'>= 


dXa. 0.YB 

0*'v 0*',. 


T® 3 

‘-A** 


dXa 0A-OC 

= — A'* 1 * as A**=—S 
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Similarly if A^=—Av lJ , f then A'^^—A'v^ 

Here A 12 — —A 21 etc. and A 11 =0—A 22 =A 33 

As such number of arithmatic components is 4 C 2 only. 

Evidently the components of an antisymmetric tensor satisly il«» 
relations 

Apy-^-A or A/ — Avp. . . . (§} 

which follows that the tensor changes its sign when indices arc; mtft 
changed. If p.=v, then (6) yields. 

Aw+A hl >= 0 or 2 A hlx = 0 or A hr ^0 . , . (If 

So in terms of coefficients, a xx ~a v% ~a tz —0 

and Cl X y — Clyxi Ctxz = O zx , Qyz ~ 

give the conditions for a tensor to be anti or skew-symmetric. 

Thus tf> expressed by §3.1 (9) will be antisymmetric if 




0 


MjCV 

0 


Qxt 

Qyz 

0 


1 () INVARIANT TENSORS 

li is not known about any vector which has the same components in 
•llllcrent systems of co-ordinates, but there exist tensors of higher 
finks which have the same components in all the frames of reference. 

1 1 icse tensors are called to have the invariant components or invariant 
msors in general. One of the examples of such a tensor is Kronecker 
•ymbol defined as follows : 

With respect to the old frame of reference (i.e., before rotation) 

~ ® since X* is independent of Xv. 

dx v l 1 if * 

0X|* 0Xp 0Xot 


~a xy 

- a xz tly 

The matrix has only three components. The property of ImvMi 
only three components is possessed by vectors. This leads lo W 
conclusion that an operation of <f> sk on the vector u, is exactly MB 
valent to the vector product of two vectors, since the final rcfctilU 
itself a vector v. For example consider the product of the coordilllH 
of two points 

A^—Xp xv • • • w 

In 3-dimensional space, suffixes can have only 3 values (I, 
and so any pair of suffixes can be replaced by a single one vvhltill^ 
not present in the pair i.e., 

^ 23 = ^ 32 == ^l'| 

A 12 ==: A 21“^ 2 r 

^31 = ■”^13 — ^3 J 

Thus the anti-symmetric system may be replaced by 

5 ^ = 4- 1 if (jx, v, g) is an even permutation of ( 1 , 2 , H|j 
— — 1 if ,, ,, odd h 

=0 if any of the suffixes are equal. 

Now equations (9) yield, 

A x =\ [2 A, z ], A,=i [2 A u ], A 3 =i [2 A lt ] 

3 

i.e., A x =i 2 Z/tv* A h v 

[ly V =1 

There being only two terms in sum (10). 

Few other examples of antisymmetric tensors are 
A jfcVa === A 

and A ,*v<rp =—Av vt >t=A ^vp =— A P *vp = — A p = —A <rv**p. 


. .(MM 


But 


Hence 


0x/ 

dx h 


0X* 

dx, 


0Xv 


where 




'0Xv 

x=v 


0xv 

, _C 1 if (X= 

0 if|M 

The symbol 8 v , ‘=6 (1 v=5'‘ v 


f* .. 

9™ 6 v 


( 1 ) 


_P * 

10 i 


if 


. _ ^ ’ v is called as Kronecker delta 
^ ^ if 

i ymbol In terms of new frame of reference (i.e., after the rotation), 
wc may write 

dx/ dx/ dxu 


0Xv' 


dxu 


0Xot 

0x/ 


0xp 
dx 


0Xv' 

dx’ot 
” 0X V ' 


.P! : 
io i 

0X* 


if iJ-=v 
if [x^v 


8x& ()Xv 


t-6(. b since 6 fc B = 


9xb 


.(2) 


dXa. 

(In summation convention). 


Hence Sv 1 * is invariant arid transforms as mixed tensor of rank 
Iwo. Similarly S^v transforms as the components of covariant tensor 
Of rank two while S'* v transforms as a contravariant tensor of rank 

[ IWo. 

Kronecker symbol can be used as substitution multiplier. 

Since A^— A v (in summation convention) 

C/Xoc 0Xp 

=6 V '* A* (by substitution of index). 

dxa.-' 8x* . » 


Similarly, 

•ml 

While 


x4v= 


8^ 


dxv 9x*' 
—5^ Ap 
dx* dx y dx* 

= gxv 9x8 ~ 8x» 


= 5bI* 


ge^S^ + S^+bs 8 (summation convention) 
=3 (in three dimensional geometry) 

=4 (in four dimensional geometry). 
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by 




|" 1 if !^ = P v = v and (as 5j| = l \ 

— 1 if f*=Y, v=P and (A?s(as 6.^= — l), 
0 for all other combinations of indices. 

ju-Vo - 


8 12 — 1 , 


8g=-i, 


erl23 
°123 = 


123 


= 2, 5 


s 23 _ 
Jll“ 

213 c; 3 21 


123 


123 


5 2=0 ; 


s"-2 s; ] 


^05 b 0 


ii 
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Secondly, we define the generalised Kronecker delta symbol, 


€Vv<y= 


3 

0’ V- 


MpOi tfv0 flay £ot0y — ^Va 


Similarly we can define 8 as an absolute (invariant) tensor nf 
rank six. 

Conclusively if both upper and lower indices of a generalised d#H| 
consist of the same distinct numbers chosen from 1, 2, 3, the dell* II 
1 or — 1 according as the upper indices form an even or odd pcrmui 
tation of the lower, in all other permutations the delta is zero. W| 
have for example 


Evaluation of the various possible combinations of indices *hlH 
that 


<•> 

j5 -b- - J 

Alternating or Permutation epsilon tensor. This tensor is m||| 
invariant component tensor of third rank and anti-symmetric in cv|jK 
pair of indices. Let be such a tensor ; then 

ZpJV— €V;aa— €au.V— — € J uiffV=€V(yp.“ — • • I (i) 

But if p.= v then €^v<y= — €v^a gives 
or €^9=0 . . (f| 

It is clear that whenever two indices are equal, the component 
zero. Moreover a tensor of third rank in three dimensional gconn'ir 
has 27 components. But in case of the tensor ^va only 6 compohtfnfj 
are non-vanishing. AH of them have the same absolute value, 3 heir 
positive and the rest three are negative. 

So ^123 = £xv*~ 2 — £312 — £ 231 

and ^2i3 = £321 “ ^!32 = 2 

while all other components are zero. 

Thus all the even permutations of 1, 2 and 3 correspond to 
components with value +1, while all the odd permutations corf 
pond to.— 1. 

The transformation law for this type of tensor in three pint# 
sional space is given by 


I »#.. is invariant. 

Consequently 

f 1 when {x, v, c are an even permutation 
I * j — 1 when p., v, a are an odd permutation, 

i 0 when v, a contain two or more repeated 
[_ indices. « • • (9) 

I Similarly the contravariant components can also be discussed, 

£123_.£312 ; _£231_| ^3 32 _ ^2 j 3 _ ^ 321 = _ j ^ 

f 1 l 2 = ^33 =:€ Ill == ’ =0 j ... (10) 

| pseudo tensor. Let there be a tensor Z^ rt . of rank 4, defined such 

ml 

f + 1 if f*arp is an even permutation of C, 1, 2, 3 
—1 if hvr p is an odd permutation of 0, 1, 2, 3 
L 0 if two or more indices are equal. ... (H) 

I hese are termed as components of pseudo tensor of rank four. 

In case <f> is a scalar, the quantities ^* r p are called as pseudo 
ptors since they have only one component. 

from every antisymmetric tensor of the second rank a pseudo 
|liM>r A\ v of the same rank can be obtained by multiplying the 
inner with a pseudo-tensor of rank 4, 


3 

3 

"" 


A U 


=1 


3 

2 

(5=0 


Au& 


( 12 ) 


Thus the product of a tensor with a pseudo-tensor is a pseudo tensor. 
P is called dual of a given tensor . 

A useful property of € tensor. 

Ltensor can be used to write the cross product of two vectors 
mid B. 

Let 


D==AxB, 

■^1 == A 2-^3 ^ 3^2 = ^123-^ 2-^3 “b ^132-^ ^1> 

B 2y B 3 being compouents of A and B. 

= €i vcApB* 

Similarly Z> 2 = € 2 va^v^a (in summation convention) 

^ T>3=€ 3 Va AvBe 

D t x=€pv<TAvB< r 

Evaluating various possible combinations we may have 

v 


( 13 ) 


e vflr € c 




I bus, if r=C (A X B) = C-D for D=AxB. 

Mi. r—CpD 1 * (in summation convention) 
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or r=c; Vff /lv^a 

= (-^°CrAvBc 

Similarly vector triple product or three vectors can be gtven 

E=Cx(AxB)=CxD 

; - 

t=e , ‘ v ' r Cv 

=€'*'”€« hBCvA'B* 

Since 6^“=^ etc., we get 

^=S V B A-C^Sl B-C.A* 

=A" (C»B*)-B» (C*v4«) 

As such E=A (C-B)— B (C A). 

Evaluation of V X (V X W) using €-tensor. 

Suppose, VX(VXW)=VXZ, 

then (VxZ),=r'VvZ,=€ f 

e^€«a7vF«^=8:;(^Vv^+^VvF») 

= (s* 5; -S^) (K-Vv^+^VvK*) 

= E"* V 0 W*-V "' 7 vW*+ W * V vF<* - w*' v. 

So VXZ Iv(V^W)-(V-V) W+(WV)V-VVW 

Similarly all the vector relationships can be enve 

*&•. tensor. Le, us consider « tensor v.""' of fourth 

ta : ! CS«ed ,0 the firs, pair of tndtees i 
v ’ ArY’»« == -A y *'*'’ 

(2) Antisymmetric in second pair of indices 

(3) Symmetric in cyclic order 

^fa’/'e® -j_ +v4 p ' 7 y|J =0 

Then in terms of second derivatives of A^'^ we can lorm 
tensor given by 

3 pa* 7 '* 

B “ = y,plo dXydX* 

This tensor is called as Krutkov's tensor. If we difle 
equation (14) with respect to x, we have 
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dx* 


(15) 


I This is an important property of Krutkov’s tensor. 

1’roblem 6. Define a tensor. Prove that the Kroneeker symbol 5* fs a 

j tnsor where components are the same in every coordinate system. 

(. Agra 1966 , 70) 

I Wc know that the tensors are quantities obeying certain trans- 
krmation laws so that tensor analysis may be regarded as an 
dispensable part of study which is rather suitable for the mathe- 
Illcal formulation of natural laws which remain invariant when 
coordinate system is changed to another. The rank of a tensor 
usuresthe number of the mode of changes of a physical quantity 
rn passing from one system to another which is in rotation relative 
I he first. As such tensor of zero rank is a scalar quantity and the 
•sor .of rank one is a vector quantity. 

The laws of transformation of vector being defined by 
4 dx/ 

A' H ’= 2 A* (contra variant vector) 


«=1 


A' 


= 2 A & (covariant vector) 

<x=i dx/ 

Minkowski’s four dimensional space, we define the tensors of rank 
ft) us follows : 

( ontravariant tensor 


Covariant tensor 


Mixed tensor : 


a'ps) — dxp dxv 
dx* dx» 

... CD 

dx* 0X3 . 

A ' v " 6V aT7 A “ 

••• (2) 

y =/*: f v jj 

n cXp dx& 

... (3) 


l ueh one having 4 2 i.e. 9 16 components. 

Similarly we can define the tensors of higher ranks. 

Now the Kroneeker delta symbol 6 ** is defined as 

S fe _ d _ d x * &*’* 

1 dXi dx/ dxi 

ilch is easily deduced from (3) by choosing A *0 to be the Kroneeker 
Dlu 6** so that 

,v dx* dx/ dx* dx/ 


AZ = ■ 


dx/ 

dx / 


dxu 


dxz 
=S v 


^ dx 3 

fix/ ()x& (jx * 


I now replacing n by j, v by j this gives 

5jfc At k 'fx* 


= A i - 


dx/ A & 
dx- dx& * 


dx* 

dx/ 


dx/ 

dx a 
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From the definition of mixed tensor, it follows that 6,* is a inWrf 
tensor of order two with 16 components in 4-dimensional space. 

In order to show that the components of the tensor 6^ are the KM 
in every coordinate system, let us define the symbol *>< as 
6i fc = l if i—k 
=0 if i^k 


which is evident from 


=0 when i^k 
d Xi =1 when i—k 


In terms of new frame of reference (or new coordinate system), *» 
may have 

~.k d*k d*k dxj_ „ | if f = A: 

fix, dxi = q if izjkk 

dx k ' dxj 6 i s ; nce 5 . 1 — 

-^5, since 5, ^ 


or 


5'? = 


d ,k = 


dxi 

dx'k 


dxt_ 

CXi 


dxi 

dXj 


— — — — ■ — — 7 f U j 5111 CC Uj a 

dxi ex,-' dx > OXi CXi CXj 

From which it is clear that S,* is invariant and transform* • 
mixed tensor of rank two. . 

Problem 7 Prove that Kronecker delta is a mixed tensor of rank m 

Its solution has been given in Problem 6. ( ^*jl 

Problem 8. Show that symmetry properties of a tensor are invar m 
If then we have to show that A'x^—A’^ 

The definition follows : 


A'x^= 2 

«, P.r 


dx*. 9x 3 
_l dxx' dxp 


C/A0t UAP dxy A 


and 


s 

A'u.xv== S 

P,«,y=i 


8x0 dxo. dx y An 
dx'rdxx dxf Boir 


The given tensor having symmetrical in first two indices, w* 
AXpV — Aplv and i4a t 3y = ^3oty 


Using this relation and comparing the two equations for A M M 
A'xt we find that both the equations are identical t.e., A x„v 
Which follows that the tensor in other system is also 
in first two indices. Hence the properties of symmetric tensor* ■ 

invariant. 


3 7 RULES WHICH GOVERN TENSOR ANALYSIS 

Rule I. The sum and difference of two tensors of the same rank 
in a third tensor of the same rank . Moreover ij Fx^., and OkM 
the tensors of the same rank, thenpFx^ + qGx^-is also a tent* 

the same rank ( p , q being numbers). 

Suppose there are two tensors Ax ^ and Bx^t then it will be IM 
that 

Axp+Bx^Cx* where Cx P is another tensor of the same rmili 
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Expressing the tensor Ax ^ in the form of a matrix, we have 


and 


Ax h = 


Cx h = 


an 

U 21 

lAl 

C 11 

C 21 

lAi 


a i2 
#22 
a 32 

C 12 

C 22 

C Z2 


#13 

#23 
#33 J 
C i3 
C 23 
C 33 J 


B Xu 


[ b\x b i2 b 1 f\ 
^21 b 2 2 b 23 I 

^31 ^32 ^33J 


so that ^A M +^Au= 


a n J tb n 

# 21+^21 

..#31 + ^31 


#12 + ^12 
&22~\~b 2 2 

0*32 + ^32 


#13+^13 
#23 A~b 2 3 
#33 + ^33_ 


If the relations between the coefficients a's and £’s be such that 


ax H 


then 


A x^A-Bxu 


C 22 

lAl ^32 

which is a tensor of the same rank. 


bx?. 

“<*u 

C 2\ 


— ex [x 

C 12 C 13 


C 23 

C 33 


]" Ci ' 


Similarly Ax h —Bx H 


[ dn d l2 ^x 3 l 
d 2 i d 22 d 2 3 I —fix? 

dz\ d$2 ^33J 


where ax^—bx^-dx^ 

Here Dx^ is again a tensor of the same rank. 
Further, 


pAxp+qBx^l 


[ e il e i2 

^22 ^22 ^23 I 

e 3i e 32 e 33 J 


=Ex h 


where pax^+qbx^—ex^ 

Showing that Ex ^ is also a tensor of the same rank. 

The rule of addition may be generalized for any number of tensors 
of any rank. 

Suppose there are two mixed tensors T and S of rank N , having 
Iheir r indices (from \ to A r ) contravariant and s indices (from to 
K,) covariant, then laws of their transformation may be written as 

..(» 

.( 2 ) 


r ,“l •• “r 

Pl-P» 

dx 

dx f 

| N 

rdXn . 
l.dx'0! 

.. 8x^1 r 6X_'oc 1 
dx'& J |_ dxxi 

dx\ T ‘ 
" dxx r . 

1 x,..x, 

J Hi —H* 


dx [ 

W| 

~dx„ 

dx "I rdx’ ai 

3x'* r 1 

Xx-.-X, 

Pl-P. “. 

dx' 1 

1 

Jdx'a x " 

dx'&sJ L dxx 1 ' 

— 1 

V- 

H 

H 

c^> 

j 

Hl—H« 


If the sum of two tensors 

Xi...A r 


^Xi.'.Xr 

Hi — H# 


U' 


Hi— H« 


So that 


Xi.-.Xf 

X l-..Xr 


U — 

T 

+ B 


Hi— Hs 

Hl--H* 

r „Xi...X, 

Ax-Xr 

Xx ...Xr 

U f = 

T 


Hi— H# 

Hl«*Hs 

Hi— H « 


Xi ...Ar 

and S be a third tensor 

Hi- H# 


.( 3 ) 
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Mivr dam dx,* s n r gx-y ^ocr ir^i-v ^i--v "i 

c' | Lax'01 to'GsjL fi*x } "‘ dxx r JL {X 1 ...|A,J 

dxy *S 3.V Oti dx ot r 


0£ 
dx 

dx\N dx \ 

0A*' 1 


.7 

I^NSoks 


(/ 


Xi-.Xr 


by (3) ... ( 4 ) 


r “i ...a r 

Pl-Ps 

5 5...5. ! 

Then 


9.y 

9* I 
clr' I 


AT 9a> 1 g* r 

dx'i h dx'bs dx Ax 0xA r 

AT 0A' Pl 0X P(2 _0Xjn x 


*r 

ai...Op 


9x 

dx' 


T 

Pl--Pa 

N+N' d x „ 


fix's 

S r 


fix Zq‘ dx<ri 

51 •••«« 


- £ 

OAVp Pl-*Po 


0JVf*,s 0X ot X dx ot r 0X Px 9 VPcr 


9x'b, ”‘9x'b s 2xa, "’ 9xx r 9x'e,"'9x'e,, 
9x' 

9x. 


C%i 0X *ij) v | ^pXi/. Ar I P c »,...»j>| 

^7-s^7 x L r '‘ 1 ”'* J JL v - p » J 


or rj'* 1 '"**' ’’i"-” 1 ’ _ 

U1 u Bi -B’’ *l. S« — 

dx 

| 0^Xpi fiXps tX a»] 

?x % 

dx' , 

1 0X / 0 l 0X'0, 0XAi 

«'■» A# 

x ^v Pl dx F q dx\i 

0*'jSi dx'tq 0Xci 

fix Up » r Ai*.. Ar> ai*‘*cp 

0Xc s ei- »*»> H-M 

. . .0) 


where 


u X 1 ...X r , .i 


*v y* 

Pl • • • P«’ Pl • • • P<7 1 Pi • • • P« 


pAi • • • Ar 


o*l- 

^ P l.. 


the equation (5) transforms a tensor of rank N+N'. 

Rule III Contraction. The algebraic operation by which the rank 0 
a tensor may be lowered by 2 {or by any even number) is known 09 
contraction . {Agra 196m 

The contraction of a tensor may be affected by adding up all (hi i 
components which have equal indices in a given pair. Any two ivtdflj 
ces arc converted into a pair of dummy indices. 

Consider a tensor of rank 3 with one contravariant index a and 
covariant indices (3 and y. Then we have 




3 

= 2 

a, p, y=0 

Replacing v by A, we have 


* fix& dXy dx'x 
* x fix' dx\ dx^ 
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j, a 2 

A PV = * A O 

n, x=o fixx 


dx 0 X OX 0 3 0-XAi dx Xr 

Which is transformation equation for a tensor of rank N having f 
contravariant and s covariant indices and follows that the sum of 
two tensors of the same rank is a new tensor of the same rank. 

Rule II. The direct product of two tensors gives a new tensor of 
rank equal to the sum of ranks of these tensors. 

Xj.hXj* o x> ..0jj ^|| * 

Consider two tensors T of rank N and S of rank N ■ 
Pl---P« Pl * • ‘P<7 

Their transformation may be given as, 


A 


ot dXy 

dx' h dxT 

Ot 9^0 dXy 


fix' A 
fixot 


Hut 


3 

- 2 

a > & Y=0 &r dx'pdXt 
= 0 if y=£oc7 
fixot 1 if Y==a3 


( hoosmg the second condition ie., ify=a, !*2L =1, above 
^ * 0^01 


1*011 becomes 


rela- 


t ,A 

pa 


3 

2 


A »* 8xq 




A\ - 


a, 3=0 001 fix' p 

fixQ 


3 

2 

P-0 


dx\ 


An 


■^vectors ° As V^enera I ° f , trans ^ orrnat ' on of tensors of rank one, 
Rontravarianf Lw rU e we equate a certain covariant index to 
K 2 ' i eX VK m ° n repeated ibices, and obtain a new 
Kit lion of a ten fk ,S P roces s is termed as contraction. The con- 
K;°n ° f a tensor of 2 yields a scalar i.e., tensor of rank 

ituantkv^t follol^'t ^ $CaI f r pr ° duct of two actors is a 
Ek oSels a Lsor^fT ? at thC / Calar P roduct of ^'o tensors of 
r V„u W V • zero - As such the rank is lowered by two. 

frank (n+ 1), e .g., ” Sp t 0 X ’ y > z < S^es a new tensor 

dAxp 

~jir Bxi * • • . (6) 

■» l . l »r S is r ofrS a k y Z e b r e n P T ed ^ 3 S ' mple casc ’ where the original 
, t. ., a scalar say S(x u x 2 , ,t 3 , /) where deriva- 

l»» relative to the axes K are — , ^ d -l. 

, dx dy’ dz 

* ' ,S " m *’■ ,he “»l" » *■„ *■„ <•), such thal 

S(x u ar 2 , x 3 , t)=S'(x\, x\, ;c' 3 , /') 
to J^JL Sh .JSdxt dSdxt 1 

dx\ d Xl dx\ ' dx 2 dx\ + 3*3 ax', I 

Jil = as ax, ds_ dxt_ ds_ sx 3 I 

dx' 2 0X, ax 2 ^ cx 2 dx' 2 + dx 3 dx' 2 p 

dS 9x, SiS dx 2 8S dx 3 

dx' 3 ax, ax' 3 + q X 2 dX ' 3 + dXi gp; _ 

P 1 1 niay be written as a single equation 
-dS' dx m ss 
dx'i dx'i ,dx m ( ,m **2,3) 
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This shows that ~~ tansforms like the components of a teniof 

9 x i 


rank one, i.e. vector™ Thus the differentiation of the tensor of 
zero, yields a tensor of rank one. The rank of a tensor can alt 

’ . J orwl Q fl 1 1 If* Tl 



tion is performed. For example, consider a scalar, i.e-, tensor of 
" ’ '* A * so that 


zero, say S depending on tensor Ax t 
dS n 

-i3p.V 


dA.Xp 


is also a tensor of rank two. Thus the rank of the tensor is extl 
by two. 

Rule V. The Quotient Law. If A X B^ is a tensor for all contra 
tensors Ax then B is also a tensor . 

0 oc 0 dXy dx x 


We have A’ X B'^=A^B» 7 - gp- jjr ^ 


A'\H a 8x6 dXy 

=A B& y a / q 

VX p 0* y 


as 


/4'*=A a 


3x'x 


3x« 


or 




But A'*- being arbitrary, A'^^/= 0 so tha_t 

ni d 8x t 

" 3*V 8^'v 

which shows that is a covariant tensor. 

Problem 9. Stow that there exists no distinction between 
variant and covariant vectors if we restrict ourselves to transfof 
of the type 

x*'=a\ xx+b* 

where b “ are n constants which do not necessarily from the con 
of a contravariant vector and a* are constant (not necessarily | 
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zero, yieius a icusui ui «»*u, ..... — --- -- - „ ... 

extended when a tensor depends on another tensor and a dincrWH 

« 4 m 1 n r/>n 1 n ^ I /> fAflCft f ()| | || • 1 1 


Now (1) and (3) yield, 

fix* a , 3X3 a 

fcf =a * and 

0X0 


••that 


a te/isor) such that a* a* = ^x 
Given x*'= a* xx + b* 


i.e., a x x a =x*' 


-Z>* 


Multiplying (2) throughout by a* and summing over the If 
from 1 to n , we find 


X*'— 6* 


dxn ~dx*’~ a » 


I his follows that the transformation laws 

A'* 


and A'=^-A 0 


0X0 ^ aUU ** P 

(ne the same type of entity without any distinction between 

■llrn i/nria v /n 


mtravariant and covariant vectors. 

dAx 

Problem 10. Show that is not a tensor although Axis a covariant 
1 Mor of rank one. 

Wc have x (by covariant law) 

[Differentiating w.r.t. x'a we get 

dAJ dxx dAx , d 2 xx 


0X'0 0X«' 0X'0 _t ’0Xot / x'0 


-Ax 


dxx dAx dx h d 2 xx 


'0Xot' 0x^ 0x'0 

dxx 0x P dAx 


~0x*' dx'& dXp ~ r 0x'00x, 


ax*' ax'3 
0 2 XA 


Ax 


~,A x 


d A a 

llhc presence of the second term on the right shows that -- — does 

I 0X|k 

I transform as a tensor. 


problem 11. If xy, 2y—z 2 and xz are the components of a covarient 
)§or in rectangular coordinates , then find its covariant components in 
I ideal coordinates. 


t luppose that x=x u y=x 2 > z=x 3 
llicn the co variant components of a tensor Ax are 
A x =xy=x x x 2 


A 2 =2y—z 2 =2x 2 —x 3 2 


Ao=xz= 


x x x 3 


3 ■ /v 3 

*1 A V be the covariant components in spherical coordinates. Then 
xf=r, x 2 '=0, x 3 ’=4> 


3jca . 

A -~^ Ax 


..(i) 


Now the transformation equations are 

x=r sin 0 cos y=r sin 0 sin , z=r cos 0 
in existing case become 

x x =x x sin x 2 f cos x 3 ', x 2 =jt 1 ' sin x 2 sin x 3 ', x 3 =x x cos x 2 ' 

om (1) we have 
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A <_ 9 *1 . ,3*2 . ,3*3 A 
Al ~d^' Al+ d^ A * + W 3 

=(sin x\ cos x' 3 ) x^+sin x' 2 sin x' 3 (2x 2 — x 3 2 )+cos x\, 

=(sin 0 cos <f>) (r 2 sin 2 0 sin cos <£)+sin 0 sin f (2 r sin 0 mu * 

— r 2 cos 2 0) + cos 0 (r 2 sin 0 cos 0 cot 1 

Similarly A 2 ' and A 3 ' can be determined. 

Problem 12. If Ax ^ is a skew- symmetric tensor , show that 

B: B* .+B» Bl) A„= 0 
V is skew-symmetric 

A n =A 22 = 0 and A 12 =—A 21 etc. •iX&ni 

Now left hand expression = B* B* + B * B° 

= (BA B\ + BA Bl ) A 1V +(BA B * + BA B* v )A 29 + J 

= ( J &V 1 AHA 1 ^V 1 ) i< u + (A 2 2*r 2 + 2?r*l*V 2 ) i4 tl +... 4 
+ W i^+^r 1 Bf) A 12 + (BA BA + Bt' BA) A n +... 
=0+0... + (BA BA+BABA) {A 12 +A 21 }+... by (1) 

=(BA BA+BA BA) {0} by (1) 

=0. 

Problem 13. Show that every tensor can be expressed as the 
two tensors j one of which is symmetric and other skew-symmetric in I 
pair of covariant or contravariant indices. 

Since A H .v=% [++v+^4vp.]+i [A^v— Av?] 

=i+v+Cj*v (say) 

where B^—^ [/^v+^vj— Bv^ is symmetric 
and CVv=i 0+v— v4vj= —Cv P is anti-symmetric 
Hence the proposition. 

Problem 14. Show that A r hC v is a tensor ( Agra \ 

We have A s — ?X * ~ ~ A T 
W h = 0x r 9x'* dx e 0*' y ^ 

which follows that A x ^ 9 m according to transformation law, is a n 
tensor of rank 4, contravariant of order 1 and covariant of or 
Problem 15. If A x and B * are the components of a contra 

and covariant tensors of rank one , then show that C A =A*B h nt$ Hi 
components of a mixed tensor of rank two. 



We have A' x^A*^-^ and Bf 

0X* 


--B* 


0X3 

dx' h 






which shows that C* transforms as a mixed tensor of rank twofl 
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Problem 16. Show that the contracted tensor A x J v is a mixed tensor. 
we have 

.,857) dx'8 dx% daV 8 xa 9-T(. 9*v ,ktf 
“Pr^ Ox, ?x» dx, dx* dx&’ dx r ’ A|iV 
Setting S=y and summing we get 

dxl! 9x.' OXA dXj> 9xy 
A «Py _ 0x. 9x f dx'* 0x'B dXr 

9*5' dxr,’ 0XA. dx K R v .ref 


A r 

dx a 0X P 0X'* 0JC'3 r A * v 
0xg' dx\ dxx .Vap 
~~ dx 9 dx, dxA dx' & Af * v 
If we compare it with the transformation law 
dx? dxA dxx 0x P a *p 
A ** ~dx 9 0x P dx*' dx *’ XlL 

then we conclude that A^^ is a tensor of rank four, contravariant ol 
rank 2 and covariant of rank 2. 

Problem 17. If the components of a tensor are zero in one co-ordi- 
nate system , then prove that the components are zero in all co-ordinate 
systems. 

Consider the components of a tensor in the form 

Ai, A2,***A r 

-» f*l» f*2’ . . • 

where the indices X x , X 2 ,...X r , (*,, (x 2 ...[x, run through the integers 
l,2,...n. 

The components then transform according to the rule 


7A1, A2>‘>* A? 

p.1* 

dx 


T 

where 


d£ 

dx' 


Ndxx I'dxxi' dxx , dxRi 3xb 2 


dx0 s 0t2 • • •« l »’ 

■ * 1 SI’ 


dx' 


0**1 0**2 '"dx*r' dXpi' aXpa' ** dxs p1 ’ p2 ** ^ 
represents a Jacobian and N is the weight of a tensor 

field. 

In this equation T'^l are the components of a tensor in K' 

system of reference while £ 2 2 ,7.7£ r are those in the system of 

reference K. Hence if 7^iVJfV.7 R * r are zero then T' X £, X * 2 are also 
zero. 

Similarly its components are zero in all the other coordinate 
systems. 

Problem 18. A quantity A ([A, v, a, t) function of coordinates Xi trans- 
forms to another system of coordinates as 

0 dx* 0xa' dx y ' dx*. , v 

A (a, p, r. ®- dx *> 0Xv 0*, a*, A (fi > v ’ ) 
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Is it a tensor ? If so give its order and rank. 

Yes it is a tensor as it transforms according to the transformation 
law of mixed tensors of rank 4 having a contravariant order 3 and 
co variant order 1 . 

3.8. THE FUNDAMENTAL TENSORS 

In §3.3, we have already shown that the interval ds between the two 
neighbouring events (x 2 , x 2 ,x 3 , x 4 ) and (x 1 +dx 2 , x 2 +dx 2 , x 3 +dx^ 
x 4 -f-</jc 4 ) considered in Minkowski’s four dimensional space, is given 
by 

ds 1 = < g>v dxp dxv ((jl, v = l, 2, 3, 4) 

(in summation convention by §3.3 (2) 

and gpv=gv t > 

A convenient way of writing it, is adopted as 

^ 2 =^v (dxY (dx)'. ... (1) 

Now ds 2 being independent of the coordinate system, is an invariant 
or tensor of zero rank and therefore the equation (1) shows that g^ 
(dxY multiplied by an arbitrary contravariant vector ( dx ) v always 
gives a tensor of zero rank; hence g ^ (dxY is a vector since the dot 
product of two vectors gives a scalar i.e. a tensor of zero rank. Again 
£>v multiplied by an arbitrary contravariant vector ( dx Y always 
gives a vector and hence g ^ is covariant tensor (by quotient law). 

To show that g ^ is a covariant tensor, let us assume that g ^ 
becomes g' p v when the coordinate system becomes (*') from (.v). 
Then, ds 2 being invariant, we have 

ds 2 =g'pv (dx'Y {dx'Y ... (2) 

From (1) and (2), it follows that 

gfv (dx'Y (<1xy=g^ ( dxY (dxY 

•'•*•> g'^ dx &=g^ ( dx Y ( dx V 

=£<*3 dx & dx& since dx h 

and fx, v are dummy suffixes on the R.H.S. 

The equation is true if 

dxf dxf 


dx* 


dx o, 


dx » 


8 


£*0 


dx * 0 a 3 

Interchanging the primed and unprimed letters we get 

, dXu, dxv 

gat ~M 7 d^ Uv 

Let us further assume that g stands for the determinant 


8= 

gu 

g 12 

8l3 

8 14 


&21 

822 

823 

#24 


#31 

822 

833 

£34 


#41 

842 

843 

£44 


( 6 ) 




w! g™ is defined as the cofactor of g h v in determinant (5), divided by 

» /.r, 

cofactor of g> v in g 

i . . * ’ 

< onsidering the inner product g H .*g' t ° we have, 

S w =g*. 1 g*+gM g*+g h 3 tl*+gn g"* 
jlfilch with the help of assumption (6), becomes 

g'"’— ~lgn- cofactor of g v i in g+g M . or cofactor gv 2 in g 

j +gM- cofactor of g V3 in g+g M cofactor of g V4 in g]. 
= ~ X0 i.e. 0 when (x^v 


(3) 






( 4 ) 


— ~ Xg i.e., 1 when |x=v. 

o 


lor, when (x^v, we get a determinant with two rows indential and 
Ini (x— v, we reproduce the determinant g divided by itself. 

Wc write 

gj=gfg" 1 

=0 if [x^v S- . . (7) 

— 1 if (x=vj W 

ll is therefore clear in view of §3 3, that g^y has not the same 
Nipcrty as the substitution operator or the Kronecker delta S' 1 . 
Thus, 

g* A*=A'+ 0+0+0 by (7) 

= AV - ...(8) 

Ihc equation (8) shows that g/ multiplied by a contravariant 
Wor yields a vector and hence by quotient law, g/ is a tensor such 
lilts components are the same in all coordinate system, because 
becomes g’/ in another system of coordinates then 

8 h —r,_. , O 5<* 


dx h 0X0 

dxf CX a . 

-5-— , since 

dx& dxp. 


d*v'_ Q 0x'v 
0X a 0X0 



= 0 if ? 

-iiftx=v l b y( ? ) 

Hence gV v =g/ (fx, v=L, 2, 3, 4) 

Agum gv” has the same meaning as g/ with (x=v and we have 

^V V =^i a + ^2 2 +^3 3 +?4 4 

= 1 + 1 + 1 + 1 by (7) 

= 4 - ... (10) 
irther, we shall show that g v< ' is a tensor when g^a g v<r is a tensor. 
Itiplying the co variant vector g h . A* by the vector g»*, we have 

A i- by (7) 

=A* by (8) 
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which shows that the product is always a vector. 

The tensor character of g *‘ v may also be shown by denoting 
covariant vector g^ A v by B h . Then we have 

giiA 1 +g 12 A 2 +g 13 A 3 +g u A 4 =B 1 
with similar three equations for B 2 , B 3 and B x . 

Solving these four equations by the method of determinant* 
can easily find 

A 1 - =g n B x +g l2 B 2 +&•£, +g u B 4 
with similar expressions for A 2 , A 3 and A*. 

So that A*+g^ Bv 

which follows by quotient law that is a tensor. 

Hence we have defined in this article, the three fundamental to 

g/, g” 

of covariant, mixed and contravariant characters, respectively. 
coordinates 19 ' Tramform ds 2 =dx 2 +dy 2 +dz 2 into polar andcylln 



are 


The transformation equation from cartesian to polar coordin 


x—r sin 0 cos y=r cos 0 sin <j>, z=r cos 0. 

If a point (x x , x>, x 3 ) in cartesian becomes x 2 , x 3 ) in 
system of coordinates, then 

*i=x, x 2 =y, * 3 =z 
and *i=r, x 2 '=0, x 3 —A. 

So that g n =g 22 =g 33 = i 

aild ^12=^13=^23 = 0. 

Now, from equation (4) of §3.8, we have 

dx* dx'& 

_dx h dxv 


g*IS: 


g 


dxi dx x 


g^ 


_9Xl0Xi_ , 0 *3 d *3 

dx/ d Xl ,gll+ dx/ dx/ gi2+ dx/ dx/ g * 3 




as x x =x etc. and g u =g 2 2 =g 3 3 s 
=sin 2 0 cos 2 ^+sin 2 0 sin 2 ^+cos 2 0 
=sin 2 0+cos 2 0=1. 


Similarly g 


and 
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Also 


, Cf*. dxy 
gu ~dx/ dx/ g ^ 

<bci dxi 0x 2 dXj dx 3 0x 3 
~dx/ dx/ gn + dx/ dx/ g22+ dx/ dx/ g33 
dx dx dy dy . dz dz 


dr 00 + 0r 


00 


+ dr 00 


==sin 0 cos </> (r cos 0 ccs ^)+sin 0 sin <j ». r cos 0 sin ^ 

-4-cos 0 (— r sin 0) 

= r sin 0 cos 6 (cos 2 ^+sin 2 $)— r sin 0 cos 0 
=r sin 0 cos 0 — r sin 0 cos 0=0. 

Similarly, g' 13 =0=g' 23 . 

Hence ds' 2 =g (, dx’Y {dx'y gives 

ds ,2 —g\i (dxtf+g'n (dx 2 ') 2 +g 3 3 ' (dx 3 ) 2 
=dr 2 +r 2 dd 2 +r 2 sin 2 0 df. 

Again the cylindrical transformations are 
x=r cos 0, y=r sin 0, z=z, 
so that x x =x, x 2 =y, x 3 =z 

and Xi ' = r, x 2 ' = 0, x 3 =z. 

Giving, gu=g 2 2=^33=l. 

Also as above and since g 12 =g 13 =g 23 =0, we have 
8’ n=U g'22=r 2 , g' 33=1 

g 12 == 0 ==g 13 — g 23 - 

Hence ds' 2 =g' xl (d Xl ') 2 +g' 22 (dx 2 ') 2 +g' 33 {dx') 2 
= dr 2 +r 2 dQ 2 -\-dz 2 . 

Problem 20. Show that g ^ is a covariant tensor of the second order . 
Let ds be the distance between two neighbouring points P(y*) and 
Q (y*+dy*) 9 then 


But 


ds 2 = 1 dy& dy& 
P=1 

dy$=M^-dx ot 

CX* 


*-, !.(£*)(£*») 

=£*y dx ot dx& 


g*y= £ 0ya 0 jb 


where _ r 

p=l dx* dx y 

Hence in new coordinates, 

, dy& 0y3 


dy& 0ye 
0* y 


"dx 
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dja_ dXj> gye dxv 

dx h dxs' 8xv dx\ 


ox* fay 0JB dyg 
~dx't dx\ dx,, dx v 

?A> C'A'v 

= 0z' e 0*'/' iV 

which follows that g^ is covariant tensor of second order. 
Problem 21. Show that dx* dxz is an invariant 
g'ocp' dx *' d!x'3=£*3 rfx* 


We have 


0A V 


or 

l 0*'« 0X'B 

\ 0Aju. 0X V 

or 

( _ dx'* dx'f) 

v 010 dXp dxy 

or 

, 8x\ 0a'b j 

£ 0 ( 8 . - a 

CXp, vXy 

or 

£' 0(3 dx *' dx' 3== 




~£VV j 


)=° 

rfXp Jxv = 0, 


since *£x,- is arbitrary 


which shows that g<*3 dx * Jx3 is an invariant. 


3.9. ASSOCIATED TENSORS : RAISING AND LOWERING OF 
SUFFIXES 

The process of raising and lowering of the suffices of a tensor is 
employed to obtain the new tensors associated with the given tensors. 
In fact this process of raising and lowering the suffixes of a tensoi 
changes a covariant suffix into a contravariant suffix and vice versa. 
These operations merely depend on the inner product of the given 
tensor with a fundamental tansor. 

We define the raising of the suffix of a vector (i.e., a tensor of rank 
one) by 

A l *=g l * v Av ...0) 


and the lowering of the suffix of a vector, by 

A^g^ A\ 


... ( 2 ) 


In general for a tensor like A , the operation of raising fx is defin- 

cc^ 

Y&IX 

ed as A =g f * v A 

ct(Jv 

and that of lowering fx as 

Y& Y Sv 

=^£pv A 






... O) 


..( 4 ) 
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The definitions are quite consistent; for, if we first raise a suffix 
and then lower it, the original tensor is reproduced, e.g. 9 multipli- 
cation of (3) by gpw in order to lower the suffix on the left, yields 


a&u 

u ,a g r 

«p 



=g, v A yS o by (7) of §3.8 
=A yS by (8) §3.8 

a^a 

which verifies (4). 

It is however worth notable that the raising of a suffix v by means 
of g hv is accompanied by the substitution of fx for v and the operation 
of plain substitution of [x for v is carried by g/ ; conclusively, 
multiplication by g** yields substitution with raising, 
multiplication by g h u yields plain substitution, and 
multiplication by g h v yields substitution with lowering. 

The operation of raising and lowering of suffixes is applicabe to a 
tensor of any type. For example if A*& is a contravariant tensor of 
rank, two, then 


A^—gpv 2? av so that second has been lowered 
Ay&=g h v A 1 ** so that first has been lowered 
A h v=g h oc gv 3 A*& so that both have been lowered. 

Similarly if B* 3 is a covariant tensor of rank two, then 
B (k IA =g /A ' J so that second has been raised, 

Bb'*=g l " J B* 3 so that first has been raised, 

B^—g** Boc 3 so that both have been raised. 

If two tensors are such that either of them can be obtained from the 
other by any combination of the operation of raising and lowering the 
suffixes , then these tensors are known as associated tensors. 

Problem 22. Show that for a rectangular system of co-ordinates the 
raising and lowering of a suffix leaves the components unaltered in 
three-dimensional space. 

We have in ordinary three-dimensional space. 
ds 2 =d Xl 2 +dx z *+dx z 2 
where x x —x, x 2 =y, x 3 =z 

so that £h=S22=£s3=1 

and gw=^i3=^23=0. 



£11 £12 £13 

£21 £22 £23 

£31 £32 £31 



1 

0 

0 

=: 

0 

1 

0 


0 

0 

1 


We thus have 




cofactor of g u in g 


= 1. 


£ 


1 


334 


MATHEMATICAL PHYSIO 


Similarly g 22 =g t3 — 1 , 

which follows that 

g^-=g^=g^ 

so that all three tensors are merely substitution operators. Hence th* 
proposition. 

Problem 23 To show that dummy suffixes have a certain freedom of 
movement between the tensor- factors of an expression, prove that 

(0 

(ii) A^B'*=A^B^. 

(f) Since we have 

A h v=gp«gv 

and BragTfPB**. 

Therefore A l s ) B*'=g t .'xgv&A**g**g' l *B«z 

or A^B*'=g* x g^g' ,& gv& A**B*&=A**B*» 

So that A*zB**=A**B*». 

(ii) Since g**B *' =£'"*. 

g^B^=g^B'*^B^ 

and similarly gvaA^—Anv gives 

g^gvocA^ =gu.'A l >v—A* l > 

A^B^^g^gviA^.g^g^B^ 

=A„*B* V . 


3.10. LENGTH OF A VECTOR (i.e. A TENSOR OF RANK ON*U 
ANGLE BETWEEN TWO VECTORS AND ORTHOGO* 
NALITY OF VECTORS 

We deal in elemantary vector algebra that the square of the length of 
the vector is its scalar-product into itself and the two vectors aft 
mutually perpendicular if their scalar product is zero. Thus if A?, Bp 
be two vectors, then condition of their orthogonality is 

A^B*=0. •••(!) 

Also if / is the length of the vector A p, (or A*), then 

ApA*=P. . . . (J) 

In case a vector is self-perpendicular, its length will be zero, i.e. 

ApA^^O. ••• (5) 

Now we have 

ds 2 =g ,.v (dx)*. (dx)' 

=(g h v dx*) (dx') 

—dxv dx '. 

the diplacement is self perpendicular if 

dxw dx'—O, 

i.e. ds— 0. 


• • • <4> 
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It shows that a displacement is self-perpendicular when it is along 

I t I light track ds= 0. 

I Now, if 0 is the angle between the two vectors A h and B^, then 
„ scalar product of the two vectors 
C0S — V (length of A h ) \/(length of B^) 


ApB* ApB* 

V(A*A*) V(#&B») ~ Vi(A*A*) (B*B*)} 


(5) 


1 11. METRIC TENSOR, RIEMANNIAN SPACES 

We have ds 2 =dx * dx x , by § 3.10(4) . . . (1) 

■here dx * with the help of transformation (1) of § 3.2 can be expres- 
•<l as 

<Zx* = |^7 dx * 
ex f 

> dx 

I Similarly dx* = — * dx' as dx v =(dx)'. 

OXp 

I With the help of these transformations (1) can be written as 

ds 2 = |-r- dx * dx' ... (2) 

dx ^ dx v 

I But ds 2 —g^ dx* dx v . . • . (3) 

I Comparison of (2) and (3) yields 


dX* dXot 

g *' , ~ dxf dxf 


. • . (4) 


Ikich transforms as a tensor when a coordinate system changes from 
I to x". Therefore 


i 


dx* dx* 

dX*" d>Xy " - 
g’*y = 


dx* 

dx/ dx &" 
dx/ dx / 
WfidXy" 


dx * dx/ 
dx/ dx/' 


> 

J 


. . . ( 5 ) 


I Here is a co variant symmetric tensor of rank two. It is called 
m metric tensor. 


I There are ‘spaces’ where we cannot introduce a cartesian coorai- 
m system, e.g. two dimensional ‘spaces’ of that kind which include 
■ surface of a sphere. Introduction of a coordinate system with 
■llude (f> and longitude 0 , makes it possible to express the distance 
■ween two neighbouring points on the spherical surface, in terms of 
■lr coordinate differentials, like 

ds 2 =R 2 {d$ 2 + cos 2 <f> </0 2 ). 

I f On assuming equator as 0=0, north pole as south pole as 
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Whenever we define a ‘squared infinitesimal distance’ which u »>< 
homogenous quadratic function of the coordinate differentials, ll» 
manifoid is called a metric space or a Riemannian space. In caw M 
is possible to introduce in a Riemannian space a coordinate syittw 
with respect to which the components of the metric tensor take III* 
values 8„* at every point, the coordinate system is a cartesian one amt 
the space is called a Euclidean Space. In fact Euclidean spaces arc IM 
particular cases of Riemannian Spaces. 

In all cases where the infinitesimal distance is expressed by equulln« 
(3), ds 2 being an invariant, g>v is always a covariant tensor. 

Problem 24. A hyper surface in a Riemannian space is given by 

Xi=Xi («!, w 2 ) : 

then prove that the coordinate curve of the surface is given by 
ds 2 =h r ,\) du '* du v 
, dxa dx& 

Sit' 


where 
We have 


ds 2 =goc& dx& 
3x* 




dx u 


du'fi-du’ 

OXv 


3*Xoc 0X0 * ** j 

=s ^d^d^ du du 
=/ip.v du ** du v . 

Problem 25. Surface of a sphere is a two-dimensional 
space. Find its fundamental metric tensor. (Agra, IVrw I 

If a be the fixed radius of a sphere, then its surface is given by 

ds 2 =a 2 d6 2 +a 2 sin 2 0 dp, with equator as 8=~ , north poll •» 

8=0 and south pole as 0=^ 
so that 


Su=tf 2 > S 22 =^ 2 sin 2 
g 12 =0=g 2 i* 


^11 

#12 

1 = 1 a 2 

^21 

^22 

1 1 o 

a 4 sin 2 

0 



r = 


g 22 = 


cofactor of g u _ a 2 sin 2 6 


g 


cofactor of g 2 > 


a 4 sin 2 0 
a 2 


0 

TA 2 | 


1 

-a 2 d 


1 


a 4 sm 


2 


t?=* o=*“. 


Chrfstoifel symbol of the first kind 


1 ( dg^ dgy a 

2 \ 3x v dx h 

Christoffel symbol of the second kind 


IYv, » = [,aV, cr] = 


dx, 


\ 

* ) 


r%v={p, cr}= -i# 




3£vx 


3*u 


\ 3x v 

It is obvious from these expressions that 

[(xv, cr]=[v(x, o] i.e. T^v, «• 


\ 


a*x / 


and 


(f* v > a}={v|i., e) i.e. r = T" 


••(I) 

..(2) 

..(3) 
• •(4) 


showing that they are symmetrical with respect to (x and v. 

We also observe that 

W [H-v, A] i.e. r' v =g c * T^v, A 

imd [jav, o]=g.A {[tv, a} i.e. />,, 

To prove the result (5), we have from (1), on replacing a by A, 

1 f dgz A OgvA 9gy-V V 


.(5) 

• ( 6 ) 


[av, A] = 


2 V 0x v ^ 0 jca J 

Multiplying both sides by g" x , this becomes 


g” K [(*v, A] = ~ g' 


( i^tL 


2 b \ 3jcv ’ dx H 
={[av, a} from (2). 

This proves the result (5). 

Again to prove the resuit (6), interchanging A and a in (2), 
we have 


dgv a 


5j.V v \ 
0ATA ) 


I 


{|AV, A} = 


1 


rA» 






2° V dxv ’ 0.x> dx„J 

=g x ’ r [Av, cr], from (1). 
Multiplying both sides by g. r a, this becomes 

8 « A {[XV, A^VAg'A [(XV, a] 

=[f*v, <r), 

which proves the result (6), 

Now we have from (1), 

[f* v > »]+[<«, 

C7X|fc 3X<r ✓ 


2 V 0;rv 


4 - 


-l/gggc , \ 

2 \ 0gv + 0X C 0£,. / 


3.12. CHRISTOFFEL’S 3-INDEX SYMBOLS 
Here we introduce two expressions (not tensors) known as ( ItfM 
ffeFs symbols of the first and second kind. These will be foun^l 
great utility throughout our subsequent work. 


. dgv 

djtz 4 dghV . , 9«Vv 9gv.A 

2\ dxv " t 0Ay " gx„ + 0^7+ dx. dxj 

dx v ’ ■ ■ ■ ( 7 ) 
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.. f^, •+ 1 *^ axv 

Problem 26. Find the Christoffel'* ^ bols corresponding^ ^ 


(d) ds-=a- d^+a- sin 2 6 dp. 

)us tf^dr+r 2 dW+r 2 sin 2 0 dp. 

[a) We have ds 2 =a 2 dV+a 2 sin 2 0 d<j> , 

^ ' _9 _ _/i 2 c i n- fl ^111 = 

so that 


I gn 

g 12 LI 

&21 

g22 1 1 

cofactor of g v 


® 1 = 0 * sin 2 6, 


giving S 1X== g a* sin 2 6 a 2 

Similarly, S 22 =^r^f 0 and ? 12=0==g ' 

Thus Christoffel symbols of first kind are 

. , fdgn . 2 ? 2 i_ ?!*2_ ) , where Xi*=0, x M =f etc. 

[ 22 , 11=-% \d£ + dx.~ 3*. ) 


jo + o-|,( a2 sin L 


a 2 sin d cos 1 

r , „ „ 1 ?£m _± L (a 2 sin* 0) =a 2 sin 0 cos 0. 

Similarly, [12, 2]= 2 dx - 2 30 ^ 7 . . kill 4 

The re,, of all are zero, a«d the Chriatoffel symbols of UM 

arC (22 1}=^ U [22, A] 

=g n [22, 1]+S 12 [ 22 > ^ 

= I- (—a 2 sin 6 cos 0 )+O=-sin 0 cos 0 . 

Similarly, {12, 2 >“*£ [}£ 2] + g M [12, 2] 

=0 + -r-W (fl2 sin 6 C ° S 0)=COt 8 

1 a 2 sin 0 

and the rest of all are zero. « 

(») We have *W«>+r* d««+r* s, 0 > 0 d « , 

where *i =r ’ x,-«, x,-* 0 

and Sm0> 
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giving 

Similarly 



r 2 

0 


__cofactor of g n 

3 

r 2 sin 2 0 

r 4 sin 2 0 


g r 4 sin 2 0 r 4 sin 2 0 


22 _ cofactor of g 22 r2 s * n2 ® 1 

g ~r 4 sin 2 0 r 2 ' 


33 = c ofactor of g 3 a 
8 g 


1 


r 4 sin 2 d r sim 0 


«nd the rest all are zero. 

Now the Christoffel’s symbols of the first kind are 
i 1 f d gn , 0 £n ?Su N 


[11, 1]= 


2 V 2*i 0x 


i> 


. 0 . 


Similarly [11, 2]=0— [11, 3]. 

In a similar manner, it is easy to show that 
[22, 1] = -/-, [22, 2]=0=[22, 3] 

[33, 1 ] = —r sin 2 0, [33, 2]= — r 2 sin 0 cos 8, [33, 3]=0 
[12, 1]=0=[21, 1], [13, 1]=0=[31, 1] 

[12, 2]=0=[21 , 2], [12, 3]=0=[21, 3] 

[13, 1]=0=[31, 1], [13, 2]=0=[31, 2] 

[13, 3]=r sin 2 0=[31, 3], [23, 1]=0=[32, 1] 
j [23, 2]=0=[32, 2], [23, 3]=r 2 sin 0 cos 0=[32, 3] 
ind the Christoffel symbols of the second kind are 
[ [22, 1}=*« [22, A] 

£ n [22, l]+g 12 [22, 2]+g 13 [22, 3] 

= — r+0-)- 0= — r. 


= 1 . 


I Similarly {3, 3, 1} = — r sin 2 6, {11, 1} =0, 

{33, 2}=— sin 0 cos 0, {13, 3}=*, {23, 3}=cot 0 
ind the rest all are zero. 


1.13. EQUATIONS OF A GEODESIC (Agra, 1963 , 65, 66) 

Wc sometimes define a geodesic as the path of shortest distance on 
mt surface between two given points on it. Here our aim is to deter- 
mine the equations of a geodesic or path between two points for 
which 

| ds is stationary. 

I Assuming that the initial and terminal points of the path are fixed, 
m the path be deformed by giving every intermediate point an arbi- 
fcury infinitesimal displacement Sjc*, so that the expression 
ds 2 =g^ dxp dxv yields, 

I 2(h 5(<is)=S (g^v) dXp f/xv+g,*v 6 (dxj dx^+g^v dx h S(dxv) 

=dXf, dxv~~ Sx.+g K v d.w S( J.\>) -fg^v dx? 5(i.r V) 
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The stationary condition is 
f 6 (ds)- 


J 6 (ds)—0. 

Substituting the value of 8 (ds) from (1) in (2), we get 

1 f Rv _L„ d (ft \ 

M \-dFl^1Z^ +8 ^ dsdT^ 




... ( 2 ) 


ds = 0 


ds ds 

On changing the dummy suffixes in the last two terms, thll 


becomes 


*n 


or 


dx h dx\ 0g>v 
ds ds 
dx h dxy 
ds ds 


gx* 


§X<r + 


( 


gcV dT +8 ^ 


dx»\ d 


•’l 


ds — 0 


*J(% J, -° 


Integrating the second terms by parts, we have 


if dx » 

2 J ~dT 


dxy &g>v 
ds dx <r 


5x«r ds + 1 ^ 


dxv 




rfx> 






where the integrated part vanishes as Bx* vanishes at both the limitMi 
We are, therefore left with 

i\ £ -S f? ** *-*£( *"$+*■£) <*’ *-• 

“ *i $ te-i( - T?+^) ] 8 w *-"• 

This w ill hold for all values of the arbitrary displacement (Sat,) «l 
ali points if 


f JXer 

c/xv 




+.*£)] 

L ds 


3x« 

'ds\ 

, goV da 



or 


. r , dx* dxv dg^ 1 dgw dxv 1/T d~x 2 A dg^w dx h 
lf * HT ~ds ~dx, ~ ' l ~df ~di~ ig ' w ds* i ds ds 


But we have 
dg«v 
ds 

so that the last relation becomes 

1 dx p. dxv dg»v ! <3g*v dx*. rfxv 


i * X P I 
~^ g *”~d? * 


— ^ d ~ and — 

ex?, ds ds 


tig** dxy 


c/xv ds 


dg^ Sxv 


</*Xv 
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or 


l ffof* dx y (dgf*v dgw i ( „ d~xv d 2 Xf> \ n 

* { g9y ~dX +g ^~dX r° 


Replacing the dummy suffixes y. and v by e in the last term, 
we get, 

1 dx^ dxv ( dgpv 0g*v dgpc\ i ( „ d 2 x% , _ d 2 xt\ A 

2 * 


or 


1 dx h dXy / 0g> v agvcr </ 2 *t _ n 

* V 0x a 0x^ 0x v / * t<r 


Multiplying throughout by — g a 
dgfur , 


1 rfx^, dxy 

2 </y 


cr** 


\ 0Xv 


or 


g** 


0X p 

d 2 x% dx* dx y 


this becomes 


0x< 


o +*■ 


£tcr 


J 2 -y 8 

<ft 2 


=0 


<fc 2 


TIT^v, «}=0,- 


Js ds 

g° a gt<T=gt u 

d 2 x a dx? dxv 

-&+<»'•* )-* -* 
which may also be written as 
<Px a 


ns 


or 


_« <fry 
'‘'■ds 


=0 


since 


d 2 x a 


ds* 


=g*“ 


d 2 x, 
ds 2 


..( 3 ) 


• ( 4 ) 


</s 2 _r J AV J s 

which corresponding to a=l, 2, 3, 4 gives four equations determining 
a geodesic. 


3.14. LAW OF TRANSFORMATION FOR CHRISTOFFELS 
SYMBOLS (Agra, 1966 , 68) 

Considering the two coordinate systems x * and x'* in a Riemannian 
space the equation of geodesic line can be written as 

^+r! v ^- B ^=o 


ds 2 & y ds ds 


...( 1 ) 


where 

and 


r, y =(Py, *} 

d 2 X Ot p,ot dx' $ dx' y p. 

ds 2 ' P* ds ds 


where 

Now we have 


and 


r£ -{by, a y. 

dx*’ dx*' dxx . 
ds ~~ dxx ds C C * 
d*x’u d (dx’*\ d (dxj dx x\ 
ds 2 ds \ ds / ds \0xi ds ) 
_ J ( dx «' \ dxx dx*' d 2 xx 
~ ^fe\0xi ) ds 9X1 ^y 2 
0 2 x ct / dx^dxx dx*^_ d 2 x x 

~0XpdX a ‘ 0XA ^ 
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9®x«' dx* dxv , oxtc' d~xx 


_J_. 

dxp 0x v dly ds ~0xa ds 2 

(replacing A by v in the first term) 
Substituting these values in (2), we get 

ex'* d 2 x x d 2 Xoc' dxp dx v 0xa ' 0x y ' dx* dx v ^ 

dxx ds z "* dx h dx>, ds ds 0 Y dx h 0Xv ds ds 
dxx 


Multiplying by ^—7-, this equation becomes 

CX oc 


<Pxx 
ds 2 + 


( 


<* 9x'b <hdy 9xa 9 2 a'o 9xa N </xy 
By ex,* 9xy 9x'« 9x,. 9x v 9x'*/ ds ds 


= 0 . 


Interchanging a, p, y, with A, y-, v respectively, this becomes 


(PXu 

d^+ 


(r ,x 


dx'? 0x'v 0x» 0 2 x'a c)Xu \ dx& dx y 


;+ 


0X3 cx y ex' X 1 dx» dx 
Comparison of (1) and (3) yields 
pa p/X dx p cx\ dx% 

W dxiidXy dx ' x ~ 

This may also be written as 


dx* \ 

y dx x) 

9 2 x'x 


ds ds 
0X* 


=0 


{PY»a}=K A} 


, dx' h 0X' V 0X* 


0 X 0 dx r dx'x 
d 2 x'x 0x* 


0X0 0X r dx'x+ 0*0 0Xy 0 X'a 


.(« 


.( 4 ) 


(Agra, 1969 ) 

This gives the law of transformation for i.e. {Py, a}. It ll 

clear from this transformation that are not the components of • 

tensor, so that r£ may be zero in one coordinate system, but not til 
all coordinate systems. 

We may also arrive at the Christoffel symbols and their law of 
transformation by another method. We have by §3.8 (4) 

, 0*X 0*> 

Differentiating it with respect to x\, we have 
9 g'.B dgx* 9x v dx\ dx* 

dx', 


0Xy 3*'y dx'ce CX'b 


/ dxx <Px* dx* d 2 x\ \ 
±gXf \dx'* dx'y 9x'b + 0x'b 9x' y 9*'*/ 




The other two equations may be obtained from it by cyolk) 
permutations of the indices a, p, y, and these are 


9g'By = cgXy. 0x v dxx d x, 
0 x'« — 0 x v 0 x'* cx 3 9x 

and 


'dxx d 2 x* 


9 g'y* d gx* 9x v 3 xa dx* 
9x'b — 0x v 9 x'b 9x' T 0x', 


(Qli 

'y * '‘\9 x'b 9x'„ dx'y 

(dxx 

\ dx' 


+«M 


0 2 X h 


dx* d*XA \ 
0x' r dx'* Sj^ly 

3x,. 9 *xa \ 


y 0X'B 0x'«~0x 


t _i‘n \ 

'« dx'% dx'jJ 
. . . <T> 
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Subtracting (5) from the sum of (6) and (7) after changing dummy 
suffixes in their first terms and then dividing by 2, we get 


(dg'iy , 

3g'y« 

3g'*a N 

l 0XA 3X,* 0X V 

,(dg*y 3gy 

?gi(.\ 

\9x'a 

3x'b 

0X y / 

/~”0x'a 0 x '0 0x' r * : 

0XA 0Xp 

’ CXy ) 


+igx “ (£' 


0 2 Xji dxx jB'xi dxx d~x* 

dx*' dXy' dxy dx*' dx&' r dx y ' dx&'dx*' 


dx* d 2 xx dxx d 2 x* 


dx* d 2 x x \ 

j'~9xb' dxy dx* ) 


0x«' 3 xb' 9x y ' 3x«t' 9x r ' 3 xb' 

In the last term of right hand side, interchanging the dummy 
suffixes A, wherever necessary in order to make all the second 
differentials of x* only, we get 

„ 9xa dx* 9xv . , ( dxx d 2 x* 3xx_ 

r «B,y-l X*,v djCu , dx/i , 2xy'~ ttgXlX \3xB' dx*' 3Xy' + dXy 


0 2 *k 


0 2 X« 


0XX 0 2 *j* 


g*X dxx 

0**' 0*0' + 0*X / dx 0' ax* 0x*' 0X0- dXy 0X*' 0X y ' 0X0 


gxx S a X|B 
0X0' 0X r f 0x* 


0 


=Tx 


*, v; 


(8) 


3xa dx* 3xy 3xx dvc* 

' dx*' 3xb' dxy gXrm dxy 3x«' 3 xb' 

Also we have the transformation law for the contravariant funda- 
mental tensor as 


g' r, =g r ° 


dxy’ dxd 


... (9) 

9x f dx. 

Multiplying together the corresponding sides of (8) and k 9), we get 

, r ,r,, _ ,.r dxx dx* 9x v 9x y ' 9x,' 

g T *», y -g x , f dx ^, dxf dx * 

, f , dxx d 2 X* dXy dXt' 
+g g*-*fi x ^ g^/ 0 X ', 0 Xp 0X. 

3xa dje* dx, 

— 3x»' 0x'b 9a:,* 0Xy' 0x P 

0 2 Xf* dxi' dxx dxy' n 


M dX* 9xy7. 

r 1 Xp, v 


+ g** 


dxx ^_dxd^ pv p 
~~0X*' 0x'0 0Xa ® A 
0XX 0 X/a 0Xt' < 


0X*' 0X'0 0X* 0X r ' 0Xf 
, d 2 X h 

dx, 


gx* 


^ p_r 0x*' ax'0 

0 2 X|k 0Xe 


pv dx* 

g gh’V’ 


or 


Ot0 


0X*' 0X0' 0X«r 

pff 0XX 0X|* 0x e 

XlL 0X*' 0X0 ' dx 9 


0X*' 0X0'^ l*dXa 
0 2 X P 0XV 
0X*' 0X0' 0X p 


Replacing x by p, p by y, e by a, A by n, n by v and a by A, this 
becomes 


=r 


A dx h 0 X V 0 X* 


0 2 Xv 


0X* 
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Again replacing v by A in the last term, 

TV *_ r x dx h 8x v 8xy , 8 2 jcx 

1 QV A 


0X ft 




py * v 0X0' 0X y ' 0XA ‘ 0X0' dXy dxx ’ 

m, i (f^v, a i 0;cb , dx ^, dxx + dxg , dx ^ dxx , 

Interchanging primed and unprimed letters, this yields 

0 2 Xx' 0X* 


1 ... 


( 10 ) 


{PY» «>={t*v, A} 


, 0X/ 0X V ' 0x* 


0X0 0Xy dxx'~ 0X0 0Xy 0X'x 
which is the same transformation as obtained in (4). 

In the given Euclidean space such as 

ds*=(dx 1 ) 2 +(dx 2 ) 2 +...+(dx n )\ 


The equation (10), yields 


p'* . 

1 0y- 


^0. 


0 2 XX 0X* 


0X0' 0Xy' 0XA 

If this new system is also cartesian, then g *0 = constant 


or 


or 


p '* = 

d 2 x X 


0 


=0 


..(II) 

( Agra , 1965 , 66, 67) 


0X0' 0Xy' 

and then the symbols transform like tensor. 

Integrating (11) twice, we get 

XX = tfot A X*' + 6 A , 

where a* x and b x are the constants of integration. 

This follows that the co-ordinate transformation between 
cartesian co-ordinate systems is linear. 

0x 

Now inner multiplication of (10) by gives 

ex* 


tW0 


dx e 


' H-V* ' I 


" 0X ( 
0Xi 


X dx h 0X V 0X*' , 0X f 0 2 xx 0X*' 


0X0' 0X r ' 0xx 


‘0X*' 0X0' 0Xy' 0XX 
0Xf 0X*' 0 2 XX 
‘0X0' 0Xy' 0X U ' 0XX 1 ^ v_t_ 0X*' 0XX dxt' dXy 


>- 0Xy 0Xp 0X® t 'pX 


dxp 0x\ 


7 r f 

' |A«. 


0 2 Xf 


i.e. 


d 2 x r 


0X0' 0X' y py 0x, 


0X0' 0Xy' * V ' 
0X> _ . 

/ A 14 , 


=r' 


8*3 ' dXy’ 

dx h 8xv 


*‘ v 3x, 


<10 


3.15. PARALLEL DISPLACEMENT OF VECTORS 

Consider an absolute contravariant vector A 1 * (x,, x 2 , ,r 3 , ...x„) In | 

cartesian co-ordinate system. Then, we have 


TENSORS 


345 


and 

dx* 


dA'*=A* 


3*/ 
0X* 
0% 


0X0 , , 0X/ 


~ *—idXy+ :r £-dA*. 
0X0 0X* 0Xy r 0X* 


If we now assume that the components of A * are constants, i.e. 
ilA 1 *— 0, then the above relation becomes 
0 2 xV 3x0 , , 

~dX y 


dA'*=A 

=A'* 

=A r 


0X0 0X* 0Xy 1 
8 *» 8 he/ 8x3 , , „ == a'*^ 

dx„' 8X0 9*y' T 8*</ 


0%' 0X0 0X* 


, dx y ' • 


M 


0X0 0X* 0Xy' 0X C ' “ r 
From the preceding section we have the law of transformation 
0 2 Xq' 0X' 1 * g 0X0 0Xy 0x/ 

yc “ 0Xy ' 0X*' 0X* ‘ & y 0Xy' 0X</ 0X* 

But in the cartesian co-ordinate system, we have Fjjy=0. 

T"* 3 2 x*' dx/ 

y *~ 0Xy ' 0x*' dx a 
dx/ 0x« 


( 1 ) 


*7=5^. 


Now k — 

0X* 0X<r 

Differentiating this equation partially with respect to x r ', we obtain 

d 2 x/ 0 X 0 0x* dx/ 0 2 x*' 

0Xi 0X* dx y' 0X C ' 0X* 0Xy ' 0X C ' 

prf® ^____3 2 V 0X0 dxoc 

Y ° ~ 0X0 0Xot 0 X y ' 0Xflr** 

With the substitution of these values in (1), we have 


^'^=-^ ,o r'^Xy' 


( 2 ) 


vr interchanging the primed and unprimed letters, 
dA*=—A v Y'! rv dXy. 

Thus if A* is parallely displaced with respect to any Riemannian 
V % along any curve, we have 


^T-=- A ’ r y/^ L ' 

ds y ° ds 


Now we write 




dx y 


8A» dA h 


9 
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which represents a parallel displacement of a vector A •* along III* 
6 4** 

curve. Here — is known as the intrinsic derivative of w.r.t. .» 

os 

But the equation of geodesic is 

dx * dx& 

~c& 




L ** ds ds 


or 


d ( dx p\ pp / dXfj\ dx$ ^ 

ds V ds r **\ ds) ds 


. . . (41 


So the equation (4) represents the parallel displacement of uiiH 
tangent vector along the geodesic. 


3.16. COVARIANT DERIVATIVE OF A VECTOR {Agra, 1959 , 70) 
We have already introduced the transformation law of covarianl 
vector as 

0^ 0x* d(f> 


dx* 


dx « 


(by §3.4) 


Where ^ is an invariant function of position. 

This relation follows that the derivative of an invariant I* I 
covariant vector, but we should carefully note that the derivative of I 
vector is not a tensor. We shall now find certain tensors to b# 
employed in place of ordinary derivatives of vectors. 

dx • 

Now consider when dx* is contravariant and ds invariant. 
as 

It is a contravariant vector and represents velocity. Thus if A? la I 
covariant vector, then the inner product is invariant. As iuu||| 


dxu, 

the rate of change of A h — 


i.e. 


invariant. 


...01 


per unit interval along any assigftli 
curve must be independent of the co-ordinate system 

sO - ie ) isil 

This leads to an assumption that we keep to the same absolujl 
curve however the co-ordinate system is varied. This result being m 
no practical importance is now applied to a geodesic. 

The expression (1) on performing differentiation yields 
0^4p0Xv^Xp dhc h 
0x v ds ds * ds 

The equation of a geodesic is 


** — - h +A^~ is invariant along a geodesic 


,<J) 


d 2 x * _* dx* dxv 


Le . 


d z x H , 


ds* 


ds* 

+A 


‘ 1 MU V 


# ‘ V ds ds 

d 2 x< 


ds 2 


a*t* 


dx p dxv 


ds ds 
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is invariant. 


Its substitution in (2) gives 

dx h dxJ dA h * 

ds ds \0x7 ^ 

Since ~ and both are contravariant vectors, their cofactor 


)■ 


ds 

dA * Q( 

f* .4* is a covariant tensor of rank two. 


0X V 
We write 


dA 

A,., v (or simply A^)—~—r°‘ h vA„ 

d-Xy 


(Agra, 1964) 


...(3) 


and call the tensor A hy v the contravariant derivative of A h w.r.t. Xy. 
The result (3) may be arrived at by another method as follows: 
We have 

Tvf dx* d 2 x. 


0x> 3X9 « 

hv dx'f dx',, dx'y-'dx'p dx\ l ** 
nnd the transformation law of covariant vectors gives 

A' -<*La 
A *—bx\ A ' 

which on differentiation with respect to x’y yields 


.(4) 


dx’y ~dX'^ dx r y- 


d 2 x • _ dx, dXf dA, 

p t ~^~dx'i t , dx\ dxg 


Applying (4) and changing the dummy suffixes in the last term, we 


get 


dA 
dx‘ v 


V ' 


dx* 
” dx' f 


dx* dx* 


0x'p dx‘ 


? r* ^ 

'v 


A * 


0Xot dx& dA o 


~dx' h 0 jc' v 

Again we have from law of transformation of covariant vector* 

dx* 


(5) 


A *dx',~ Af 

•o that (5) becomes 

- 8x « dx * ( n« A \ 

dx\ H ’ v S dxf 3x' v \0xg *’/ 

dA p 


.( 6 ) 


Showing that 


dXy 


-T *A f obeys the law of transformation of a 


covariant tensor. We thus approach the result (3). 

From (3), by raising a suffix we get an important associated tensor 
4T V as follows: 

We have A m ^=g m *A % , 


348 


MATHEMATICAL PHYSIC* 


so that from (3) we have 


3A a 


Ag, V flAy r ^ A °‘ 


= ^(g..A*)-r: v (g*'A') 


dA* , „ 

=:g ’ t dFv +Tt ' , ” A 


by §3.1 K«) 

by §3.11(7) 


Multiplying throughout by g KC \ this becomes 


or 


d A* 

sr a„ v=^ ff gj v +^r.v, 

si+ r r. ■< 


.A' 


dA * 
3xv 


+r.V 


. . . (7) 
(Agra, im 


which is called the covariant derivative of A*. 

Similarly the tensors and A 1 ** obtained from (3) (7)ij 

raising the suffixes are known as contravariant derivatives of A? aw 
A 1 *, but they are of no practical importance. 


3.17. COVARIANT DERIVATIVE OF A TENSOR (Agra, 196)) 
The covariant derivatives of a tensor of rank two are formed as 


a,*, 

...0) 

,v r^r s'* \ T* A v 4-r v A* 

A hV (or A h , „)— + «» p 

. . . (21 

^:v ^-..)= 8 ^+r;^->+r.V~ 

...(») 

and a general rule for giving covariant differentiation with respect It 
x* may be illustrated as follows: 

At 9 A t P * jf _p* _ r 01 ^ 

i4 ^V = 0^^X^v’- r X<r^v“ l ^Xav 1 v* 

+r'^‘,v- 

...(4) 

In order to show that the quantities on the right are 
wc proceed as follows: 

In place of (1) of § 3.16 we may use to say that 

K-^lrir) is io,ari “' 

actually ten»ol% 


1BNSORS 


349 


dAp.y dx„ dx , . dx\, dx y d~x^ dx h cpx y 

' ,i ' ,h At ** v ds ds 2 ' ./-2 


i.e., . 

dx 9 ds ds ds 

is invariant along a geodesic. 

But along a geodesic, we have 
d 2 x h d z x 9 

d F - A *'1Ts 2 

a f^y- a J2 *«_ . n . 

A ** ds- ==A ^ ds* ~ ~~ A »* r 


ds ds 2 


and 


A “ “'u J a Aft —ft 14. \ u 

A ^d& =zA *' r d# =-^«vP M -jr -X- 


i0c dx^, dx 9 
t “ T ~ds IT 
tl dxv dx 9 
ds ds ' 


. (dA?.v_ r » . p* , \ dXf. dxv dx c . . 

‘ 1 p* ^“ v_ 1 v A **)~ds ~ds~ ~dT ,s “variant, 

/ * ,4 </a v dx 9 . . 

; A ^’ Q ~aT dT ds 1S invar,ant 

which shows that A h v 9 is a covariant tensor of rank three. 

l‘ a?Sot S (2) and (3) may bC obtained by raisin g the suffixes v and 
Since A hy =g y( A* h , therefore, 


a dA h v i 

A h y, c- g~ -r. 


^Avy 


K„a 


ycSlpOt 


= dxj^‘ <)-K* A *r-r**g«*K 

=rr L ,_ :V I dgy« p» . _ , 


^-0., + (|to-r T .,.)4 

r* c rley+r 8 c, y A\ by (7) of §3.12. (Agra, 1959 ) 


—Sr* 


dA\ 

dx 9 


U, 




Multiplying throughout by g' )T , this becomes 
8 vr ^^=g vr gy* d j^-g vY r%A t y+g^T t9 , r A\ 

* ~K, gvr A. y +r.Vl‘ by (5) of §3.12. 

, v V 

= dx7~ r ^ A * +o; 

I which is the result (2). 

I Again, since ^ ^ =g y « ^ fv , we have 
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=4r (gyA")-r', g* t A”+rl„ A y 


dx 9 

dA™ 




,g ^ +A% d x. 


-ry^.A^+r^A* 


or 


A *’ . = ^ s l^~ + ^ ,v (t^7^ rv, ’ , ‘) +r «^> 


Otcr ^y 

by (6) of §3.12, 



0JiV .. 

r ">y +r *° A v b y ( ? ) of § 3 - 12 - 

Multiplying throughout by g** v , this becomes 
g hY K’ *=g» 7 gy*~ +g H ' y A*' J r :,y+g* r Ay 


te., 


0X ff 

a:: =^ v +r^-+r:^- 
=f~+ rlA^+rlA^ 


E3t‘* 1 ~ a c 

which is the result (3). 

Problem 27. Prove that g*&, y — 0 i.e., covariant derivative of fundamrh 
tal tensor vanishes identically . (Agra, 1963, 65, 0*1 

We have by §3.17(1). 

-^“ 0 -KrW-K .*,*• 


g*B,y s 


CXy 


By 


(I) 


But 
so that 


r 1 * — dgo, y \ 

* r 28 vax y + s-T« 0 -xb ) 


Similarly r£ y - 


®? i agar SgB y\ 




= 1 ( ^£5? 

' 2 1 dXy “ r 9*0 9 x* } 

Adding the last two relations, we get 

8g«g 
By dXy 

Substituting this value in (1), we get 

gaB, y =g^B r^y+gjia fg y r’g.ygf.a 
= 0 . 

Problem 28. By starting with A' a B=A^^ Ji -, , verify the fl'tt 

0X tt 0X0 

result of ^3.17, 


UINSORS 

Given that 


• A , a dx* dx*. 
A a ^ A ^ d — f 0X0 , 



Differentiating with regard to x' T , we have 
M '*0 dA^dXer dx h 0x v . . 3 2 x* 3 x v 


0x*a 
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... (1) 


0 2 X V 


jaV O^ex , A i A I* y 

9xv ax/ dxZ’ Sxci ^dxj dXy' 8 x 0 ' ' ^dx*' 9xb ' 0 x y ‘ 


9 Apv dxj> dxy 9 x„ 

" dx a dXoc' 9xa ' dx y ' 


P p/t 8 a> 

v L r « ) ' ax7‘ 


"V'| 

9xj= dXt, 


pj. ?xs 8 x, 
5,1 9x»' cx- 


naxv 

•'Jaxa' 


■ Jfg, by (l 2) 53.14. 

CXy dXp 


S" 0X*' CXy 

aV 

0*5 dXn 0X V 


0^4 'aB ^ n /« 0 *p n , 

0X«' 0X0' pV ^ 0X f ' 0X*' 


** v ax«' a.v y ' 9x0' 


9x y ' 

0y4 |av 0Xp, 0Xv 0Xa > 

= 0x. 0x«'3x0 r 9x/~ * 

> r v j£t 9 **> 3*1* 

** v ax.' dxy' dx x ' 

nr using (1), this becomes 

I TV ““ 6V r ^ ^ r ^ = V^“ r -^ TV “ rv ^"7^0^0V 

,, , SX/A ?xv 0X<r 

^4.0, y-^ev. .g^Tg^'^' 

ihowing that /4 pV , ^ is a tensor of rank three and is the covariant 
derivative of A ^ with respect to x*. 

This verifies the first result of §3.17. 

Problem 29. Show that the distributive law of ordinary differentia - 
lion holds good in case of covariant differentiation of a product, i.e. to 
ihow that (Agra, 1959, 63) 

(l) (Bp Cv), 9-Bp, aCvT” BpCyj, m , 

(ii) (B<* C^), 0+5“ Cl- m 

( i ) R.H.S.=J9,a, 9CV+ BpCv,<j 

-(S- r ‘- & ) c ’+ J -(®- r :- c -) 

= ~ (B*Cv)- T% (BcCv )- Tl (BpC*) 

=(^Cv), .. 

(//) R.H.S.=Br, r C''+5'‘Cy ff 

-(P+ r :.s-)c-+i'(|g +r;.c) 

=^; (B^)+ (2?*C*)+r^ (B»C*) 
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Problem 30. Prove that 
(a) g%=0. 


(b) C=0. 

(a) We have 


(Agra, 1959, 63 ) 
(Agra, 1963) 


g€i£ 5e =8' 


=0 or 1. 

Differentiating with respect to xy, this gives 

* dxy n S * ?xy 

Multiplying throughout by g 1 *, we get 


or 

or 


g " g« (r«A,,-r A ,, ,)+g» ^- 6 -0 by (7) of §3.11 
g” r ; x +r' r L+|f^= 0 by (5) of §3.11 ... (i) 



Now g£*^r+r!;. 

-o by (1). 

(b) K’.-f-'- r~ e\ + rl, s% 


=o-r;.+r^ 

=o. 

Problem 3i. Show that the covariant derivative of an invariant is tk 
same as its ordinary derivative . 

Let / be an invariant, so that IA h is a covariant vector. 

Now the covariant derivative of IA h is 

(IA„), v=^-rVv (M«) ■ 

. 8/ r 8^ p f . 

=A ^~ f d^ _r 




= +/^|A, V. 


1L 

But from Problem 29. 

(JA^)y v=/, vA h +JA^ v 
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or 


8 / 

/, v v=A t *5 f 'IA h , v 

*v 

JJ7 

‘0*v 

8/ 


/, vAp—Afj. 


/, v = 


8xv 


which shows that the covariant derivative of an invariant is the same 
as its ordinary derivative. 

3.18. THE CURVATURE TENSOR (RIEMANN CHRISTOFFEL 
TENSOR) 

Consider an absolute contra variant vector A*. Its covariant derivative 
gives the mixed tensor. 

7) J6 

A\*~~+ A »r'„ by (7) of §3.16. 

ox p 

If this is again differentiated covariantly, then we have 
A', f .j~£+A% Vl.-A\ r;, by (2) of §3.17 

== afcG^7 + ^'‘ r ^) + (l|r + ' 4B r ‘^ 


d-A> ,dA* 


dr; 


~dx„ dXf lr dx a 1 > ifAA dx, 


W> 


-( 


-— 4-/4 0 r'* 

dx f +A 


(w+ A,r l) 

) c 


if* 

p* 


Similarly, 

.• 8 2 ,4 8 


-+14* rU-M' — 


dr’ + ' , ' r “') 
( 


1 per 


.(1) 


2.xv‘ r 3.Vp " 3.r P 


dx v +A »") r <* 


H- 

cp 


f*P 

...( 2 ) 


Subtracting (2) from (1), after changing the dummy suffixes 
wherever needed, we get 




i* =4^ — liP ii^.L p p p 6 ~p 0 p* \ 

A \dx 9 8x P ‘ ^ a Pp ) 

{Agra, 1958) 

The quotient rule follows that the cofactor of A* must be a tensor 
of rank four, so that we may write 


B\ 
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vherc 


dxc 


sr' 


{ACT 


0*p 


I p* p* p^ p* . 

r 1 pp 1 0O- 1 p-CT *■ pp 


This tensor is kno wn as curvature tensor. On contraction this tensor 
ields two new tensors as follows : 

erl 

(0 ..... 

... (4) 


er -+r®„ r 


*»*'» 3x v 3x<r 
(say). 

This tensor is known as Ricci tensor. 


r® lV 

Pv 1 H-V L 


2p a 

/..x n a ^ I 


ar° 

Opt. 


0X p 


r . 
o> * pv 


_r p r 

1 < 7 *' 1 ' 




< 

0X. 


So 


0Xv 

Jlk 

dxv 

(the last two terms cancel when ^ and v are interchanged 

in either of them) 

=5„v (say). • • • (5) 

0r a 0r CT 

avp. -0^^ 0 Xv 


/!!»_?* -* 1 


_ar_: 


V 3xv 

= — S|i.V 

This shows that the tensor is anti-symmetric. 
Again, we have from (4), 


..( 6 ) 


Similarly, 


K° 

... 0r ^ v + r p r’ r B rl 

0XV 


ar a 
_*** 

- 0 — +r B r* — r 3 r* 

0^. 1 A #A<J 1 pv A H-v * pv 

0Xv 


(interchanging 

o J_p^ p 9 p^ p v . 

— a>|*VT * per *■ Pv A f*V A P^ 


5\y+r vlJ Tp,,- 


- r B r v 

L *■ P<r 

^3 


_P P p a p M p a 

k 1*9 1 pV 1 KV 1 0^ 


— — 

(interchanging (a and v in second term) 

/? p v — - Pv K = *Syv + •S'vp 

from (6) 

=0 
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1 i,e. Rpv—Rvp. . . . (7) 

This shows that R is symmetric. 

3.19. RIEMANN — CHRISTOFFEL TENSOR OR COVARIANT 
CURVATURE TENSOR 

The tensor B^^f^g^B^ is known as Riemann Christoff el or covari- 
ant curvature tensor . (Agra, 1963, 64, 65) 

We have 




I 


L *° + 0*V dx 
0 


sr* gr* 

* Ltrr 


— ^ ( r* r* n* n‘ ■ WA > la 1/1 i* v 

=&\ r P* r u V -r,> v r a 


) 


= j - r; v (^.rl») + g|- (? M r; J 


from (3) off 3.18 

^ (r r* \ i r* 


p ft p p* p I P pt 

— l^lav, P P + dx A ^v0 Xv 




p* p n* p i P pVi p 

“ r «~ Tav, f-r, v r„, ,+ g^- 


Nr' 

dx 9 pv foo 


_p* ^gpQt pOt ?£>ot 
1 ^ 1 * u 


’ i*” dx v ~ t ~ ^ dx a 

(replacing e by a in the last two terms) 
r ft ( T* jf?? \ p a f p \ 

°‘ V ’ ' 3*v J r, * v \ ' 9x» / 


1 . 1 ( d S^f 8gv>_Sg(.A 
' 3jcv 2 \0Ar. + 3x„ dx, J 


= - r* , r fV , • + r“ v r f „ * + ~ Q~ 

S‘r._ 


3 1 

, dgvp 

c 8r>v\ 

dxv 2 

\0Xv ' 

~dx, f 

1 ( d 2 g,a 

0 2 ^«y 


2 \0Xp 0xp 

— 3a v &*> 



3 2 gvf , £ : 

2 £*v \ 

0Xp 0X» 0X“< 

J fix?) 

(since T 

«V, , — — TfV, 

o t etc.) 


sVv 


2\dx^dx^ 

0Xp 0X* 


3’jr.. 

9 **r» A 

/n 

0x v 3x^ 3*» ) 

• • • V 1 / 
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Interchanging y and p, this gives 

~ C r, w , «+r; v r^, *+ ± 


£Xf dxv dXp CXa 


. , 0X M 0X V 

so that * 


d 2 gev \ 
0 a> 0.v, ) 


— r% r fV ,.+r* v r P<r , *+r; v iv,. 


— g* A rv*> Ag a i r A p +g«* r^v, Ag*Ar A f 


-r p A „ iw+r A r h „ * 

= - r '~’ Ar v. + r ^, A r^-rj, r^v, a + r A v i>, a 
=°> 

l ' e% ^Vcrp=~ 2?pv*p. ... (2) 

This shows that B h \ Qf is anti-symmetric in indices (a and p. 

Similarly, . . . (J) 

,£? * ^vap is anti-symmetric in indices v and a. 

Also, it is easy to show that 

^#*Vap = ^ Pv v f *, . . . (4) 

ix. p is symmetric in index pair ((a, v) and (p, a), 
because B h v*?=*-B„ 9l > by (2) 

«=— (— ^parv/*) by (3) 

==i?PaV|fc 

Thus B^ 9 f is skew-symmetric in the first indices, skew-symmetrlu 
in the last two indices and symmetric in two pairs of indices. 

{Agra, 1969) 

Further, it has the cyclic property i.e. 

^vcp+2?f*<7pv+2?^pv<x==0. # ^ 

... . . . (Agra, 196H) 

Writing the values of all three tensors by (1), and adding them 

altogether, the result follows. s ™ 

We have already mentioned that a general tensor of rank four h«l 
jjL t i 56 com P° n ® nts - In the existing case the double anti-symmetry 
reduces the number to C 2 x C 2 i.e. 36 of which 30 are paired became 
**’ P can be ’nterchanged with v, a. but the remaining 6 having , 
hnvA%?Tff Pa,r of numbers as v ’ 0 are without partners. As such w« 
mis Hff dlff T Dt com P° nents (30 paired components are equivalent 
to 15 different components-f 6) with one further relation given by (J), 
Conclusively the Reimann-Christoffel tensor has 20 independent com, 
ponents. The scheme may be shown as- F 
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Writing the suffixes in the order fxpov, the different 21 components 
are 

B\212 ^1223 -®1313 ^1324 ^1423 ^2323 -# 2424 * 

-#1213 ^1224 -#1314 #1334 -#1424 ^2324 -# 2484 > 

^1214 -#1234 ^1323 -#1414 ^1434 -#2334 -# 3434 * 

With the relation £ i2 34+ #1342+ -#1423 = 0, 
which reduces the number by 1. 

Independent number=21—l=20. {Agra, 1963 , 65, 76) 

Problem 32. Prove that if 5* VCT =0, then space is Euclidean . 

We have 

ar # ar* 

n‘ X tAV '[La , p» pt n* p« 

W 0X* 0Xv a<r ** * v 

But in Euclidean space with cartesian coordinates, we have 

C (*)-o. 

So, in this coordinate system. 


But if J5 * vr — 0 in one coordinate system, the components are zero 
in all coordinate systems. 


Hence if i?* v<r =0, the space is Euclidean. 

Problem 33. If R^— Kg then show that R=K where R is called 
the scalar curvature . 


Given that R^—Kg^. 

We have R=g^B h ^ 

=g^Kg^ 

Hence R=K as ^^=1. 

Problem 34. Prove the Bianchi’s Identity 

-#Pv c> p + ^fAcrp* 

{Agra, 1964 , 70) 

We know that 


B 


« 

fi-VO" 


ar* ar: 

* 7**^ r* 01 n f p* n # 

0x7 ** ^ 


If we differentiate this equation and evaluate at the origin of a 
geodesic co-ordinate system, then we have 


B 


a*r; v 


0T* 

* »** 


>v*> ,~ dXf dx<f dXf 9xy 
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systen/vanish'at O^the cwlgin*/ ‘° 8 codesic co-ordinal, 
Similarly, 


n 

u 


0 2 r* 




v 0x v 0;*> dxv dx 9 


and 


z> c 

tr — ' 


a r 

rp 


0 2 r* 


{XV 


MPv ’ c fo* a* v dx v dxp 
Adding all these three equations, we get 

^vc’p + ^ ffp , v + ^ pv , v =0. 

475,?,;^ — /.« * 

Or 

Prove that when the Riemann-Christoffel tensor vanishes , the dijjrr* 
ential- equations a} A»=0 are integrate. 


Consider the differential equation 

A.-0. 


This gives 


0X V 

0£, 

a* v 


■o- 


(^gra, /9rtrt) 

••.(I) 


Consider the integral of L.H S of (2) 

= f dA u 


*Ap. 




*Vv d x v is a perfect differential, 


Um Al (/Xv+r U A dx»+... +i* A, d Xl + r“ 2 ^ j 

is a perfect differential 

l e ‘ r « <6f v+r* w A dx v is a perfect differential 

which is of the form M dx+N dy= 0 and this is perfect differential If 
dN . dM dN 


As such r“ v ^« dx^+T^A* (i.e. r“ v A« dx v ) is perfect differ- 


ential if 




or if 


0r “ v ar; 0 a, 
+ 1 , 


(0 iV 


exv 1 ~ *‘ v a^v 
With the help, of (2). this yields 


pot va, 
**'' 0x v ‘ 


= 0 . 


A (S'-^) +<r '- r -'- r “' r -> ) ' , - 0 - 


Changing the dummy suffix a to e in the first term, we get 
A. ^ 


^iL v _^ +r * r* _r“ r‘ "l=o 

dx, dxv « •* • Mr “ v J 


;.e. 


A*B*=0. 


Since >4* is arbitrary, therefore £*^=0- 

Hence when 2?* Cv vanishes the differential dA ^ determined by (1) 

will be a perfect differential and as such J 'dA^ between any two points 
will be independent of the path of integration. Then the vector A^ can 
be parallely displaced to any point thereby giving a unique result 
independent of the path of transfer. Displacement of such a vector 
gives a uniform vector field. Conclusively the construction of a uni- 
form vector field is only possible where the curvature tensor vanishes. 


3.20. SOME IMPORTANT RESULTS 

We have g H .vg t **= z: gv* = 0 or 1. 

Its differentiation gives 

g ** dgpv+gpv dg** = 0 

or g Kot dg^= — g^ dg**. 

Multiplying throughout by g v &, we get 

g**g^ dg^=-g^g^ dg ** 

= —gp? dg** 

= — dg*&. ...(0 

Similarly, dg^—~g^g^ dg* v . . • • (2) 

(Agra, 1963) 

Multiplying (2) throughout by A**, we get 

A** </£■*&=— (gpetgvB^) dg * v 

= -(g h «A*v) dg** 
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=—A^ dg '* v 
= — A K p dg** 


i.e. 


A**dg a &= — A*B dg**. 


(replacing ja, v by a, f) 
respectively), 
...(3) 
(Agra, 1967) 

But for any other tensor we have 
A** dBoc&=A*& dB **. 

Now consider dg formed by taking the differential of each of g ^ 
and multiplying by its cofactor g™ in the determinant g. 

j =g^ dg 

= — gpv dg '* v by (3) ... ( 4 ) 


But we have 


—lg«X 

’ 1X0 tS l 8x a 

— lo^A 


a +dg * a eg** 


dx^ 


~ 2 g dl h by (4) 


dxp. dx\ $ 

, other two terms cancel, by 
interchange of a and A 

... ( 3 ) 


logV(-fr). ... (6) 

(Agra. 1959, 64, 6H) 

Since g is always negative for real coordinates, we therefore uie 

V(~g)- 

Again, a\ + A* 


dxv 

dA* 


dx- 


f*V 

1 dg 


or 


Further, let 
where a ^ denotes constant coefficients, 

%h\ir 


A* by (5) 

*v ■ • 2g 0x> 

$ Ay i 

= +2 g-fc; Av on replaoing “ by v 

(taking the absolute value of y), 

hyr — Cl ^Chj r X pX <r > 


Then 


dx v 


&p.vCl<r 


(dx h 


, dx„ 

. + 3jT . 


•) 


—a^a , r (g^Xe+g^Xr) by §3.3. 

Repeating the process, 

0»Avr 

=<*,*»„ (gSgf+gSg**) 

= (2ocV^0r~f*fl3v^« if. 
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Here changing dummy suffixes, we have 

02 

■« — ^ — (a^avpXpX c ) = a^a v r + a Q ^a ^ . 

OXp OXv 

Similarly if a^ a is symmetrical in its suffixes, we have 

0 s 


C.Y, 


(ap.'jeXp.XyX c) 6c^,vc> 


• (8) 

.(9) 




3.21. TENSOR FORMS OF OPERATORS 
[A] Gradient. If <f> be an invariant quantity then 

d<& 

V^=grad v=-^ 

where v is the covariant derivative of ^ w.r.t. xv. 

[B] Divergence. Divergence of A* is defined as the contraction of its 

covariant derivative w.r.t. i.e. the contraction of A ^ , so that by (7) 

of § 3.20 we have 

[C] Curl. The curl of A ^ is defined as 


av <-vf S^* 4 ' 5 


Ap, v Ay, ji.= 


dAi* dA\ 




0 x v dx p 

Also curl Ap y v=—G iik A h ,v 

[/)] Laplacian. The Laplacian of is divergence of gradient ^ i.e . 
V Y=div <j>, v. 

But y<£— a covariant tensor of rank one defined as cova- 

%Xv 

riant derivative of written as . The contravariant tensor oi 
rank one associated with <j>, ^ is 

0f 

0X'* 4, 




Hence 


VV-<H* («*' gpr) 


■«“£) 


ll 


when g 20 , V ^ must be replaced by V— g while the cases g>0 and 
1 * 0 are included in VI Z I instead of Vg. 

ADDITIONAL MISCELLANEOUS PROBLEMS 

Fffthlcm 36. Write the law of transformation for the tensors 

(i) A* (H) /C , (Hi) B*® , (/») , (v) CV„ (»/) C'* v , (v«) (v« ) £»'*• 

|M)<7 

Wc have. 


(0 


dx** a 

dx'% dx*' 
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(«) 

(Hi) 

(iv) 

(v) 

(V/) 

(V//) 



dX£ r 

3xr»j' 

dX a 



C ~ 

dx p. 

djc v ; 

*X’l 

CT 


,78 

dx'j 

r dx'o 

dxp 

0xr v 

dx a 


3x« 

3x e 

dx'Z 

, 0X«1 

ix'X, 


3x'f, 

3x\ 

}*% 


3x3 

Y$ 



0Xq- 

ex' 

’ 3x8 





J 




3x 3 ' 




,ocft = 

Bx*' 

8x3' 

r f*V 




0Xp, 

dx v ‘ 

t 




D'<x= gp Dfi and (v/YY) Z)* 1 


Problem 37. If the tensors ai k , ai k j, au k i are antisymmetric in every pair at 
indices, find their independent components in four dimensions . (Agra, 1966) 

If a{jc is a skew-symmetric set, then anc — — for every pair of values /, A, 
In particular 


tfll— <*1U fl 22~ — 022. ^33=—^ 3, ^44 = — «44 giving «11 = «22 r= ^33= : «44 ::= 0. 

.the components arising for equal values of the suffixes are all separately zero. 
Their number is four. 

In all there are 4 2 i.e., 16 components of which 4 are zero. The remaining ( 16 — 4) 
l ‘ e \> 12 components divide themselves into pairs such that the two members of any 
pair are equal and opposite as a 12 — —a 21 etc. Thus (he total number of indepen* 
dent components of an anti-symmetric tensor a of order 2 and dimension 4 is 6. 

Similar arguments will give the independent component of and and tftjwz. 

Problem 38. Show that the number of distinct non-vanishing components of th* 
covariant Reimann Christoffel curvature tensor does not exceed J^n 2 ( n 2 —l ). 

Since B M<Jf i s skew-symmetric in ix, p and v, a therefore the number of non* 
vanishing components contributed by (x, p is n C 2 / * e »"~^ — ^ also th° secontribul#4 
by v, o is £ n(n— 1). Thus the number of non- vanishing components of Riemanit 
tensor does not exceed ~ n ^ x — i.e., n — (n— l) 2 

But the number of relations in Bianchi’s identity i.e., 

•R#*vo-p+-^ii*a , pv~l“Rf*-pvc = '0 is n. n C 3 i.e., — — - ~ 

The number of distinct non-vanishing components does not exceed 

—■ («-!)»- (,_1) [ 3( n— 1)— 2(n— 2>] 

— jg- (*— 1) («+D=^-(« 2 -l) 

Problem 39. Establish the result 


(^f^)vo- — (Ap)ev— 


and prove that has only twenty algebraically independent components. 

(Agra, 1958, 65, Iff) 

For first part see (3) of §3.18. 

For second part see §3.19. 

Problem 40. Explain what is meant by covariant, contravariant and mixed 
tensors, If B V a is an arbitrary covariant tensor and A (ix, v) Bw=Cn<r where it 
a tensor, then prove that A (jx, v) is a mixed tensor. 
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Define the Christoffel three-index symbol of the second kind. Prove that it is not 
a tensor. Verify that g behaves as a constant in covariant differentiation. 

(Agra, 1958, 63, 65) 

For definition see §3.4. 

Suppose that A (jx, v) B^ = C^ V in the coordinate system x* 

Then in the transformed coordinate we have 
A' »,y) 

r* *i a> tn \ d X\f 3 Xtr n dx& dxp. 

Consider, A (ft, y y _ 7 a 


'^Xy dX^' 


dx, 

dx 


dxc dXf* . , \ d 

=53£'1>V^’ v)B - 


3*1;' 8x3 
A ( 

8x3' 

ltiplying by 
\ (1) becomes 


...( 1 ) 


Multiplying by{ 3 - we h.vu, 




or /f'(P, y ) — A ({x, v)— 0, Bvn being arbitrary. 


dx\ 


dx'z 


Multiplying by ™ we get gl, A ^ A v) 

S Y A ' ( *’ r)= £j?l£ A(,t ’ v) 

or A '®> ’ l)= §'^r /,(ti,v) 

which follows that A (jx, v) is a mixed tensor. 

Now in §3.12, the Christoffel’s 3-index symbol of the second kind has been 
defined as 


■n a f \ 1 X 0 £>v\ 

r ,v=^ °> = ^° +i^ “8^ ) 


and in §3.14, we have derived the transformation law for it in equation (4) as 
(a ■> ( 0Xv dx $ t d u x x 

{Pr, •}-{.», x}' jJL j-, 

which clearly shows that a } or are not the components of a tensor 

unless the second terms on the right are zero. 

Since the covariant derivative of £> v is zero as is shown below, the tensor 
may be treated as constant in covariant differentiation. 

Covariant derivative of £>v is given by (1) of §3.17, 

d. 


But 


r“ =— p* v 
V* 2 s 


’ ^ 0X«y 

- r ^ 

^OtV — 

r v >- 

(ZgH-V 




VbI7 + 

0X,. + ' 

0x v / 


OtV | 

/ 9 £>v . 



^ocv^ 1 


dxv) 


1 , ^gy dg^fK <xv 

= TliiT + ^-»7 v j astay 
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Similarly, 

“[ r "o^ ¥+r v«^“ ] = “ 


d£>v 

dx<r 


H«“ 

Problem 41, S/ate /Ae /aw 0/ transformation of a mixed tensor. Show how the 
transformation is affected when the tensor is subjected to a Contraction. 

Calculate the Christ off el 3 -index symbol of the second kind {^a, a} 

Verify that ihe covariant derivative of the tensor g v<x vanishes. (Agra, 1959, 65) 
For first part see (5) and (6) of §3.4 and III of §3.7. 

Now we have 


frv,a}=4 


\ d* v dXy / 


But v=a, so that 

(no o) = -L „»X (?Sw\ , *g±k 

X ) 2 s V + -* 7TJ 


=0^ log \/~g by (8) of §3.20. 

For the last part to show that g**, 8=0 see Problem 30 (a). 

Problem 42. Define geodesics and obtain their equations with the help of a varia 
itonal principle. ' * — ** '<> 

See §3.13. 

Problem 43. Prove that 


=*—*!** gv£ dg ** v 

We have g Kot 0 or 1. 

Its differentiation gives 

dg^+g 1 "* dg^=0 

OT . . 

Multiplying throughout by g V 0, we get 

tfvfl dg^ = -g hu g^ dg ^ 
^ dgf> ot « dg 

dgo t n = —g^ ot gvfi dg ^ 

Problem 44. Show with the usual notation 

W * *]+[/, 7 k] 

( ' V) {■£}“»£, 

(0 Using (i) of §3.12, we have 

[ y, / k\ = 1 

2 \d** + 0*, dxj 


(Agra, 1963, 65, 68) 

(Agra, 1963) 


and [j,yjt]=l-/!£ii + |£M_?£w\ 

2 %Xj %Xi } 2 dXj dx{ / 

Adding (1) and (2) we get [j, i k ] +[ i, j k] =|^ 

• x * 

(d) From (4) of §3.20 we have — = —^j. v dg 1 ** 


(Agra, 1963, 65, 69) 

...(!) 

... ( 2 ) 


...( 1 ) 
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So.h,, S “ 


— other two terms cancel by interchange of i and X 
2 cx k 


1 jdg_ 
2g dx k 


by (1) 


= jj-jr log y/g if g is positive. 


Problem 45 (a) Define the Kronecker and alternating tensors. 

(A) Prove the following identities 

(i) $U=3 
(H ) ^ ik e ikm — 0 

(id) Effcs £ mps~^im &kp ^ ip ^ktn~@ (Agra, 1969) 

(a) Kronecker delta is a notation defined by 
$ij or V=0 if i^jfij 
= 1 if i=j 

It is a mixed tensor of rank 2 as it transforms like a mixed tensor of rank 
two. 

Alternating Tensor (or permutation tensor or Epsilon tensor) is an abstract 
rntily of order (rank) 3 and dimension 3 such that its components are invariant 
for any coordinate system. It is denoted by and defined as 
r 0, if any two of i, j k are equal 

1, if i,j, A: is a cyclic (i.e., even) permutation of 1, 2, 3 
t — 1, if i,j, k is an anticyclic (i.e., odd) „ „ 

i.e., for unequal values of the suffixes, we have 

e 123 = e 23l — e 312— 1 
e l32~ e 2l3 = e 32l = ~“l 
(A) (/) In three dimensions, we have 

&i» = 8ll + §22 + ^33 

= 1+1+1 as &*/= 1 for /=/ 

=3 

(//) We have 

8ik~ 0 for i -f-k 
= 1 for i—k 

and e*jfcm=il for i^k^m 

= 0 for i=k^fim or if=km— or kf=i=m 
Hence in either case 

$ik tikm^O 

(iii) We have to show that 

e ikg £ mps — ^im $kp~^ip ^km ~ 0 

Consider, e t ‘fcs £ mps~^im ^ kp ^ ip ^ km ... (1) 

Either side of (1) is a tensor of order 4. In 3-dimensional space this result can 
be written as 

e ifcl € mj>l + e »fc2 e m2)2 + e *&3 e wtp3 == %kp~^ip ^ km 

when i=k, we have 

£ tki *ik*—0 so that L.H.S. of (1)=0 

Mild then §im~^kP~^ip-~^km — 0 so that R.H.S. of (1)=0 
The same result holds when instead of i=k, m=p. 
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Again when i^k and when m^p and if the pair of unequal values oft, k is 
ifferent from the pair of unequal values of m, p then also 
L.K.S.=0=R.H S. 

As such we are left to consider the possibilities when i, k and m, p have the 
airs of values 1, 2 ; 1, 3 2, 3 ; 2, 1 ; 3, 1 , 3, 2 
Taking the first case we find 

,= 1 , k= 2 , m = l, p= 2 , i=l, k=*2, m= 2 ,p=l 
i=2, k= 1, m= 1, p=2, (=2, fc= 1, m=2, P=1 
,hich give L.H.S.=1 = R.H.S. ; L.H.S. = -1=R.H.S. 

L.H.S.=-1=R.H.S. ; L.H.S.=1=R.H.S. respectively. 

In other cases also we can show similarly that 
L.H.S. of ( 1 )=R.H.S. of (1) 

Problem 46. Show is not a tensor even though A,. is a covariant tensor of 

8 *v 

wmk one but the addition of a suitable quantity to causes the result to be a 

(Agra, 1969) 

en. or. 

We have 

Differentiating both sides w.r.t. X 3 ' we get 
d 2 xy. 


dA*' 3xp dAy- 


7+ ~ --V?— 


0 x 3 Bx*' 0 x 3 ' dx&' 0 *a' 
dxy. dAp 0X V . d2 XP 

* "T - 


A h 


'Bx'* Bx v BxVBX^Bx'* 

dxy. 0Xy . dAy > d 2 Xy. ^ 
Bx V ' 0 x '3 ax'o, K 
dAy. 


...(t 


Jnless the second term on the right is zero, does not transform as a tensor. 


Using (12) of §3.14, we have 


0 2 X* _ p/Y ^X^ _ r * BXa ^ 

0x'0 Bx'* 1 pa Bx'y <*t Bx' 3 3x' a 


Substituting in (l),we find 
dA ql' dxy> dA\) dAp 


• T'*f * Xl * A — d* q * Xr An. 
7Zt' = d ^ 8 x'« 


ax^Bx^B^. rvY a *_!££*£» p P ^ 
'3x a ' 8 x 3 ' 3x„ + P» T 8 *<* B v 


VA V r-” v* r- • 

(by interchanging the suffixes t, <j by (x, v and (x by p in the last term; 


B/f<*' r /Y a Bxf* 3xy /B^nP ^ \ ...( 2 ) 

r 0 x 3 ' <*P r Bx*' Bx^'V^Xv t* v V 

/here *A?_r 9 Ap being a covariant tensor of second rank is known to be the 

0 Xv (XV 

^variant derivative of Ap w.r.t. x v and is written as 

. . A dAp pP A 

A„, vl .e.,A^ v -~-l^A e . 

The result (2) follows that addition of a quantity in ^ renders it to be 
tensor. 

Problem 47 . If A** and B^are tensors , then prove that their sum and different # 
we also tensors. 
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„ . „ *X* 0X3' 0Xcr .(XV 

w» Imvc A 7 =r — — ~ — - A 
dxp dx v 0 Xy ' a 

...( 1 ) 

D / a P 0X a ' 0X0 ^ 0Xa „(XV 

+* y — q a ^ m y B 

r dxp 0 x v 0 X y a 

... ( 2 ) 

Adding (1) and (2). we get 


,,“P , 8 *<«' 8 A 3 ' ( uv uv\ 

A y +B r -ixg. ix' \ A o +5 <t ; 



(XV (Jtv oy 

• hi. h follows that A + 2 ? is a tensor of the same rank and type as Ac and 

a a {j 



4 


Subtracting ( 2 ) from ( 1 ) the second result follows. 

Itoblcm 48. What is a tensor "l Distinguish between a symmetrical and an anti - 
IMP metrical tensor. 


ysii is symmetric and An anti-symmetric in the indices , evaluate An Sji 
tie* |3.5 for the first part. ( Vikram , 1967; Rohilkhand, 1976) 

I'roblcm 49. Distinguish between symmetric and anti- symmetric tensors. Show 
Mat (hr symmetry properties of a tensor are invariant. 

If i ij and Aji are reciprocal symmetric tensors and if Uj are components of a 
ptM’bifl/ tensor of rank one , then show that ( Vikram , 1969) 

Aij u 1 u^A** Ui Uj where w i = i4 i *(x 0t 

l*f obit' in 50. Discuss the application of tensor analysis to the dynamics of a 

(Agra, 1971) 

l*H»blt‘m 51. Explain what is meant by the rank of a tensor. Show that multi- 
•a loti of tensors results in addition of their ranks and contraction reduces the 
by two. 

Given T=-J Mg mn x m x n prove that 




1_ 

M 



, Smn being the metric tensor. 


(Agra, 1972) 


Problem 52. Define the intrinsic and covariant derivatives of a contravariant 
| tot*." Use the expression for the intrinsic derivative to obtain the components of 
I Mr *< . deration vector for the metric ds 2 =dr 2 +r 2 ds. (Agra, 1973 ) 

Problem 53. The length ds of a line element in a two dimensional surface is 
Mvt* by ds 2 =R 2 dtiP+R 2 sin 2 Qdfi 2 , where R is a constant. Find all components of 
HA* metric tensor g a b and the Christoffel symbols of first kind for this surface. 

(Agra, 1974) 


%¥* Problem 25 and 26 (a). 


problem 54. Show why the introduction of an affine connection is necessary in 
»*••/ \pace. Find Expression for the affine connection in terms of the metric 

(Agra, 1975) 

I ha Wc should note that in case of cartesian coordinates, both kinds of 
I Wi'htllfll 3-index symbols vanish. Also the concept of parallel displacement being 
P'h n, lent of the existence of a metric tensor, a space with a law of parallel dis- 

plti. . incut is known as an affinely connected space and r£ v the components of an 


■flu# connection. 

Problem 55. If An is an anti-symmetric tensor and Sa is symmetric, find whether 
IM b't any one of the following tensors is anti-symmetric , or symmetric : 

in <if Ai k ( ii ) Aij Sik ( iii ) Si j Aik (iv) S,/ Si k (v) Aij Sjjt+Sij A a 
■*n V <fc — 5^ A^ (v/i) A im A run Anu ( viii ) Aim Smn Ank (ix) Sim A m n Snk 

i#l Iim bmn Snk • (Agra, 1976) 




CHAPTER 4 


■ GROUP THEORY" : 




4.1. INTRODUCTION TO SETS, MAPPINGS AND BINARY 
OPERATIONS 

Set. A set is a collection of objects of any sort, having some propffi i 
ties in common, e.g. the set of all natural numbers. 

The objects comprising the set are known as its elements or membtrl 
A set infinite or infinite according as the number of its element! Il'J?! 
finite or infinite. 


The elements of a set must be distinct and distinguishable . lUff 
distinct means that no element of the set is repeated and distinguiah 
able means that given any object whatsoever, it is either in the srl of 
not in the set. 

The sets are denoted by braces like { }, e.g. {1,2} and {1, 1, J ) 

which represent the same set. 

Defining property of a set. Using any of the notation 1, 3 % i/l 
for such that . the defining property of a set is { x : />(*)}, e g. a set of 
even numbers from 2 to 20 may be expressed as 
{x : x=2 «, n= 1, 2,... 10} 

Singleton set. A set having a single element is called as singleton 4 H 
e.g. {a}={x : x=a}. As another example {0} is a singleton set havlM^HF 
0 as the single element. 

Null set or void set or empty set. A set having no element is c .114 
an empty set and denoted by & such as <f>={ x : x=£x} 

Subset. Using the notation E for ‘belong to' and =>for 
there are two sets A and B such that every element of A belongs to J)j 

i.e. aCA^aCB 

then A is called a subset of B or said to be contained in B and diMfll 
ed by ACB or BZ)A (i.e. /? contains A). 

Here A is subset of B and B is superset of A. e.g. {1, 3} is subwl if ft. 
{1, 2, 3} but {1, 2, 3} is superset of {1, 3}. 

Equal sets. Two sets A and B are said to be equal if 
AQB and BCA 

e.g. A={a , b, c, d} and B~{b, c, a, d} are equal. 

The Negations a£A, ACB and A=B are a $A, a<£B and ,4 
respectively. 

Axiom of extension. Two sets A and B are equal if and only il I 
have the same number of elements. 
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. . B=.{x£A : S(x)} 

.vru gg* 

Normal and abnormal sets. If a set contains itself * ^ 

« is „ id ,0 * an abnorIna , 

denoted by A^B^tf tte^number^nf ^ Sa ' d be equivalent and 
number of elements of B Fvidpnti- e,ements °f A is equal to the 
the converse is not true. ' W ° e£ * ua sets are equivalent but 

«lcL)k P d by^'c '/(sorrfe author? ** f proper subset of B and 
proper subset), if every element a su ^ set anc * C for a 

T/VsVnrL of 1 wh i\ k ^ e !ss f or an A *rsi 

wh.le U, 3, 5}’is } a p?o^ 7“ n0t itS pro P er subset 

. WA {I}. {2}, (3), { 1 , 2 }, 0 , 3}. (2 3} (f “2 3U 1 ° 

In KeS if^c<Ms^sts S of*m^lemen™ e ^^) > ^H COnS '' St,S ° f 2 * e!emcnts - 

I he power set of A is also denoted b/V W ' C ° nS1St ° f 2 ” e,ements - 
Operations on Sets. ' 

• Ju * - — 
"Inch are members of A or B (or both) 
h A\JB={x\xEA or xEB} 

..«.n3)or° r ' “” d he ” giWS "" 

'.r ,// r {itT/l: 5: 5 - 6> - * h “ 

° f y mihmm 

Fig. 4.1 

AiUA 2 {J ... [J A n ='\jAi={x : xEAi for 
some i in the range /=1 to i=n} 

Intersection. The intersection of two sets 
A and B denoted by AHB and read as ‘A 
■ — intersection B is the set of ail 

Which are members of both A and of B i.e. oojects 

ADB={x I xGA and xEA} 

" I' tl /t =0> 2 > 3, 4}, B={ 2, 4, 6, 8}, then ADB={ 2, 4} 
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The intersection of n sets A u A it ...An is defined as 
A 1 DA 2 n...nAn=nA i ={x : x(=Ai for 

Family or class or collodion of sets. If a set consists of elements 

which are sets themselves, then such a set is called as family or class 
of sets e.g. a set A*={ {1}, {1, 2}, {1, 2, 3} }. .. f ts 

Indexed family of sets. For a given index set A, a °f sets 

such that to each member of A there corresponds a member ( if th 

collection of the sets, is known as indexed family of sets ana 
written as 

A* = {^ot *. a£A} 

where *£A is an index and A x denote the indexed sets. 

The arbitrary union of sets {A. : «GA} is given by UM* • «£AJ 
: x£A x for at least one «£A} 

If A=& then U{A : aG<£}=^ A . . . . 

The arbitrary Intersection of sets {A*: a£A} is given by 
O {A* : a£A}=jx : x£AVa£A}, Vis the notation for for 

every. 

If then n{A. : <y.G4>}=U. 

Mutually exclusive or disjoint sets. If there are two sets A 
such that TOM, then A and B are said to be disjoint e.g.. if 
A={ 1, 2}, 5, 6} then Af\B=<i>. . 

Universal set. All the sets under consideration are a f 
the subsets of some fixed set called as the universal set and denoted 

^Complementary set. The complement of a set A is denoted by and 
is defined by the set of all members of the universal set U, which are 
not members of A i.e. ff'={x : xGU and x&A} 
e.g. ifff={x: *<3}then ff'={x:*>3} 

It is notable that A\JA'—U'‘. U'=<f>: ADA —<f> a 

(A'y=A. 

Important properties of operations on sets 

(II Difference operation. If A and B are two sets then the £ 
consisting of elements which belong to A but not to B is said to b* 
the difference of sets A and B and is denoted by A-Ji, i.e. 

A—B={x | x£A and xf£B). 

For example, if A={ 1, 2, 3, 4} and £={1, 4, 7}, then 
A—B—{2, 3} and B—A={ 7}. 

It is to be noted that A-B*B-A ; A-A=t, A-<f>=A and 

^ ^t^may also be shown that A-B=AC\B'-, {A-B)f\B=4> and 

^The symmetric difference of A and B denoted by A A 5 is defined na 
A£\B--(A—B) U (B-A). 
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(2) Commutative laws 

(/) A\jB=B\JA, 

W) ADB=BDA. 

I hese can be proved as follows : 
Wc have x£A\jB^x£A or x£B 


^x£B or x£A 
■=*x£B\JA. 

C onsequently AKJBCBKJA and also 2?U AC_A\JB 

(in a similar manner). 


A\JB=B\JA. 

Similarly, if x£AC\B^x£A and 

=$x£B and x£A 
^x£BC\A, 

mi that ACiB(ZBCiA and similarly BC\AC.AC\B. 

adb^bda. 


It is easy to verify that AC 1 BC.A and AHBQB. 


(3) Associative laws 
(/) A\J(B\JC)—(A \JB)\JC, 

(tt) An(Bnc)=(AnB)nc. 

We have x£(A\JB)r\C^x£(A\jB) or x£C 

=$x£A or x£B or x£C 
^>x£A or x£(B\JC) 
=>xGA\J(B\JC), 

•o that (^U^)UCC^U(^UC) 

nnd similarly A\J{B\JC)C(AIJB)\JC 
AU(B\JC)=.(AVB)\JC. 


Again xE(AC)B)nC=>x£AriB and x£C 

=>(x£A and x£B) and x£C 
=>x£A and (x£B and x£C) 
=>x£A and xEBDC 
=>xeAn(Bnc), 

10 that un^)ncc^n(^nc) 

mid similarly AC)(Br)C)C(A (~)B)r)C. 

Ar)(BDC)==(ADB)nC . 


(4) Idempotent laws 

(/) AUA=A, 

(ii) AHA^A. 

Here x£A\jA =>x£A or x£A. 

=>x£A. 

AUACA and similarly ACAUA, so that 
A\JA=A. 
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In a similar way it may be shown that A C\A —A. 

It is easy to verify that AC\<f>=<j> and A\JU=A 

(5) Distributive laws 
(0 AC\{B(JC)={AC\B)G(AC\C), 

(U) A\J(BnC)=(AVB)r)(A{jC). 

We have, xEAC\(B(JC)^xEA and x£(BUC) 

^txEA and (x(£B or xEC) 
=>(x£,A and xEB) 
and (x£/( or xEC) 

=>xEAC\B or xEAC\C 
^xE{A 05)U(^ PIC). 
Consequently Ar\(B\jC)G(ACiB)\J(Af)C) 
and similarly (A O B) U (A H C) C A H (B fl C), 
so that >4n(5UC)=(^nB)U(^nC). 

Again, xEA\J(BDC)^xEA or x£BDC 

*>xEA or (xEB and xEC) 

=>(xEA or xEB) 

and {xE.A or xEC) 

^rxEA\jB and xEA U C 

^xE(A\JB)d(A\jC). 

Consequently A\J(BC\C)G(A U-S)n(^UC) 
and similarly (A\JB)C\(A UC)GA\J(BC\C), 
so that ^u(snc)=(^n5)n(^nc) 

(6) De Morgan laws 
(/) A-(B\JC)=(A-B)n(A-C), 

(n) A-(BC]C)^(A-B)\J(A-C ). 

We have A —(B\jC)={x | xGA and x&BljC} 

= {x I x£/I and (x&B and x&C)} 

={x I ( xEA and x<£B) 

and (x£i4 and x(£C)} 

={x I *£U-5) and at E ( A-C )} 

= {* 1 xE(A-B)C)(A-C)} 
A-(BUC)G(A-B)n(A-C). 

Similarly it may be shown that (A— B)(~)(A— C)GA — B\jC 
Thus, A-BC\C=(A- B)\J(A-C). 

De Morgan Laws are sometimes expressed as 
(A\JB)'=A'C\B’ and (A (IB)' =A'(jB' . 

These may be shown as follows : 

(A(jB)'—{x : x(£AuB} 

={x : x&A and x&B} 

={jc : xEA’ and *££'} 
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={x : xGA'GiB'}. 

(A UByCA'flB' 

••Imlliirly A'r)B'={x : xEA' and x£5'} 

= {x : x(£ A and x(j£5} 

={x : xE(AUB)'} 

A IT)B'G(AUB)' 
lb in r (AUB)'=A'r)B'. 

ttiillar prieedure will show that (AnB)'=A'(jB' 

• »i 1 1 ' Inn product of two sets. The product of two sets A and B is 
•It# i "| nil distinct ordered pairs (a, b) where aEA, and bEB and 
<1 |>y axB (read as A cross B) i.e. 

A X5={(a, b) : aEA, bEB} 

||i If A ■{1,2} and B={p, q, /■}, then 

A xB--={{\,p), (1, q), (1, r), (2 , p), (2, q), (2,r)} 

Bx A = {p, 1). (p, 2), (q, 1), (q, 2), (r, 1), (r, 2)} 

•• clear that A xB^BxA 
It t itlirr A or B is a null set, then A xB=<j>. 

Il I hr set A has m elements and B has r. elements, then AxB or 
» I Ini', tin i elements (ordered pairs). 

I In product of 7/ sets A u A S ,...A„ is the set of all distinct ordered 
: »t"l'h . (</,, a 2 ,...a n ) where a 1 GA 1 , a 2 EA 2 ,...a n EA„ and is defined as 
^1 1 " A<j x ... x.A n — {(uj, ct 2 ,.. . a n ) t a^E A}, a 2 E A 2 , . . . , ci n E An} 

Inn. Him or ninp|;ing 

I #1 (line be two non-empty sets X and Y and there is some rule or 
|MiMr'»|t..n(len, c which assigns to each element .tG a unique element 
1 Him this rule or correspondence is said to be a mapping or a 
Jl tllon nnd denoted bvfi.e. f: X-+Y 

•ml Mid an ‘/is a function of X to 7’ or / is a mapping of X to 7\ 

I In* ICt \ is called the domain of the given function / and the set Y 
J * ,,, ,l " values assumed by it is called its Range or Image set. Also 

|i Mlled the co- domain of /. 

i » • Miictimes known as image of x and written as y=f(x). Here 
** m atl as 'image of x under the rule /’ or simply ‘/of x\ The rule 
u •* hn » known as mapping or transformation or operator and x is 

II known as preimage of y. 



Fig. 4.3 
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A function whose range has a single element is said to be con.MtMl 
function. 

Diagrammetical representation of y=f(x) with a rule / defined by 
is shown in Fig. 4.3. 

If y=x 2 , then the rule /is x->x 2 
which is shown in Fig. 4.4 for positive integral values of x. 



■> 



Fig. 4.4 

Functions defined as sets of ordered pairs. Given two non-empty 
X and F, a function / from X to Y is a subset of Ixf provided 

(z) vx£LX, (x, y)€Lf for some y£Y i.e. 3( there exists) a rule / 
that every element of X has image. 

(ii) (x, y)(Ef and (x, y')€Lf^yr=y' i. e . the image is unique. 

The graph of /is defined as the subset of Xx Y given by {[x, /( 
xGI} and tha range of / as the set of all images under / given 
f[X]={y€.Y : y=f(x) for some xGZ}={/(x): xGI}. 

In case ACX then the set {/(x) : xG4} is known as the imng 0 
A under / and denoted by / [A]. Also if BCY, then the set { \i 
f(x)&B} is known as the inverse image of B under / and denoted 
'- 1 [B]. 

Extension and restriction of a function. Given two functions /mill A 
such that / contains the domain of g and /(x)=g(x) Vx lit IM 
domain of g , the function / is said to be the extension of g and f l| 
said to be the restriction off 

Real and Complev functions. If range of / consists of real num 
/ is said to be a real function and if its range consists of com 
numbers,/ is said to be a complex function . 

Onto and Into Mappings. If the range is completely filled up, { 
mapping is said to be onto and if the range is not completely llllrd 
then it is Into. In other words if 3 at least one yGY which is not 
/(x) for any xGI, then the mapping /is said to be Into othnwl 
is said to be onto cr Surjective. The surjective function is also kit 
as a Surjection or an epimorphism. 

One-one and Many-one Mappings. Given two non-empty sets \ 

Y, if two different elements in X always have different images ll 
the rule /, then / is said to be a one-one mapping or an inJa lltHi 
monomorphism of X into (onto) Y and if the two or more difft 
elements of X have the same image under /, then /is said to 
many-one mapping of X into (onto) Y. 
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|N*»imimmetical representation of such functions are shown in 
h#m«"»4.5, 4.6, 4.7, 4.8. 



Fig. 4.5 

A function which is both surjective and injective is known as 
hlnil »''* i.e. a one-one onto mapping is also known as a bijcction and 
• ItyfOtlon of a set X onto itself is known as Permutation of X . 



Fig. 4.6 

If i \ -F, /is one-one if x x f=x 2 ^f x (xJ^/fx^Vx^ x^E X Incase 
/ Ii Into, the range of/ is a proper subset of Y i.e . [[X^CY and f[X] 

¥ r. 




Manv-one onto ^ 


Fig. 4.8 

In • me /is onto, the range of /is equal to Y i.e. f[X]=Y. 

Intfr.p mapping. Let / represent a function (mapping) which is 
•tli "i to and one-one defined as/: X-+Y, then its inverse mapping 
* y - A' is defined as below: ™ * 
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VJ’GF, if we find the unique element s.t./( x) =y then x is 

defined to b zf~\y) i.e. f~\y)={x : xGX, /(+)==y}' which follows 
that /'“ 3 (j ; ) is always a subset of A'. 

Diagram metical representation of an inverse mapping is shown in 

Fig. 4.9. 

One-one onto mapping is often called as one to one correspondence. 
Ihus if/ is a one to one correspondence between X and F, then/- 1 is 
a one to one correspondence between Y and X . 



Fig. 4.9 

Identity mapping. Given a non-empty set X , the identity mapping 
lx on X is the mapping of X onto itself i.e. lx : X->X and defined as 
/x(x)=x VA'FI 

Equal mappings. Let there be two functions / and g defined as 
/: X-+Y and g : X-+Y 

then the functions / and g are equal iff f(x)=g(x) V.icFI* 

Product or Composite mapping of two mappings / : X->Y and g : 
F->Z is defined to be a mapping, gof : X-+Z and given by 
(gof)=g[f(x)] YxGX 



Diagrammetical representation is shown in Fig. 4.10. 

Binary operation, Binary operation over a set X is a mapping from 
Xx X-*X, i.e. if / denotes a binary operation over a set X. then f : 
XxX->X. 

Binary relation or simply relation 

A binary relation in a set S is a mathematical symbol denoted by 
R s.f. for each ordered pair (x, y)GS 3 the statement m R 9 is true or 
false in the sense that X R V asserts that x is related by JR to y and 
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,rHv the negation of it i.e . x is not related by R to y , e.g. if S' be the set 
of all integers and R be a relation <(less than) defined on S , then 
5 <8 is true for (5, 8) GS i.e. g R 8 is true while 8 R 5 is false as 8 4:5 
which is denoted by 8 J& 5 . 

In other words if S is a set s.t. the Cartesian product SxS involves 
I he same set, then it is called a relation R on S. In fact the relation R 
on the set is a subset of SxS i.e. RCSxS. 

Thus if (x, y) GR, (x, yGS) then we have X R V . 

In general a relation R from A to B between two sets A and B is a 
subset of A x B i.e. RCA X B. 

If there are m elements in A , n in B then there will be mn element 
in A xB and so there will be different mn relations from A to B . 

Domain and range of a relation. If A and B are two sets and R is a 
relation from A to B, then the domain of R denoted by Dom (R) is 
the set of first coordinates of all the ordered pairs in R and the range 
of R denoted Ran (R) is the set of second coordinates of all the 
ordered pairs in. R. Thus 

Dom (R)={x : (x, y) GR for some yGB} 

Ran (jR)={y : (x, y) GR for some xGA} 
c.g. if R be a relation in Z the set of natural numbers s.t. 

R={( x ,y)G ZXZ : x+2>^=10} 

then Dom (H)={2, 4, 6, 8} v 2+2.4=10=4+2.3 = 6 + 2.2=8+2.1 

Ran (/*) = { 4, 3, 2, 1} 

Identity or diagonal relation. A relation i?ona set + is known as 
identity relation or diagonal relation iff x R v ^x—yV-x, yGA. 

Composite relation. If R be a relation from A to B and S a relation 
from B to C, then composite relation from A to C is denoted by SoR 
nnd is defined as the set of all ordered pairs (x, z)G SoR iff 3 a y 
£ B s.t. X R V and y S z i.e , (x, y) GR and ( y , z) GS. 

In other words SoRG Dom ( R)x Ran ( R ) 

Universal relation in a set. If + is any set and R is the set Ax A 
then R is said to be the universal reflation on +. 

Empty or void relation. If + is a set, then every subset of A xA is a 
relation on A. Since the null set $ is the subset of all the sets and so 
is of the set Ax A, therefore is also a relation on A. Such a relation 
Is said to be the Empty or Void relation on A: 

Inverse relation. If R be a relation from a set + to another set B , 
then the inverse relation of R denoted by R~ 1 is defined as the inverse 
relation i.e. R* 1 from B to A iff 

k-'^iy, X) : (x, y)G R} 
clearly Dom (JR _1 )=Ran/(R) 

Ran (i^ _:i )=Dom (i?) 

So that xRv+-* v Rx~ 1 

If A=B , R and R~ f both are the relations on A . 

It is easy to verify that 
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Types of Relations 

I. Reflexive. A relation R on a set A is reflexive iff each member of 
A is R-related to itself i.e. X R X YxGA or in other-words (x, x)ERY 
xGA. Evidently a relation R on A is reflexive iff A aCR, A a being 
identity relation, e.g. if A be the set of lines in a plane and R a relation 
‘parallel to’ then any line xGA is parallel to itself i.e. X R X Yx£A 
and so R is reflexive. 

II. Symmetric. A relation R on a set A is symmetric iff x R y ^yRm' t 
x , yGA 

i e. (x, x)GR 

Evidently a relation R on A is symmetric iff R~ 1 =R. 

e.g . x R y = i (x — y) is even numbers’ is symmetric since y—x is 
also even, when (x— y) is even. 

III. Transitive. A relation R on a set A is transitive iff 

x R y and V R Z ^> X R Z ; x, y y zGA 
i.e. (x, z)GR and ( y , z)GR=>(x, z)GR 

Evidently a relation R on A is transitive iff RoRQR 
e.g. the relation x<y is transitive since if x<y and then x<x. 

IV. Anti-symmetric. A relation R on a set A is anti-symmetric ill’ 
we nevef have X R V and V R X both; x, yGA except when x=y 

i.e . x Ry and y R x =>x=y; x, yGA 

or (x, y)GR and ( y , x)GR^x=y; x, yG A 

Evidently a relation R on A is anti-symmetric iff i?Hi? 4 CAA 
A^ being identity relation or in other words 
e.g. *R f =‘x divides y* in Z (set of natural numbers) is anti-sym- 
metric since ‘x divides y' and *y divides x’=*x==y; x, yG Z 
i.e. x R y and v R x ^x=y; x, y®_ z 

Equivalence relation. A relation R over a set S is said to be an 
equivalence relation if it satisfies the following properties: 

(/) Reflexivity , i.e . VxGS y X R X or x^x¥x (~ called wiggle ) 

(ii) Symmetry , i.e. x R y =^ v R x or Xr^y=$y~x 

(Hi) Transitivity , i.e. x R y and y R t =* x Rz or x^y and y~z=>x~z. 

Equivalence set (or class). Let R be an equivalence relation in a non- 
empty set S and let x be an element of S i.e. x£S\ then the element* 
yGS satisfying y R x constitute a subset of S y known as equivalence set 
of x w.r.t. R , i.e. 

S x or x or [x]={j> : yGS and tf R a } 

$ 

The equivalence set has the following properties. 

(i) If zG[x] then [zj=[x] 

(«) 

(Hi) If [x]n[z]#& then [x]=[z\ 

Partition set. Given a non-empty set S a set P-={X, Y, Z...} of non 
empty subsets of S is called a partition of S , provided 
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(0 XUYUZU...=S 

(//) The intersection of every pair of distinct subsets of SG P is the 
null set e.g. if X y YG P then either X~Y or XC\Y=(f>. 

e.g. if S~{l y 2, 3, 4, 5} then {i, 3, 5}, {2, 4}, and {1, 2, 3}, {4, 5} 
arc two different partitions of S. 

Quotient set. If R be an equivalence relation defined on a non- 
empty set S , then the set of mutually exclusive sets in which S is 
partitioned w.r.t. the equivalence relation R y is called_as quotient set 
of S for the equivalence relation R and is denoted by s or SjR. 

e.g. the set I of all integers for the equivalence relation modulo 5 
In the set I/R={[0], [1], [2], [3], [4]}. 

Note. Two integers p and q are said to be congruent modulo m 
denoted by p~q (mod m) if p — q is exactly divisible by m i.e. (p—q) 
U »n integral multiple of m. 

A note on binary operations. A binary operation (or simply compo- 
sition)* usually denoted by o (or sometimes by *, ® etc.) is used to 
combine two elements of a set in order to produce another element 
of the set. In other words a binary operation in a set S is a function 
/ SXS-+S. e.g. the binary operation ‘addition’ on any two elements 
of I (set of integers) gives another integer belonging to I. 

(0 Such an operation is commutative if xoy=yoxVx, yGS 

(H) It is associative if xo(yoz)—(xoy)oz Y x, y y zGS 

(Hi) It is distributive w.r.t. another binary operation © if 
xo(y®z)=(xoy)®(xoz) (left distributive) 
and ( y®z)ox=(yox)®(zox ) (right distributive) Yx, y, zGS. 

(iv) It is said to have identity element if 3 eGS s.t. xoe—eox 

=xY xGS 

(v) It is invertible if corresponding to an xGS 3 cl yGS s.t. 

xoy=e=yox. 

If. y is the inverse of x w.r.t. ‘o’ and vice versa. 

(w) It satisfies cancellation law if .¥ x, y y zGS 

xoy=xoz=>y=z (left cancellation law) 
yox=zox=>y=z (right cancellation law) 
e g. consider two binary operations o and • defined on I (set of all 
Integers) such that 

xoy=x+2y and x-j>=2x.y Yx, yGl. 

Then we can verify the above laws on operations ‘o'* and *•’ as 
follows: 

(/) We have xoy~x+2y Yx, yG.1 

=2 y+x 
—yox 

*nd x*y=2xy=2yx Yx, yGl 

=y-x 

i f. commutative law holds for the operation o and 
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xo(yoz) = xo 'O +2 z) ¥ x, y 9 z£ I 
=x+2(y+2z)=x+2,y+4z 
(xoy) oz=(x+2y) ozVx 9 y 9 zE 1 
=;X+2y+2z 

So that xo(yoz)^(xoy) oz i.e. associative law does not hold for V. 
Also x-(y-z)=x-(2yz) ¥x, y, zE I 

=2x 2yz=4xyz 
and (x • y) • 2 = (2xy) • z = 4 xyz 

So that x-(y-z)=(x*y)-z i.e . *•’ is associative. 

(Hi) xo (y-z)=xo (2 yz) ¥x, y 9 zE I 

=x+4yz 

(xoy) • (xoz) = (x + 2 y) • (x + 2z) = 2(x + 2y) (x + 2z) 
===2x 2 +4xz+4xj+8yz. 

So that xo (y • z)=£(xoy) • (xoz) i.e. ‘o’ is not left distributive w.r.t. *•'. 


1 

r 1 


Also 


and 


x • (yoz) =x • ( y + 2z) ¥ x, , zE I 

= 2x (y-f 2z) 

=2xy+4xz 

(x • j>)o(x • z)=(2x^)o(2xz) 

=2xy+4xz 

X'(yoz)=(x y)o(xoz) i.e. *•’ is left distributive 


So that 
w.r.t. ‘o’ 

(iv) Assuming that 3 an identity e 9 we have 

xoe=eox=x VxEI 
So xoe=x=}x+2e=x 

=^e=0 

and eox=x=>e+ 2x=x 

=>e=— x 

These imply that e is not unique and hence ‘ 0 ’ has no identity 
element. 

Again if x-e=e*x—x VxEI, then 

X'e—x-=$2xe=x 
=>e=l 

and e-x=x=>2ex=x 

i.e . e is unique and hence ‘ • ’ has an identity element which is 

(v) Since ‘o’ has no identity element, it is not invertible. 

Assuming that ‘ has an inverse p 9 we must have 

X'p=e=p-x ¥xEI 
Now x-p=e^2xp—e—\ 

1 


=*/>=• 


4x 


and 


p 'X=e ^2px=\ =>/>= —■ 


\ 


l! 




I Icnce *•’ is invertible and inverse of x is 


4x 


(vi) We have xoy=x+2y and xoz=x+2z ¥x, y 9 zEI 

So that xoy=xoz^x+2y—x+2z^y=z i.e . left cancellation law 
holds for ‘o’ 


and x»y=*2xy, x*z=2xz vx, y, zE I 

So that x-^=*x’z=^2x < y=2xz^=z i.e. left cancellation law holds 
for 


Also yox=y+2x and zox=z+2x ¥x, y 9 zEI 

So yox=zox=^y+2x=z+2x^y=z i.e. right cancellation law 

holds for ‘o’. 

•nil y •x==2>’z, z-x=2zx ¥x, .y, z£I 

So > , -x=z-x=*2} , z=2zx 

■^y~z i.e. right cancellation law holds for ‘ 

I Icnce cancellation law holds for o and both the binary operations. 


4 1 groups 

A group is the simplest algebraic structure found in nature wherever 
symmetry exists. 

A group (G 9 o) is a system consisting of a non-empty set G such as 
G {a, by C y ...} and a binary operation ‘o’ satisfying the following 
•shuns: 

(>, (Closure). If oEG, b&G then aobGLG or in other words if 
Nt (i, bGG then aob~c (closure) where c(£G. 

(/ g — (Associativity). If a 9 b 9 cGG then ao(boc)=(aob)oc. 

(r, (Existence of an identity) If a&G 9 then 3 an identity element 
*( (i s.t. eoa=a ¥oEG ! 

(t\ -(Existence of an inverse) If «£(/, 3 an inverse a -1 EQ s.t. 
ar x oa—e 

Wlirie c&G 9 being an identity element. 

In addition to these four axioms if a fifth axiom of commutativity 
namely G 5 is also satisfied, i.e. 

G » -(Commutation). If a 9 b€LG then aob= boa so that G 3 and G 4 
Ukr (he forms G 3 : eoa=aoe=a 

G 4 : eoa~ 1 =a~ 1 oa—e 

llif n (he group is said to be an Abelian group. 

9 M (he set I (of all integers) with the binary operation ‘o’ taken as 
Additive (+) is a group, for it satisfies all the four axioms 
(i { -if a 9 6£I, then a+b€Ll 
G, if Qy by CEI then a-\-(h+c)=(a+b)+c 
G. if aGLl then 3 an integer zero (0) such that 0 +a=a 

(* i it oEl, then 3 an inverse ( — a) e.t. — a-\~a = 0 (identity 
ttfmcnt). 
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This group is also abelian or commutative as G 5 is also satisfied 
i.e. G b —a 9 bG I, a+b=b+a . 

Finite and Infinite groups. A group (G, o) consisting of a finite 
number of elements is said to be a finite group , e.g. the set S={1, <*>, 
co 2 } where co 3 =l, is a finite group under multiplication composition. 

A group (G, o) consisting of an infinite number of elements is said 
to be an infinite group e.g . the set I (of all integers) is an infinite group 
under the addition composition. 

Order of a group. The number of elements in a finite group is known 
as the order of the group. The infinite set is said to be of infinite 
order. As an example the set {1,-1} under multiplication composi- 
tion is a group of order 2. 

4.3. ELEMENTARY PROPERTIES OF A GROUP 
I. Uniqueness of identity i.e . the identity element of a group (G, o) h 
unique . 

If possible let us assume that e and e are two identity elements of 
the group (G, o ), then 

eoa—aoe—a^-aGG . . . (1) 

and e' oa=aoe f =aV aGG • • • (2) 

Putting a—e ' in (1), we have 

eoe' ~e' oe—e' • • • (3) 

Also putting a=e in (2), we have 

e' oe=eoe' ~e • • • (fl 

From (3) and (4) it follows that e’^e i.e. there cannot be two iden 
tity elements for (G, o) and hence the identity element of a group is 
unique. 

II. Uniqueness of Inverse i.e. in a group (G, o) every element 
possesses a unique inverse. 

If possible let us assume that a! and ar 1 are two inverses of a. 
Also let aGG and e be the identity element of G. Then we have 

ar l oa—aoa~ x —e •••(!) 

a'oa—aoa' =e ... (2) 

Post- multiplying (1) by a' we get 

(a~ x od) oa' =(aoa~ 1 ) oa' ^eoa’—a! . . . (3) 

and premultiplying (2) by ar 1 we get 

ar l o (a'oa)~a~ 1 o (aoa')—a~ x oe=ar x •«•(€ 

But group-postulate G 2 gives 

(ar x oa) oa!=ar x o ( aoa ') 

/. (3) and (4) follow that a! —ar 1 i.e. the inverse of an element 

in a group is unique. 

Allter. Taking ar x and a' two inverses of aGG 9 we have 
aoa' —a'oa=e and ar 1 oa~aoar 1 ~e 

.V a~ x =a~ x oe=a~ x o (aoa')—(cr x od) oa'—eoa'=a' 
which follows the uniqueness of inverse of a EG. 
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III. Cancellation laws i.e 9 for any group (G, o) 9 and a , b 9 cGG 9 the 
following laws hold 

(/) aob=aoc=*b=c ( left cancellation law) 

( ii ) boa=coa^rb—c ( right cancellation law) 

(/) Taking ar l GG as the inverse of aGG 9 we have 

aob=aoc=}Q~ x o (aob)—ar x o ( aoc ) on premultiplying by a~ x 

=K ar 1 oa ) ob=(a~ x oa) oc, the composition being asso- 
ciative by G 2 

=$eob—eoc 9 since 3 an indentity element eGG for ‘o’ 
=$b=c. 

(//) Again taking a~ x GG as the inverse of aGG, we have 
boa=coa=^( t boa)oa~ 1 =(coa)oa~ 1 on postmultiplying by a~ x 
=$bo (aoa~ x )=co ( aoa _1 ) by G 2 
=>boe=coe V 3 an identity element eEG for ‘o’ 
^rb—c. 

Note. aoc—cobf>a=b unless the group is abelian. 

IV. Uniqueness of solutions, i.e. if a t b&G , then the equations aox=» 
t and yoa=b have unique solutions in G. 

If ar 1 be the inverse of oEG, then a^EG and aocr x =e (identity 
element). 

Now a" ] EG and bGG^ar x obGG 
Putting x=ar 1 ob in the equation aox=b we get 
ao ( ar x ob)—b 

nr (aoa~ 1 )ob=b by G 2 

nr eob=b i.e. b=b 

which follows that x=ar x ob is a solution of aox=b. 

l o show that this solution is unique, let us assume that y is an 
♦ lemcnt different from ar x ob in G s.. itt satisfies the equation aox=b. 
I hen, 

aoy=b~eob=(aoar x ) ob=ao (a~ x ob) by G 2 . 

So that left cancellation law yields y=ar x ob. 

As such x—y i.e. the solution is unique. 

Again, bGG and a~ x GG^boar x GG 
Putting y=boa~ x in yoa=b 9 we get 
(boar 1 ) oa—b or bo (a~^oa)=b by G 2 
nr boe—b i.e b=b 

which follows that y—boar- 1 is a solution of yoa=b. 

To show that this solution is unique, let us assume that z is an 
f Irmcnt different from boar 1 in G s.t. it satisfies the equation yoa=*b. 
I ‘hen zoa=b=boe—bo (< ar 1 od)—{boar x ) oa by G % . 

'Hie right cancellation law gives z=boar x 
So that y=z and hence the solution is unique. 
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Note. The unique solution of xox— x is x=e in group (G, o) 

V. Inverse of the inverse is itself i.e. if a(£G then (a~ 1 )~ 1 =a. 

Inverse law gives (cr 1 )- 1 oar 1 =e, e being identity element in G. 
Postmultiplying by a, we get 

[(« —eoa 

or (ar x y l o{ar 1 oa)=a by G 2 

or (a~ 1 )~ 1 oe=a by G 4 

or (n _1 ) _1 =« by G 3 

which proves the proposition. 

VI. Rever.-al law i.e. if a , b&G then (aob)- 1 — b^ 1 oar 1 . 

Let e be the identity element in G. 

Now aG-G^ar and b£.G^b~ l £.G 

(i _1 oa _1 ) o(aob)=b~ 1 o [ar^aobj) by G„ 

=h _1 o {(ar'oa) ob\ by G 2 
=b~ 1 o [eob] by G t 
=b- x ob by G 3 

—e. 

Hence by definition of inverse element of a group b^oa' 1 is the 
inverse of aob i.e. ( aob)~ 1 ~b~ 1 oa \ 

Note . The result may be generalized for any number of elements 

a x , a 2 , a 3 ,...a n EG, where we have 
( a 1 oa 2 o...oa n )- 1 =a n - 1 o ar \- 1 o.^oaf 1 oaf 1 . 

4.4. SOME DEFINITIONS 

Semi-group. A set S with a binary operation ‘o’ is said to be a semi- 
group if it satisfies the following two axioms. 

S Gl — ( Closure ). aES, bES^aobES. 

Sa 2 — (Associativity). If a, b , cES then (aob) oc=ao (boc). 
THEOREM . A semi-group (G, o) satisfying the following postulates 
is a group. 

(1) G has a left identity e s.t. eoa=a VaEG . 

(2) Every element a in G has a left inverse ar 1 in G s.t. a^oa—e. 
.Since (G, o) is a semi -group, therefore by definition it follows tha* 
(i) (G, o) satisfies the closure law. 

(it) (G, o) satisfies the associative law. 

(Hi) a- 1 being the left inverse of a and e the left identity we have 
a- x o (aoe)=(ar 1 oa) oe by (it) 

=*eoe by postulate (2) 

= e by postulate (1) 

=a~ 1 oa by postulate (2) 

So that by left cancellation law, aoe=a 
which follows that e is also a right identity. 
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Hence the indentity element exists for the composition. 

(iv) We have a~ l o (aoar J )=(a~ l oa) oar 1 by (ii) 
or ar l o (aoar l )=eoa~ 1 by (2) 

—ar 1 by (1) 

=a~ J oe, since identity element exists for V, 
aoa~ 1 =e by left cancellation law. 

Which shows that nr 1 is also a right inverse of a. 

Hence every element of G has an inverse. 

Since all the four group axioms are satisfied, therefore a semi- 
group with the given two postulates is a group. 

Sub-group. A sub-group of a group ( G , o) is any collection of ele- 
ments of G satisfying the axioms of G. In other words a non-empty 
subset say H of a group G is said to be the sub-group of G, if the 
binary operation "o' in G induces a binary operation in II and the 
dements of It obey the group axioms. 

In other words a non-empty subset H of a group G is said to be a 
sub-group of G if it satisfies the following two axioms: 

(/) a, bEH^aobEH , 

\ii) aEH^a- x EH 

r.g.y the set of even integers is a sub-group of the additive group of 

Integers. 

Proper sub-group. A subgroup of a group (G, o ) other .than G itself 
and the group consisting of the identity element alone is termed as a 
proper sub-group of G. e.g. the additive group of integers is a proper 
sub-group of the additive group of rational numbers. 

Improper or trivial subgroups. The group (G , o) itself and the group 
consisting of identity alone i.e. ({e}, o) are known as trivial or im- 
proper subgroups of (G, o). 

Order of an element of a group. Let a be an element of a group 
|fi, o) i.e. aEG. Then the order of a is the least positive integer n s.t. 
a n «=e. 

In case £ such integer, the order of a is said to be zero or infinite. 
e.g the order of the element —l in the multiplicative group {1. 

I, /, — i} is 2 since (— 1) 2 =1, the identity element. The order of i 
is 4 since / 4 = 1. 

Addition modulo m. (m being an integer). If a and b are two inte- 
gers and m a positive integer, then 'addition modulo tri* is denoted by 
i/ l fn b and defined as a+ tn b=r, o^rdn where r is the least posi- 
tive remainder obtained on dividing the sum of a and b by m. 

e.g. 12+ 3 5=2 since 12+5=3 (5)+2 
iind -5+ 4 10=l since —5 + 10=4(1)+! 

Multiplication modulo p. (p being a prime). If a and b are two 
Integers and /?, a positive integer, then ‘multiplication modulo p' is 
denoted by ax P b and defined as 
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aXyb — r, o^></?where r is the remainder obtained on dividing 
the ordinary product ab by p. 


e.g . 9x 6 7=3 since 9x7=(6) 10+3 

and — 7 x 5 8=4 since — 7x8=(5) (— 12) + 4 

Group table or composition table. It is commonly observed that a 
‘table’ is a convenient way of either defining a binary operation in a 
finite set S or tabulating the effect of a binary operation in a set S. 
In forming a table or say a group table we arrange the elements of a 
group in rows and columns of a square array such that each element 
of the group occurs once and only once in each row or column. The 
composition element aob occurs at the intersection of row and column 
of the elements a and b of the group after the binary operation has 
been performed. For example consider a set 

S={ 1, 2, 3} and let be the binary operation in S defined by 
. :(1, 1)->1, (1, 2)->2, (1, 3)->3, (2, l)-+2, (2, 2)->l, (2, 3)-*2, 
(3, l)->3, (3, 2)->2, (3, 3)->l 


then these operations can be arranged in a table as follows : 



Problem 1. Show that three cube 
roots of unity form an abelian 
finite group under multiplication. 

We have the set G={1, o>, ox}, 
where co 3 =l. 


. 

1 

CO 

CO 2 

•1 

1 

CO 

1 M 

1 3 

— 

— 

— 

— 

co 

C 0 

CO 2 


co 2 

CO 2 

1 

CO 


V o> 3 =l 

and to 4 = o> 3 • o) = 6) 


The composition table under multiplication is as shown here. 

The set G forms an abelian finite group, since it satisfies all the 
five axioms : 

G x — since all the elements in group table belong to G, hence closuie 
axiom is true. 

G 2 — since multiplication of complex numbers is associative, there- 
fore G 2 is satisfied. 

G 3 — since 3 an identity element 1 EG, G 3 is satisfied. 

G 4 — since the inverses of 1, o>, are respectively 1, o> 2 , o>GG, 
G 4 is satisfied. 

— commutative property is apparently satisfied since l.co=co-l 
= 6) etc. 
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Moreover the set consists of finite number of elements and hence 
(•i is an abelian finite group. 

Problem 2. Show that the set of all nth roots of unity form a 
fi compm e u o a n ^ ° f order n under binary multiplication as 

Ity De Movre s theorem, nth roots of unity are given by 
(l)’ / '»=(cos 2 m+i sin 2m) 1 l n 
„ „ 2m . . 2m 

—eos— — {-i sm where r=0, 1,2 n — 1 


So n, nth roots of unity are 

i 2 tc t . . 2tz 7n 7 7 tz 

1, cos ~~ +/ sin — , cos 2 f- / sin — — , 

n n n n 


cos 


(n— 1)*2tc 


+i sin 


(n— 1).2tt 


i.C. 1, e 1 - 2 * *!n 9 e 2 . 2 ni/n f ^ 1) 

Now, Gi is satisfied since the product of any two elements of the 
is the element of the set such as if a=e p ‘ 2n *l n 9 b—e q ' 2v: ^ n EG 9 

where 0</7<n-l, then a.b=e 2ui l n ^+^ will belong to 

0 il p+q^n—l. Let us assume the contrary i.e. p+q>n~ 1 so that 

1 I q^n+m where m^n—2 since the maximum value of p + q can be 
)(n-])i.e.2n—2. 

a- b~ e 2ni l n + ■ m ) =e 2m e 2nim l n = e 2n * m ! n 
e 2ni =cos 2tc+/ sin 2^=1 


which follows that a.bEG since 2. 

by is satisfied since multiplication of complex numbers is associative. 
b„ is satisfied since there exists an identity element e 2nl '°l n = 1 

<’\ is satisfied since 3 inverse of e 2nir ! n as e 2ni ( n ~ r ) n since 
e 2mr/n £.ni(n—r)ln =e 2ninln == ^ 27 ti _ = | 

is also satisfied since the multiplication of complex numbers is 
h mi mutative. 

Moreover the set consists of finite number of elements. Hence 
(b, o) is a finite abelian group. 

Problem 3. Show that the set of matrices f" cos a —sin al 

L sin a cos aj , where 

«• h real, forms a group under multiplication. 

I rl G be the set of matrices given by A 0i = Tcos a— sin a] 

Lsin a cos a J, a being 


mmi! and A *, At, A r EG. Then, 


388 


MATHEMATICAL PHYSICS 


G x is satisfied since the product of any two matrices of the set 
belongs to the set, as 


Au • A ft=[ cos <x— sin a] [cos p— sin 
Lsina cos aJLsin P cos 


M = [cos (a+p)— sin (a+p)"| 
pj Lsin (a+p) cos(a+p)J 


=^«+B, a+p being real. 


•/ a, p are real and so is a+p, A*+&(=.G 

G 2 is satisfied since Aa.-(An- A y )—Aa.' A&+y=A*+&+y=A* + &‘ Ay 
=(A*- A&)- A y i.e. the operation is associative. 

C? 3 is satisfied since 3 an identity element Ao£G, o being real such 
that 


Ao • Au — Ao+u—Au vA&GlG. 

G t is satisfied since 3 an inverse A- * EG yA*£.G ,— a being real 
as a is real, such that 

A-*-Au=A- a+ *=Ao (the identity element) 

G s is also satisfied since A*-Ai3=A«+i3=Ai3 + u=AvA K ; a, p being 
real i.e. the operation is commutative. 

Hence the given set of matrices forms an abelian group. 

Problem 4. If OX, OY be the two rectangular axes in the cartesian 
plane and tI denotes the rotation of the axes through an angle a s.t. 

T* : (x, +)-»(x cos a +y sin a,— x sin a+j cos a) 
then show that the set of these rotations w.r.t. the operation ‘o' s.t. 
T&otI is the resultant of two such operations, forms a group. 

Let G={7’a : (x, y)-'X cos a+y sin a, — x sin a +y cos a)} 

G l is satisfied since if TaEG, T&G.G then TboT^^G as 
Tp.oT a {x, y)=T& [T* (x, >’)] 

=x cos (a+p) +y sin (a+p), — x sin (a+p) +y cos (a+p) ...(I) 
= T*oT& (x, y) for any (x, y) in the plane 
G. is satisfied since if T*, 7g, T y £C, then 

T y o(TiioT*)=Ty [x cos (a+p)+y sin (a+p). -x sin (a+p)+,y 
7 cos (a+p)]by II 

= x cos (a+p+v)+>’ sin (a+p+y), — x sin (a+p+y) I y 

cos (a+p-| y) 

c= (T$oTy) etc. 

C 3 is satisfied since 3 an identity To £G s.t. TooT^^T* vr«£(i 
C 4 is satisfied since 3 an inverse 71* £G s.t. T-<xoT* = To YTafO 
C 5 is satisfied by (1) 

Hence the set of rotations form an abelian group. 


Problem 5. Prove that residue classes modulo m form a group H .r.l, 
addition of residue classes. 
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If S be the set of residue classes modulo m, then we have 
5={[0], [1], [2],...[m-l]} 

G t is satisfied since if [rj, folE-S 1 and r 1 +r 2 =mk+r where r is the 
least positive remainder when (r 2 +r 2 ) is divided by m and o<r <m, 
then 

i] + [r 2 ] — [r x + r E ] = [r] ES. V G+r s =r (mod m) 

i.e. closure axiom is satisfied. or r 1 + m r 2 =r 

G 2 is satisfied since if [rj, [r 2 ], [r 3 ], ES and r 2 +r 3 =mk+r so that 
r l +t 2 +r 3 =r l -{-mk+r=mk+(r 1 +r)=mk+r' (say), r’ being least 
positive remainder when ( mk+r x +r ) i.e . r x +r 2 +r 3 i.e. r x +r is 
divided by m, 

then [rJ+Cfrg] f [r 3 ])=[r 1 ]+[r 2 +r g ] 

=[rj+[r] V r x + r 2 =r (mod m) 

=[ r i+r]=-[r'] V r x +r=r' (mod m) 

— [ r l + r 2 + ^3] 

^l + ^l + WI 

= ([ r i] + [ r 2]) + [ r 3l 

i.e. addition of residue classes is associative. 

G 3 is satisfied since 3 an additive identity [o] ES s.t. [o]+[r]=[r] 
V[r]£S 

G x is satisfied since 3 an additive inverse [m—r] ES s.t. 

\r] + [m—r]=[m]=[o]v[r] &S as m=o (mod m). 

Hence the set of residue classes modulo m form a group, w.r.t. 
addition. 

Problem 6. Prove that the non-zero residue classes modulo m (a 
prime integer) w.r.t. multiplication form a group. 

If S be the set of non-zero residue classes modulo #h, then we have 
S={[ 1], [2] [3],...[r]...,[m-l]}, 0<r<m-l. 

Defining the multiplication of classes [r x ] 9 [r 2 ], [r 3 ] E.S by [^1 [r 2 ] 

[/:)] where o<r x , r 2 , 1, we observe that 

G v is satisfied since r x , r 2 are prime to m and division of r x r 2 by m 
renders a non-zero remainder and so if [rj, [r 2 ] E.S then 

[ r i] [r 2 ] I.e. [r 3 ] E*S. 

G 2 is satisfied since if [rj, [r 2 ], [r 3 ] G.S then taking r x r 2 =mk+r we 
have {r x r 2 ) r 3 —(mk+r) r 3 —mkr 3 +rr 3 =p+r' (say) where r' is the 
least positive remainder when (r x r 2 ) r 3 or r r 3 is divided by m. 

So that 

(W'W) r t\ [^s] = M fol h '■»='■ (mod m) 

=[r r 3 J=[r'J Y r r 2 =r’ (mod m) 

But g r 2 r 3 =r' (mod m) [r']=[r 1 r t /',]=[r 1 ] [r 2 r 3 ]=[r x ] ([r 2 ] [r 3 ]) 

i.e. ([r 1 ]-[A 2 ])-[r 3 ]=[r 1 ] ([r 2 ] [r 3 ]). 
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thereby showing that the associative law is satisfied. 

G 3 is satisfied since 3 an identity [1] GS s.t. [1] [r] = [r] ¥[/*]£5 

G* is satisfied since 3 inverse of each element, as is shown below: 

Multiplying each element of Shy an element [r], we find 

MM, [2][r], ,[m-l][r] ...(1) 

By G 3 (closure axiom) all these (m— 1) elements must belong to S. 
Also all of them should be distinct otherwise if 

M] M = [r 2 ] [r], [rj, [r 2 ] GS 

then left cancellation law gives [r 1 ]=[r 2 ] which contradicts the 
hypothesis that [rj, [r 2 ] are distinct. Hence all the (m — 1) elements 
of (1) must be distinct and they must also be the same elements of S 
as already defined except that their order may be different. Conclu- 
sively in (1) there is one element which is the identity [1], Suppose 
this identity element is [r 3 ] [r]=[l ]. 

Which shows that [r 3 ] is the inverse of [r]. 

But r 1 being arbitrary, the inverse of each element exists. Hence the 
non-zero residue classes modulo m w.r.t. multiplication form a 
group. 

Problem 7. If every element of a group (G, o) is its own inverse then 
show that (G, o) is abelian . 

Given that (G, o) is a group, 
if a, bGG then a~ x , b~ l EG 
also if aobGG then (aob)- 1 EG 

But we have a=a~ x and b=b~ x 
As such (aob)=(aob)- x =b- x oar x ^(boa) 
i.e. (G, o) is commutative. Hence (G, o) is abelian. 

Problem. 8. If (G , o) be a group and a 2 =e (identity) VaEG, then 
show that the group must be commutative. 

Given that (G, o) is a group and a 2 =aoa=e also aoar x =e 

aoa=e=aoa~ x . 

So that left cancellation law gives a=a~ x 

i.e., every clement of the group is its own inverse and hence by 
Problem 7 it follows that the group (G, o) is commutative. 

Problem 9. Show that if a group has 3, 4 or 5 elements , then it is 
abelian. 

We prove the proposition for 4 elements, similar procedure can be 
adopted for other two. ' \ 

Suppose that G=(e. a , b , c} is a set forming the group {G, o) where 
e is the identity element. 

In case every element of G is its own inverse, the problem reduces 
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to the problem 7 which has been already discussed. Consider the 
other case. 


Let ar x —b. Then the only alternative is that c~ 1 =c , so that 


aob=boa—e and coc—e 
Now 

aoc^fe as c~ x f^a 
aoef^a as c^fie 
aocf~-c as af^e 

So the only alternative is that aoc=b. 
Similar argument will give that coa=b 
aoc=coa 


( 1 ) 


o 

U 

a 

U 

c 

e 

! e 

a 

'a 

c 

a 

i 

1 « 

c 

e 

b 

_b_\ 

b 

e 

c 

a j 

c ! 

c 

b 

a 

e I 


( 2 ) 


Also 

boef-e as b~ x =fc 
boc^fb as c^fe 
bocf^c as bf^e 

lending that boc. = a and similarly cob=a 

boc — cob ... (3) 

(I), (2) and (3) follow that the group (G, o) is commutative and 
lienee it is abelian. The group table is as shown here. 

Problem 10. Show that any non- commutative group has at least six 
r lenient s. 

Let (G, o) be a non-commutative group. It will be so if it has at 
It* .i st one pair of non-commuting elements a and b (say). 

We shall first show that a set {e, a , b , aob. boa) having a , b non- 
« ommuting elements i.e. aobf^boa, consists of distinct elements. 
Inking two at a time, there are ten possibilities leading to a contra- 
diction of aobf^boa : 

(/) e=a=*aob=eob = b=boe=boa. 

(II) e=b=>aob=aoe=a=eoa=boa 
(lit) e= aob aoe = eoa = (aob)oa = ao(boa) 

I r e—boa or aob=boa 

(iv) e=boa=>eoa—aoe—ao(boa)=(aob) oa i.e. e—aob or boa=aob 

(v) a=b=>aob=aoa=boa 

(vi) a=aob^>e—b thereby reducing to (ii) 
ivli) a =boa^>e — b thereby reducing to (//) 

(»///) b=aob^e—a thereby reducing to (/) 

(l,\) b—boa^re=a thereby reducing to (;) 

(jr) aob —boa 

Hence the elements of the set { e , a , b 9 aob , boa) having (a, b) non- 
• ••minuting, are all distinct. 
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We shall now show that at least one of me group elements aoa or 
ao boa is distinct from these five namely e , a , b , aob , boa . 

To show that aoa is different from each element a, b, aob y boa 9 we 
see that 

(xi) aoa=a^a—e thereby reducing to (i) 

(xii) aoa—b^aob—ao (aoa)— (aoa) oa—boa 
(xiii) aoa=aob=>a—b thereby reducing to (v) 

(xiv) aoa—boa^a—b thereby reducing to (v) 

These possibilities lead that either aoa-fe in which case aoa is the 
sixth distinct element of G or else aoa=e 

Again we shall show that ao boa is different from each element e y a , 
b y aoby boa so that it will be the sixth distinct element of G . 
Obvisously ao (ao boa) = (aoa) o ( boa)=eo (boa)— boa. 

Now consider the case 

(xv) ao boa—e=>boa—ao (ao boa)—aoe—o thereby reducing to ( vti ) 

(xvi) ao boa—a^aob—e thereby reducing to (iii) 

(xvii) ao boa—b^aob—ao (ao boa) — boa when aoe—e 
(xviii) ao boa—aob^a—e thereby reducing to (i) 

(xix) ao boa—boa^a=e thereby reducing to (/) 

Conclusively a group with upto 5 elements is essentially abelian 

but for it to be non-abelian there should be at least six elements. 

* 

Problem 11. Show thai non-empty semi-group (Gy o) forms a group 
if the equatior s ax—bandya—b have unique solutions in G V- pair of 
lenient s a , b£LG. 

Since ya—b is solvable for any bGLG, therefore by taking b=a, we 
find that ya—a has a solution in G. Call this solution as e x so that 
e x a=a where a is a fixed element of G. 

Let c(EG, then ax—e has a solution in G. 

Thus e x c—e 1 (ax) — (e x a) x—ax—c 
which follows that e x c—c VcEG i.e. e x is the left identity in G. 

As e x exists in <7, so ya—e x has a solution in G. Call this solution 
as cr 1 . This follows that every element inG has a left inverse relative 
to the left identity. Hence by the theorem on §4.4, it follows that 
(G, o) is a group. 

Problem 12. Show that a finite-non-?mpty setni-group (G, o) forms 
a group if ab—ac=>b=c and ba—ea^>b—c Vu, b , c £G. 

Consider a set G=\a u a 2 ,..a r y...a p } consisting of p distinct 
elements. Take an element a vl and multiply it to all the elements of 
this group. 

a m a x , a. a a^...a m a r ,...a m a p . 

All these elements will be distinct save possibly arranged in 
different order If possible let us assume that 
a m a r =a m a p ^a r =a p 
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which contradicts the hypothesis that a r and a 9 are distinct elements 
of G. Thus 

G={a m a u a m a 2 ,..., a m a r ,...a m a,} consists of p distinct elements 
and a m a l will be some element say a r of G i.e. 

a m a 1 =a r =*ax=b has a unique solution in G 

Similarly we can show that 

G={a 1 a n ,a 2 a m ,...,a r a m% ...a Jl a m }^ya=b has a unique solution 
InG. 

Hence by Problem 1 1, the semi-group (G, o) under given conditions 
forms a group. 

Problem 1 3. Show that the set of subsets of a set with the union 
composition is a semi-group. 

If B, C,...} be the set of subsets of a set S, then 

.S’oi is satisfied since. A, BES, and AC.S, BC.S=>A\JBES and A, 
HES, i.e. the closure law is satisfied. sMU-oto, 

Sc 2 is satisfied since if A, B, CES, then associative property of 
union yields, (AVjB)\JC=A\J (J9UC) 

Hence S x is a semi-group (by def. § in 4.4). 

Problem 14. Show that the identity of a subgroup of a group is the 
same as that of the group. 

Let ( H , 6) be a subgroup of the group (G, o) and let e, e be the 
identities of (G, o) and (//, o) respectively. Then 
aoe' = a Va E.H 

This equality will also hold in (G, o) as a€.H=}a€LG. 

Now if b be the inverse of uEG, then we have 

aoe' —a^bo(aoe') 

^(boa) oe' — boa by G 2 for G 
r^eoe’ — e boa=e 

■=$e —e. 

Problem 15. Show that the inverse of an element of a subgroup of a 
group is the same as the inverse of the same element regarded as an 
element of the group. 

Let (//, o) be a subgroup of the group (G, o) and let b x and b 2 be the 
inverses of an element a as member of H and G respectively. Also let 
e and e’ be the identities of G and // respectively. Then by Problem 
14 , e—ey 

Now aob x " e' — e b 2 o (aobf)—b 2 oe 

=>(b 2 oa) ob x =b 2 by G 2 , G 3 for G. 
^eob } =b 2 Y b 2 oa—e 

^rb x ~b 2 . 

Problem 16. Show that the necessary and sufficient conditions for a 
< omplex H to be a subgroup (H, o) of a group (G, o) are 

(i) a x bGH^aobGH Vd, b\ and (H) a€.H^a' 1 e.H Va 

(Rohilkhandy 1976) 
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The condition $ are necessary, since ( H , o) being a subgroup of 
(G, o) the composition in H (being also the composition in G) satisfies 
the closure law 

ie. a, b€_H^aobE.H Ya 9 b 

which proves the first condition. 

Also by Problem 14, the identity of H being the same as that of 
G and by Problem 15, the inverse of any element of H being the same 
as its inverse in G, we have 

a^HH^a^GLH Ya 
which proves the second condition. 

The conditions are also sufficient , since if the conditions (/) and (ii) 
hold then 

G x is satisfied, for a, bGH^aobGLH by condition (/) 

G 2 is satisfied, for a, b(£H=}aobGH by (i) leads to 

aoby c(£H and a, bocGLH Ya, b , cG.H 
=>the same element aobocE_H i.e. associative law is satisfied. 

G s is satisfied since atEH^a^GH by (ii) leads to 
a£.H and ar 1 ^,H^aoar 1 E.H by (/) 

But aoa~ L =e, (identity of G) 

e^LH is an identity in H, which is also identity in G, thereby 
showing the existence of an identity element in H. 

G 4 is satisfied since from G 3 and condition (ii), every element of H 
has an inverse. 

Hence (H, o) which is a subgroup of the group (G, o) satisfies all 
the four exioms of group. 

Problem 17. Show that a necessary and sufficient condition for a 
complex H to be a subgroup (H, o) of a group (G, o) is that aE.H, 
bGH^aob-'GH. 

The condition is necessary, since when (H, o) is a subgroup of (G,o) 
then by condition (ii) of Problem 16, we have btEH^b^GH 

Also by condition (/) of the Problem 16, a, b^GLH^r aob* 1 G H. 

Combining these two conditions we have aGLH, bGH^aob^GH. 

The condition is sufficient, since if a, bGH^raob~ 1 G.H, then we can 
show as below that (H, o) is a subgroup of (G, o). 

The given condition yields, 

aGH, aGH^aoar x =eGB , e being identity of G. 

This follows that G 3 is satisfied i.e. 3 an identity eGH. 

Also eGH, aGH^eoa~ 1 =ar 1 GH 
i.e. G 4 is satisfied or in other words every element in H is invertible. 

As such any bGH ^b^ GH 

So that aGH, b~ l GH^ao (b-'y'^aobGH 
which follows that H satisfies closure law under ‘o’ i.e. G x is satisfied. 

Now associativity of G w.r.t ‘o’ immediately follows the associa- 
tivity of H w.r.t. ‘o’ i.e. G, is satisfied. 
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1 1 once (H, o) is a group. 

But (H, o) is a subset of (G, o). 

Therefore (H, o) is a subgroup of (G, o). 

Problem 18. Show that the intersection of two subgroups of a group 
(<#, o) is a subgroup of (G, o). 

Let (H x , o ) and (H 2 , o) be the two subgroups of (G, o). Then 
H x nH 2 CG. 

Now a, bGH x C\H 2 ^>a, bG.H x , a , bGH 2 

=>aobGH l9 aobGH 2 since H x , H 2 being 
subgroups, satisfy group axioms. 

=$aobGH x r\H 2 Ya, bGH x C\H 2 

Also aGH x C\H 2 =>aGH x and aGH 2 

=>a~ 1 GH x and ar 1 GH 2 since H l9 H 2 being 
subgroups, satisfy group axioms. 

=>a~ ] GH X C)H 2 . 

Ilcnce by Problem 16, H x nH 2 is a subgroup of G. 

Problem 19. Show that the union of two subgroups of a group 
(G, o) may not be subgroup of G. 

Let (H x , o) and (H 29 o) be the two subgroups of (G, o) and let 
aGH l9 bGH 29 so that a 9 bGH x KJH 2 . 

Now a, b£H x {jH 2 d>aGH x , bGH 2 aobGH x L)H 2 for b may 
not belong to H x . 

Hence the union of two subgroups of a group may not be sub- 
group of the group. 

Problem 20. Show that the set £={1, /, —1, — i} is a subgroup of a 
multiplicative group oj non-zero complex numbers. 

Let (G, •) be a multiplicative group of non-zero complex numbers. 

I hen (S, •) will be a subgroup of (G, •) if it satisfies both the 
\ onditions for a subgroup. 

fhc condition (0 is satisfied since 1 • i=iGS , 1 •(— 1)= — 1 GS, 

i <-i)=-ies, /•(-i)=-/es, f(-o=ies,.(-iM-')=/es. 

The condition (z’z) is satisfied since the inverse of 1 is 1 G S 9 the 
Inverse of i is —iGS, the inverse of —1 is —lES and the inverse of 

l is iGS. 

Hence (S,-) is a subgroup of (G,*). 

Problem 21. Show that the order of every element of a group (G, o) 
qJ finite order is finite. 

If a be an element of (G, 6) of finite order, then the positive 
Integral powers of a viz. a 9 a 2 , a 3 , a 4 ... will all be the members of G. 

But the order of G is finite, therefore all these elements of G can 
not be different. 

Suppose that a r =a* 9 r>s. 
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Then, a r 9 —a r oa *=a r oa r =a r ~ r =a°=e, e being the identity in G. 

If r—s—m , then a r - t =e^a m =e 9 m being a positive integer as 
r>s. 

This follows that 3 a positive integer m s.t. a m =e. 

As every set of positive integers essentially possesses a least member 
so the set of all those positive integers s.t. a™=e has a least member 
known as the order of a. But a is arbitrary and hence the order of 
every element of G is finite. 

Problem 22. Show that the order of any power of any element a of 
a group is atmost equal to the order of the element . 

Assuming that order of a—m and order of (a v )=n, pGl (set of 
integers), we have order of a=m=>a m =e, e being identity element. 

^(a m )r=e* 
z$a mv =e 
=>(a p ) rn =e 
border of (a p )^m 

which proves the proposition. 

Problem 23. Show that the order of any element of a group is always 
equal to the order of its inverse. 

Taking the orders of a and or 1 as m and n respectively, we have 
a m —e and (ar^—e 

Now ar 1 being an exponent power of a , the Problem 22 leads to 
order of (a -1 X order of a i e. n^.m. 

Also since a— (or 1 )- 1 i.e. a is an exponent power of ar 1 , so by 
Problem 22, we have order of a ^ order of (cr 1 ) i.e. m^n. 

Hence m^n and n^m^m=n. 

Problem 24. If a, b be two elements of a group (G, o) and ba~a m b" 
Vtf, bGG then prove that the elements a m b n ~ 2 , a m ~ 2 b n and ab 1 have 
the same order. 

We have (a^by^b-^ar 1 )- 1 ^^^ 

Since b~ l a is the inverse of a~ l b , therefore by Problem f, ic 
order of b~ l a and ar x b is the same. 

Now a m b n ~ 2 = a m b n b~ 2 — (ba) b ~ 2 V ba=a m b n 

=b (ab- 1 ) b- 1 v b-^b^b-' 

But b (ab- 1 ) b- 1 has the same order as that of ab~ x since 
[b (ab- 1 ) br^lb (ab" 1 ) b~ J ) [b (ab- 1 ) b' 1 ] 

=[b (ab- 1 )] (b^b) [ (ab- 1 ) b~ J ) 

=b (ab- 1 ) (e) (ab- 1 ) b~ x 
=b (ab- 1 ) 2 b- 1 

or in general [b (ab~ x ) b~ 1 ] n =b (air 1 ) 11 b^—beb' 1 if order of ab be n 

^bb- x =e. 

These results follows that order of ab- 1 is the same as that of a m b n 1 
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Again a m ~ 2 b n =a - 2 ( a m b n )=a ~ 2 (hc)=a“ 1 (a^b) a 
i.e. as above, the order of ar x b is the same as that of a vl ~ 2 b n . 
Problem 25. If the elements a, b and aob of a group (G, o) are each 
of order 2, then show that the group is abelian. 

The order of aob being 2, we have (aob) 2 =e, e is the identity in G. 
(aob) o (aob) e=>ao (aob) o ( aob)=aoe 

^rao (aob) o (aob) ob=ao eob 
=>(aoa) o (boa) o (bob)—ao eob by associative law. 
ya 2 o (boa) ob 2 =ao eob 

eo (boa) oe=ao eob since the order of a and b 

is 2. 


=}boa=aob 

which proves that a and b commute and hence the group is abelian. 


4 5. THE CENTRE OF A GROUP 

If (G, o) be a group and H be the set of those elements xEd, which 
commute with each element in G i.e. the set 

H—{x : xGG and aox—xoa V aGG} 
then the set H is known as the centre of G. 

THEOREM. The centre of G is a subgroup of (G, o). 

If// be the centre of G, then we have by, definition 
H—{x : xGG and aox=xoa W-aGG} 
x u x 2 GH^raox^x^oa and aox 2 —x 2 oa VcEG. 

But aoXi=x Y oa=x x o (x 2 ~ 1 ox 2 )oa, since x 2 - x ox 2 =e, the identity 

in H and x^oeoa^x^oa 

=(x x o x 2 _1 ) o (x 2 oa) 

=(x 1 o xf 1 ) o (aox 2 ) Y aox 2 —x 2 oa. 
aox l =(x l o xf 1 ) o (aox 2 )=^(aox 1 ) ox 2 ~ 1 =(x l o x ~ 2 ) oa 
=> ao (x x o x 2 _1 ) oa 

^x L o x 2 _1 commutes with aGG 
^x Y o x 2 ~ x GH 

Conclusively x x GH, x 2 GH^x&xf 1 GH 

Which follows by the definition of a subgroup that (//, o) is a 
subgroup of (G, o). 


4 6. COSETS OR COSETS OF A SUBGROUP 

Let (Gy o) be a group , (//, o) be a subgroup of (G, o) and ‘ a ’ be an 
clement in G i.e. a EG. Then the set 

aH={ah : hGH} (not using the binary operation) 
i.e. the collect ion, 

aoH={aoh 1 y aoh 2 ..., aoh iy ...} t hiGH 
~{aox : xGH and aGG} 
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is said to be the Left Coset of H in G ; 
and the set Ha={ha : hEH} 

i.e. the collection, Hoa={h x oa, h 2 oa,..., hioa,...} h t EH 
={xoa ; xEH and a£G} 
is said to be the Right Coset of H in G. 


Y 

" I 

I 


II HOI II* lllliORY 


/>//=<; (bH)=(aa~ 1 ) ( bH)=a(ar t b)H=aH by theorem 1. ...(2) 
1 1 1 iiml (2) follow that aH=bHox~ 1 bEH. 

till OREM 4. The two left cosets aH and bH of a subgroup H of a 
I iiiii/i G are either identical or disjoint- 
I here arise two cases : 

< * st . i. if aHfbH, then we have to show that aH and bH are dis- 


Since eH—H=He, therefore H is itself a coset. 

If the cosets aH and bH are such that a HC\bH=fj>, then aH=bll, 
hence the cosets have no element in common with H i.e. two coseU 
contain either the same elements or have no elements in common. 
Also the cosets do not form a group. 

The number of left (or right) cosets of H in G is said to be the 
Index of H in G and denoted by (G : H). 

THEOREM I . If (H. o') or simply H be a subgroup of (G, o) or 
simply G, then H is both a left coset and a right coset. 

If e be the identity in G, then He—eH=H, which follows that 11 
is both a left coset as well as a right coset of H in G. 

THEOREM 2. If H be a subgroup of G, then aH=Hs>aEH. 

If e be the identity in G and so is in H, then 

aH—H^aeEH 

i.e. aH=H=yaEH ... (I) 

Again, if aEH and hEH then 

aEH^rahEHvhEH 

allCH 


I ct us assume if possible that x E aH and xEbH. 

I hen x=ay, yEH and x—bz, zEH 

ay—bz^r ayz - 1 = bzz~ x =* a(yz^) = b(zz _1 ) =be=b 
=Ka _1 a) (yzr x )=cr 1 b 
=ye(yz- 1 )=a~ 1 b 

=yyz~ 1 =ar l b 

Thus, yz- 1 EH^ra~ 1 bEH. 

So that by theorem 3, it follows that aH=bH, which contradicts 
Hi. hypothesis and hence two unequal cosets cannot have any element 
In common i.e. aH and bH are disjoint. 

< use II. If aH and bH are not disjoint, then we have to show that 
nil bH.' 

all and bH are not disjoint =^3 an element common to aH and bH 

=^3 hi, hj s.t. ahi—bhj 
(h { hf 1 )—b hj hf 1 
=! >a—bhj hr 1 

=yah—b (hj hr 1 h) YhEH 


Also aEH=*a 1 EH, II being a subgroup of the group G, satisfies 

group axioms. 

^a^hEH YhEH by closure law in H 
=>« (a^h^EH YhEH by closure law in H 
=>hEaH YhEH 

HCaH 

So aHCH and HCaH=>aH=H 

Ultimately aEH&aH=H ... (2) 

Hence aH=H<fraEH by (1) and (2). 

THEOREM 3- If a, bEG and a b then aH— bH-efrar^bEH where 
H is a subgroup of the group G. 

We have, 

aH^bH^a-'aH^a-'bH 

Ma~ 1 a)H=(a~ 1 b)H 

=*eH=(a~ 1 b)H, e being the identity in G and so in H. 

^H=(a~'b)H 

aH-=bH^ra~^bEH by theorem 1. .. . (1) 

Also, if a^bEH, then 


>ahEbh YhEH 

I m =*■ aHCbH ... (1) 

Similarly it can be shown that 

J ah^bhj^bHCaH ... (2) 

(I) and (2) follow that aH=bH i.e. aH and bH are identical. 

THEOREM 5 . If H be a subgroup of the group G and a€.G but a 
if II then 3 one-one mapping of H onto aH. 

Taking/ : H->aH defined by / (h)—ah y h€_H, we have to show 
th.it the map / is onto. 

I very element of the left coset aH being of the form ah , h£H, and 
to being the /-image of h m H y the mapping /is onto. 

Again to show that /is one-one, let h iy hjGH s.t. ahi=ahj. 

Then ah i =ah j ^h i =h J by left cancellation law. 

So /is one-one. 

Conclusively / is a one-one mapping of H onto aH. 

Note. This theorem follows that if H be a finite subgroup, the 

« number of elements in each of its left cosets is the same as the num- 
ber of elements in H i.e. equal to the order of H. 
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THEOREM 6. (Lagrange’s theorem). The order of every subgroup of 
a finite group is a divisor of the order of the group. 

Let H be a subgroup of a finite group G. So G being finite, H is 
also finite. 

Let m and n be the order of H and G respectively. 

Since the order of H is m\ therefore H consists of exactly m ele- 
ments or in other words every coset aH has exactly m elements, for if 
h l9 h 2l EH 9 ah x =ah 2 iff h x =f h 2 , hence aH has the same number of 
elements as H. 

Now if m=n 9 the theorem is self-evident. 

But if n>m, then G being of finite order, there are only a finito 
number say k 9 of different cosets of H in G. 

Taking H—{h x , h 2 ... 9 h m } 9 if aEG but a and binary operation 
of G being denoted multi pi icativeiy, the distinct in elements 
ah l9 ah 2 ,... 9 ah m $$H but belong to G by closure axiom. 

Denoting the set formed by these m elements by H' i.e. 

H'={ah l9 ah 2 ... 9 ah m } 

We observe that if H U H' is a proper subset of G then there is an 
element say bEG s.t. b^H{JH r . We thus have again a set of m dis- 
tinct elements 

bh l9 bh 2 ..bh m which belong to G but not to H{JH' 

Denoting the set of these m elements by H" i e. 

H"={bh l9 bh 29 ... 9 bh m } 

and continuing this process, we see that G can be divided into k sub- 
sets each consisting of m elements. 

Order of G— number of elements in G 
i.e . n—k x order of H 

—km 

which follows that the order of H is. a divisor of the order of G. 

corollary 1. The order of an element of a group G of finite order Is 
a divisor of the order of the group. 

Let m be the order of the group G and aEG. Then by definition, 
a m —e 9 m being least positive integer and e being identity in G. 

Evidently the elements a , a 2 , a 3 9 ...a m ~\ a m EG 9 are all distinct and 
form a subgroup of order m. Also by definition, m is the order off/. 

The order m of a is a divisor of the order of the group. 

corollary 2. A finite group of prime order has no proper subgroup. 

Let G be a finite group of order p 9 where p is a prime. Then by 
Lagrange’s theorem, the order of any subgroup of G is divisor of p. 
Bu/ p being prime has no divisor and hence there is no proper sub 
group of G. 
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corollary’ 3. Fermats’ theorem. If p be a prime and ‘ a * a natural 
number not divisible by p 9 then 

a p-1 =l (mod p f 

I aking the multiplicative group of non-zero residue classes modulo 
/• and a not divisible by p, we have the equivalence class a^- 0 i.e . 

M / o. 

Hut the order of the group being p— 1, it follows from Cor. 1, that 

[a- 1 Ml] 

which yields a v ~ 1 = 1 (mod p). 

I’roblcm 26. If H be a subgroup of a group G and m 9 n are the 
orders of m and n respectively then prove that cP=e 9 e being identity 
In G. 

Lagrange’s theorem gives n=km 9 k being some positive integer 
a n —a krn —(a m ) k =e k —e. 

Problem 27. Find the cosets of the additive subgroup (21, +) of the 
ml dl five group (I, +), 1 being set of all integers. 

Wc have 

I={— — 3, -2,-1, 0,1,2, 3....} 
and say //=( 21, +)={... -6, -4, -2, 0, 2, 4, 6...} 

If aEl then the coset of //in I corresponding to a is 21 +a since 
flit- group being abelian, \+a=a+l 

\ 2I+0={..., -6, -4, -2, 0, 2, 4, 6,...} 

2I+1 = {..., —5, -3, -1,1,3, 5, 7,...} 

2I+2={..., -4, -2, 0, 2, 4, 6, 8,...}=2I 
2I+3={..., -3, -1, 1, 3, 5, 7, 9,...}=2I+1 
2I+4={..., -2, 0, 2, 4, 6, 8, 10,...}=2I 
2I+5={..., —1, 1, 3, 5, 7, 9, 11,...}=2I+1 and so on. 

I bus the distinct cosets of H in I are 21 and 21+1. 

Clearly 2IU (2I+1)=I. 

1.7 CYCLIC GROUPS 

If a group H contains an element a s.t . it is capable of being gene - 
filed by the single element a i.e. every element of H is of the form a n 
foi some integer n 9 then H is said to be a cyclic group and a is known 
us the generator of H. We also denote H={a}. 

Hence if H is a cyclic group, then 3 a£H y bEH s.t. a n =b (in 
multiplicative form) or b=na (in additive form) for some integer n. 

Thus H={a n : nE I}, aEH 9 I being set of integers, 
r t; the unit circle {z : | z |=1} in the complex plane is a cyclic 
Utoup. 
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Characteristics of Cyclic Group 

(i) Every cyclic group is abelian . 

If H be a cyclic group and a is its generator, then 
a m , a n GH Vm, I 
a™ o a n =a m+n =a n + m =a n o a m 

which proves the commutative property and hence every cyclic group 
is abelian. 

(//) The order of a cyclic is the same as that of its generator . 

Let H be a cyclie group, a its generator and e the identity element 
in H. Also let n be the order of a , so that a n =e 

Evidently, m G I and m < n => a m =£e. 

In case m>n, then if q ; be the quotient and r the least positive 
remainder when m is divided by 

m=nq+r 

So that a fn =a ru * r =a nq o a r =(a n ) q o a r = e? o a r =a r 
where r=0, 1, 2,...(/t — l). 

By closure axiom since a m G H, therefore n distinct elements 
belonging to II are a° 9 a 1 , d* 9 a 3 ,... a 71 " 1 where a°=e=a n . 

As such there are only n elements in H and hence the order of 
the cyclic group II is also n which is the order of its generator. 

(lit) The generators of a cyclic group of order n are the generators 
a v where p is prime to n and 0 <p < n. 

Y a n =e , (a*) n =rfa n )»=--e p =e 

which shows that order of a p ^n. 

Taking $G I s.t. o<s<n, we have ps prime to n since n is neither 
a factor of p , nor of s. 

Let ps=nq+r 9 q being quotient and r the least positive remainder 
when ps is divided by n and o<r<n— 1. 

Thus (a p ) s =a p *=a m+r =a nq o a r =(a v ) q o a r =^e Q o a r =^e o a r =a r 
where r= 0, 1, 2,..., n — 1. 

It is clear that a r =fe 

Hence the order of a v is n and a p is the generator of the group. 

(fv) A subgroup H' of a cyclic group H is also cyclic . 

Let a be the generator of H. Given that H' is a subgroup of H, 
Therefore every element of H and so of H' will be of the form a n f n 
being an integer. 

Let m be the least positive integer s.t. a m (EH'. 

If m does not divide n then 3 integers q (quotient) and r (remain- 
der) s.t. n—mq + r , o^r<?n 

a n =a m9 ' !rr —a mq o a r giving a T —{a rnq )~ 1 oa n . . .(1) 

But a m €LH' .*. by closure law a mq £H' and so (a m5 ) -1 G//' since 
H' satisfies group axioms. 

Now a n G H' (by hypothesis) 
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(1) yields, a r €LH r which contradicts the assumption that m is 

I lie least positive integer s.t. a^G#' 

Thus the only possibility is that r=0 and then n=mq so that 
,r o mq =(a m ). 

Which follows that every element a n of H' is of the form ( a m ) q 
•bowing that a m is the generator of H' and hence H' is cyclic. 

Finite cyclic groups. If H is a cyclic group generated by a s.t. all 
(he powers of a are not different then H={a } is a finite cyclic group . 

If n (>0) be the order of a , then a n —e 

Given any integer s 3 two integers q and r s.t. s=nq+r, o^r<n. 
a?=a nq + T =ct nq o a r ~(a r *) q oa r =e q oa r =e oa r =a r 

Which follows that there are at most n distinct elements a 1 , d 2 a 3 , 

, fl"- 1 , a n —e 

To show' that no two of these n elements are equal, let us assume 

II possible that a a =a v , o<y<x<n 

a x ~ v =a v o ar v ~a°—e 

But o<n—y<n and order of a being n 9 ar~ v ^e i.e. a x ^a v . 

Thus H contains exactly n (finite) distinct elements 
a 2 ,..., cp- 1 , a n . 

Hence H is a finite cyclic group of order n. 

Infinite cyclic groups. If H be a cyclic group generated by a s.t. all 
On powers of a are distinct , then H—{a } is an infinite cyclic group. 

Let a be the generator of H. Then all the powers of a being different 
the order of a is zero. 

Let us assume, if possibie that a s =a r where s>r. 

Then a 8 ~ r =a r o a~ r =a°=e which contradicts the assumption that 
the order of a is zero. 

a s ^a r 

t,r. H contains an infinite number of elements and hence H is an 
Infinite cyclic group. 

THEOREM I. In an infinite cyclic group , there are exactly two 
distinct generators namely one generator and the other its inverse. 

Let H be an infinite cyclic group and a , one of its generator. Then 
m nee a n =(a~ 1 )~ n , therefore a" 1 is the other generator. 

Also a^ar l 9 otherwise a=^ar 1 ^aa~ 1 =ar=e=a finite cyclic group 
of order 2 which contradicts the hypothesis that the cyclic group is 
Infinite. 

To show that third generator, if possible suppose that b is the 
Ihird generator of //, so that a and b being both generators of H , 
u b m and b=a\ 

a=(a m ) l =a ml . . . (1) 

But II being infinite cyclic group, r^n^>a r ^a n y 

the relation (1) is satisfied if ml= 1, m, / being botti integers. 

It follows that either /« = + 1 or m = — 1 
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i.e. either b—a or 6= a -1 . 

So that third generator of H other thah a and cr\ 

THEOREM 2 . Every subgroup of an infinite cyclic group is infinite . 
Let H' be a subgroup of an infinite cyclic group H whose generator 
is a. Then by characteristic (iv) of groups, we have H' = {a fn }, m 
being least positive integer s.t. a m GH' 

Assume, if possible that H' is finite, then (a m ) n =e for some n>o 
which follows that a is of finite order and so H is finite which contra- 
dicts the hypothesis. 

Hence H' must be an infinite cyclic subgroup of H. 

Problem 28. Show that the group formed by the set {1, to, co 2 }, o> 
being cube root of unity i.e. co 3 =/, is a cyclic group of order 3 with 


respect to multiplication. 

Here <o 3 =l is the identity and co is the generator as its 
powers generate the elements 1, co, co 2 as 
tabulated : 

The group axioms are satisfied, since if 
G={ 1, co, co 2 } w.r.t. *•* then 

G x — 1, co, CO 2 GG, 1 - co, 1 - co 2 , CO -CO 2 GG as C0 3 = 1 
Gj — (l *co)*co 2 =l.(co*co 2 )=co*co 2 = co 3 ==l 
G 3 —l is the identity elements as co - l=co etc. 

G 4 — Inverses of 1, co, co 2 are respectively 1, co 2 , co as 

l.l=to.co 2 =co 2 -oo = l (the identity element) 

Hence {1, co, co 2 } is a cyclic group of order 3 with generator co. 
Problem 29. Find all the generators of the cyclic group {a, cP y a* p 
a 4 , n 5 , « 6 , a\ a 8 =e] of order 8. 

Let //= {c7, a 2 , a 3 , a 4 , a r % a 6 , a\ a s ~e} 


. 

/ 

CO 

CO 


l_ 

CO 

CO 2 

co 

CO 

CO 2 

6> 3 =i 

CO 2 

CO 2 

co 3 =i 

co 4 =co 


Since it contains all powers of a, so a is a generator. 

Now (a 3 ) l ^a 3 , (a 3 ) 2 — a 6 , (a 3 ) 3 — a 9 ~a*oa l ~eoa~a y 
(a 3 ) 4 —a 12 — a s oa* — eoa x = a *, (a 3 ) 5 — a 15 — c tod 7 — eod 7 = a 1 
(a 3 ) 6 = a ls = (a*) 3 oa 2 — e 2 ocr — eoa 2 — or 
(a 3 ) 7 a 21 = (a 8 ) 2 oa 5 = e 2 oa 6 — a 5 
(a 3 ) 8 = a 1 4 = (a 8 ) 3 = e 3 e 

Since powers of a 8 are the elements of H so a 3 is a generator of //• 
Similarly u 5 and a 7 are also the generators of H . 


4.8. PERMUTATION OR TRANSFORMATION 

If G be a set then a one-one onto mapping f : G—>G is said to be a 
transformation or in case G is finite, f is said to be a permutation. 

In fact the permutation is a rearrangement of the elements of the 
set and the permutation groups are associated with symmetry groups 
introduced a bit later. 

Consider a set (1, 2, 3,} with three elements. Its symmetry group 
or permutations may be written as 


OHOUP THEORY 


403 


Pi—/ (identity)** /l, 2, 3V 
\1, 2, 3/ 


*W1,2, 3\, 
V2, 3, 1/ 


= /l 2 3) 
\3 1 21 


/W1 2 3VJW1 2 3\, P fl =/1 2 3\ 
\2 3 1/ \3 2 1/ \2 1 3/ 


-/I 2 V 1 j 
\2 3 \) \3 1 2/ 


* 


.3 2 1> 

If wc multiply Tp and P e , we have 

/*, P,=/T 2 3\/l 2 3\ = /l 2 3\ as l-*2-»2 
\2 1 3/ \3 2 1/ \2 3 1/ 2->l-»-3 

3->3->-l 

-A 

•nd P 5 // 6 =/l 2 3\ /I 2 3W1 2 3W 3 
\3 2 1/ \2 1 3/ \3 1 2/ 

It is clear that P e P* 

If. the permutation multiplication is not commutative, but it can 
be shown that permutation multiplication is associative, since 

Pi {P* P 3 )=( 1. 2, 3\ [71 2 3W1 2 3\1 
\\, 2, 3/ l\2 3 1/ \3 1 2/J 

= /l 2 3\ /I 2 3\ = /l 2 3\ 

\1 2 3/ \1 2 3/ \1 2 3/ 

““'• Wt =[(! 1DGI5)] (i?D 

Pi (p* p*)=(Pi ?*) p* 

To find the inverse of f\ 2 3\ (say) let us assume that its inverse 
\3 1 2) 

U /I 2 3\. Each of the two permutations whose product is the 
\xyz) 

Identity Permutation. /=/ 1 2 3\ i.e. Pre-image of every element is 
\1 2 V 

the same element), being called Inverse to each other, we have 
(l 2 3\ /I 2 3W1 2 3\ 

\3 1 2 J\xyz) Vl2 3; 

" C ”)-(!”) 

Comparison gives 7=1 y x—2, y—3 
Hence the inverse of 2 3\ is (1 2 3\ 

\3 1 2/ V2 3iy 

Thus if P" 1 be the inverse of a permutation P, then we can easily 
iliow that 

(/) ppi=/=p-ip 

(ii) P- 1 is unique 

(iii) (P^)~i=P 
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(rv) (PQY'^Qr 1 P- 1 (Reversal law) 

The set of all permutations of n elements. 

The j n permutations on n elements {objects) form a group with 
respect to permutation multiplication. Such a group of all permutations 
of n elements is denoted by S n and called the Symmetric group of 
degree n as it satisfies all the Jour group axioms- 

Note 1. The number of elements in the finite set permutated is 
known as the degree of permutation. 

Note 2. The number of elements in a permutation on n elements 
is \n_. 

A permutation which replaces n elements cyclically is said to be a 
cyclic permutation of degree n e.g., / 1 2 3...n—I , n\ is cyclic and may 

\2 3 4...n , l) 

be denoted by (7, 2, 3,...n) 

The number of elements permutated by a cycle is said to be its 
length and the disjoint cycles are those which have no common 
elements. 

Every cycle can be uniquely expressed as product of disjoint cycles 
e.g. / 1 2 3 4 5 6 7\=(i 4 5 7) (2 3) (6) 

\4 3 2 5 7 6 1/ 

=(2 3) (1 4 5 7) (6) 

where (1 4 5 l)^f\ 4 5 7 2 3 6\ etc. 

\4 5 7 1 2 3 6/ 

A cyclic permutation such as ( a , b) which interchanges the symbols 
leaving all other unchanged is called a Transposition. 

In other words Transposition is cycle of length two of the form 
(a, b) i.e. it is a mapping which maps each object onto itself 
excepting two, each of which is mapped on the other, e.g. (1, 2) is a 
transposition. 

Note 3. A cycle of length one is invariant. 

Note 4. Transposition is its own inverse, since, if ( a , b) be the 
transposition / 1 2 3\ then (a b) ( a b)—f 1 2 3\ /I 2 3\ 

\2 1 3) \2 1 3A2 1 V 



Note 5. Any permutation can be resolved as the product of trans- 
positions in infinitely many ways since every permutation can be 
expressed as a product of disjoint cycles and every cycle can be 
expressed as the product of transpositions in an infinite way, 
therefore the proposition follows. 

Note 6. The order of transposition cannot be changed, since they 
may not be disjoint. 

Even and odd permutations. A permuaiion is said to be even or odd 
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h. 1 or ding as it is expressed as a product of an even or odd number oj 
n, impositions e.g. the permutation 

/I 2 3 4 5 6 7 8 9\ is an odd permutation as it can be 
\3 4852796 1/ 

pr pressed as the product of seven transpositions such as 
(I 3) (1 8) (1 6) (1 7) (I 9) (2 4) (2 5) 
mid the permutation /I 2 3 4 5 6\ is even since it can be expressed 
\6 4 5 2 1 3/ 

Ai the product of four transpositions such as (1 6) (1 3) (1 5) (2 4) 
Note 7. For any manner of expressing a given permutation as a 
product of transpositions, the number of transpositions is either 
11 r. cssarily odd or even. 

Note 8. The product of two even or two odd permutations is even 
while the product of an even and an odd permutation is odd. 

| n 

Note 9. Of the |_n permutations on //elements, — are even and 


|* 

^ are odd 

Alternating set or group. The set of all even permutations of degree 
u is known as an {alternating set or group and is denoted by A n and 
symbolized as 

^ n *={oc : a is an even permutation on a set containing n elements). 

e.g. if E u E 2 > jFj,..., E s be the even permutations of n symbols then 

O ’ 1 is satisfied, since the product of two even permutations is even 
mid so A n is closed. 

G 2 is satisfied, since permutation composition is associative. 

is satisfied, since the identity permutation considered as even 
permutation is also identity for even permutations. 

(>\ is satisfied, since an fGA n 3 f~ l GA n for, f~ l of=~- fof^—I and/ 
and / are even permutations so that/" 1 is also an even permutation. 

Hut the composition in A n is not commutative since permutation 
composition is not commutative. 

Hence A n is a group which is non-abeiian. 

I n 

Also the set A n contains —elements, hence ( A n , o) is a non abelian 


group of order =• 

Permutation group. Any group whose elements are permutations is 
/mid to be a permutation group. 

Any subgroup of S n (symmetric group of degree //) is essentially a 
permutation group. 

if 2 3\, iWl 2 3\, P.-/1 2 3\, P t =( 1 2 3\ 

VI 2 3/ ll3 2 ) \2 \ 2 >) \2 3 \) 

f\ 2 3Y Pt—l 1 2 3\ be the six permutations on the 
,6= \3 1 2/ V3 2 1/ 
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Pj 

7, 

74 

Pi\p_* 

Pi 

Pi 

Pj 

Pj 

74 

pJi^ 


A? 

Pi 

Pj 

z_« 

Pj 

Pa 


t. 

\ p J. 

Pi 

72 

7e 

Pj_ 

I* 

74 

If. 

Pj 

7_5 

Pi 

PV 


7« 

\p» 

7g 

Pi 

Pi 

Pjz_ 



: Pi 

7 4 

7 S 

P'2 

\Pi 


set {1, 2, 3}, then the elements Pi. 

^4> ^5> /a* constitute all the elements of thr 
symmetric group S z of degree 3, whose multi- 
plication table is as shown have. 

The elements P u P 4 , 7 0 constitute one of 
the several subgroups of S 3 and this is n 
permutation group on three symbols. 

Problem 30. Show that the cycle ( 1 2 3 3 5) 
may be expressed as a product of 3 cycles . 


We have 

(1 2 3 4 5)— (1 5) (1 4) (1 3) (1 2) 

=0 4 5) 0 3) (1 2) 

Problem 31. Express fl 2 3 4 5 6\ as the product of disjoint 
\3 6 4 1 2 5) 

cycles . 

Denoting the given permutation by f which is the permutation of 
6 positive numbers, let us determine the set of images of 1 under tho 
successive powers of / i.e. 

/(1H 3 as l-*3 
/ 2 =/[/ 0)]=/(3)=4 as 3->4 
/ 8 =/ [ / 2 ( 1 ) ] =/ (4) == 1 as 4->l 
which follows that the first cycle is (1 3 4). 

It is clear that 2 does Dot belong to this cycle. 

We have, 

/(2)=6 as 2-^6 
/ (6) =5 and/ (5) =2 
i e. another cycle is (2 6 5). 

Since all the six elements are exhausted in two cycles, we have 
/I 2 3 4 5 6\=(l 3 4) (2 6 5) 

\364 125/ 

Problem 32. Find all the permutations of four letters a f b , c 9 d 
which leave the expression ab+cd invariant. 

If a, b, c , d are distinct letters then the three functions 
y x =ab+cd , y^ac + bd y y z =ad+bc 

are distinct and there are the only functions of the given four. Thi* 
follows that each of the 24 permutations on a, b y c, d replaces^, by 
y l9 y. or y z so that J X 24 i.e. 8 of them leave y x invarient which 
may "be verified by showing that 7, (a, b ), (cd) y ( ab ) ( cd ), (ac) (bd) t (ad) 
(be), ( a d b c), (a c b d) leave ab+cd invarient. 
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A 


Wc have 7=/fl b c d\ where a->a 

\a b c d) b-+b 

c~>c so that ah+cd~ab+cd 
d-+d 


(a, b)--={ a b c d\ where 
\b a c d) 


a->b 

b-+a 

c->c 

d->d 

so that ab+cd=*ba+cd— ab+cd 


(c f d)=*fa b c d\ where a~+a 
\a b d c) b-+b 

c-±d 
d-+c 

so that ab+cd--ab+dc~ ab+cd 

(a b) (c d)—fa b c d\ where a->b 
\b a d c) h-+a 

c~*d 
d~>c 

so that ab+cd~ba+dc=cb+cd 

(a c) (b d)=fa c b d\ where a-+c 
\c a d b) c-+a 

b->d 
d-*b 

so that ab+cd=cd+ab~ab+cd 


« 


-fa d b c\ 
\d a c b) 


(a d) (b c)—fa d b c\ where a-+d 

d->a 


b->c 
c->b 

so that ab+cd~dc+ba~ ab+cd 

(a d b c)— fa d b c\ where a->d 

d->b 
b->c 
c~>a 

so that ab+cd=dc+ab= ab+cd 
it ml (a c b d)=(a c b d\ where a->c 

c->b 
b-+d 
d~>a 

so that ab+cd=cd+ba— ab+cd 

Conclusively v ± remains invariant by the 8 permutations mentioned 
above. 


-fa d b c\ 
\d b c a) 


-/a c b d\ 
\c b d a) 
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4.9, HOMOMORPHISM AND ISOMORPHISM OF GROUPS 
Homomoiphism of groups. //(G, o) and (G\ o') be two groups , then 
a mapping f : G~>G' which retains the structure and is many one is 
called Homomorphism of the group G with the group G' s.t . 
f (aob) —f (a\ o' f (b) 9 Va,bGG. 

We sometimes use to say that G is homomorphic to G' and denote 
it by G^G' if 3 a mapping/: G->G' s.t. / (aob)=f (a) o' f(b) 

Vfl, b£G. 

Properties of homomorphism 

(0 The group ( G', o') is a homomorphic image of the group (G, o) 

(2) The relation of homomorphism is not symmetric i.e. 

G^G'#G'=*G 

(3) The homomorphic image of the identity of the group (G o) is 
the identity of the group (G' o') i.e. if e 9 e' be the identities in G G f 
respectively then f (e)—e'. 

We have a EG -*/(«) EG' 

and / (i aoe)=f (a) o' f (e) VaGLG by definition of homomorphism. 

f (a) o' <?'=/ ( a)=f (aoe)—f (a) o' f(e) since aoe— a 
and f(a) o' e'—f (a) 

So left cancellation law gives c'=/ ( e ) 

(4) The homomorphic image of the inverse of any element a of a 
group (G y o) is the inverse of the image of a i.e . / (a -1 ) — [/ (a)]"" 1 

We have cr\ <zEG=>/ {or 1 ) , /(a) EG' 

fta- 1 ) o' f ( a)=f (a^oa), by definition of homomorphism 
— / (e)=e' by property (3) 

But f(a~') 0 'f(a)=e'* f (0=l/(«)]" 1 

V f(a), /(OGff 

Isomorphism of groups. If (G, o) and ( G' f o') are two groups and 

mapped that 

3 a one-one onto mapping f : G->G' s.t. aob > a'ob' where 

a -^a\ b->b', VabE.G and a' 9 b'GG\ then the mapping f is called as 
Isomorphism and we say that G is isomorphic to G' and write G^G'. 
c.g. if G is an additive group of all integers i.e. 

4. -3, -2, -1,0, 1,2, 3, 4,...} 

and G' is a multiplicative group of all positive and negative powers 
of an integer 2 i.e. G'={ 2 m : 0, ±1, ±2...} 

={... T V, h h 8, 16,...} 

Then we have f (m)— 2™, m being an integer 
and / (m+n)=2 rn+n =2 m -2 n =--f (m)- / («), m,M being integers. 

This shows that / is one-one onto and retains the group structure 
and hence Go^G' 

Properties of isomorphism 

(i) The order of G—the order of G' 
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(//) For isomorphic groups (G, o) and (G', o') the identity e' of G ' is 
i Hr Image of identity e of G i.e . f (e)—e'. 

If a EG and a' EG' then a' =/ (a) 

/: G->G' is one-one onto=^/(<z)EG' V^EG. 

^ f(e)GG ' V e£G 
Now aoe — a =>/ (aoe) == f (a) 

zz }f(a ) o'/(e)=/ (a) o' e' by definition of 

isomorphism 

^a'o' f(e)—a'o'e' 

=» f(e)—e ' by left cancellation law. 

(///) For isomorphic groups (G, o) and (G\ o') the image of inverse ef 
element a of G is the inverse of the image of a, i.e. 

/M-l/WF 1 

If e 9 e' are identities of G, G' respectively then by property 
(II) f(e)—e' 

Also we have ar^oa—e—aoar* V-a(£G 
Hut ar l oa^e^f (ar 1 oa)-=f (e) VaEG 

=>f (or 1 ) ° f (o)=e' by definition of isomorphism 

(a i )=[ / (a)} -1 by definition of inverse 

of an element in G r 

(tv) For isomorphic groups (G, o) and (G\ o') 9 the order of an 
element a&G is the same as the order of its image a'GG 

f : G->G' is one-one and onto. 

If e, e' be identities in G, G' respectively, then 

/ (e)—e f and / (aob)=f ( a ) o' f ( b ) ¥ 0 , fcEG. 

If n be the order of an element tfEG then a n —e 
Also if m be the order of / (a) then [f(a)\ m —e' 

But a n = e =>/ ( a n ) —f ( e ) 

=>/ ( aoaoa...n times)— e' 

=$/ (a) o' f (a) o'...n times— e' by definition 

of isomorphism 

=*[/(«)!"=*' 
border of f (a)^n 

AI 90 , [/ (a)] m —e'=>f (a) o' f (a) o' ...m times—/ (e) 

=* / ( aoaoa...m times) =/ ( e ) by definition 

of isomorphism 

=*/(a m )=/ (<?) 

z^a^—e V /is one-one 
border of 
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So that m</z and n^m=>n=m 

border of a —order of a\ 

(v) If f is isomorphic mapping of G~>G', then /~ a is also isomorphic, 
If /is one-one and onto then /~ 3 exists and is also one- one onto. 
Also if x—f (a), y~J(b) for a, b&G and x, y£G\ then 

a=r\x), b^f- 1 (y) 

But f-\xo'y)==f-'[f(a) o' f(b) ] 

=/- 3 [ f(aob)] Y / is isomorphic mapping 
r^ccb V f~ % f(p)=p. 


o f~\y) 

which follows that / _1 retains the group structure aud hence f~ x i* 
isomorphic. 

Automorphism of groups. An isomorphism of a group onto itself is 
said to be an automorphism of the group e.g . / : G-+G' given by 
f (a)— or 1 . a&G is an automorphism iff G is an abelian group. 

'As another example the identity mapping i : G-+G is an auto- 
morphism of group G. 

In otherwords an automorphism/ of G is a one one transformation 
of G onto itself s.t. (xy)f—(xf) ( yf ) ¥r, yGG 
i-e. f(xy)=f(x)f(y) 

Product of Automorphisms. If x *•-**/— x' be an automorphism of A 
where x is the demerit of A in some order, then the mapping is 
automorphism and so (xy) /=(*/) (yf)=x'y f . 

Take x+-*y another automorphism and denote z ' by z<j>, 
so that (xy) f<f> - [{xy)f $ = [(x/> (yf )<f>^[(xf)<f>] [0/tfl 


=[(x)M l(y)ff\ *x,y£A 

which shows that /^ is an automorphism of A and the mapping f<j> is 
termed as product of automorphisms off and 

The automorphism of a mathematical system forms a group . 

The mapping x+-*x is said to be the Identity automorphism in th« 
identity element of the, automorphism group. So axiom G a is satisfied. 

G x is satisfied smee product of two automorphisms is a auto- 
morphism. 

G % is satisfied since if we arrange the mappings 


/ : x«-*x\ <}> : x++x\ ^ : x«~*x'" 
as /: x+-*x\ ^ * x n *-*x 

then *'=(*)/# corresponding to x under the automorphism 
is uniquely determined whether it is obtained as [(x)/j 9 ^ from the 
automorphism /(#) or as [(*)#}> from Ultimately x~xf is ao 

automorphism and so (xy)f- 1 — t( x / /) 0 f j /)]/ 

=[(*/-*) (yf- 1 ) nf-'Hxf- 1 ) O’/- 1 ) 

showing that f~* is an automorphism and hence </ 4 is satisfied. 
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< onclusively the automorphisms of a mathematical system form a 
group. 

l uilomorpfoism of groups. A homomorphism of a group onto itself is 
t.iL/ to be an endomorphism of the group . 

Itcgulur permutation group. A permutation group to which a group 
ii h isomorphic is said to be a regular permutation group. 

Hi TO REM 1. Transference of group structures. 

If (G t o) is a group and G' is a set with the multiplicative composition 
i* and if 3 a one-one onto mapping f : G-^G' s.t. f (aob)=f (a)o' 
lib) Va. b£G then G’ is also a group isomorphic to G for the given 
imposition. 

Wc have to show that G' is a group and G'^G. 

I -cl a'=f(a), b'=f(b), c'=f(c) ; a, b, cGG and a', b\ c'GG' then 
#i'o7>'*=/(a) o' f(b)—f(aob) is given. 

(/, is satisfied since a,b'GG'=>f(a), f(b)GG' 

=>a, bGG 

=yaobGG 

^rf(aob)GG' 

*f(a) o'f{b)GG' 

=> a'o'b'GG ' ¥ a'b'GG ' 

<7, is satisfied, since (a'o'b')o'c'=[f(a) o' f(b)] o' f(c) 

=f[ao(boc )] V V is associative 
=f(a) o' f(boc) 

=f(a) o'\f(b) o' /(c)] 

=a' o' (b( o' o') 

O’, is satisfied, since if e be the identity in G then 
f(e) o' a' —[f(e) o' f(a)] 

=f eoa)=f{a) V eoa°=a 

=a' 

nnd a’ o’ f(e ) =/(a) o' f(e) =f(aoe) =f(a ) = a’ 

f(e) o' a'=a’ o' f(e)= a ! _ 

H ( is satisfied, since if a£G then cr 1 gG so that aoar l =e=a~ 1 oa 
•lid aoe~ l =e=}f(aoa~ 1 )=f(e) 

=►/(«) 0> /(« _1 ) =/(c) 

=*a' o' f(ar v )=--f(c) 

*1*° / (a~ l oa) =/(e) ^f(cr r ) o' f(a)=f(e) 

^/(a- 1 ) o' a'=f(e) 

. . a'o'/(a -1 )=/(o -1 ) o' a! —f(e). 

Thus /(a -1 ) is the inverse of a' GG' i.e. /(a _1 )=(a') _1 =[/(a) J" 1 
These axioms show that G' is a group. 

Again GsG' and the relation of isomorphism is symmetric 
G'sG 

THEOREM 2. The relation of isomorphism in the set of all groups is 
un equivalence relation. 
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Tf G be a group belonging to the set of all groups and xGG, then 
consider a online onto mapping /: G-*G defined by A*)-* 

The relation tat is reflective, since f(x)=f(y)*x=y i.e. f is one-one 
a ndf(xy)=xy=f(x).f(y), operation being multiplxcative. 

. The group structure is retained and so G=Gv GGo, o being 

the set of all groups. . .. r n . r , 

The relation ^ is symmetric, since if/ is isomorphism of G 
then /is one-one onto and s of exists s.t./ : O ->Cj 

/. By property (v) of isomorphism,/" 1 is isomorphic 

The Nation « is transitive, since if/ : G^G' and g s G'->G” be 
two isomorphic mappings, then composite mapping go/ is also one- 
one onto when gof: G->G" 

Now x,yeG^f(x),f(y) <=G'=}g[f {y)] EG 

So that (go/) (xjO=g[/(*>0] . 

=gl/(*)/0)]> /being isomorphic. 

=» g /(*) g /O’), g b eing isomorphic, 
f e ?o/ retains the group compositions and also it is one-one onto, 
so gof is isomorphism and maps G-+G i.e. 

GsG', G'sG"=>GsG" I 

Hence ££ is an equivalence relation. 

THEOREM 3. Cayley’s Theorem. 

Every finite group G of order n (say) is isomorphic with a sub-group 

of symmetric group S n 1 

Every finite group G of order n is isomorphic to a permutation 

J cJposUion G , for if possible 

U flu a u 2.» n 1 

us assume that a at— a a* 

Let cancellation law give, a<=a, 

Buta< ^ a , /. o fly so that a fli, a a " are a!1 distinct 

elements of G in some order. 

... The mapping/,: G^G s.t. /.(*)=«*, «GG, x£G is one-ono 

aB Thus/;=/ fli «, «» \ is a permutation on n symbols. 

\aa 1 aa 2 aa„) 

„ , . a- in succession, we shall have x per- 

Replacing a by n 2 - which no iwo can be equal since if 

a lt a 2 GG, then /.,-/.,*/« W =/,2 W VxGG 
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I )enoting the « permutations by G' j.e. 


G'—{f a : 

aGG} 

Wc have 


a 

>> 

II 

J? fc 

■On \ / fli «2 a n \ 

,aa„J \ba x ba 2 ba n ) 

f «i a 2 .... 
\aa 1 aa 2 .... 

■ a n \ / aa x aa 2 ...aa n \ 
..aa n J\aba 1 aba 2 ...aba^J 

f a*i a o * • • 


i 1 2* ' 

aba 2 .. 

aba n ) =fat 

Hut a, bGG^ab&G and so f a ,f„ £G'=>/ a , GG' 


Closure axiom is satisfied. 

Now to show that the set G' with the composite composition 
h a group isomorphic to the given group G, let us consider a mapping 
g : G->G' s.t. g(d)=f a VaGG 

Then, g(a)*=g(b)=*f a =:f b 

=}ax=bx vxEG 

=>a=b by right cancellation law. 

So that g is one-one and therefore G, G' consist of the same 
number of elements. But g being one-one mapping of G to G', g is 
«Uo onto. Moreover g(ab)=f a b=fafb=g(a) g(b) 

i,c. the group-composition is retained (preserved) by g. 

Hence G^G'. 

VHEOREM 4. Every cyclic group of infinite order is isomorphic to 
I hr additive group of integers. 

If G be an infinite cyclic group generated by a , then G={a} and all 
I he powers of a are distinct. 

Consider the mapping/ : G-> I given by f(a*)=i 

This mapping is onto and also one-one since i^j=^a i =^a i 
f(a i -a’)—f (a <+) ) = i+j=f(0) +f(a’) 

So that /preserves the operation and hence /is an isomorphism i.e. 
(G, •)=(!, +) 

Problem 33. Show that the multiplicative proup G={7 , —7, /, — /} 
h isomorphic to the permutation group G' = { /, (abed), (ac) (bd), 
Uulcb)} on four symbols. 

Isomorphism of G and G' will be established if we define mapping 
• I G-~>G' s.t. identity element if G is mapped to identity element of 
(• and inverses are mapped to inverses since then the elements of 
Mine order are mapped to elements of the same order. 

In G', the order of (ac) (bd) is 2 and the order of each of (abed) 
.Hid ( adeb ) is 4. 

Now 

[(ac) (bd)f==(ac) (bd) (ac) (bd)—(ac) (ac) (bd) (bd), product of 

disjoint cycles being abelian 
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— (ac) 2 {bd) 2 —H=T as (oc)*=/, ( bd) 2 =I . 
and {abed) 2 —/ a b c d\ (a b c d\=(a b c d\=>{uc) (bd) 

\b c d aj\b c d aj d « bj 

so that (abcdY^iiac) {bd)f-=I as above 

Similarly {adcb)*=I 

We can thus define a mapping/: G->G’ given by _ ^ . 

/(!) = /, /(-l)=(ac) (bd)=--A (say)J(0=(«*^H a ^ S )= ) c( S a^ 

The mapping is evidently one-one and onto. The composition 
tables for G and 6' a L 

Clearly in the 
Table of G if 1, 

— 1, I, — * are re " 
placed by h A, B , 

C respectively then 
it transforms to the 
Table for G'. 

Hence 

Gs*G'. 

Problem 34 . Find the regular permutation group isomorphic to the 
group G~{a, b, c, d } with the composition table . - h r d 

let G' be the required regular permutation ~ 
group. Then by Cayley’s theorem G' will consist of b_ 
four permutations p±, p 2 , /? 3 , Pi given by 


. 

1 

-1 

i 

— j 

. 


_A_ 

B 

jC 

1 

J 

-1 

i 

—i 

7 

_/_ 

_A_ 

B 

c 

-1 

-1 

1 

—i 

i 

A 

A 


C 

B 

i 

i 

—i 

-l 

1 

Jj 

B 

C 



—i 

—i 

i 

1 

— 1 

C 

C 

B 

I 

A 


Table for G 


Pa= 


a bed 
C aa ah ac ad, 
a b c d\= 
0 ba bb be bd, 

P%*=( a b c 
\ca cb cc cd t 

abed 
L da db dc dd, 


Pi=( 

\a 

G 


' a b c d\=I (by given composition table) 
abed ) 


Pi=( 1 

\d 


W 1 

0 v. 

\—( a b c d\=fa b\ (c d\={ab) ( cd) 

_ l) (bade) \b a) \d e) 
d\=(a b c d\=~-(a c\ (b d\={a c) {b d) 
cd) \c d a bj \c a) \d bj 

\ = ( a b c d\=(a d\ (b c\=(a S) { b c) 
l) (deb a) \d a) Vc b) 


Hence G'—[{P\, Pi, Ps, Pi)* 

=[{/, {ab) {cd), {ac) {bd), {ad) {be)}, o] 

4 . 10 . NORMAL AND CONJUGATE SUBGROUPS 

Conjugate elements. Given a group G an element aGG is known 
as the’eonjugate to another element b(=G t/3 an element X&G, i. . 
a^xr 1 bx. 
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If a -x 1 bx then a is sometimes known as the transform of 

b by .r. 

Inner and Outer Automorphisms. If a be a fixed element of a group 
«. then the conjugation C a : x-^a^xa is said to be the Inner auto- 
morphism and all other automorphisms are outer. Clearly (ar'xa) 
(M l va) a 1 (xy)a for all x , y. 

•• i , the cyclic group of order 3 has no inner automorphism except 
(hr identity while it has outer automorphism x*-*x 2 

The inner automorphisms of any group G form an automorphism 

*\f G 

II C a and C b be two inner automorphism, then 

C a C b =C ab since b~ x (a _1 xa) b~(ab)~ 1 x {ab) 
where C a : x-^a~ x xa 

C b : x-^b^xa 

Similarly since (a -1 )” 1 (a^xa) (a~ x ) — x 

the inverse of the conjugation C a is C a ~ 1 

•hoperfies of conjugate elements 

(0 Conjugacy is reflexive i.e. every element is conjugate with itself 
Wc have a=x~ 1 bx; a, b, x CLG ... (0 

II e be the identity element in G, then eC.G and e~ 1 =e. 

I luis replacing x by e in (1) we get e~ 1 be=e~ 1 b=b 
1 /> c~ l be^rb is conjugate with itself. 

(It) Conjugacy is symmetric i.e. if a is conjugate with b , then b is 
nni/ugate with a. 

Wc have a=xr~ 1 bx; a , b, xEG 
a = x^bx =>xa=x (x - 1 bx) 

=* xa±=ebx 7 x(xr 1 Ax)=(xx" 1 ) bx—ebx 

= >xax~ 1 =(bx)x ~ 1 Y eb=b 

=* xaxr 1 =be V (bx) x~ l =b {xx~ 1 )=be=-b 

^xax~ 1 =b 

So that 

a—x~ 1 bx^b= (x -1 ) -1 a (or 1 ), x _1 EG 
Which shows that b is conjugate with a . 

( l/i ) Conjugacy is transitive i.e. if a is ^conjugate with b 9 b is conju - 
fi ue with c , then a is conjugate with c. 

Wc have 

a=x~ 1 bx and b—y^cy, a f b , c, x , y€LG 
a*=xr l bx y b=y~ 1 cy=^a=x~ 1 (y~ x cy) x 
z=U 2 =(xr 1 y~ 1 ) c (yx) 

^ra^iyx)- 1 c (yx) by reversal law of inverse! 

as x, y £G=*xy£G 


=>a is conjugate with c. 
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Note 1. The above properties (i), («')» when combined, show that 
conjugacy is an equivalence relation on G. 

( j v ) If a is conjugate with b and c both, then, b and c are conjugate 
with each other. 

We have 

a—x^bx and a—y^cy 
a=xr l bx, a=y- i cy^x- 1 bx=y~ 1 cy 

^■x(xr 1 bx)=x ( y-*cy ) 

^bx=(xy 1 ) ( cy ) 

V xix-'bx)^^ 1 ) bx=ebx 
=K bx ) x-^xr 1 ) Icy) X- 1 
^>b—(xy~ 1 ) c (yx- 1 ) 

V (bx)x^ l =b(xx- 1 )=be—b 

Now since x, and so xjr 1 , yx - 1 EG. 

Hence b is conjugate with c. 

Class of the group. It is observed that there may be more than two 
elements of a group, which are conjugate with one another. 1 h# 
entire set of elements a u a 2 , a z , . . . a h which are conjugate with ont 
another is termed as a class of the group. 

If a single element of a class of a group is given then the whoU 
class may be determined, e.g. if the elements of a group G are fli( 
a 2 , a h then the class of A may be determined by forming 
sequence 
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e~ i ae=a 2 ~ 1 aa. i , a 3 1 aa 3 ,. 
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=^a i (x~ 1 ax) n ~ i 


II 


#)# 

thi 


Evidently all the elements of this sequence being conjugate to on# 
another form a class. 

Properties of classes 

(7) Every element conjugate can be divided in to classes . 

(2) Every element will appear in one and only class. 

(3) The identity element of a group being not conjugate to any othir 
element, forms a group by itself since x^ex^e Y x£G. 

(4) No class can be a subgroup unless it contains only the identity 
element e. 

(5) Every element of an abelian ( commutative ) group being conjugat$ 
with itself since ux=xa=^x“ 1 ax=x*“ 1 xa 

^x~ l ax~ea=a VxEG 

the class of an abelian group consists of a single element . 

(6) All the elements of a class have the same order. 

If a be an element of a class then x~ l ax will also be one element of 
it. Taking n as order of a , we have a n —e, e being identity element. 
(x“ 1 flx) rt =(jr _1 Vix) (x-'axf- 1 

=x _1 ux. x~ l ax. (x~ l ax) n ~ 2 
=a\xr 1 ax)^ 2 .... 


=a n =e 

*'•" li follows that order of x-'ax is also n. 

»"• Hie order of all the elements of a class is the same. 

' "" example consider the group G of matrices and divide the 

"*» of this group into classes s.t. the matrices A and B belong 

*• ilir Mime class. 

W# have 

A=C~ 1 £C~ 1 , A, B,C EG. 

I ruce A or tr ( A)=tr [C^BC” 1 } 

V 

=2 [2 (C- 1 ),, (B)„ (C) r J 

j> qr 

=2 [(2 (C- 1 ),,) (2 (B) tr ) (CU 

P q r 

=2 2 [(2 (C)„ (C-\ Q ) (*)„] 

q r v 

=2 2 [CC-'U [B.U, 

)rq [«] qr> I being unite matrix s.t. 


r 

=2 2 (7) r , 

q 


„=0 for r=f=q 
= 1 for r=q 


I* 


Mrmc r=q, tr (A )= 2 (B)„=tr (B) 
q 

Mlrli shows that all the matrices forming a class have the same 


•*# 

Muir 2 


This is a result analogus to the property (6). 

LfM# 3. If H be a subgroup of a group G and *£(7, then K=xr l 
ff i It a subgroup of G. 

I h II ~ {h l9 h 2f ...hi...} and x _1 h { x and x _1 h, x be elements of the 
Ml A ( (/. Then to show that AT is a subgroup of G, it is sufficient to 
#<••* that (x -1 hiX) (x -1 hjX) £K. 

Wr Imve 

(x _1 h { x) (x _1 hjXy~* = (x —1 ^x) (x~ 1 hf 1 x) 

by reversal law of inverses and since ( , x* 1 )~ 1 =sx 
==x~ x tii (xxr 1 ) hr 1 x 
=x” 1 hi e hr 1 x 


=x _1 hi hf 1 x 


I • 


=x^ x hx 
Mt me x~ x hx E.K. 

Ho A is a subgroup of G. 


h iy hj 1 GH=>hi hj 1 £// and put h~hi hf 
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Conjugate subgroups. If x, y t z 9 etc. be the elements of a group 0 
i.e. x, y, z, ... EG, then the subgroups //, x _1 Hx , y~ x Hy 9 z~ x Hz, 
...» are known as the conjugate subgroups of G . 

Normal Subgroups (or Normal divisor or Invariant subgroup or 
Self-conjugate subgroup). A subgroup H of a group G is said to be 0 
normal subgroup of G //¥xEG, x” 1 Hx=H or equivalently , if 
Hx=xH Vx EC. 

Properties of normal subgroups 

(a) If e be the identity in G , then the whole group G and {e} an 
normal subgroups of G 

(b) Every subgroup H of a commutative five group G is normal sine * | 
a left coset x H is the same as the right coset Hx since 

xEH^x~ x Hx — H ¥x£G. 

Every subgroup of an abelian group is a normal subgroup , since 
or 1 xa=a~ x ax x ¥a, xEG. 

(c) The alternating group A n is an invariant subgroup of the symmetric 
group S n . 

Since if E be an element of A n i.e. E ( X)=X , then we have to show 
that 

PGS^P- 1 EP EA n 

If P is even, then P~ x EP is even and hence is an element of A n . 

If P is odd, then P(X)=-X or P" 1 (-X)=X 
and (P- 1 EP) {X) = P- X E [P(Z)]=P~ 1 E (-X)^- 1 (~X)=X 

which follows that P 1 EP EA n and hence A n is a normal sub- 
group. 

(d) The intersection of any two normal subgroups of a group is 4 
normal subgroup . 

II H u // 2 , be two normal subgroups of G and a EH 1 C\H 29 then 
aEH^H^aEH^ aEH 2 

But // ; , Ho being normal subgroups, 

x -3 ax E H i and x _1 axEH 2 ¥x£G 

These imply that x~'ax EH X C\H 2 

Hence aEH^H^x^ax EH X C\H 2 ¥x£G 
and also H } HH 2 is a subgroup of G 
H.DHo is a normal subgroup. 

Factor group or quotient group. If H be a normal subgroup of * 
group G, then the group of all cosets of H in G is known as Factor 
grorp or quotient group of G by H and denoted by GjH. 

Properties of factor group 

(a) The order of a factor group G//f is equal to the index oi 
H in G. 

((3) Each quotient group of an abelian group is abelian but ill 
converse is not true, since 

(Hx) (Hy)—H (xy)=H(yx)=H (y) H (x) 
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"I" 1 , 11 ' >3 J 3 ?. a s y“™ e . tric S rou P and A 3 an alternating group each 
T'lTm an abelian group of degree 3 whereas .S’, is 

,1 l" r | r °up °f order 2 and so it is abelian as 


> 


I 


• 11 1 ' group of order 2 is abelian. 

hhl'nl' H be a J} tb ^ r , 0u P °f; he group (I, +), 1 bei„ g set of 
»lmi nrl: i>f th >>1X .‘ wb ere m is a fixed integer, then find the 

!•" \jll for m—5 U ° Uent " f0U ^ an d mention the composition table 

+) is an abelian group, therefore by the properties of 

:. ' U S UPS ; zP a normal sub group. The elements of I//7, 

11 arc cosets of 77 m I may be given as follows: 

, "+0=/7={ , -3m, -2m, -m, 0, m, 2 m„ 

"I' ={ ~3m+\,~2m+\, 


• } 


-WJ+1, 1, w+1, 2/n+l, } 


II I (w-l)={..„ 
Hun 1/77 has 


n distinct 


vhm'Is us its elements. 

When m= 5, the cosets are 
II II | 1, 77+ 2, 77+ 3, 77+4. 

* hr composition table is as 
llinwn here. 


•_ 

_H 

H±l 

HA-2 

H± 3 

H± 4 

__H 

H 

ha-i 

HA-2 

H+l 

i HA-4 

H±l 

HA-1 

HA- 2 

HA-1 

HA-4 

H 

HA-2 

HA- 2 

HA- 3 

HA- 4 

H 

ha-i 

H+ 3 

HA- 3 

HA- 4 

H 

HA - 1 

HA- 2 

HA- 4 

HA- 4 

H 

ha- 1 

HA-2 

HA- 3 


- k ,i t u > u * u > u > a s oe « cyclic group or oraer o 

uit every subgroup of a cyclic group is normal , then if H={e, 

1 SU ^ rou P °f G > find the elements of GjH and show that it is a 

. lllomcnts of G/77 are He={e, a 3 } e={e, a 3 } 

Ha={e , a 3 } a = {a, a 4 } 

77a 2 ={e, a 3 }a 2 ={a 2 , a 5 } 

Hus is easy to show that G/77 
P ii group and its composition 
is as shown here. 

I' v idcntly G/77 is a cyclic group 
•••mated by {a, a 4 }. 



{e, a 3 } 

{a, a 4 } 

| (a 2 , a 6 } ! 

{e, a 3 } 

{e, a 3 } 

{a, a 4 } 

{a 2 , a 3 } 

{a, a 4 } 

{a, a 4 } 

{a 2 , a5} 1 

{e t a 3 } 

{“?, a 5 } 1 

{a-, a 5} 

(e, a 3 } 1 

k-.*} ! 


I 


•II < OMPLEXES AND KERNEL 

i itf? °f \ 8 rou P- A non-empty subset H of a group G is called as 
* ' 'implex of the group G. ^ 

ili!Z rtieS s 0f complexes. (0 If Z be a complex containing the 
n,s a > b >c of a group G then Z={a, b, c} 

!‘u !r 7 ={a ’ b ' C} bC 3 com P lex then a Z={a\ fib, ac} etc. 

A is defined as tW ° complexes of 3 g rou P G > then the product 

Zl Z * = < x 1 *-*1 z*. *1 €Z J , z t EZ t } 
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Now since z x £Z x , z 2 EZ 2 and Z u Z 2 CG 
z, z 2 =i£ G by closure axiom. 

As such Z x Z 2 CG. 

Which follows that Z 1 Z 2 is also a complex of G, obtained by 
multiplying every element in Z x with every element in Z 2 . 

(iv) The subgroup H of a group G also gives a complex s.t. 
HH=H 2 =H. 

(v) A group can be expressed as a sum of complexes. 

If xEG and xt$H, //being a subgroup of G, then the complc* 
Hx is a right coset and xH is a left coset of H in G. But cosets art 
not groups and they are complexes, therefore if the group G as 
whole is capable of forming a complex Z which consists of all tht 
elements of the group, then we have J 

Z= //+ Hx -f Hy + ’ 

(v/) The number of complexes in a group is equal to the index of 0 
subgroup H in G and in fact it is the order of the group divided by (hi 
order of the subgroup H. 

(vii) The product oj complexes is associative. 

Let Zj, Z 2 and Z 3 be three complexes of a -group G and let 
ZjEZ^ z 2 EZ 2 , z 3 EZ 3 , then 
ZjEZi, z 2 EZ 2 =^ z x z 2 ^Z x Z 2 
• • z x z 2 ^ Z x Z 2i z 3 EZ 3 4(z 1 z 2 ) z 3 E(Z a Z 2 ) Z 3 


=>z x z 2 ^%G.{Z X Z 2 ) Z 3 

But z A z 2 z 3 =z x (z 2 z 3 ) . . z A z 2 Z 3 EZ A (Z 2 Z 3 ) 


Thus z A z 2 z 3 E(Z A Z 2 ) Z 3 =^ , z 1 z 2 z 3 GlZ a (Z 2 Z 3 ) 

• . (Z A Z 2 ) Z 3 C (Z 2 ^ 3 ) 

Similarly Z A (Z 2 Z 3 )C( Z A Z 2 ) Z 3 
So that (Z x Z 2 ) Z 3 =Z A (Z 2 Z 3 ) 

Inverse of complex. If Z be a complex of a group G , then its inve 
is given by Z _ 1 ={z “ 1 : z£Z} 

In other words the inverse of a complex Z is the set of inverse* 
all elements of Z. 



Properties of inverse of a complex 

(1 ) If Z X Z 2 be two complexes of a group G, then (Z x Z 2 )“ 1 =Z a ~ 1 Z, 1 
And xG(Z 1 Z 2 )~ l =>x—(z 1 z 2 ) _1 for z x EZ l9 z 2 GlZ 2 

=>x=z 2 ~ 1 z x ~ 2 by reversal law of inverses, 
by definition 

•*. (z A z 2 )- 1 cz 2 - 1 zr 1 ...(A) 

Similarly if y GZ^ 1 Z 1 ~ 1 =>y=z 2 ~ 1 zT 1 when z^GZj" 1 , 1 

^y=(z x z 2 Y x where z x E.Z x , z 2 GZ, 

=Ly E(Z a Z 2 ) _1 by definition 

Z 2 ^Z 1 -C(Z l Z 2 r l ...(») 

(A) and (B) follow that (Z x Z^-^Z^Zf 1 

(2) If H be a subgroup of a group G, then H~ 1 =H, 


! 
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And h-'GH-'^heH 

=>■ hr 1 EH, H being a group 

So //-‘Ctf 

Similarly an hEH=yhr x EH, H being a group 

=> h=(h~ x )- x EH by definition of inverse of a 

complex. 

So II CH- 1 

II- 1 CH, HC. H~ l => H- 1 = H. 

(1) If II, K be two subgroups of a group G, then HK is also a 
subgroup of G iff HK—KH. 

I liking HK—KH, we have (HK)- 1 = (KH)~ 1 

=K~ 1 H~ 1 by Property (1) 

=KH by Property (2) 

=HK V HK=KH 

Which shows that HK is a subgroup of G. 

Again taking HK as subgroup of G, we have 
(HK)~ 1 =HK by Property (2) 

Kr x H~ x =HK by Property (1) 
i t. KH—HK by Property (2) 

lienee the proposition. 

(4) A necessary and sufficient condition for a complex H of a group 
«• to he a subgroup is that HH~ X —H. 

ihe condition is necessary since if H is a subgroup of G and ab 1 
t HH 1 then 

aEH, b&H=*aeH, b~ x EH 

=*ab~ 1 (E.H 

So ab- 1 EHH~ x ^ab~ x EH, bEH, b~ x E H~ x 
l.r. HH- 1 CH 

Also His a subgroup of (/^identity eEH 
If hEH, then h=he=he~ 1 EHH~\ hEH, e- x EH~ x 
. HCHH- 1 

I l.us HH- 1 CH, HCHH~ X *HH~ X =H 
ihe condition is sufficient since if HH~ X =H, then we have 

HH~ X CH 

Now suppose that a, bEH so that ab~ x EHH- x 
. . HH- x CH&nd ab- x EHH- x ^ab- x EH 
Ultimately aEH, bEH^ab~ x EH 

Which follows that H is a subgroup as is evident from the following 
41* ussion: Taking Ha subgroup of G with the same composition as 
in <»', the identity in H and G is the same. Also aEH and bEH give 
b '< H, H being a group. 

. aCH, b- x EH=>ab~ x EH 


...(«) 
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Further taking H to be a non-empty subset of G s.t. aEH, b(=H, 
and assuming that aG.H, b(£H^-ab~ 1 £.H, we observe that H is 
non-empty and 3 an a£H so that by setting b=a in (a), we find 
a£ //^aa^E// 

=^EZ/, e also being identity in G . 

Now e££H, b£LH^>eb~ 1 E.H by (a) . . . . (p) 

=* Zr 1 £ H 

aGH, b-'GH^a {b~ 1 )~ 1 E.H^ab&H 
te. a£H, bSH^abe.H 

Here (a) and ((3) fulfil the requirements for //which is a complex 
of G, to be its subgroup 

Image of a group G under a mapping f .Iff: G->G' be a homomor- 
phism of a group Ginto a group G , then /(G) ={/(*), (EG' : x£G} is 
a subset of G' and is termed as the Image of G under f and denoted 
by 1m (/). 

Kernel of f. ///:G->G' be a homomorphism of G into G', then 
subset of those elements of G which are mapped onto the identity 
j under f' is said to be the Kernel of f and denoted bv ker (/) or 
j («). 

i.e. ker (/)={*£<? :/(*)=<?'} 

Propositions relating to Kernel 

I. A homomorphism f : G— >G' is an isomorphism iff ker f={e}. 
Assuming that/: G-^G' is an isomorphism, if a£ ker / then 

f(a)=e' =f(e), e' being identity in G'. 

Now / being one-one and a=e , kernel of / consists of e only. 
Conversely if ker f~{e) for /to be homomorphism, and if a, t£G 
s -t. /(#)==/(£),. then f{ab~ l ) 

—A a )f(b~ l ) 

=/(*) [ f(b )r 

V f(a)=f(b) 

ker/ 

or ab^^e 
or a=Z> 

So /is one-one and hence /is an isomorphism. 

II. If f be homomorphism of G' then ker (/) is an invariant subgroup 
of G. 

If Z>E ker (/), then /(a)=e'=/(6), e' being identity of G . 

•; f(ab)=f(a)f(b)=e f e'=e' 

which implies that aZ>£ ker (/) i.e. closure axiom is satisfied. 
Now ker (/) being a subset of G, associativity axiom is self-evident. 
Again /(e)=e'=*€£ ker (/), e being identity in G. 

There exists an identity in G. 

Further if aE ker (/) then /(0=[/(fl)]~MO~ la =^' 


i 

i 
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which shows that a -1 £ ker (/) when a£ ker (/) 

I his follows the existence of an inverse in G. 

As such ker (/) is a subgroup of G, as ker (/) satisfies all the four 
Kroup axioms. 

Moreover ker (/) is an invariant subgroup of G as is shown 
below; 

If gGG and h£ ker (/), then 

f(g- 1 hg)=f(g- 1 )f{h)f(g) 

=[/te)]-V/(g) V h G ker (/)=>/(/<)=«' 

=[/fe)]- 1 /(g) 

ker (/). 

Hence ker (/) is an invariant subgroup of G. 

Note 1. It is easy to show that Im (/) is a subgroup of G. 

HI. If H be a normal subgroup of a group G, then there is a homo- 
morphism of G onto G/H. 

Let/: G->GjH be given by /(x)=//xVx£G 

vx£(?, 3 a unique coset Hx,f is a mapping. 

Also the binary operation in GjH being defined by 
(Hx) (Hy)=H (xy) 

We have 

f(xy)=H(xy)=(Hx) (Hy)=f(x) f(y) 

Which follows that /is a homomorphism and it is onto since every 
coset //z£G/// has z as its preimage in G. 

Note 2. Natural Homomorphism. The homomorphism f : G-+GJH 
Riven by f(x)=Hx is known as Natural Homomorphism or Canonical 
Homomorphism of G onto GjH. 

IV. Iff be a homomorphism of a group G onto a group G' with 
kernel k , then 

G/KozG' 

Consider the mapping <f> : G/K^G' defined by ^ (Kx)=f(x) 

Taking Kx=Ky , we have xy~*£K and /(^> , “ 1 )=c', e' being identity 
in G' i.e. f(x) fljr 1 )^’ 

or /(*) [/(^)]~ 1 =^ / 

or /(*)==/>). 

This follows that <f> is uniquely defined. 

Now if f(y)€LG' then Ky is the preimage of/(j>) in G/K under $. 

This follows that is onto. 

Again ^ will be one-one if Kx=Ky provided /(*)=/(}>). 

Take an element z=xy~ l €.G i.e. zy~x 
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Az)=Axy- 1 )=f(x) /Or 1 ) 

=/(*) [Ay )]- 1 

=e' V /(*)=/O0 

So that zGK and Kx = K(zy) = (Kz) y=Ky 
$ is one-one. 

Further to show that (j> preserves the structure, we have 
4(Rx) 4>{Ky) =f(x) f(y) =f(xy) = <j> [K(xy)]=i> [(Kx) ( Ky )] 

Hence <f> is isomorphism and thus G/jfe;G'. 

V. If j is a homomorphism from the group (G , o) into the group 

(G', o') then the pair ( ker f, o ) is a normal subgroup of (G, o). 
Evidently ker f=^<f> (non empty) since e£ ker / and ker /CG 
Now c, 6E ker f=>f(a)—e', f(b)—e' 

But/(^M/P)]-M«']"W 

f(aob~ 1 )=f(a)o [f(b)]- 1 =e'oe'=e' 
a,b& ker f^aob^G ker / 

Hence (ker/, o) is a subgroup. 

Again Vo£G and ker/, we have 
f(ao hoar 1 )=f (a) o f (hi) of (a -1 ) 

=/(a) of{h) o [/(u)]" 1 
=/(a) oe'o [/(a)]- 1 
=/(«) u [/(a)]" 1 


YaEG and ZzEker /^ao/wa^Eker / 

Hence (ker /, o) is a normal subgroup. 

Note 3. Similarly it can be shown that image of [Im (/), 0 ] is a 
subgroup of (GV) when / is a homomorphism of (G, o) into (G\ o'). 

Problem 37. If GL (w, R) is the multiplication group of all nxn 
singular matrices with elements as real numbers and that G' is the 
multiplicative group of all non-zero real numbers , then show that the 
mapping f: G->G' s.t. f (,4) = | A | vA£G is a homomorphism of G 
onto G' and aho show that 


ker f={A£LGL ( n , R) : | A |=e', the identity in G'}. 
Let /: (C, +)->(R + , +) s.t./(x+i>)=x. 



We have to show that / is a homomorphism 
of (C, •) onto (R, •) and ker/~{zEC : x=0} 
i.e. ker /is the imaginary j>-axis. 

If z 1 =x 1 +/z 1 EC, z 2 =x 2 +r> 2 EC, then 
/(*i+J>i)+/ (*2+^2) 

=/(^i+^)+(/ , 0 > x+^) 

=Xi4-x 2 by hypothesis 
==/ (*i+*yi)+/ (x 2 +iy%) 

This shows that /is onto since /(x+io)=x 
if rER. 


Fig. 4.11 
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As such / is a homomorphism of (C*, + ) onto (R , +) and 1 is> 
the identity element in (R + , •) 

Also ker /is given by f(x+iy)=0=x VxER- 
I r ker/={zEC: x=0=e\ the identity in R} 
which follows that ker /is the imaginary axis. 

Problem 38. 7/(R, •) be a multiplicative group and x£R, then find 
homomorphisms and their kernels in the following mappings 

(0 *-*l * I 

VO x ~+ ~~r- 

(i) x-> | x J =>x— > ! x J and x— > j x | 

x-* | x | and y-+ | y | =*x,y-> I xy | -> I x | \ y \ 

Thus x— > | x | is homomorphism. 

Now /: x-> | x | =^/ (x) = | x | =*/ (xy)=| xy | *>f(xy )= I V I 

=| x | | y\=f(x)f(y) 

i.e. f is two-one mapping since | /(x) | =^/(x)= — 1, L 
Its kernel is | / (x) 1 = 1=*— 1, +1, i e. { — 1,1} 

11 1 1 1 _ 1 
(tt) Say g : x^^^g(x)^^ ^g(xy)^^^^— 2y r = ** >* 

=g(x)-g(y> 

So g is a homomorphism and it is two-one mapping since 
£(*)=-£t=*s( 

Now g(l)=e'=>-^z = l=>x=^l, 1 
A ker £={—1, 1} 

4.12. GROUPS OF ISOMETRIES 

Let R be the set of real numbers and Sr be the symmetric group on 
R. Then I(R) the group of isometries of R is a subgroup of Sr and 
defined to be the set of all elements of Sr which preserve distance 
(distance between two points a , b{£R is the absolute value | a—b | of 
<1 b and denoted by d(a , b) and the elements of -such a set are known 
ns isometries of R. 

An element a£S* is called an Isometry iff d(a , b)—d(ao, bo) * 
(u, />)ER semi the identity mapping /Ef(R). I(R)¥=$- 

To show that I(R) the group of isometries of R is a subgroup of 
R. suppose that o£I(R) so that <j _1 E&r as Sr is a group and oE.Sr. 
Then we have to show that cj^E -S a- 
if a, b€LR then o being an isometry, d(ao~‘ 1 9 6a“' 1 )=d[(n<j~ l )a,. 
(bar 1 )a]^d(a 9 b) 

Thus d(a 9 b)=d(aa~ l , bar^^a^GUR) 

If t£/(*) then t^G/OR) and 
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4 a(< 7 T J ), b(a T 1 )]=</[(aa)r- 1 , (ba)r^]=,d (aa, ba)=d(a, b) 

So that 7(7?) and hence 7(7?) is a subgroup of Sx. 

Jf °> ‘G 7 ( 7 ?) Auve the same effect on two distinct real numbers a and 
o I.e ; aa=:aT and ba=b^ then <t=t 

This version is used to describe the elements of 7(7?). 

/ ,^° m t e i! riCa - 1 ! y interpreted > if ra=r+a where a £ 7 ( 7 ?), r£ 7 ? and 
A mC | V r S ^ real line a units to the right and if 
a units to the^righf me lnvertec * a ^ out the origin and then moved 

If 7i be the set 7? 2 =*xi?and {x A ,y A )=A, {x B ,y B )=E are two 
elements of E then distance d(A, B)= V (xA-y B ) 2 +(yA-y B ) 2 

A a ^fc- the j/ y i n ^ etn j/ group on E is known as an isometry if for 
A, BEE, d(A, B)=d(Ao, Bo). 


The set J of all isometries of E forms a subgroup of Se. 

Assuming the Euclidean plane E covered by an infinite rigid metal 


S' 

E 


A B c 


P Q R 


Initially 

Fig. 4.12 


5 — 

E — # — * *. 

P Q R 


ABC 


* < 2 . «. 


After a movement 
Fig. 4.13 


lamina S let P, Q, 7?,... be the points of E and A, B, C,... be the 
points of S initially as shown in Fig. 4. 1 2 and after a movement as 
shown in Fig. 4.13. 

Define 0 : E-^-E as an isometry given by 

7>0=F 1> Q0=Q lt 7?0=7? 1 where d(A, B)=d(P u QJ^diP, Q ). 
As such we have three particular isometries. 

(i) Rotation about a point. Take a point O of S and rotate S about 


1 L 

A on the top of P A on the top of Pi 

Fi S- 414 Fig. 4.15 

O through an angle Such an isometry induced by the movement 
of S is the rotation about O through an angle <J). 

0*2 R e fl ec tion in a line. Choosing a line in E , turn S over this line 
and back to E. Such an isometry is the reflection in XY 
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isometry corres- 
parallel to XY, 


Fig. 4.16 

(tit) Translation. Choosing a line XY and an 
ponding to a movement of S s.t. the line 2f0 70 is 

0 is the translation. 

In terms of mapping. Translation is the mapping 

'W : ( xy ) t a , b =(x+a, y+b) 
which is isometry for each a , b, T a , b and (t 0 , 6 )- 1 =sT_ a , _ 6 
Counter clockwise rotation about the origin through an angle 0 is 

1 lie mapping p 0 : (x, y) p 9 =(* cos d—y sin 0, x sin 0+7 cos 0) 
which is isometry for each 0, p 0 and (p 9 ) _1 =p_ 0 . 

nrul reflection in OX is the mapping o v : (x, y) ^ v —(x—y) 
which is isometry and (a v ) _1 = a v . 

Note 1. Isometries are product of reflections, translations and rota- 
tions. In other words every isometry E is expressible as the product 
of a reflection, a translation and a rotation. 

Symmetry groups. If S be a subset of the Euclidean plane then the 
Mt I, of all gEI s.t. sEs^sgES and taES^tES, forms a subgroup 
l, known as the symmetry group of S. 

Algebra of symmetries of an equilateral triangle 
Case I. Counter clockwise rotation of an equilateral triangle in its 
own plane about an axis through geometric 
< rut re O and perpendicular to the plane of 
the triangle ABC . 

Let us define the rotations as follows: 

R 0 : A ABC-* A ABC 
Ri : A ABC — > A CAB 
R-2 • A A BC — > A BCA 
where R 0 is the same position of the 
triangle, R x is the counter clockwise rota- 
tion through 120° which carries A to B, B 
to C, C to A and R 2 is the counter clock- F »g* 4.18 

wise rotation through 240° which carries A to C, B to A, C to B. 
Lvideptly a counter clockwise rotation through 120° is identical with 
i clockwise rotation through 240° and similarly a counter clockwise 
rotation is identical with a clockwise one through 120°. As such R 0 , 
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R lf R 2 are the only three distinct rotations, forming a finite abelian 
group. 


C 6 




Let G~{R 0 , R ly R 2 } with the binary operation RjoR k being the 
rotation obtained by /-successive application of Ri and R k for any two 
rotations Rj and R k . 


e.g. R x oR 2 represents the rotation through 120° followed by a rota- 
tion through 240° i.e. R ± oR 2 is the rotation through 360° and hence 


R^o R 2 :=z Rq 

Conclusively 

R 

A ABC-* A ABC^ A CAB-)- A BCA^ 

R ooRi 

A ARC >&BCA 



Ro 

_K_i 

*2 

Ro 

Ro 

Ri 

A 2 


Ri 

Ri 

*0 

*2 

R 2 

R 0 

Ri 


R 2 

which is equivalent to A ABC->A 3CA 
The composition table is as shown here. 

This group of rotations G is abelian since, G 1 is satisfied, since 
every element of the table belong to S 3 . 

G 2 is satisfied, since R 0 o(R 1 oR 2 )^R 0 o(R 0 )=R 0 
and ( R 0 oR x )oR 2 — R x oR 2 = R 0 *= R 0 o(R l oR 2 ) 

G 3 is satisfied, since R 0 is an identity in S 3 . 

G 4 is satisfied, since inverses > f R 0 , R x , R 2 are R 0 , R 2 , Ri respec- 
tively as R 1 oR 2 =R 0 etc. 


Commutative property is also satisfied, since 
RqoR^R^R^Rq etc. 

Case II. Rotation of an equilateral triangle ABC about the medians 
AD, BE , CF. 

Let R 3 , i? 4 , R b be the rotations about the medians AD, BE and CF 
respectively of equilateral triangle ABC , each through n. Clearly there 
are six coincident rotations of the triangle. There is correspondence 
between the group of rotations. 

G'*=?{R 0 , R l9 R%, R^, R 4 , R^} 
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A A 





Fig. 4.23 

•nul the symmetric group S 3 whose elements permutate A, B, C. 
Wc have, 


R\oR 3 ~R^ 
RioR^—R^ *, 
R\oRi—R 3 . 
K t oR 3 =i? 6 • 


A Ri C R 3 C 

: A-*A-+A 

B C A B B A 
A Ri C Ri B 

• A->A ->A 

B C A B AC 
A R x C R , A 

A~> A ->A 

B C A B C B 
A R 2 B R 3 B 

’ A-*A -*A 

B C C A AC 


by Fig. 4.22. — 


*i ! 

; i 

Ri 

Ri 

R 0 

JL« 

J?1 /?2 Rz 

JU 

Rt 

by Fig. 4.23. 

Aj 

Ri\RoRt 

R, 

R> 

*2_ 

A 2 

Ro I?i _Ri 

R* 

Ri 

by Fig. 4.21. A. 

R, 

R}X*Ro 

R2 

Ri 

R, l 

R* 

RtRfRi 

Ro 

R* 

by Fig. 4.23. *• 

R . 

R* R, Ri 

Ri 

Ro 
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Similarly 

^2^4 == ^3’ CtC. 

In general R f oR k for /= 0, 1,2, ...5 and k= 0, 1,...5 gives the 
adjoining composition table. 

Clearly the set of six rotations of the equilateral triangle forms a 
non-abelian group. 

The di-hedral group 

If 5 be a regular polygon of n (>2) sides, then in any isometry of 
S, vertices are taken to vertices. Then the order of the symmetry 
group of a regular n-gon (polygon of sides n> 2) can be easily 
determined. 

In this connection the following axioms are to be noted: 

(1) Every regular «-gon can be circumscribed by one and only one 
circle. 

(2) The centre of a regular «-gon S is considered onto itself by 
any element of I s . 

(3) If S be a regular n- gon and 4, then vertices of S are taken 

onto vertices of S by <r. 

The symmetry group of the regular n-gon is said to.be the di-hedral 
group of degree n. 

Determination of the orders of the di-hedral groups 

Suppose the vertices of a regular «-gon £ with centre O are A u A 2t ... 
A n in a clock wise direction. Also suppose that 1 rotates S 


A4O3 




Fig. 4.25 


• MM Ml I* THEORY 


433 


♦iliout O in clockwise direction through an angle ~~ — ^ radiaus 
Ip . (y—1) degrees, So that A 1 oj=Aj etc. 


l or the sake convenience we have shown here the effect of a 3 on 
llo tegular pentagon (5— gon) in Fig 4.24. 

I .iking t as the reflection about the line through A 1 and O, s.t. 

A 1 t=A 1 , A 1 r=A n 

I he effect of t on the regular pentagon is shown in Fig. 4.25. 

The Fig. 4.26 shows the effect on a regular pentagon of the 
m flection t followed by the rotation. 

Wc observe that the elements <s l9 cy 2 ,...,(i n , Ta 1 ,...T a n are all distinct 
•hue, of course k ,j^k as Amt^A^, j=^k. 

In case ra^<s k9 then A 1 ?(*j=A l a i = A 1 g Jc 
T cr>= a/c^j—k 

Hut Ta,=cr,.=»*T=a 1 , the identity which contradicts the hypothesis. 
I Inally 'r<J j ='r<j k ^G j =cr i . 

Consequently there are at least 2n possible elements of the dihedral 
tfioup of degree n, but there are no more than 2 n since if a£ /„ S 
being regular n-gon, then there are n possibilities for A x g. 

Since the vertices are taken to vertices, therefore A x a is one of A u 




Fig. 4.26 
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A n and A 2 g has only two possibilities once A ^ has been delcr 
mined as d (A x g 9 A 2 o)=~d ( A x A 2 ) and A 2 g must also be a vertex. 

So A ± g and A 2 g being once determined, AiG , i=3, 4, ...n may alno 
be determined. Thus 3 at most two elements a£/ s which map A x a to 
A f . Hence there are at most In elements of I s and so 


I Is |=2it. 

Note. 2. The dihedral group of degree n is denoted by D n 
As an example the elements of Z> 3 are 
G h t Gj and GjG 2 == Gj 1 , 2 and a 3 ar 2 =a 1 

Also we have-T“ 1 =T and a i T=T 2 (7 J T=TTC7 J T 
Now Ta 1 T=a 1> g x being identity 

tg 2 t= a 3 as Ai^g 2 t=A 1 g 2 t= A 2 ~= : A 3 
and A 2 tg 2 t=A 3 g 2 t=A 1 t=A 1 
So a 3 T=Tcr 2 and t<j 3 =g 2 t 
The multiplication table is as shown here. t<t 3 



EL 

El 

El 

T 

tct 2 

TUp 

El 

El 

a 2 

El 

T 

to 2 

Ttl, 

<32 


<3 3 

ci 

ra 3 

T 

TO| 

El. 

_^3_ 

El 

El 

tct 2 

TOj 

T 

T 

T 

tct 2 

tct 3 

<*1 

<32 


ra 2 

tct 2 

IEi 

T 

El 

EL 

a i 

t<t 3 

Ta 3 

T 

T( T 2 

<32 

<33 

n l 


4.13. SOME SPECIAL GROUPS WITH LINEAR OPERATORS 
Vector Space or Linear Space is an additive Abelian group L (Elements 
of L being called vectors) with the property that any scalar a (real or 
complex) and any vector x can be combined by the operation of scalar 
multipliation to yield a vector ax s.t. 

(i) a (x+y)=ax+ay, x£L, yEL=>axEL apd x+y=y+x£L 
00 (a+P) x=ax + px 
(Hi) (ap) x=a (px) 

(iv) 1 • x =x 

e.g. the set of nxn matrices forms a linear space. 

A linear space is real or complex linear space according as the 
scalars are real or complex numbers. 

If the linear space consists solely of the vector O with scalar multi- 
plication defined by a •0=0 for all a, then we call it as zero space 
and denote it by { o }, 

A non-empty subset M of L is said to be a subspace or a linear 
subspace of L if M is a linear space in its own right w.r.t. linear 
operations in L. In case M is a proper subset of L, then we call it « 
proper sub space of L. 

Basis for Linear Space. If S be a linear independent set of vectors in 
a linear space L, then 3 a basis B for L s.t. SCB and the basis for / is 
a linearly independent set which span the whole space L. Moreover 
S (^<f>)CL is linear independent iff o each vector in the subspm# 
J spanned by S is uniquely expressible as a linear combination of 
form VeCt ° rS m S € g ' thC VeCt ° r ° in [S] iS unic * uel y expressible in the 

0=0*x 1 + 0-x 2 +... + 0* x n where S^=={x 1 x 2 ,..., x n } 
While the vectors in the sub space [S] spanned by S are the linear 
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Utll'Mi* nl’ the type x=a 1 x 1 +a 2 x 2 +...+a n x n ; a 2) .,.a n are 

■ 


Iffi'i' tt of ii linear space. The dimension of a linear space is the 
Mi B»if » /» meats in its basis , e.g . L={o} is o- dimensional and L^{o) 
jtppit ci/nal to the number of elements in any basis . 

A |lH< •» i"" c is finite-dimensional if its dimension is o or a positive 
nn<l It is infinite-dimensional if its dimension is not zero or a 
Tb|mmmIv» integer. 

ft*.*. h. in . formations. If L, L be two linear spaces with the same 
•mi • it lit i s, then a mapping T of L into L' is said to be a 
MfM/nr motion 

f U I y ) T (x)+T(y) and T (ax)=aT (x) 

MmI< 'Illy if T (ax+Py)=ar(x)+pr(y). 

• mI operator T u r 2 ..., in a linear space L forms a group if it 
ell l hr lour group axioms. 

|||Ht hunslormation of one linear space into another is a 
yHphtsm of the first space into the second, because it is a 
‘Mg who h preserves the linear operations. Also it is observed 
|m»m i vri the origin (o) and negatives for 
/ to) 7 , (o*o)=o*T’ (o)=o 
h m /’H)x)=(-i)r(x)=-r(x). 

(/) 7\((x lf x 2 ))=(ax 1 ax 2 ), a being real, multiplies each 
Pi M* by into self where T x \ R 2 ->R 2 
dp_ 

" dn 

Mi* n ^ here the linear space P of all polynomials p(n) with real 
IlMli Ia defined on [o, 1 

f(x) dx is the linear transformation 


9 | It* mapping D: D(p)=- 


is the linear transformation of P 


9 f H# mapping I: /(/)= 

i| II in l he real linear space R. 

•1*1 fi« of Linear Transformations 

| If / I U be two operators transforming the linear space L 

ii.-.. in t/)(x)=r(x)+t7(x) ...(i) 

daily ( </') (x)=a!T(x) (2) 

t ihrll if L and L be two linear spaces with the same system 
liirn tho set of all linear transformations of L into L' is it 
a Ini. ii apace w.r.t. linear operations (1) and (2). 

II I <1 ltd U be two linear transformations on L, then their 
4 IV In .Idlncd by (TU) (x)=T(Ux) 

If U, V be three linear transformations on L, then the 
Inn In ii-.Muiative 


r WV)~(TU) V 

It / U, V be three linear transformations on L, then distri 
law Imlda 

l\U+V)~*TU+TV 
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and ( r+U)V=TV+UV 

since, ((T+U)V)(x)=(T+V) (V(*))=T(V(x))+U(V(x)) 

=(TV) (x) + (UV)(x) 

=(TV+UV)(x). 

(v) If J, U be two linear transformations on L and a is a scuUfJ 
then 

a( TU ) = (a D T(ol U). 

(vi) Identity transformation I is defined by 2(x)=x and it is observil 
that 

I^ooL^{o) and TI=1T=T 

Also if a is a scalar, then a/ is known as scalar multiplication M 
(a/)(x)=a/(x)=ax. 

(v/7) A linear transformation T on L is non-singular if it is onc-ofl|| 
and onto and singular otherwise. 

(viii) If the linear transformation T on L is non-singular anl on* 
one onto, then 3 its inverse T~ x s.t. 7T“ 1 = 7 , “ 1 r=/. 

It is easy to show that if T is non-singular then the mapping T~ x 
also a linear transformation on L. 

(ix) If L be the direct sum of the subspaces M and N s.t. 

then each vector z£L can be uniquely expressed as z=x+y, xf m 
and yGN, x being uniquely determined by z, we define a mapping 
E of L into itself s.t. E( z)=»x and call it projection on M along N. 
Clearly E is idempotent since E 2 —E . 

Also E 2 (z) — (EE) (z) = E(E ( z)) == 2? (x) == x == 2s (z J 

(x) Reversal law . If T ’ V be two non-singular linear transformation 
on L, then 

(TU)- 1 ^U~ 1 T^ 1 

But UT)~ l =or 1 T~ 1 9 a being a scalar. 

(xi) If T be a linear transformation of L to L\ then we get 
isomorphic group of operators in L which transform A , 2?, ...etc. 

A\ 2?',. ..etc s.t. 

A' = TAT-\ B'=TBT-\... 

Note . If an arbitrary group G is mapped homomorphically onto 
group of operators D(G) in the linear space L, then the operator groiil 
D (6) is said to be a Representation of the group G in the represent* j 
five space L. In case n is the dimension of L, then the degree 
representation is also n or in other words the representation is n-dim$m 
sional. 

If <7, b£G, then D(ah)=D(a) D{b) 

D(ar 1 )=[D(a)]~ 1 and D(E)= 1 

Matrices and Linear Transformations 

Linear operator T is a mapping s.t. T: L-±L\ L y L being vecta(| 
space over a field F 

Let Dim. L=n and its basis 2?={x 1 , x 2 ...x n } and let dim. L 
and its basis B r ^{y u 


f- 
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v u T(x)GLL’ y and T : L->L' each T(x) is expressible as 
H Mm •» combination of elements of B' and in particular each T(Xj) y 
I, L n is expressible as a linear combination of m vectors in 2?'. 
I ft mn scalars a^^F, 1 



/(r,) =a ll y 1 +a 2l y 2 +...+a ml y m =: 2 a n y { 

i=l 

m 

/(.i,) U 12 Ji + ^22 T2+...+^m2 J\» = 2 fl/2 

/= 1 


/T| V M ) ^ A +^2n ^2+ ^ a in }’i 

1 = 1 
m 

Hlholically T(x s )=* 2 a {j y i9 j=l 9 2,.. .,w 
/=1 

In llnit co-efficient matrix of these expressions is 

a n a 21 ... a ml ~|=A(say) 

a i2 a 22 ••• #tn2 


L- dfj n O 2n ••• ^tnn— 
lit* matrix of T : L x -+L 2 (with respect to basis 5, B‘) is the trans- 
*► (lie matrix A i.e. matrix of J w.r.t. basis B, B’ is 

a u a lt ... a ln 

a 2\ #22 ••• (t 2 n 



L a n 


a n 


II 


Hrh I. written symbolically as [T : B, B’\ or simply [7] 

W»n T is a linear operator s.t. T : L-±Li.e. L= L’, m=n, B=B' 
* Matrix \a it } my ,, will become [a<,]nx» and is denoted by [T, B] or [T]b. 

n 

1 9 /‘(x,)<=2 a tj Xi r ¥y = l, 2 
/= 1 

MiivftHcIy to find T whose matrix w.r.t. basis 2? is given to be[j^] 


citof 

1 


\ *< y and 5={x 1 , x 2 while x= 2 a, x h a ; £F, we have 

j= 1 

L» . " n n m m 

2 a , Xj)= 2 a, T( Xj )= 2 a, ( 2 a u y x )= 2 
7“i y=l ;=l j = l /=i 

n 

( 2 a„ a,) _y j 

y=i 

■M hrlongs to L' as B' its basis. 

n t 'Mil U be two linear operators on a linear space L whose 
w.r.t. a fixed basis B~{x iy x 2y ...x n } are [T\ and[U], then 
1/ I U]=[T\+IV], [ar]=a[rj and [TU]=[TU] 
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since if [7]=[a,i]»x n > 


U — [^j']nXn> 


n 

so that J(x,) = 2 a {j x iy l)(x 

i=l 


n 

= 2 bn x,- 

i=l 

then [T+U] (x^TixJ+Uix,) v,= 1, 2,...n 

n n 

= 2 an x*-f- 2 bn x { 

i=l *=1 

n n 

= 2 (an+bn) x<= 2 c tV x, where [c ti ]=ta <i +M 1 

i=l *=l 

[ z’-f- 1/] = [c^i == = [n+ [ t/] 

ft n n 

and TaT] (x j )=a [7’(x,)]=a 2 a,-, x,= 2 (a «,,) x< = 2 (c,-,) x< 

1=1 1=1 1=1 


.*. [otr]=[« i ,]=a[fl j) ]=a[a i) ]=[r] 

also [rc/](xj)=r[c/(x y )]=7’( 2 b ki x k )= S b M T(x k ) 

k= 1 &=1 

/i n 

= 2 2 aijc Xi) 

&=1 1=1 

n n n 

= S ( 2 a iJe b]ej)Xi = 2 (c^ x*) 

1=1 &= 1 1=1 

[TU]=[c i} ]=[ 2 «„ 6*>]=[^] [*«]=m [£/] 

*=i 

IfT: L-+L' and U : L'->L" jo /Aar UT : L^-L" where L, L', 
are finite dimensional linear spaces of dimensions n, m, p (say) 
basis B, B' , B" (say) then[UT ; B, B”]=[U ; B', B"] [T; B, B') 

If L, L' are two finite dimensional linear spaces of dimensions n 4 
n' and basis B and B', s.t. the function T : L-+L' then its matrix w,t 
B, B' is an isomorphism between the space (L, L') and the space of 
m x n matrices over the field F. 

The matrices of identity operator 1 and zero operator 0 on a //(I 
space L w.r.t. the basis B=[x ly x 2 ,...x n ] are the unit and null mat* 
respectively, i.e. [i]=[5<,] where 6 i} —0 for l=tj 

= 1 for i=j 

and [O]=[o] 

Since if T is a linear operator and [a u \ is the matrix of T w, 
n 

basis B then r(x*)= 2 an x { 

i=l 
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nu<l /(x,)=x,= 2 8„ x < =ox 1 +^ 2 +--- + l-^+...+ox n 
i=i 

• lU = E 5 o] is a unit matrix. 

Also O(x,)=0==ox 1 +ox 2 +...-fox„= 2 O u x { 

/= 1 

I < [0]=K] is a null matrix. 

(/'('/']=[««] be the matrix of operator T on L w.r.t. basis B, then T 
It Invertible <=> [7]=[a i3 ] is invertible and in this case 

[r- 1 ]=[j]-i=t««]- 1 

Since T is invertible, TT 1 = T~ l T— 1 

.. [rr- 1 ]=[r- 1 j]=[/] 

»' rn [r- 1 ]=[r- 1 ] [r]=[/]=8„ 

Which follows that [T] is non-singular and [7’- 1 ]=[r]- 1 =[o fJ ]- 1 . 

I! T, U be two linear operators on a linear space L, then T and U 
•••«• »ii id to be similar if 3 an invertible operator V on L s.t. 

TV— VU i.e. T— VUV- 1 or U= V~ 1 TV 

llic relation of similarity in the set of all nxn matrices over the 
nrhl r is an equivalence relation. 

Since if A and B be two nxn matrices and R is a relation of 
•Itnilunty then 3 an invertible nxn matrix P s.t. A—PBP - 1 or 

II -r 'AP. 

Now R is reflexive since A=IAI~ 1 , / being an invertible unit-matrix 
R is symmetric since A=PBP- 1 =>p- 1 AP—P- 1 (PBP~ 1 )P 

^P-'AP^B 

=* B=p- 1 A(P- 1 r 1 =CAC- 1 where 

c=p - 1 

=>5 is similar to A and hence 
symmetric. 

R is transitive since if A^PBp- 1 ar)d B=QCQ~ 1 then 
A=P(QCQ-')P-'=(PQ)C(Q-'P-') 

— (PQ)C(PQ)- 1 . 

As such a result analogus to it follows: 

I'hc relation of similarity in the set of all linear operators on a linear 
tpiicr L is an equivalence relation. 

II I is a linear operator on a vector space L and [T] be the matrix 
or II w.r.t. a basis B, then determinant i.e. det. T=det [7] 

I . Inear functionals. A linear functional f over a vector space L is a 
lo.ilfing which assigns to each member «£/., an element f (a) which 
P /’ (field) s.t. f is linear i.e. 

/(a+p)=/(a)+/(p), a, (3£Z. 

/(aa)=a/( a) a£F 

or In one relation, f(aa. -f p)= af(a) -f /((}) 
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lf/(a)=0 Va£L, then /is said be a zero functional . 

Dual space of vector space. The set of all linear functionals / on L 
denoted by L* or V(L, F ), F being a field, w.r.t. two compositions s.t. 

( fx +/ a) a =/i( a ) +/ >( a ) 

(a/)a==u[/(a)] Va EL, aGF 
is said to be a dual space of L i.e. 

L*={/: L->Fs.t./ is linear}. 

Transpose of Linear Transformation 

If J be a linear operator from Z, to Z/ (over a field F) s.t. 
aEL->r(a)£L' 

then if F: L->Z/ induces a linear transformation T T : L'*-kL* where 
L*, Z/* are dual spaces of L L' ; T T is called as transpose of the 
linear transformation T. 

T T is linear and unique and Rank (r r )=Rank(r) 

Adjoint of an Operator 

If T : L-+L, L being a vector space over a field F , s.t. a£L=> 
T(v)EL, induces a linear operator T * : L* being dual 

space of L with its elements as functional on L, then T* on L* is 
called as adjoint of the linear operator T on L. 

T* is linear and unique. 

Its properties are : (i) (T 1 + T 2 )*=T 1 * + T 2 * 

(//) (kT)*=kT*, k being a scalar 

(iii) (T x T 2 )* = T 2 *T* (reversal law) 

(iv) If Fis invertible, (7*)- 1 =(7^ 1 )* 

(v) Zero and identity operators are self adjoint i.e. 0*=0 and 


( v /)(r*)*=r**=r. 

Inner Product Vector Space ( I.P.V.S .) 

A vector space with an inner product defined on it is said to be an 
inner product space, while the inner product of x (a x , a 2 , a 3 ) and 
y(b x > b 2i b 3 ) being defined as (x, y)=a 1 b l + a 2 b 2 +a 3 b 3 with the pro- 
perties 

1 x | = V a i 2 +a 2 2 +o 3 2 9 | x | =0 iff fl!=0 =a 2 =a 3 

x and y are orthogonal if cos 0= - =0 i.e. (x, >0=0 

1 x ll> 1 

(x, x)=0 and (x, y)=(y, x) also (ax+by, z)=a(x , z)+b(y,z) 
Note. R n (R) is an euclidean space and C n (C) is an unitary space. 
As an illustration , the set of all nxn matrices forms an inner product 
vector space over a field F (real or complex) if the inner product is 
defined as (A, B) = Trace ( AB ®), B* being transpose conjugate of B. 

Here if B—[bii\ then B Q ^b H 
So (A+C, B)= trace [(i4+C)£ # ] 
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=tr ( AB*+CB •) 

=tr AB*+tr CB* 

={A 9 B)+(A, C) 

Hlncc Trace of sum=sum of traces. 

( A , Z?)=tr (A y B)*= sum of diagonal elements of AB* 
=Sum of conjugates of diagonal elements of AB* 
=Sum of diagonal elements of 
=trace A Q B=tt (BA Q )=(B, A) 

Similarly (kA, B)-k(A, B ) and tr ( kA , B°)=k tr. (AB*)=k(A, B) 
iliowing that the given set is an inner product vector space. 

I 'iillnry and Orthogonal Operator 

IT TT*=T*T—J, T is called unitary operator for complex I.P.V.S. 
«ml orthogonal for real I.P.V.S. 

Nniinal operator . 

II IT* — T*T, then T is called normal operator, T* being adjoint 

of r. 

( huractcristic Vectors and Characteristic Values 

II T be a linear operator on a finite dimensional vector space L{F) 
Him a scalar AGF is said to be a characteristic value of T if 3 a ^ 

•( / 0)GL(F) s.t. r(a)=Aa. This non-zero vector a associated with 
elmructeristic value A is said to be a characteristic vector of T. 

In other words, roots of | F-A7 | =0 are characteristic values 

of T. j . , 

II t is invertible and has characteristic root A, then A is the 
i luiractcristic value of T _1 . 

If T is not invertible, then 0 is the characteristic value of T 
If AEFis a characteristic value of a linear operator T on a vector 
ipacc L(F) then for a polynomial p(x) over F, p( A) is a characteristic 
value of p(T). 

Hamiltonian group. A non-commutative (i.e. non-abehan) group in 
which every subgroup is normal is said to be a Hamiltonian group . 

Simple group. A simple group is one which contains no other normal 
subgroup except the two , one itself and the second a unit subgroup 
which is normal . 

Unitary groups. The set of all non-singular square matrices of order 
m with multiplicative compositions form a group known as a full linear 
group. Its elements are the infinite numbei linear transformations 
which change a vector into a new vector and so the order of a full 
linear group in infinite. 

Imposing certain condition on the matrices of its transformation, 
wr may get many subgroups of full linear group. One such type is 

discrete group obtained by excluding all matrices except those whole 

drterminant is ± 1. The elements of a discrete group can be put into 
one-one correspondence with the set of positive integers. 
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The subgroups of a full linear group obtained by expanding all 
matrices except those whose determinant is Az 1 form a continuous group 
provided its elements are non-denumerable i.e. uncountable. In other 
words a continuous group contains the elements which can be genera- 
ted by continuously varying parameters in any region, known as group 
space. There is one-one correspondence between group-elements and 
points of group space. Those groups whose elements can be generated 
by a finite number of continuously varying parameters, are known as 
finite continuous groups. 


A subgroup of a full linear group having its elements as square uni- 
tary matrices of order 2 with determinant +1 is known as 2- dimen- 
sional unimodular unitary group or special unitary group, e.g. a matrix 
[ a j$J a s P ec * a * unitary group if A is unitary matrix 

of order 2 i.e , AA°=I and secondly if | A | = + l 


Now A @ = 


AA*>= 


[ * rl, a 
P §J 


, p, y, 6 being complex conjugate of oc, p, 
respectively 


aa + pp, ay + p5 
„ Y a + Sp, YY + §5, 


sl-'-fi olg ,ve ‘ 


isl -7- 1 
>8J [_0 


■J 


a a + p p=l=yy-f 5 g and ay+p5=0=Y«+8p 


which yield, Y=-p, S=aanda*+pp=l 
As such a typical element of special unitary group is 

U f * M I U | =aa+pp=l 
L -p aJ; 


Applying this matrix to the column vector X=rx 1 l such that 


UX=X' we get, r « p-ip; -|*=r* 1 '-i 

L ~p a J Lx 2 J Lx,'] 
ie - r «*!+?*. "|=r "j 

I — -I L x % ' J 

or equivalently a^ 1 -fpx 2 =x 1 ' 


— + ax 2 =.Y 3 ' 

which transform any function of x into linear combination of Xi, x a , 
Uf(x)=f(x')=f(a.x 1 +$x 2> ~Jix l +ax 2 ) 

As such if U operates on a set of («+l) homogeneous products 


/(")=*! n - m x 2 n - m m =,0, l, 2 ,...n 

m 
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then we get Uf in) =(«x 1 +px 2 ) m ( '«x t ) n ~ m 

m 

n (n) 

= 2 U x l *xf-* 

j=0 mi 


(w) I m |(n-m) 

whcre 1 (m-k) | k \ (n-m—j+k) ' \U—k) 

x a fc p m ~ fc (a) n ~ m_;+& (£)*“* 

Character of a unitary group. The character (to be defined later) of 
u special unitary group is found out if a typical matrix by means oi 
unitary transformation is transformed to diagonal form. 

Take a unitary matrix V such that 

F-W=r Y U' 

L o yJ 

Now I U' | = + l is apparantly satisfied if U'= |V */ 2 o 1 

L * 

All the other matrices of the group will belong to the same class 
as U and V since the class constitutes elements obtained by unitary 
transformation while a unitary matrix remains unitary under such a 
transformation. 

Thus the character (defined in § 4.14) of one element of the class is 
given by 

jii) by using £/' 

=2 cos <f> 

In general the character (defined in § 4.14) of special unitary group 

J 

for any value j is given by x (j) = 2 e tm * 

m=—j 

If y.=e^ 9 then x 0) = 3 C“ , ^1+x+x 2 +...+x 2j ) 



sin (2/+1) — - 

= ; on multiplying numerator 

* jL 6 

sm ^ 2 and denominator by i • 

77 - dimensional Rotation group. A continuous group formed from 
the set of all orthogonal n-dimensional matrices is said to be an 
n-dimensional rotational group. In fact this is a sub-group of a full 
linear group provided all elements are real unitary matrices whose 
determinant is +1. 
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e.g. if a point P(x, y, z) is taken on the surface of a unit sphere 
and the sphere is rotated in any manner keeping its centre fixed; then 
the new coordinates of P say (x', y', z') related to ( x , y, z) by some 
matrix R(x, (3, y) which is an element of a 3-diraensional rotation 
group -R + (3) give a rotation factorized as product of three plane 
rotations described by the Eulerian angles (a, (3, y) (discussed in 
chapter of classical mechanics) i.e. R( a, (3, y)=f?*(y) -R»(P) R x ( a ) 

where R„ R v , R x are rotations about z, y, x axes respectively. 

As an other example if we define a 2-dimensiona l rotation group 
_R+(2) as a subgroup of R2( 3), then its elements are obtained by 
proper rotation in a plane perpendicular to a fixed axis say z-axis. 
Taking J?(0) as one element of this group and T{9) an operator trans- 
forming a vector x with components x lt x 2 to another vector x' with 
components *i, x 2 ' i.e. 

x'=T(0)x, O^0<2rr 

such that r(0)=r cos 0 sin 01, we have 
L— sin 9 cos 0J 

rx 1 'l = f cosG sin 0T pyi 

Lx 3 'J L— sin 0 cos 0J Lx 2 J 

or equivalently, xx'=Xx cos 0+x 2 sin 6 
Xi'— x 2 cos 9— Xx sin 0 

But if J R(0') is another element of the group with transformation 
T(0 ) then 

r(0) r(6')=r(0+6')=r(6') 7'(0) 

which follows that the group is commutative i.e. Abelian. 

Point group. The inversion operation in 3-dimensional space is 
given by the matrix r=r— 1 0 0 1 

L 0 0 -lj 

and an identity operation / is given by the unit matrix 



Evidently TI—'T 
and r 2 =J i.e. T=T~ 2 

Here T and I form a group with matrix multiplication. Such a 
group is said to be a point group since one point (say origin) remains 
fixed in all operations. The fixed point is sometimes known as centre 
of inversion . 

Consider a point group {c„} with operations on a regular polygon 
of n sides such that there exist 

(j) a rotation through an angle — about an n-fold axis of rota- 
tion properly. 
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(//) a rotation through about an n-fold axis of rotation im- 

properly. 

(Hi) a reflection in a plane given by oh, cy\ H , V denoting Hori- 
zontal and Vertical planes. 

(iv) an inversion. 

Such operations form a point group {c n }. 

Quaternion group. If we define a group G of order 8 such that 
G={ 1 a, a 2 , a 3 , b , ab , a 2 b , a?b} 
wit h the properties, ab=ba z 
b 2 =d 2 

«ml a*= 1 

whence ab=ba 3 and b l =a 2 ^ba=cPb 


1 1 

Q i 

d 2 

a 3 

b 

ab 

arb 

efib 

1 

1 

I 

* 1 

a 2 

a 3 

b 

ab 

a 2 b 

a 2 b 

a 

a 

a 2 

a 3 

1 

ab 

a z b 

a*b 

b 

d 2 

a 2 

a 3 

1 

a 

a 2 b 

a*b 

b 

ab 


a 3 

1 

a 

a 2 

a z b 

b 

ab 

d*b 

b 

b 

a*b 

a 2 b 

ab 

a 2 

a 

1 

a 8 

ab 

ab 

b 

a*b 

a 2 b 

a* 

a 2 

a 

1 

a-b 

a 2 b 

ab 

b 

a*b 

1 

a 3 

a 2 

a 

a 3 b 

a*b 

a 2 b 

ab 

i b 

a 

1 

1 *3 

a* 


S i nee a z b = a\ba 3 ) =b 3 a 3 = b(a 2 a 3 ) = ba . 

The composition table is as shown here. It is clear from this table 
that the group of order 8 under consideration does actually exist and 
defines a group. Such a group is known as quaternion group. All of its 
subgroups are normal, though it is not abelian, clearly a quaternion 
group is also a Hamiltonian group. 

Torsion, Torsion-free and Mixed Groups 

If G be a group such that every element of G than the identity is 
of infinite order then G is called as Torsion-free group. If G is a group 
Mich that every element of it is of finite order then G is called as 
Torsion group. Also if G is a group such that it consists of both an 
element of infinite order and an element (not equal to the identity) 
of finite order then G is called as Mixed group. 

p-Primary group or p-group. A group G is said to be a primary 
group or /7-group for some prime p if every element of G is of order 
which is a power of p. Actually a torsion group is made up of 
p-groups. 

p-Priifer group. If QjZ represents the additive group of rationals 
modulo the integers, then Q\Z is evidently a torsion group and if 
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(QIZ),={x+Z: x+Z of order a power of p) 

={x+Z: p'x eZ} 

={m/p r +Z : for various integers r and o^m<p r *} 
and e/Z= 2 (Qj Z)„, 11 being s6t of all primes p 
pElI 

then (<2/Z)„ is said to be p-Prufer group or a group of type P°° 

Clearly p-Prufer group, (0/Z)„= jjC r where C r =gp (^T+ Z ) 

and g£<? is of order pfip/i Pi, Pi---Pn being distinct primes 

and r u r 2 ...r n positive integers. 

Since (2/Z) J) ={m/p r +Z} for various integers r and o^nKp*- 1 
So [ QIZ) P DC r 

and (fi/Z),C U C r . 

r=l 

Which follow that (Q/Z) P — U C r . 

r= 1 

4.14. PERMUTATIONAL REPRESENTATIONS 

Generalization of Cayley’s theorem i.e. every group is isomorphic to a 

group of permutations . 

If G be a group and p a mapping; p: G->G s.t. x-+xg ^ en 

gp being image of g in G under p, we have gp: x->xg 9 XE.G 

Here p is an isomorphism of G into a subgroup of Sc if 
(0 g P is a permutation of G VgEG 

(ii) g is a homomorphism i.e . if g, h£G, then (gh)p-gp.hp 

(iii) p is an isomorphism i.e. p is one-one. 

(0 is satisfied since gp is one-one mapping of G onto G as 

x(g?)=*y(g?)*>xg=yg, )’G-G 

^xgg-^ygg' 1 
=>x=y 

showing that the mapping is one-one. 

Also if x£G, then (xg" 1 )gp = (xg-' 1 )g=x showing that gp is onto. 
(ii) is satisfied since for x&G we have 

x((gh) p) = x(gh)=(xg)h = [x(gp)](Ap) =x(gpAp) 

i.e. (gh)p—gphp 

showing that p is a homomorphism. 

(iii) is satisfied since if gp=Ap and 1 EG is the identity element, then 
g=l (gp)=l ( hp)=h showing that p is one-one. 

For example consider a cyclic group G of order 2 s.t. G={1, a} 9 
where a 2 =l, 1 -a»a a l 9 then mappings 
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lp: 1-^1, a->a 

ap\ l-»tf, a-*l show that p is an isomorphism 
lit*** y Ip, p is one-one. 


IMIhMIoii of a Pcrmutational Representation 

< homomorphism of a group G into the symmetric group on a set 
S It Known as a pcrmutational representation of G on X. 

II to cording to Cayley’s theorem p is the isomorphism for G, then 
# • II is a permutational representation of G on G and known as 

tl|M regular representation. A mapping fx of G into the symmetric 
ftoii)' nn the set X is a permutational representation of G if 
(gh)^g[^h[L, for all g, hCG. 

I mi uuimple, if G be a dihedral group of degree 4, then G is the 

kiuip of symmetries of the square. If gEG « 

»M each vertex, of ABCD to a vertex, then g 
plug onc-one, Ag, Bg , Cg, Dg are distinct 
s Suppose that 

I Afi* ( A , B y C, D] and mapping c a \ xo a =xg 

V M X 

|H Hint a u £iSx 

f AUo if t: G-+Sx s.t. g^=a (7 , then for xGX. | 

I ", > Gy we have x{gh)^—xc oh ~x(gh) D c 

(xG g )o h =x(a g G h )=x(gT) (hv) Fig. 4.27 

Hvlllg (^/l)T=gT/2T 

|lii« h shows that t is a permutational representation. 


Ilvgiri' of a Representation 

. I hr number of elements in the set X gives the degree of a permutar 
IWuil representation or simply a representation on X. e.g. the degree of 
n u ntation in the above example of dihedral group of degree 4 , is 

“ ( 4 ). 

I hr degree of representation of the symmetric group G on {1, 2, 3} 
h II p itself is a representation of G as a permutation group on six 
■•nts 

/*. I *1, 2->2, 3->3; p 2 . 1~>1, 2— >3, 3— >2; p%i 1— >2, 2->3, 3— >1; 
fV I >2y 2->l, 3->3; p 5 : l-*3, 2->2, 3->l; p 6 : 1~>3, 2->l, 3-^2 
Ro that 


Pi?' Pi->Pu P2-+P2, Ps-^Pz, Pi~>Pi> Ps-^Ps, Pe-^Pe 
P 2 ?• Px-*P 2 > Pt+Pu Pz^Ps, A“tPe» P5-+P3, P 6 ~*Pa 
P z?'- Pl-+P 3 > P 2 ~*Pi> Pz ^"P(ii Pt-^Ps, P6-+P1 

P\ P : Pl-+Pi> Pz^Pz, Pz-*P 2 > P*~>Pl, Pn^P*, Po~>P 5 


Ps?' Px~~ y P 5 » Pz~^P^ Pz~>Px, Pl~*Pz, Ps-*Px> P*->P% 

Pe ?' Px ^P 6 ’ Pz-*Ps> P*->Px> P*-^P 2 , Ps->Pi>P*->Pz 
llvI'iK (/)( p) (,pi9)=(Pi hi) P, 1<|J<6. 

Mtil llic degree of representation of the symmetric group on {1, 2, 3} 
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is 3 since it is an identity isomorphism as G itself is a permutatl 
group on {1, 2, 3}. 

As another example the degree of representation of a cyclic grr 
G of order n s.t. G={ 1, a y a 2 ... a n_I }, n being positive integer, 
infinite. 

Faithful representation. If a representation is one-one then it is ml 
as faithful representation. 

e.g. the representations in the above quoted examples are rc*|i 
vely, faithful (dihedral group); faithful; faithful;'faithful. 

As another example each matrix is its own faithful representull 

The number of rows and columns in a representation mm ill 
sometimes known as the dimension of the representation. As siniiln 
transformations do not change the multiplication proper l lot 
matrices so under such transformations, the nature of represental 
remains invariant. As such new representations known as equiv 
representations can be obtained from the given representation 
means of similarity transformations. 

Addition of representations. Consider m square matrices A x% A t • 
each of order n with their matrix representation of a group ui |*( 
(Jt(y4 2 ),...p.(^m) and similarly take another matrix represent 
consisting of m square matrices of order p s.t. 

(^m) 

Since from the two matrix representations a single row 
found by their addition in which two representations arc 
joined into one, therefore a new representation consisting of m 
matrices of order ra-fw can be obtained by adding these rep“ 
tions such as T (x • O 1 t n rows 

orw 

L*-> J p rows 
n p 

Columns Columns 
whose elements are 


rrfA^O I 

r t* (^2) 0 1 

r v-(A m ) 0 -j 

L 0, n'Mi) J, 

, L 0 J, 

...XOv'iAjl 


Calling the first representation as (x x , second as an d their 
(x we have 

f*l + ^2 = f* 

Reducible representation. A representation arising from the ir 
tation (2) by similarity transformation is called as reducible ir 
tation and clearly these transformations are equivalent to I ho 
sentation of the form (2). Other representations for which tbi« 
possible are termed as irreducible representations. 

e.g. A reducible matrix can be put in the form (2), by ntmll 
transformation by means of convertingyth row and column liilft 
row and column. In order to effect this reducible represen t a I ir~ 
isomorphic linear operator T : L , V being two 

ce s and matrices, A y B y ..£L, A\ 2?'....£L' 
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liftvr 

A' TAT~ 1 y #' = 77?7 r ~ 1 ...etc. 

If HI , hoosc 7 k 0 = 8*0, then 
lb 1 ‘ /.m( 7 l )g # -.28a0'*g / i = s 6« i 

I** Him ihc similarity transformation for this T resumes the required 
Hmmihi nng such that 

A^T-'AT 


A/ k ' where (A) ik = I 8/* A^t/ 

wc know that every non-singular matrix y.(A) is invertible and 
■lINlflplii ulion of any group element A with identity element E gives 
i| In tin multiplication of any representation matrix fx(>4) with the 
H/ > assigned to the identity will yield [i(A ) i.e. 
l l (A)t*{E)=p(A) so that y.(E)=I f a unit matrix 
Kjfr* *u» li I lie unit matrix may be associated with the identity element 
||l gionp and we have 

^(A)ii(A- 1 )=ijl(AA- 1 )=im(E)^I 

HA)]- 1 =[i( A- 1 ) ... (4) 

llliiMrol unitary representation i.e. matrices in representation 
P!m»i unitary, we therefore have 

...(5) 

Ml ilbl < 5) give [l(A~ 1 )=[u.(A )] e ... (6) 

Mm ml iic I ion of a representation. If basis can be found such that 
I Hm matrices y.(A) of an 77 -dimensional representation may be 
■wuml to Ihc form 


[i(A)= 


r i 

R(A) -I 

L O : 

P <V (A) J 

«-* j 


m : 

(n—m) 

columns : 

columns 


rows 

i—m) rows. 


... (7) 


I Wlirir denote mxw matrices, > (2) (.4) denote (n— m)x(n— m) 

*' • \ O is a null matrix of (77— m) rows and m columns and R(A ) 
!• * a rectangular matrix of m rows and (n—m) columns, then the 
mpHM million n[A) is said be reducible and the procedure is said to be 
Ml of reduction of the representation ^(A). 

Iliflitkfhrtning the basis in 777 -dimensional space of ^. (1) y all the 
■bkUlici of n (1) (A) can be brought to the form (7) i.e. 

u«> M )_r 1 

( o : p<%4)J 

IH*' 1) I "‘ing /^-dimensional and (i (4 »(^> being ( n—p ) dimensional. 

I IWitlmiing this process, we may get the set of matrices [t ar (A) y 
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»- (2) (A), tt <S) (^4), . - . (A**- 1 ’ (y4), H tai (y4) which can not be further redUMul 

a 

and the dimension of irreducible representations m* is 2 m } 

/= 1 

In (7) if basis found is such that R(A)—0, then (7) becomes 

i^M) ; o 


1 

■in 1 

<•<1 




=[ 


] 




o ; ^ 2) (A) 

he. + ... ( 10 ). 

It follows that the representation v*(A) in this c ’se is fully reducible 
and the reduction method is the reverse of addition. 

If (x a) and jx (2) are also reducible then continuing the process of 
reduction, the result (10) can be extended in the form 

p.=pt< 3 > + (x< 2 > + pt (3 >-h...-+ ^ (<x) . . . (Ml 

The irreducible representation fx (a) may contain several equivalent 
irreducible representations which are not counted distinctly. As such t\ 
representation p. may consist of a particular irreducible representation 
H (fc) several times i.e. 


fx=h ^> + / 2 [x( 2 > + ...+/* [x' 


Ok) 


(ID 


=£ fj being positive integers. 

j 


As an illustration, consider a vector x with components x l9 x 2% f 99 l 
and the elements of the group as operators change x into a new vectof 
x' with the same components in different order. Then the reprc*cn« 
tation (x is a matrix s.t. x'=|xx, rows and columns being labelled with 

■*15 X 2* X d • . 

Taking E as ^identity element of the group, fx(£) is a unit mat i In 


i.e. [l(E)=I 


[ 1 0 01 
0 1 0 
0 0 1 


Assuming that A replaces x x by x 3 but x 1 itself becomes x 2 , that In 
jx(yl), unity appears at the intersection of x x th row andx 2 th column 
Also taking similar assumptions with B, C, D , F we have 


I 

r° 

1 

0 ~ 


0 

0 

1 


L i 

0 

0 _ 


r° 

0 

1 - 


0 

1 

0 


Li 

0 

0 


and fx(F) 


«°> 

= 10 0 
L 0 1 o J, 

r ° 1 ° i 
= 10 0 

L 0 0 1 J 


pool 
001 
L 0 1 oj, 


Note 1. Since in a space of /-dimensions at the most / orthognmtl 
vectors can exist, therefore sum of squares of dimensions of all In 
equivalent, irreducible representations is at the most equal to I hi 

irreducible reprenctMj 


order of the group of representation i.e. 
n ly // 2 , ...« s being dimensions of s inequivalent 


tations of a group of order /. 


So 


2 «/c 2 

k~\ 


U. 




Ppti ►mIhm •« of Reducible and Irreducible Representations 

ll th# Miimh i of non -equivalent irreducible representations is the 
|i Hu immhcr of classes. 

HIM •• arc It elements in a group then the number of times 
H)t IhxIiu iblc representatien occurs in a reducible representation 


HI AM If* ' reducible representations of an abelion group are one- 

UMf) A |*pti icntulion by non-singular matrices can be transformed 
■ ftp’. milation by unitary matrices through a similarity trans- 

M Ah> •" Hmk commutating with all the matrices of an irreducible 
HI. hi is a constant matrix i.e. a unit matrix multiplied by a 
••mh <• itUr. 

ft H i . mi i matrix A commutes with every matrix of a given 
nfcm-OM.ii of a group, then either A is a scalar matrix or the 
JfcfMaii 'ii is reducible and the transformation used to diagonalize 
MMH hi partly reduces the representation. 

All IIm n arc two irreducible representations [^(A x ), yi(A 2 )...[i(A h ) 
i» ( I jM-p-'Ma) of dimensions d x and d 2 respectively and 
■A * a matrix M with d 2 rows and d x columns such that 
Hjl i‘ i • i ) VI ,j 1, 2 ,...h then for d x ^d 2> the matrix M is a 
^MMlri whereas for d x —d 2 , M is either a null matrix or a 
|R|mIh matrix. 

I li< direct product of irreducible representations of two 
Hd Dump . is also an irreducible representation of the direct 
■)}l • the groups. 

\ Theorem for an Irreducible Representation 

■»lM, M l«), \L(A 2 )...\L{A h ) and (x'(£), y-' {A 2 ) (A h ) be two 
>u irreducible unitary representations of the same group 

l \>(R)ik\>-'(R)v <= o ...(13) 

■h till dements j k and pq , where the summation extends over all 
*Jti¥Huntx A , A 2 , A 3 , ...A hy E being identity element. 

■mHmm l lie representation in unitary form as a similarity 
JBmm»Hkui always leaves multiples of the unit matrix unchanged, 
MtH* M commutes all the matrices E(—A^) y A 2i ...A h of the 
^■ftHlott of ihc group of order h i.e. 

iM MA iy i=l, 2, 3,...h ...(14) 

Jfbilmc (»•//) we have M[x(y4»)=fx'(,4 t )M, i=l, 2 y ...h . . . (15) 

KA | Ml fuicrts that a matrix which satisfies (15), must be a null 
m mid • »nr which satisfies (14) must be a multiple of the identity 
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On account of group property of the representation all matrices of 
the form 

• • • 0*P 

R 

for arbitrary /-rowed and m-col trained matrix X satisfy (15). Aim 
the group property follows that 

^\x\SR)XD{S{RY x }^ , /(R)XD{R- 1 )=^M i since the same matricH 
R R 

appear on the left and right except in different order. 

Hence y.'(S)M=ZlL'(S)[L’(R)XD(Rr 1 ='Zy.’(SR)X<J.'(SR' 1 )V-(S) 

R R 

or [L'(S)M=MyL’(S) (in coincise form), • • • (Uj 

so that by feature (vh) M must be a null matrix i.e. for arbitrary 
M, j =?.1v.\R) v{ X ir v.{Br 1 ) Ti \ while on setting all matrix elemcn 
ir R 

Xi r —0 except one number X Qk =U the generalized form of (15) 
Jp'Wn ^(R~ x )ki where \l'(R) and fx(R) must be irreducible, but w 
necessarily {unitary. In case [ i'(R 1 ) k j (R) are unitary f *-(R ) — uMaJJ 
and hence p(i^ 1 )= |x(i?)e so that (M) reduces to unitary repr 
sentation. 

The Character of Representation 

Let [x* with matrices ^(A) be a representation of a group G.Tw 
trace of the matrix fx*(,4) i.e. the sum of diagonal elements of v-\A) 
said to fce the character of element A in the representation |x a 
denoted by 

k 

The character of an irreducible element is known as simple and t 
of decomposible representation as composite. It is worth noting i 
the equivalent representation has the same set of characters , Jjhc# 
jjl and £x' be equivalent representations with matrices |x(/4) and |x \A) 
the group G , then 

B being some matrix. 

; t t r (x , (y4)=/ r (xf^), trace of a matrix being unaltered un 
similarity transformation. 

Also the character is a class function in the group. 

Since if A, B be two conjugate elements of a group G, then 
A=U~ 1 BU > 

and 

y.(A) and (x(£) being equivalent representations (as related to si 01 
larity transformations) have same set of characters. As such conjuglj 
elements in a representation correspond to the same character a 
hence in describing a group by listing the character of its elements 
an assumed representation, same character i.e. number is assigned 
all elements in a given class. Thus the character is a class function 
the group i.e. the character of a single element from each class 
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t lie character of the whole group. 

Nt.» If |A(/f)=(x 1 (^)+{x 2 (^l) (20) 

»h. m x(A) = t r [(x(>4)] =t r [^ 1 {A)+^ 2 (A)] = t r 

=Xi (A)+Xt(A) ...(19) 

Also tl |x(i4)~ij fx (1 >(y4)+/ 2 fx (2 >(>4)+...+/ a fx (0 ‘ ) (> 4 ) 5 by ( 11 ) 

IkfA x(^)=f 1 x (1, (^)+/ 2 X (2) (^)+...+/ tt x < " , (>4) . . . (20) 


tyllirt Main Features of Characters 

0) The character of the direct product is the product of the 

■»«'*' i. rt i.e. X i (AB)=x j (A)-x*(B). 

I lie characters form an orthogonal system. 

II both of the representations n(A) and [x (B) are of the first 
■It## i hen the direct product p(AB) is irreducible. In case both are of 
■ft*' higher than one, t*(AB) is reducible. 

By#) Two irreducible representations are equivalent if and only if 
PBf Imvc l he same character. 

i • lirader tables. These are the devices to find characters when the 
PMtpInr multiplication table for a group is known. It is effected by 
■I* Miming first the product of all elements in the class C< by all 
■hih'mi . in C f and then arranging uniquely the resulting set of 
■W#ni‘. m classes. Evidently a given class may occur in the products 
Bftfty times or not at all. If h ijy k denotes the number of times the 

4th » !•» * appears, then we can write C* C,=Q C,= 2 h ih k C k 

i*l 

. . . ( 21 ) 

tlwiic 2 [x (<, ] 2 =£ ( S ay) . . . (22) 

■hm# summation extends over all the numbers of classes p and g is 

I 0tu« h th k determined, we can find characters by the use of relations 

|’f l {t) X li) =X {i) ^h ijfk r k x w ...(23) 

k—\ 

■#0 r x is the number of elements in z-th class and r t the number of 
PMtt< tils in yth class. 

r A table in which we can put all that what we have explained here, 
■ Imiwn as a character table . 


0 $ i onsider a multiplication group of matrix elements 


E= 

' 1 0 O' 
0 1 0 

A= 

'01 O' 
0 0 1 


r 0 o n 
10 0 

C« 

_ 0 0 1 _ 

'10 0“ 
0 0 1 

> 

D= 

.100. 

'001' 
0 1 0 

fJ 

L 0 1 oj, 
ro 1 O] 
100 


0 1 0 

9 

1 0 0 

, 

L 0 0 1 J 


then we have 
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C 2 = A\ B\ AB , BA=2Cj+ C 2 
C 3 -3C x +3C 2 ; C 2 C 3 -2C 3 

other products are not required since /r=l, r 2 = 2 and r 3 = 3. 
Using (24), we therefore have 

4[x (2, ] 2 -X a, (2x (1) +2x (2) ) 

9 [x (3) ] 2 -=x a, (3x (1> + 6x (2) ) 


6x (2) x (3 )==6x (d x (3) 

Since x (1) has values 1,1,2 [by (23), g=6 and p= 3]. 

Solving these equations with each of 1, 1, 2 in 
turn, we get a table as shown here. 

Here S r , 5 2 , 5 3 which are themselves matrices form 
the diagonal elements of the reducible representation. 

Important Note. For detailed discussion of character tables to I 
group theory, see Appendix C at the end of the book. 



Ci 

C 2 C 

Si 

1 

1 1 

8 2 

1 

1 -1 


2 - 

-1 ( 


ADDITIONAL MISCELLANEOUS PROBLEMS 
Problem 39. Show that for a finite group G, every representation is equivalent 10 1 
a unitary representation. 

Consider an arbitrary pair of vectors x , y s.t* 

{*, y}= s V- being representation. .••(!)] 

AzG 

The sum in (1) being extended over all elements A of <7, for any B*G, 

we have {n(B)x, n(B)y}= 2 V-(B)x, [l{A) 

AzG 

= 2 ii(AB)y} . . . (1)1 

AzG 

If A and B are fixed, AB runs through similar elements of G and so R.H.S’s of 
(1) and (2) are identical i.e. 

{*, y}=b L ( B ) x » W\B)y} . . . (■ 

For any operator U to be unitary, ( U x , U v ) = (x f y) Yx, y. 

So operators n(>4) are unitary w.r.t. scalar product {x, y}. 

Let be a set of vectors, orthogonal wr.t. the set of original scalar proditftj 
and v a a second set of vectors orthogonal w.r.t. a new scalar product s.t. 

Take an operator T s.t. v* — T u* 

So that Tx—Px^u^—x^Ti'^—x^v^ 

{ T x , T v }=x ot y 0 t ={x, y) . . . (4M 

If the equivalent representation is given by 

t ...(1) 
Then {r~! [l(B) T Xt \l(B) T y }^{B)T x% \l{B) T y } by (4) 

= {T X , T y } by (3) 

= (*, y ) by (4) 

which follows that n'(B) given by (5) is unitary and hence for finite group G , th# 
representation can be chosen as unity. 
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Allfrr. I et G be a group of order m represented by matrices A \ , A 2 ,- 4 m . A’s 
11 m* dUlinci if (he representation is faithful otherwise A s are not distinct. 

1 (insider Hermitian Matrix If obtained by summing over all the group 
• I* nn ms s.t. 

H— 2 A*A*® ... (6) 

a 

Mmrix II can be diagonalized as D by unitary matrix U s.t. 

D--IT~ 1 HU= 2 irtA^AjdU 

a 

= 2 U-iA^UU-'Ajdu 

a 

= 2 tr» 


= 2 AfcAj,©^-— , (7) V a; = 1/-i.4£/ ... (7) 


All elements of D are real and positive since 

Dm=-- 2 2(A a )3 T (A 0t )© 3 =2 2 | (A s ) By | ? 
ay a y 

=0 if (A ( j t )p y =0 V y and x in which case an entry row 

ttt A* will fe zero so that | A % | =0 thereby contradicting the hypothesis. 

I hus D l l 2 and D -1 / 2 can be uniquely formed from D by taking ±1 power of 
lit* diagonal elements and D 1/2 and D~ l J 2 will be real if 

{D 1/2 )®=D 1 ‘ 2 and (Z>~i l 2 )® *= D~ l 12 

Hut the representation (Ax) =i>" 1/2 AA D 1J2 *=D~ x i 2 U~ l A \UD 112 Is unity 
mid (7) gives 1=D~H 2 2 A* 


Ax Ax® = D~ 1 ' 2 A X D 1 1 2 (D-HZ 2 A * A*® D“U 2 ) D l i 2 Ax® O -1 ' 2 

a 


-=/)-! /2 2 A x A *0 Ax®D~H 2 


Also the group axioms for A* give that Ax A^ t a— 1, 2,.. m are also A* in a 
dlflrrent order, therefore 

2 A X A x (A X -?«)©= 2 A* A«@ 

a a 

Thus A x Ax&^D-a- 2 Ax .lx©Zr'/2=/ 

a 

so Ax®=(T y r i 

Hfhlch shows that A& is unitary. 

Problem 40. If a matrix commutes with all the matrices of an irreducible repre- 
if motion, then show that it is a multiple of unit matrix. 

I el A i, A%...A m be the matrices in representation of a group G in unitary form 
•nd // be a matrix which commutes with all of A lt A 2i .. A m 
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i.e. A 0l B=BA (X , a=l, 2,...m 

.*. (A ot B)S=(BA {Jt )& (by taking transpose conjugate) 

i.e. B0A (X S=A Ol & B® 

or A « £©/!<*© 4*® ^®^ot 

or A a B* = B* A* 

Y A * ,4*©=^*© /t©=/, /t a being unitary. (1) and 

that B and B* both commute with all A" s. 


...( 1 ) 

... ( 2 ) 

... (3) 
(3) follow 


.*. B+B*^Hi (say , i (B—B*) — H it Hu Hz beiag Hermitian; will also com- 
mute with all /Ts. As such we can conclude that a matrix commutative with all 
the elements of a unitary representation is Hermitian. 

Also assuming that B is unitary, it can be diagonalized as 
D=U ~ 1 BU 


If A* is unitary then C % —U 1 A*U is also unitary and so (1) gives 
C^D=DC I3l , « = 1, 2,:..w 
Equating j-kth elements on either side, 

WCotljht 

*' e ' (Qc )kj (Djj)-Dkk (C<x)kj ... (4) 

D being diagonal matrix. 

Now i.e. representation is reducible which contradict* 

the hypothesis and hence 


Oii=D kk Vj t k 

which follows that D is a scalar matrix say Z>=Xf, X being a constant and I a unit 
matrix. 

As such B=UDU~ 1 ^UXIU~ 1 =^\UU~ 1 ^\I 
— a multiple of unit matrix. 

Problem 41. If U covers the entire unitary group then show that p (a, 3, v) 
ranges over all rotations. 17 1 

Take £/i= f e i<x i 2 0 1 

L 0 


Then, 


x’ —x cos ot+y siq a 
y' = —x sin a+y cos a 
z'=z 


represent a rotation through an angle a about Z-axis, Representing it by r'— p f (a) 
r ,r 9 r being vectors with components (x, y, z) and (*', y', z') respectively, w« 


have 


*.(«>-! 


[ cos a sin a 0“| 
—sin a cos a 0 

0 0 iJ 


Similarly p*(0) corresponds to a matrix with a replaced by 6. 


Now take U 2 — 


i. 


cos 3/2 i sin 3/2 "1 
sin 3/2 cos 3/2 J 


Then 

U 2 ®TiU 2 =T x 

£/ 2 ©r 2 f/ 2 =cos 3T 2 +sin 3T 3 
U 2 ®T 2 U 2 — — sin 37 T 2 -f cos pr 2 
and r'=p x (B)r 

whence p*(3)~ T 1 0 0 “1 

0 cos 3 sin 3 
L- 0 —sin 8 cos 3 J 


ftMHtr llll'ORY 
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• % t.i. nt ly the product of the unitary matrices Ui (a), U 2 (3), Us (r) corres- 
feNllih •" die product of a rotation about z through an angle y, about y, through 3 
H’i •••mil \ through a i.e. corresponds to a rotation with Euler’s angles «, 3 ,y. 
VW * ,,M ,M,momor pWsm is the homomorphism of the unitary group onto the 
|i"tn 1 dimensional rotation group. 

I'nddi mi 42. Show that the groups of order 2 and 3 are always cyclic . 

"M.. hi 43. Show that a group of order 4 may or may not be a cyclic group. 
•‘♦..Mini 44. If D( A) and D{B) denote the determinants of two matrices A and B 
••'■/rr then show that D(A ) D(B)~D(AB)—D{B) D(A) 

•**"blwni 45. If D{A) is the determinant of the matrix A — r a cl then show that 

U d\ 


H 


d —c 

IHA) D(A) 
b a 

i)(A) D(Ay_ 


is the inverse of A y provided D(A)^0, and if D(A)~ad 
*=*bc> then verify that AB—BA—1. 


ill It A I 


"*d» iii 46. If we define Do, group as consisting of six matrix elements 


i r/tn A=ri o i 5=r -i\2 W3/2 

Loi], 1.0-2 J, La/3/2 3/2 



V3I2- 1 

F=\-l\2 

-V3/2] 

L-v-J/2 

-H2 J 

, W3I2 

-1/2 J 




f# flow the group table and show that this group is non- abelian. 

M»»' uiotip table is as shown here and it is easy to 
NM* ilmi 

AB^BA etc. 


Fflbi nr />, / is 3. 

tholilcm 47. Find the classes of D 2 group. 

Nliu i in each group identity elements form their 
• Im* and no other class contains E t therefore one 
of I ) a is E. 

Nmw to find the elements conjugate to A, we have 



E 

A 

B 

C 

D 

JL 

E 

E 

A 

B 

c 

p 

£ 

A 

A 

E 

D 

F 

B 

£ 


A 

jF 

E_ 

D 

£ 

A 

C 

c 

D 

F 

E 

A 

B 

D 

D 

_C 

A_ 

B 

_F 

£ 

F 

F 

B 

C 

A 

E 

D 


3 MT A;A~^AA=A; B~ 1 AB=BAB=FB=C; C~ 1 AC=CAC=DF=B; 
II I AD FAD=BD=C; F~ 1 AF=DAF=CF=B. 

elements conjugate to A , are B and C and hence A, B f C form a clast. 
A|«ln consider the elements conjugate to D, 

9t l /)/ D; A~ 1 DA=ADA = BA=F; R^DB—BDB^CB^F 
0 'DC CDC=AC=F; D-'DD^^D; F- 1 DF=DDF=FF=*D. 

I * I m the only element conjugate to D and so D t F form a class. 

1 4 mu lusively Z> 3 has three classes: @i=E 


&=*, B, c 

F. 


pM'likra 48. Defining a commutator of x and y as x^y^xy, x t y«G (group) and 
p"*u# ./ by [x, y] show that its inverse is also commutator. 

W* have [x, y]=x~ 1 y~ 1 xy=z (say), then z~ 1 =y~ 1 x~ 1 yx=[y, *]. 

Piublem 49. Define a group. Show that the group consisting of the symmetry 
mmtnh which map an equilateral triangle onto itself is isomorphous with the per - 
PUMfMft group of three numbers (a % b, c). 

i Hifjdn a two dimensional representation of this group. 


(Agra, 1972) 
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JSSs.«i»sasr • "”»’ -w*-«-«! 

[b e repreSen ; at,on ? °{ a sroup can not have same characters Ziirrcdw 
presentations with equai characters are equivalent. [RohilkhanJ I 

See§4,i4. 

fc alZZjZLnt^thegrouZ^ ° f repma,ion °f a *™P «* show ,h« 

JShow that the characters of the irreducible representations of a finite . 
See ° r ‘ S SyS,em ^ ‘ he ^ ° fSrOUP elen * Ms ' W2M#J 


• MAN I K 5 


: COMPLEX VARIABLES 

* 


It INTRODUCTION 

AttiiHi , Dedekind and Weierstrass etc., extended the conception of 
tdti.Mi.il numbers to a larger field known as real numbers which cons- 
im mi. rational as well as irrational numbers. Evidently the system ot 
o- .1 numbers is not sufficient for all mathematical needs e.g. there is 
Him i 1 1 number (rational or irrational) v/hich satisfies x 2 +l— 0. It 
V*' Him fore felt necessary by Euler Gauss, Hamilton, Cauchy, Rieman 
•nil Weierstrass etc. to extend the field of real numbers to the still 
HUpri licld of complex numbers. Euler for the first time introduced 
ill*, ivnibol / with the property i % = — 1 and then Gauss introduced a 
mm mi In* i of the form a+/(3 which satisfies every alg ebrai c equation 
ftllli real coefficients. Such a number oc+f’P with and a, £ 

pHiijt real, is known as a complex number . 

I I DEFINITIONS 

* iimi|)I('x numbers. An ordered pair of real numbers such as (x, y) is 
tHftinl as a complex number. If we write 

z=(x, v) or x+iy 9 where i=y/ — 1, then 
| »« tailed the real part and y the imaginary part of the complex 
Munibcr z and denoted by 

x=R z or R (z) or Re iM) 
y=Iz or IQ or 7 m (,) 

l <|iiulity of complex numbers. Two complex numbers (x, y) and 
(T, v') are equal iff x—x 'and y—y \ 

Modulus of a complex number. If z=x+iy be a complex number 
•It* it its modulus (or module) is denoted by \ z \ and given by 

I z | = | x+i> | = + VxM-.y 2 
I Evidently | z | =0 iffx=0, y= 0. 

ft OPERATION OF FUNDEMENTAL LAWS OF ALGEBRA 
ON COMPLEX NUMBERS 

Inking three complex numbers z 1 =(x 1 , y x ), ^ 2 =(x 2 , y 2 )> z 3 =(x 3 , 7a) 
Hu’ define the following operations: 

|l| Addition. The sum of two complex numbers Zx=(xi, ^i) an ^ 
#•••( v a , y z ) (say) is defined as a complex number z=(z 1 +z 2 )— (Xx+X 2 , 
f\ l y 2 ) such that its real part is the sum of real parts and imaginary 
pint is the sum of imaginary parts of the given numbers. 
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(/) Addition is commutative, i.e. z t +z 2 =z 2 -\-z 
Since we have r 1 +z 2 -(*,+i> 1 )+(jr 2 +i> a ) 

— (*i+*«)+/(y,+,yi) 

= C*l'f'*2> Ji+Jo) 

— (* 2 +Xi, J 2 +Ji), all the numbers being rea 

= (-'’ 2 4 _ ; J2) + (X] + jVj) 

= Z 3+Zl 

(h) Addition is associative, i.e. Zi+(r 2 +z 3 )=( z+z ) +z 
Since, we have 

z i + ( z 2 + z 3 ) — * 1 + i y 1 + (x 2 4 - i > 2 4 - x 3 -f ij 3 ) 
“(Jfi+0' 1 +*s+<y 1 )+*i+/j 1 
~( z i~)~z 2 ) 4 - z 3 

(ii7) There exists an additive identity i.e. z+o=z 
Since, we have z+o=(x, y)+(o, o) 

•=(x+o,y+o) 

=(x, y)—z 

(/v) There exists an additive inverse i.e. z+(— z)=o ... (4) 

Since, z+(— z)=( x , j)+(— x, — y) 

=(*-*, y-y) 

= {o, o) 

=0 

0 ? Note. If z=(x, y) then — z=(— x, —y) is called as additive inverse 

[2] Subtraction. If z 1= =(^, then -J,) etc. 

z i~ z 2 =(*i, >’!)+(— x 2 , —y 2 )=x 1 +iy 1 —x 2 —iy 2 

=(*i-x 2 , y 1 ~y t ) ...(5) 

[3] Multiplication. We have z,z 2 =(x 1 +/> 1 ) (x 2 +iy 2 ) 

= (-XiX 2 -JiJ a )+j(x 1 j a +x a ji) 

u - ' _ [*i» Jh) ( x 2, y2)=(x 1 x 2 —y 1 y 2 , x^j+x^) • • . (6) 

( 1 ) Multiplication is commutative, i.e. z 1 z a =z 2 z 1 ... (7) 

Since, z i z 2 =(*iX a -y 1 y 2 , x^+x^) by (6) 

a (VrWb J a xj+Jix 2 ) 

=U a +ij a )(x 1 +iJi) 

= Z 2 Z 1 

(it) Multiplication is associative, i.e. z 1 (z i z a )=(z,z 1 )z a =z 1 z a z a 

... ( 8 ) 

Since z »( z a z a) — (x lt Jj) (x 2 x 3 — y 2 y 3 , x^j+x^J by (6) 

= [x 1 (x 2 x 3 J-J^) JiCx^Jj+X^Jj), 

■*i(* 2 J'3+Xay a )+j 1 (x 2 x 8 — jjjs)] by (6) 
=[(^!^ a -JiJ a ) *a-(*iJi+x 2 y 1 )y„ (XjJj+XjJjJx, 
+(x 1 x 2 — jjj a )j 3 ] (on rearranging) 
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=K*i» yi) (x 2 , J 2 )l (* a . J*) 

= C z i^a)^3 

lift) Multiplication is distributive, i.e. (z 1 +z 2 )z 3 =z l z a +z 2 z* ... (9) 
time (z,+z 2 )z 3 =[x 1 -f x 2 , y.+y 2 ] (x 3 , j 3 ) 

=[(*i+* 2 ) *a-0'i+3'*)y», (Xi+x 2 )j 3 

+(Ji+J,)x i ] by (6) 

= [(^3->’l3 ; s)+(jf2^3-> , 2 j3); (*lj 3 + *3jl) 

+(X 2 J 3 +X 3 J 2 )] (on arranging) 

~( x l x ;i Ji J 3 , JCiJ a +X 3 J 1 )4-(X 2 X 3 — JjJ’ 3 , 

XjJj + XjJ,) 

-(*1. J'l) (*3> *) + (**, ^2) (*3> J3) 


— Z 1 Z 3 ~ i - Z 2 Z 3 

(Iv) There exists a multiplicative identity i.e. z-l—z ... (10) 

l«=(l, 0) is the multiplicative identity known as unity for the 
iv*lcm of complex numbers. 

) We have z-l=(x, y) (1, o) 

=(x,y) 


(r) Ihcre exists a multiplicative inverse i.e. zz ~ 1 = 1 . . . (H) 

I li ’ (x, j), then z _1 =(x, y)- 1 so that we have to show that 
. (x,y) (x, j')- 1 =(l, 0) 

I A«*uming (x, y) 1 =(x', y ), this becomes 

(*.^)(*',7')-(l,0) 
it. (xx'-yy\ xj'+jx')=( 1 , 0 ) 

which gives xx'—yy'=l (on equating real and imaginary parts) 
*j'+jx'=0 

Solving these equations we get 


* ,== x*Tp y,== x 2 +y 2 P rovided x 2 +y*^0 

Mcnce the complex number (*, y) has a unique multiplicative 
Inverse ( ^ 2^2 > ~^ 2^2 ) which is also a complex number such 

•»"" (*. y) x 2 +y 2 ) =(1, 0) 

|4| Division. Consider an equation z x z 2 =z' 

•here Zx=(x!, j,), z 2 =(x 2 , y 2 ) and z'=(x', y') 

Now z 1 z 2 =(x 1 x 2 -j 1 j 2 , x 1 j 2 +x 2 j,)=z'=(x',y') 

Which gives *1*2— yiJ 2 =x' 


Solving x 2 =^=^ 
Xi t +y 1 z 


x 1 y 2 +x 2 y 1 =y'. 

Mjz x 'y 1 


j 2 = 


provided x 1 a 4-y 1 *#0 i.e. | z x j ^0 


2 +J x 2 


.. ( 12 ) 
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z' 

Thus we have a unique solution and z 2 = — is the quotient. 

[5] Conjugate complex numbers. If z=x-\-iy 9 then x—iy is said to 
be the conjugate of co mplex number z and denoted by z 

Evidently (Zi+z 2 )=Zi+Zt • • • 

. U4)J 

.(13) 

.(16) 
.07) 


^2= Pi 22 

zz Mx+iy) {x-iy)=x~+y 2 = I z 

z-\~z E=2.r :=: 2i?2 or 2.R(z) 
z—z~i2y—2il z or 2il(z) 



5.4. GRAPHICAL REPRESENTATION. (ARGAND DIAGRAM) 

Consider a point P in xy-plane. Let an 
ordered pair of values of x and y corrc»- 
pond to the co-ordinates of the point P, 
Then a complex number z may be made 
to correspond to the point P 9 where 
z=x+iy. 

Here z is called the complex co-ordl* 
nate of the point P. 

In the adjoining figure, the x-axis in 
called the real axis or axis of reals and 
v- axis is called the imaginary axis or tho 
Fi S* 51 axis of imaginaries. 

Here | z | = | x+iy \ =^( x 2 +y z ) is the measure of length OP. | 
If (r, 0) be the polar co-ordinates of the 
point P, the polar form of the complex 
number z is 

z=r (cos 0+/ sin d)—re ie . 

Here the number r (being taken -five) is 
called the modulus or absolute value of the 
complex number z and 0 is called the angle 
or argument of z and usually written as arg 
z, i.e., | z | —r and arg z=0. 

Now the co-ordinates of a point P' which 
is conjugate of z are z=(x 9 —y)or(r 9 —0) 

in polars. 

Since z— r{cos (—0)+/ sin (—0)}, 
geometrically the points P and P' repre- 
sent z and z respectively and their situa- 
tions are symmetrical about the axis of 
reals, i.e. :x>axis. The conjugate of z is 
called the reflects n or image of z in the 
real axis. 

Note 1. The plane whose points are re- 
presented by complex numbers is known as 
Argand Plane or Argand diagram or Complex plane or Gaussian plane. 
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H« ; Mic complex number z representing the point (x 9 y) is 
4 1 mi n railed as Affix of the point (x, y). 

It \ | he sum , difference , product and quotient of complex 
)»m ran be geometrically represented on the Argand plane as 


III Ntim laking z x and z 2 two complex 
NhU" i r presented by the points P and Q 
\ Af*nmd Plane and completing the 
AMilU ln) iam OPRQ, we observe that mid- 
B|i oi us diagonals OR and PQ coincide, 
Ihsy bisect each other i.e . 

■ y i). z 2 =(*2> j'*). then mid - 

r ...• .a IV is (^y^~ 2 , — y — j which is 

ill* (In mid-point of OR showing that co- 
Kimm of /< are (xx-\-x 2 , >’x+y 2 )- 
Ifclll I -i ii = : (a' 1 +A2, 



Hie sum z t +z 2 corresponds to a vector whose components 
V >, i < . and y x +y 2 - As such the sum of two complex numbers z t 
m ■>, < mi be represented by a vector (zx+z 2 ) 


If Or -: u OQ—z 2 then OR=OP+PR=*OP+OQ=z l -\-z i . 


■llttir the point R on Argand plane corresponds to the sum of two 
lb|il< • numbers z, and z 2 as shown in Fig. 5.4. 


Ml llllfmncc Taking z 1 =(x ] , yj and z 2 =(x 2 , y 2 ) two complex 
numbers represented by the points P and 
Q on Argand Plane and completing the 
parallelogram OQPR, we see that the 
point R represents the complex number 
z 1 — z 2 , since z 1 —z 2 =(x 1 —x 2 , y 1 — J 2 ) 
being a complex number corresponds to a 
components are — x 2 and 



vector wftose 
y\~y 2 and 

if 


= 0P— z, 


OQ=z, 


l ie. 5.5 


then QO=—z 2 , so that 


B f , OP~OQ=OP + QO = QO+OP=QP=OR 
B ll,. dilfcrence of two complex numbers can be represented by a 

•t* till 

|t| Product. If z 1 =(x 1 , yj, z 2 =(x 2 , y t ) are two complex numbers, 
z i z 2 =(x l x 2 —y l y 2 , *i>^+* 2 ;>'i)=(*i* 2 — Jiy 2 )+iUi>' 2 +A: 2 yJ 

I luinging to polars by putting x 1 =r 1 cos e u Ji=r i sin 6x 

x 2 =r 2 cos 0 2 , y 2 =r 2 sin d t 


464 


MATHEMATICAL Pll 



where r x> r 2 are the moduli and 0!, 0 2 are arguments of z x and r, 
pectively, we have 

z i z 2 = r x r 2 [( cos ^1 cos 0 2 — sin 0! sin 0 2 ) 

+ z(cos 0j sin 0 2 +cos 0 2 sin 
=/y 2 [cos (di + d 2 )+i sin (0! + 0 2 )] 

I z,z 2 I =r 1 r 2 = | z x I I z 2 ( • • •(! 

and arg (z 1 z 2 )=0 1 +0 2 =arg 0,+arg 0 2 * * ‘ V 

i.e. the modulus of product of two complex numbers is equal to A 
product of their moduli and argument of the product of two compm 
numbers is the sum of their arguments. 

In general if there are n complex numbers z Xi z 2 ,..., z n with motll 
r l9 r 2 ,...r n and arguments 0 1? 0 2 ..., 0 n respectively, then repcnf 
application of the above result yields, 

z 1 z 2 ...z n =r 1 r 2 ...r„ [cos (0i+0 2 +...+0„)+i sin (Oi+Bis + .-.+^n)! 
so that | z x z 2 ...z n | =r 1 r 2 ...r n =|z 1 I z 2 | ... | z n | • • < 

and arg (z 1 z 2 ...z n )=0 1 +0 2 ...+0 n =arg z^argZu+.-. + arg z B . . ■ 

i.e. the modulus of the product of any number of complex quant ti 
is equal to the product of their moduli and the argument of the prod 
of these complex numbers is equal to the sum of their argument i 

Geometrically represcn 
on an Argand Plane the prf 
duct of n complex quantltlj 
z l9 Zo,..., Zn as shown 
Fig. 5.6 follows that i 
iength of the vector (z.I|l 
z n ) is the product of 9 
lengths of the vectors r,i 
..., z n i.e. | zxz 2 ...z n 
| z 2 1...| Z n | and the amf 
tude of (z x z 2 ...z n ) is C <HJ 
to the sum of the amplitu 
of Z Xi Z 2 , . . -Z n . 



results may be summarised as 

z n =r n (cos n 0-f-i sin n0) under the assumptions 
r x =r 2 =...=r n =r (say) 

0i=0 2 =...=0 n =0 (say) 

i.e. | r n 1=^*1=] z\ n •••# 

and amp z n —n 0=n • (amp z) • • • w 

Also if r— 1 , we get the De Moivre's theorem for positive in teg* 
exponents such as z n =(cos 6-\-i sin 0) n =cos n 6+i sin nO . . • (r 
[4] Quotient. Consider two complex numbers z x and z 2 such that 
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z i =x x +iy x —r x (cos 0!+/ sin 0 X ) 
z 2 =x 2 +iy 2 =r 2 (cos 0 2 +j sin 0 2 ) 

I In quotient of complex numbers z x and z 2 is given by 
r, (cos0.4-zsin 0.1 r, r 

— ■ [cos (0! — 0 2 ) + / Sin (0!~0 2 )] 


f, r { (cos 0!+/ sin 0 t ) 
* r 2 (cos 0 2 H - i sin 0 2 ) 


’ • 


' i 


I Zi 


•ntl «r|t ( ^-)=0i— 0 2 =arg Zj— argz 2 


.( 8 ) 

•( 9 ) 


1 1 i In' modulus of the quotient of two complex numbers is the quotient 
Wj ih, ii moduli and the argument of the quotient of two complex numbers 
[I the deference oj their arguments. 

A* " particular case defining the division as the inverse of multi- 

we have [cos(-0)+/sin(— 0)]=— [cos 0— /sin 0] 

z r r 

1 1 , A _ / 1 V 

. . . ( 10 ) 


i Hint 


n (cos n ®~i sin w0)=^—-^ 


BM» allows that De Moivre’s theorem is valid when the exponent 
A mm y negative integer. 

t in ‘metrical representation of — may be shown as below: 


[ |fl OP and OQ represent the vectors z x and z 2 in an Argand 
such that | z x \=OP 9 | z 2 l=OQ and arg z x =Q x , arg z 2 —d ? 

M -i .itc the line OP in clockwise direction 
Afttugh an angle 0 2 (=arg z 2 ) such that its Y 
•K* position is OP' and /_ POP '=$ 2 . Take 
ft i I (unit length) on OX and draw a line 
In meet OP' in R such that Z_OAR 
+ , OOP. 

I l>o point R thus obtained corresponds 

I' Hi* quotient — — and it may be justified 
z 2 " 

BRillows: 

l»i similar triangles OAR and OQP ,v 

Miff 


OH 

OA 


OP OP 

~OQ ie ’’ OR =OQ’ • OA = l 

\ Zl \ \ z 



Fig. 5.7 


•Mt h dhows that the radius vector of the point R is 

o 2 | 

AI*o ^AOR=£POJi-/_POX=6 2 -Q'=-(e i — 0 2 ) 
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i.e. vectorial angle of R is — (0i — 62 ) which, when measured 
positive sense is 0 J— 6 . 2 . 

Hence the point R represents the quotient -~- 

Note 4. Multiplication of a Complex number by i. 

Let z be a complex number with its modulus r and amplitude 

i.e. z=r (cos 0 +i sin 0 ) 

7 Z . . TC 

and i= cos -y +i sm — 


rz=^ cos -y +1 sin r (cos 0 +z sin 0 ) 
=r cos ^-y '+0 )+* sin (y + 


..(I 


which follows that iz represents a vector obtained by rotating 
vector z through a right angle in the positive direction. 

Note 5. Extraction of roots. 

Suppose that z 0 n =z, n being positive integer •••(■( 

We can express, 

z=r (cos 0 +^ sin 0 ) 

so that z 0 =r 0 (cos 0 o +i sin 0 o ) provided z =£0 and r 0 , 0 O , 
unknown. 

(12) gives, r 0 n (cos n0 o +z sin n0 o )=r (cos0+* sin0) by (7) 
Measuring the angles in radians, we therefore, have 
r^^r, w 0 o =fl± 2 w 7 t, m being zero or any positive integer whl 
follow that r, r 0 being positive, r 0 is the positive nth root of r 

0 O =— ~ ±^^has n distinct values for m== 0, 1, 2..., n — 1. 


n n 

As such there are n distinct solutions of (1), given by 

0 + 2 nrrc . . 0 + 2 >mr\ 

cos — \-i sin — 1 

n n 


z 1 l n —z f) =r 1 l n ^ i 


)’ 




0, 1, 2,..., n — 1 

...( 


Which are n distinct values of z lln . 

Here the length of each of the n vectors z 1,n is the positive num‘ 

r 1 /” and argument of one of these vectors is — while the other ar 

2n 0 

ments are obtained by adding multiples of -^-to — • 


In particular z=0, (12) has the only solution z 0 = 0. 

But 1 —cos 0+/ sin 0, then nth roots of unity are given by 

-1 


n/« 27cm , . . 2 tcw 

l 1/n =cos \-ism , 

n n 


m~ 0 , 1 , 2 ,..., n- 
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(i) 


(ii) 


Fig. 5.8 


Intm}! w--=l, the root of unity being a complex number and 
dti- it d by <.), is given by 

).n 2n Y V 

* | t sin — 

n n 

.(15) 

A- » onling to De moivre’s 
IktHHin, the n , nth roots 
ml unity urc given by 

, co”-. 1 ...(16) 

I With 1 1 are the vertices 
Jm h icgular polygon in 
l|Mtt|tlr* plane, of n sides 
Dm* in the unit circle 
| - I I with one vertex 
; |t Mir point Z=l. 

1 1“ < use (/) of Fig. 5.8 shows for n = 3 and case (/7) for n=6. 

I Now if K is a particular nth root of z, then we have the n roots of 

K 9 WW 9 ... 9 fa* 9 ..X<*** ...(17) 

| # t f . multiplied by <* v implies the increment of arg £ by the angle 

I If in, n be two positive integers prime to each other, then (13) and 
1 1 ') yield 

F :(r») 1 /» ^ cos ~+i sin ^) o> 2 , q=0, 1,2,... «-l ...(18) 

I ( . ' "*)”• -(r 1 /”)’’’£( cos ~~ m b i sin ^-)o>* J 

■(r m ) lln ^ cos sin — ^ co lOT , /=0, 1, 2,...n — 1 

... (19 

I I hr two sets of n numbers will be identical if the set u> Q and 
pint idr and then n numbers in either set can be written as z m l n i.e. 


. ( r m )i/« j~ cos ^-^-(0+27 tw)^+ i sin ^~(0+2Ti m ) j J 

0, 1, 2,..., n~l 


. . . ( 20 ) 


■I tmiy similarly define, 

m / n =(z 1 i n y~ m =(z — m ) 1 / n 


I- PROPERTIES OF MODULI AND ARGUMENTS AND 
GEOMETRY OF COMPLEX NUMBERS 
|4) Properties of Moduli 

1 1/17 'he modulus of the product of two complex numbers is the product 
|/ llnir Moduli. 

If there are two numbers z x and z t defined by 
■ #i—( v i* yi) or (r x , 0j) in polars i.e . z x =*r x (cos 0 X +/ sin 0 1 )=r 1 ^/0 1 
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**■“(**> 7a) or (r 2 , 0 2 ) in polar* i.e. z a =r 2 e' 0 2 
Then, z 1 z 2 =r 1 r 2 e <( * 1+ » 2 > 

So that | z x z 2 j = | r x r 2 e*( 0 i +0 2 ) | 

= r i r 2 I COS (Gi+ej+f sin (0,+0 2 ) I 
='Vs V cos 2 (0 1 + 0 2 ) + sin 2 (6 >j + 0 2 ) % 

='V* 

= I z iM z * I ...(|) 

(2) 7%e modulus of the sum of two complex numbers does nevtf 
exceed the sum of their moduli. 

Let z x and z 2 be two complex numbers and %i and thclf 
conjugates. 2 ^ 

We have already mentioned that | z l 2 =zz. 

•• I z i'i~ z 2\ 2== ( z if‘ z 2) (Z 1 +Z 2 ) [V z 1 £ 2 =r 1 e z01 .r 2 e"“ ,0 a 

==Z l^l + ^2^2+^1^2+^2^1 = r i r ^ i 

=1 z i \ 2 +\ z 2 I 2 +2 R (z ± z 2 ) and z 2 f tl ^r 1 r 7 e~ i ( 0 i~ 6 a) 

*1 l 2 +I z 2 P+2 | z* 1, z&t+zjh 

< (I *1 1 + 1 z % |} 2 . =2^ cos (0 X — 0 2 )= 2^(z 1 *|jJ 

•• I z x + z 2 I ^ I -STi l + k 2 !• Also if z=x-{-iy, 

R(z)=x 

< V(x 2 +y 2 ) 

< I z |., 

Aliter. | z,+z 2 P=|*.+x 2 +z (y 1 +y 2 ) P 

= (x 1 +x 2 ) 2 +(^ 1 +^ 2 )2 •/ |- A+iB | 2 =^ 2 +jJ 

=Xi 2 +x 2 2 +>>i 2 +j 2 2 +2(x 1 x 2 +>’,>’ 2 ) 

=1 z i l 2 +l z 2 ?+2 R(z x Z 2 ) 

<1 z i l 2 +l z 2 P+2 | ZjZ 2 1, •/ | ?2 1=| z 2 | 

l z i+ z i I <i*i 1 + 1 * 2 1 - ...(a) 

(3) The modulus of difference of two complex numbers is greallN 
than or equal to the difference of their moduli. 

Let z 1 —x 1 -fiy 1 =r 1 (cos 0!+/ sin 0 1 )=r 1 e,6 i , 

z 2 =^ 2 +'V 2 =r 2 (cos 0 2 +/ sin 0 2 )=r 2 e‘ 02 . 

T ^en Zi=r x e~‘ e and 2 2 =r 2 e -, ' 9 2 

and ( z i ^2 +z i Zi) = ~[r 1 e ,9 t . r 2 e ~ i0 2 -\-r 2 e~' 8 *.r 1 e~ i8l '\ 

= —r 1 r 2 [e ; (®i- 0 2 ) _|_ e — i (6 1 -9 2 )j 

=— r,r 2 cos (0!-0 2 )=— (z^ 2 ). 

•’* I z i~ z 2 P=( z i— z 2 )(Zi—z 2 ) v |zp — m 

— Z l-£l + Z ,£ 2 ( Z I ^2 + ClZ 2 ) 

H*i P+l z, |»-2* (x^. , 

But 2? (r 1 ? 2 )=if {(*»+!>,) (^i— 0 ; 2 )}=XiX 2 +^ 1 j; 2 , 

I z i I I*. l=V / (V+2'i 2 ) VW+h‘). 
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H,,w R ( Zl z t ) < | Zi I I Z 2 I, 

,f ¥.+W! < 'vW+J'i 2 ) (x 2 2 +y, 2 )} 

f r ,f (*i*i+:w2 ) 2 < XiW+yfy^+xiW+yiW 

" 2x,x 2 y 1 y 2 < xfyf+yfxf, 

|Ahli Ii In no, since arithmetic mean of two quantities is greater than 
nth geometric mean. 

A. Mich -R (z^ 2 ) > -| z x I I z 2 |. 

M * " ,c I Z l - Z 2 I 2 > I Z 1 l 2 +l Z, P-2 | z x | | z 2 I 

> [j Z 1 I -I Z 2 I] 2 . 

I z i z 2 I > I Z 1 l-l Z* |. ... (3) 

HI • Vopertics of Arguments. 

i .a ^ l he argument of the product of two complex numbers is equal to 
1 i** »nm of their arguments. 

I * k c r,, z 2 two complex numbers with moduli r l9 r 2 and arguments 
l" • ivtpectively, so that 

z i= r i (cos 0!+/ sin 0 1 )=r 1 e |0 i , z 2 =r 2 e iQ 2 
' «.*.-r 1 r i ^(®i+«») s , rirt [cos (0 1 +0 2 )+z sin (0 1 + 0 2 )] 

nr S ( z i z 2)=0i+0 2 =arg z,+arg z 2 . ... (4) 

I rcsu lt may be generalized for any number. 

I tt}J\,!r' C ar Sument of the quotient of two complex numbers is equal to 
m * '"’Terence of their arguments. 

«tc z„ z 2 two complex numbers with moduli r u r t and arguments 
*'■ «„ so that z 1 =r 1 e i8 i , z 2 =r t e ' 9 * 

^ = 7 ~ e ' (6l_9i) = ^-[cos (0-0 2 )+i sin (0,-0,)] 

<lrg ( ■^) =fl i~^2=arg ^-argZj ...(5) 

!< I Geometry of Complex Numbers 

(/) Arg gives the angle between the lines joining a to z and 

* t0 z taken in the appropriate sense. 

l«kc AP=*z — a and BP=z—b as shown in 

• •« 5.9. 

I •• Z.^/ > 5=fl=arg AP — arg BP 

=arg (z a ) — arg (z— b) 

=*"« • • • (6) 

Iffument being negative as shown in Fig 5.9. 



Fig 5.9 
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Z — CL 7C z — CL 

In particular if 9=90°, arg — — and is purely imagi- 
nary. ... (7) 

(2) Equation of a straight line joining two points z 1 and z 2 in 
Argand plane. Referred to Fig 5.10, arg 
P Zy P z—Zi 


h 


Z Z\ 


Z 8 
Fig. 5.10 


=7r or o according as z lies inside 


z z 2 

or outside the line joining A to B . 


£ rr 

In either case - is purely real, so tha 

z z 2 


z— z, 


i -e-zizi—z 2 )—z(Zi—z i )+(z 1 z i —z 2 zi)^0 

... ( 8 ) 

is the required equation of the straight line joining z x and z 2 . 

General Equation of a Line. 

Zi~z 2 being purely imaginary, z 1 z 2 =z 1 —Z 2 is also purely imaginary. 
Also z x Z 2 —z 2 zi is purely imaginary since z 1 z 2 =ZiZ 2 
Multiplying (8) by *, we have 
iz {lx —Z 2 )— iz(zi ~ Z 2 ) + / (ztf—ZzZi) = 0 . . . (9) 

each term of which now becomes real. 

Setting /(zj^g— z 2 ^ 1 )=A, and — f(zi — z 2 )=fx; X being real and |x 
constant, so that 

[ l(z i Z?)\~Kzi 

the equation (9) becomes 


FZ+^+A=0 

where A, p. are constants but A real. 


. . - (10) 


Note 1. In particular if | z- 

lent form 


-z x |=| z— z 2 1 then we have the equiva- 


(z~ z i) i.Z zj) — (z z 2 ) (z— z 2 ) on using | z i 2 =zz 


...(H) 


which reresents the equation of right bisector of the line joining 


and z 2 . 


Note 2. The equation (10) i.e. nz+t*z+^= 0 is the necessary and 
sufficient condition for z x to be the reflection of z 2 in the line. 

(3) Equation of a circle with centre at z 0 and radius r . 

If z is any point on the circle, then 

| z-z 0 |*=r i.e. | z—z 0 \ 2 —r 2 
using | z 1 2 =z£, we have 

(Z— z 0 ) (z — z 0 ) = ^ 

or z£— z 0 s+(z 0 £ 0 — /,s ) ~z? 0 “0 ...(12 

Setting —z 0 =p.— z c £— r 2 =A, this becomes 

z?-Fuz4*^z+A=0, A being real ... (13 
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1 • hi 1 ti I Equation of a Circle 

(| L can be written as(z+( x ) (^+^)— 
or j z+H- | 2 =wa— A 

(13) represents the general equation of a circle if A is real and 


jgt A -0. 

( I Equation of a circle 
i but, nit three points 

#l 1 '»• 

| ri A % B, C represent 
ll»* points z l9 z 2 , z 3 res- 
ins lively. Take a point 
K| "ii the circle. 


Za—Zj 

tu p f — arg 

Z 2 

=0 


z—z t 
z— z 2 
or tz 



minuting as case (i) or 
in of Fig. 5.11 exists. 


If arg 


Zo — Zi 


H arg ~~ = 0 or n 


In cither case /ml”— — 1— 0 

L ^ 3 -^ 2 / Z ~ Z 2 J 

- J is purely real 

— z 2 / 


Dial 



( t-Zzl 

V z~ z i 

( z *nh \| 

( Z-Zi 

\ Z 3 Z 2 )' 

V z-z 2 

required equation. 

v J. Condition for 

(z 3 -zi) ( 

Zi—. z 2 ) 


... (14) 


(*s 



^ is purely real. • • • 

(5) Inverse points with respect to a circle. 
Two points P(p), Q(q) are said to be the 
inverse points with respect to a circle with 
centre O(z) and radius r if 

Op.OQ=r 2 ...(16) 

provided O, P, Q are collinear. 

/. I p-z I 1 Q~ z l =, ‘ 2 

Also arg (p— z)= arg (q-z) = — arg ((?-z) 

gives 

arg (p-z)+arg {q-z)=0 
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* be h — «■— «•> 4 * 

jVo/e 4. If 2 — 0 , p, q are inverse points provided 

pq—r 2 ..J 

inverse poio.s ,he n from (, 8 ), ..ST.-l or +,_I U . ^L~l 

1 

M/e tf . In z plane, 2 andl are inverse points with respect to the uni 
circle | 2 [ = 1 4 *■ 

Since it 2 „ z 2 be inverse points then (18) gives 

z iZi~l i.e. 2 j=— — _ J_ w jj en z ~2 
Zi Z 2 

I Tl-I lD W plane ’ Wand ^ are inverse points with res pect t 
Nm 8 ' The ei|ua '" J " being a positive parameler, 

Ks n po?»S m K, ci ss ’z r ry «f”K of whicb * - 1 « n™ 

join of p and q. ’ h th ocus ofz,s the right bisector of the 

numbers- moduli and arguments of the following complex 


W we have -j — 1 — Lz 1 ,J~' ~ 2/ 

} 1+/ 1+i x i_, =— =-' 

[ 1+7 = l~ f 1 = viF+^lp- 1 

and arg -i -Zi_ arg (— /) =— ~ as -,=cos (-£)+,*.(-•) 


0'i) we have ( ^tlY 3 

\ 3-iJ 8—' 


my\= 


1 


-h~ il 


8+6/ —14/ 

28 

2 


i X 8+6/ 


1 . 
2 1 


andarg (-§+)■_ arg(-l ( )_} „g * 

<- 2 '"±" “Wibg or erg (a) 
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nik (z) is positive, let arg (z)=0, *— tc<0<7c 
llttti in k ( — ar) = — (tc — 0) ifO<0<7r. 

=7C+0 if O>0 >— tc 

11 1 k (z)— arg (— z) = 0+(7r—0) or 0 — (^+0) according as arg 
(|) in p« mitive or negative. 

7T or —tc according as arg (z) is positive or negative. 
I'fulilrni 3. Prove that argz+arg Z=2nn 9 n being an integer includ- 

p| •rm, 

' If 9 -x h iy then z=x—iy 
"»K. * + arg 2=arg ( zz ) 

=arg (x+iy) (x-iy) 

=arg (; x 2 +y 2 ) 

=arg m, where m=x 2 +y 2 
* l )t>v iously m is real and positive. 

II m r cos 0, 0=r sin 0 then m=r and cos 0=1, sin 0=0 so that 
tn , where n is an integer including zero. 

Ili iiir arg z+arg £= Inn, n being an integer including zero. 

Emblem 4. Show that | z x — z 2 | 2 + | z x +z 2 l 2==: 2 | z y | 2 +2 | z B | 2 
1 Induce that | oc + \/ a 8 — (3 2 | + | a— V a 2 — p 2 | = |a + p | + | a — p (, 
(// I hr numbers concerned being complex . 

Wo Imve, 

I *1 + Z 2 | 2 + I Z 1 -2j| 2 = (2 1 +Z 2 ) (2 l + g 2 ) + (2 1 -2 !! ) (^-Z 2 ) 

V I z|*=zz 

= 2ziZi+2z 2 z 2 


=2 | 2,p+2 I z 2 


... ( 1 ) 


Now { 

+ 


oc+ V a 2 — p 2 | + |a — V a 2 — p 2 | } 2 =|a+ V« 2 -P 2 I 2 
a - a / a 2 — p *~|*+2 | a + \/ a 2 - P 2 | | a - Va ^ F " 


=2 | a] 2 +2 ] V a 2 — p 2 1 2 +2 | a 2 — (a 2 -p 2 )| 

using (1) 

=2 | a |*+2 | a 2 — (3 2 | +2 | p 2 | 

— 2{ I a | 2 +| p | 2 }+2 | a 2 — p 2 | 

= I “+PI 2 + | a-i P | 2 +2 | a+p | |a— p | 

= { I « + P I + I «-P I } 2 

. | a+ V a 2 — p 2 | + | a- \/a 2 -p 2 |=| a+ p | + | a-p | 

I’roblem 5. Show that an expression of the form z in —l can be 
> ^pressed as a product of n real quadratic factors. 

Assuming z 2n — 1 =0 i.e. z 2n =l=cos 2 mn±i sin 2rnn, m= 0, 

1, 2 


Wc have z- 


imn . . tmit , . _ 

=cos +i sin applying De Moivre s result 


2n 


Here m=0 


corresponds 


-> r= 


2 n 

= 1 and m> 


■ -1 
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Consider z- n 1— (z 2 — l)x (2«— 2) factors obtained by putting 

w=l, 2,...n — 1 in the expression z— cos ^^4-/ sin 2mn 

2 n 2 n 

Now (z rnn 2m7Z i cm 2mn ^ ( 2mn . • • 2ott:\ 

mow yz cos 2?j -i siq — ) (^z-cos ^-+i sin — j 


< 


2mn\ 2 
z ~ cos ~2n~ ) 


I ■ 2 2mn 

+sin 2 — — 


2 n 


2 „ 2mn , „ 

=z 2 — 2z cos-^ — f-1 
2n 


z 2 ”-l=(z-l) (z+1) (z 2 -2z cosg+1 )(z 2 -2z cos g+1 

(z 2 — 2z cos -71+1 ) (z 2 — 2z cos - ”~ 2 rc+l) 

=(z 2 -l) (z 2 -2z cos ^ + 1 ^ (z 2 — 2z cos ^+1 j 

(z 2 -2z cos ^^7t+l j (z 2 -2z cos 7t +l ) 

H mmmm If" ^ 

==(z-~ 1)^11^ £z 2 — 2z cos^- + l > , II denotes product of 


similar factors. 


5.6. REGULAR FUNCTIONS 

Before going into the details of Regular or Analytic functions, wc 
nrst define some terms which are used frequently. 

Neighbourhood of a point. Neighbourhood of a point z 0 in the 
Argand diagram means the set of all points z such that 1 z — z 0 I <( 
where € is an arbitrarily chosen small positive number. 

Limit point. A point z 0 is said to bp a limit point of a set of points 

***** , e ^ r & an d plane, if every neighbourhood of z Q contains a point 
of S other than zero. 

The limit points of a set may not necessary be the points of the set. 
There are two types of limit points: 

. points. A limit point z 0 of the set S is said to be tho 

interior or inner point if in the neighbourhood of z 0 there exists 
entirely the points of the set S. 

00 Boundary points. A limit point z 0 is said to be the boundary point 
it all the points in the neighbourhood of z 0 do not belong to the set S . 

Closed set. If all the limit points of the set belong to the set, then 
the set is said to be a closed set. 

Open set. A set which consists entirely of interior points is known 
to be an open set . 

Bounded and unbounded sets. A set of points is said to be bounded 
iT there exists a constant number k 9 such that | z | <£ for all points 
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• id till set . If there does not exist such number k the set is said to be 
tyhhiHiled. 

1 ulii. If every pair of the points of a set of points in the Argand 

mi can be joined by a polygonal arc which consists only of the 
» uf the set, then the set of points in the Argand diagram is said 

|p I (means connected) or domain or region. 

domain is an open connex set of points. 

i Imm d domain. When the boundary points of the set are also added 

lit open domain, it is then called a closed domain. 

I* imm (Ions of a complex variable. If w—u+iv and z=x+iy are two 
ipHtpIr* numbers, then w is said to be th t function of z and written 
K m -J) z ) , if to every value of z in a certain domain D , there corres- 

I I one or more values of w. If w takes only one value for each value 

M * In the domain D, then w is said to be uniform or single-valued 
non lion of z and if it takes more than one values for some or all 
Kill O of Z in the domain £>, then w is known as a many-valued or a 
Kfllplc-valued function of z. 

Mi it c u and v both are functions of x, y 
I w ~f{z ) = w (x, y) 4- iv (x, y). 

Ii ii however notable that the path of a complex variable z is either 
« Untight line or a curve. 

I 'niiiinuity. The function /(z) of a complex variable z is continuous 
*t (lie point z 0 if, given a positive number €>0, a number S can be 
In found that 

l/(z)-/(z 0 )|<€, 

fiu nil points z of the domain D satisfying I z—z 0 | <8, where 8 
depends upon € and also, in general, upon z 0 , i.e . 

*o)- 

II 8 is independent of z 0 or rather say that if a number h(0 can be 
ftmml independent of z 0 such that | f(z)—f(z 0 ) | <€ holds for every 
Muif of points z, z 0 of the domain D for which j z— z 0 1 <A, then /(z) 
[i t tilled uniformly continuous in D. 

I Ii should be noted that if a function f is continuous at z=z 0 i.e . if 
I it j- iv ts continuous at z=z 0 then it will be so iff its real and imagi- 
iuii i parts are separately continuous functions of x and y at the point 
P, V) (x 0 , >o) 

: Since if / is continuous'at z=z 0 then w(x 0 , j 0 ) and v(x 0 , To) both 
|fi uniquely defined such that 

0< | u(x, y)—u{x 0 , >'o) | < | /(z)-/(z 0 ) I ... (1) 

fill . | /(z)~ f(z 0 ) I = + [{m(x, j)— m(x 0 , J'o)} 2 +( v (a. >-)— v(*o, Jo)} 2 ] 1 '; 

m .* *: 0 , u(x, y)->u(x 0 , y 0 ) i.e. n{x a , y 0 )=Lim u(x, y) ... (2) 

(x, y)Mx o, To) 

Phis limit exists independent of the manner in which x->x 0 , 

(.*) shows that m(x, y) is continuous at (x 0 , >^ 0 ). 

Similarly v(x, y) is continuous at (x 0 , y 0 ) 
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■i^^coS n of “ an ‘ , ’ f,,r/,o be co -" i ™ o “ ! « *«.. » . 

Conversely if u(x, y ) and v («, y) are continuous, then 
u(x, y)-+u(x 0 , y 0 ) and v(x, y)->v(x 0 , y 0 ) as z~*z 0 

y \+Hx, y)-+u(x „ yJ+ivCx,, y 0 )=f(z 0 ) 

so the condition is also sufficient. 

doSaffiT^tRl^J 56 a s ' n S le ' valu ed function defined in. 

® an diagram, then f(z) is said to be differentiabli 

at z=z n a point of D if J{ < Z '~~J( Z q) ^ a . 

z—Zq tends to a unique limit when 

z “* z o> provided that z is also a point of D 
A function /(z) is said to be differentiable at a point z 0 , if jL 

T im f (Zg) . , . . 

*-*z 0 z=z^ ex,sts and 1S a finite quantity provided by 
/'(*«)= Lim^Kfe) 

*->z 0 X *0 

Precisely if for a given €>0, there exists a number 6 such that 

/00-/Qo) ,,, ,1 „ 

z— z 0 ~ ' ' z o'j <€ whenever 0< |z— z 0 | <5 

/.e. writing z— z 0 =Az if for an €>0, there exists a number 8 
«iirh that J , 

I Az ~ / (z 0 )|<€ whenever 0<| Az I <8 

then /'(z 0 ) is known as the derivative of/(z) at z 0 . 

Clearly .he limbing value „f is independent of .he pad, 
in D along which z->z 0 . • 0 

Consider f{z)=z\ for example, then/'(z 0 )*=2z e at any point z, 
ainee/W- | 

In view of the relation /'(z 0 )= Lim -^ z °+ Az)-f(z n ) whencyer 
, . A*->0 Az 

7 (z„) exists at any point z 0 , we have 

Urn [/(z 0 +Az)-/(z 0 )]= Lim / ^±Mz££sI L imAz , 

_ ~7 A z ~*0 Az Aj-+(J 

which follows Lim /(z)=/( Zo ) ^ 

2-^Z 0 

iw./ continuous at any point z 0 where its derivative 

xu t. But the converse Is not true t.e. if a function is continuous, it is 
iM necessarily differentaible as is evident from the following example. 
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i .'Wilder the function w— | z | 2 which is differentiable at every 

1 li will be shown that its derivative exists only at the point z=0 

•ml niiwhere else, since 

A *v ^ I Zq+ Az I 2 — I z 0 l 2 _(z 0 + A z) (z a + j\z)—z n Z Q 

A z “ Az A z 

V | z | 2 =z* 

A rr 

«=2o+ Az+z 0 — ... (3) 


Lim . 
A*+0 Az 


Aw 




rfz 


= Lim ? 0 +Az+z 0 


A? 
A z. 


0 


A z ~>0 L 
=0 when z 0 — 0 

Hut if z o ^0, then taking 0=arg Ax=arg ( z—z Q ) we have 


Az = £l* =e _ 2<8 

Az e* e 

=cos 2 0— i sin 20. 

So that Lim ^^-=Lim [s 0 + Az+z 0 (cos 2 0— i sin 20)] 

Az->0 A z Az->0 
Az 

Mere the Lim — does not exist as Az->0 in any manner, since 

A Zr+0 &Z 

If A- is real, A*= Ax i.e . A*= A*= Az then limit of (3) is £ 0 +z 0 * 


A ho if Az is imaginary i.e. A z=i Ay so that Az= — Az, then 
limit of (3) is — Zq. As such the limit does not exist when z 0 ^0 and 
hence | z | 2 has no derivative at z 0 . 

Analytic (or regular or holomorphtc or monogesic functions) [Agra 1965] 
A function f(z) which is single-valued and differentiable at every 
point of a domain D, is said to be regular in the domain D. 

A function may be differentiable in a domain D save possibly for a 
Unite number of points. Such points are called singularities or singular 
points of f(z). 

I he necessary and sufficient conditions for f{z) to be regular. 

Necessary conditions. 

If w=/(z), where w=m+*v and z=x+iy 

As such u and v both are the functions of x and y and therefore we 
can write w~f(z)=u(x, y)^-iv(x, y). 

Now if f(z)=u(x 9 y)+iv(x, y) is differentiable at a given point z, 

the ratio ^ zJr A z ) mU st tend to a certain finite limit as Az-+0 

Az 

In any manner. 

From the relation z=x+iy 9 we get Az=Ax+iAy- 
If wc take Ax to be wholly real, so that Ay*=*0 t then 
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Lim ^ w =Limf ^* + y)—u(x, y) . , v(*+ Ax, y)—v(x, jp*] 

Ajc->0 A x /\x-+0 L Ax A* J 


/\x->0 Ax-+0 

must exist and tend to a definite limit. 

• , _^L 

dx - 8x +l dx 
=u*+iv x (say), 

i.e. the partial derivatives u Xi v x must exist at the point (x, y) and t 
limiting value is u x +iv x . 

Similarly again if A z be taken wholly imaginary, so that A*= 
we find that the partial derivatives u y , v y must exist at the point ( x,y 
and the limiting value is v y —iu y . 

Since the function is differentiable, the two limits so obtained mui 
be identical, i.e. u x +iv x =v y ~iu y . 

Equating real and imaginary parts, we get 
u tt ~Y y and */„=■— v* 

dx 

(Agra, 1967 , 69, 71, 73) 

These two relations, which are necessary conditions for a function 
to be analytic, are called the Cauchy Riemann Differential Equations. 

Sufficient conditions. The continuous single-valued function f(z) is 
regular in a domain C if the four partial derivatives u x , u y , v x , v y 
exist, are continuous and satisfy the Cauchy-Riemann equations at 
all points of the region D. 

Assuming u x =v y and u y ~ — v x and these partial derivatives arc 
continuous, we have to show that they exist and are finite. 

By the mean value theorem, we have 

/<*+A*, y)~ A* 

where O<0< 1 


or 


8u dv , du 

md r,- 


and f(x, y + Ay) -/(*, y) = Ay 


A /(at, y+6'Ay) 


(/) 


Ay 

where 0<6'<1. 

Now if w=/(z) and f(z)—u(x, y)+iv(x, y), 

»'+Aw=/(z+Az). 

and f(z+ Az)=u(x+Ax, y+ Ay)+iv(x+ Ax, y+Ay). 

Aw=/(z+ Az)-f(zY, 

Also if z=x+iy, then Az= Ax+iAy. 


Thus 

Aw f(z+ Az) —f(z) 

A z ~ Ax+iAy 

n(x+ AX, y± Ay) +i> , ( x+ A*, y+ Ay) —u(x, y)—iv(x, y). 

" ' Ax+iAy 


• •'MM t< 
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m*'W in ' !• Ax, y+ Ay)— u (. x > y) u 

«.(„(.< I Ax,y+Ay)-^+Ax,y)}+Hx+^,y)-u(x,y)) 

Auix+Ax^^AyL+Ax 

••/.V - ^ AX 


[by mean value theorem as stated in (i)] 


ta«^) +€ 
' L A* 


,]+A)-[ 




Ay 

[ •/ if the function is continuous 
| /(z) — /(z 0 ) | <e, :.f(z)=f(z 0 )+e lt 
when 1 z-z„ | <5 where 1 ^ | <€]• 


■a* [-!-+<■ ]+^[| +t 0 

[V Li 

L A; 


m 
&x->0 


A u(x 9 y) 8u 


A* 


etc 

dx 


•] 


tlviue 

Aw dw T . /(z+Az)-/(g). 

-at-t-Ss. A 

' Ax+iAy 

A *(g+< |)+Ar (g+< 

Ax+tAy 

(Ax+iAy) (Ax+iAy )+^Ax+2 ^ 

' Ax+iAy 

[By applying Cauchy-Riemann’s equations and putting 

H=€ 1 +#€ 1 ',V“€,+i€,'; also *'— «• 
Ax , . Ay .... 


dw du ,,3v i 

■ • dz ~dx + dx Ax + iAy 


+V 


Ax+iAy 


Now 


Ax 


Ax+iAy 


• q 1 1 Ax 


Ax+iAy I 

I V J A x 


“VUAxF+lA Wi ... 

< |i | V Ax< V{(Ax) 2 +(Ay) } 

<V(€i 2 +^i' 2 ) *•* v)=€i+i€!' 

< 0 when Ax->0 ; and € x '->0. 

But by definition the modulus of any quantity is always +ve or 
zero and it is never negative. 
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V&X 


Similarly 


Hence 


Ax+iAy 

VAg 

Ax+iAy 
dw du,. dv 
dz = dx^ l te' 


->0, when A*->0. 



->0 when Ay-+ 0 . 


t.c. y the limit exists and is finite and unique. 

Therefore the sufficient conditions for the function f(z) to bt 
regular require the continuity of the four first partial derivatives of 
u and v. 

Polar form of Cauchy-Riemann Equations 

The coordinates (x, y) in terms of polar coordinates (r, 0 ) ai* 
given by 

x=r cos 0, y~r sin 0 

So that 

dr x dr y . a dd 

dx r 8 y r dx 

. du du dr , du 00 du a du sin 0 


sin 9 


and 5- =a 
dy 


80 cos 0 


•• dx 
Similarly 
du du 
dy~dr 

8 v dv 


dr 8x + ee 


= 7 T - COS « — 


=5— sin 0+ 


0x dr 
du cos 0 


and ~== 8 ~ sin 0+ 


dO 

dv 


r 

cos 0 


d_v_ 

dx 


00 

0v 

"dr 


. dv 
“••“St 


sin 0 


dy 8 r 80 r 

Substituting these values in Cauchy-Riemann equations i.e. 
du _ 8 v 
8 x ~ 8 y 


A du dy 

and F,—B we 


du 

dr 


COS V — 


du sin 0 dv 


and — sin 0- 

or 


dd r 
du cos 0 


'dr 

dv 


. fl dv cos 0 

sin 0+ 0T — 


cos e+g- 


sin 0. 


... ( 4 ) 
... ( 5 ) 


80 r dr ' dt) r 

Multiplying ( 4 ) by cos 0 , ( 5 ) by sin 0 and adding we get 

8u 8^ 

dr"" r 80 9 

Again multiplying ( 4 ) by sin 0 ; ( 5 ) by cos 0 and subtracting, we 
du dv 

get 00=- r 0T- 

Hence Polar form of Cauchy-Riemann conditions are 

ht_ 8a (to 

dr ^ r 00 ’ de~ r dr ’ ’ ’ W 
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I U* dnivative of the function w=/(z) in the polar form is given as 


i/r 


0M* dw 0r_ dff_ 80 
dx — dr dx +20 dx 


0H’ 

~~d? 


n sin 0 dw 

cos 0 

r 00 


dw 

COS 

dr 

dw 

= — cos 
dr 


sin 0 
r 

sin 0 


w=u+tv 


(d ± gv\ 

\00 00 ) 

( -r if +/r fr) usiDg (6) 


=|^ cos »— sin 

dr 


Cir+£) 


= (cos 0—i sin 0) 


dw 

dr 


dw 


= — ~ (cos 0—i sin 0) ^ 

| himIIiIoii for a Function when It Ceases to be Analytic 

li i« F(C) and £=/(z), then w is said to be function of a function 

Hf >111(1 we have ~ = ~ F{ K) and/(r) both being analytic. 

AU<> ij w—f(z) be an analytic function of z such that corresponding 
[ii Hi ll point w 0 there exists a point w 0 and z—F(w) is such that to 
in It value w 0 of w there corresponds a value z 0 of z, then the func- 
li,, i» F(w) is said to be the Inverse function of w=f(z). Clearly, if 
/0, then w 0 is a regular point of z—F(w) i.e. z is analytic 
| hr neighbourhood of w 0 . 

On account of functions being inverse we have F\w 0 and 

yHiii the function z~F(w) ceases to be analytic where f\z )—0 i.e. 
I ) also that w=/(z) where z=F(w) ceases to be regular when 
dw 


r* 


dz 


= 0 . 


I vidently when z=x+iy 9 w=f(z), 

dz 8 ^ 

No that if w=u+iv, z=/(u), then 


. dw dw 
we have 7- =7 — 
dz dx 


x , dz oz 
(cos u + i sin u), then ^— = ; 


A** an illustration if w=e 
• #• ' ( — sin u+i cos u) = 

dz 

w ceases to be analytic when ^=0 z= 0 . 


dw du 


gives 


—ie~ v (cos u+i sin u)=—iz 
dz 
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To prove that if a function is regular, it is independent of z and to 
function of z. 

If z=x+iy , 

z=x-iy , 

Adding and subtracting, we get 

x=i (2+2) and y=Y i i z ~z)- 


— etc. 
eg 0? 2/ 


Now 


w= 

2T 


/(z)=M + /V. 

du . dv_ 

di +l dz 

du dx du_ 
dx dz ~^dy cz 
du 1 du 
= '* 2i 0y ' r ' 


=[ 


1 . . T0v 0x , 0y^ 0^"1 

J + ' bx'02 + dy'dz J 

. rdv 1_ 8v 1 

2/ 0yj 


0.F dz 

8v_ 

fa . 

=0 by Cauchy-Riemann’s equations. 
Thus if the function is regular, it is independent of 
differential is zero. 

Laplace*s Equations 

Cauchy-Riemann’s equations are 


as iti 


CU KJ V A 

— ■=— and 


du 

dx 

d 2 u 


dv 

z dy 


du 

W 


0V # 
dx’ 


cx 2 dx dy 


and 


8 2 u 


0 2 v 


Adding, 


dy 2 ~~ 
d 2 u d 2 u 


dx dy 


0 2 v 

0JC0J' 


0X 2 


I.C., 


.-72 _5 2 M 8 2 U 

v “=0T*+0y 


dy z 

= 0 


0, 


Similarly, 


V 2 v^ 


3 2 v 


dx 2 ~^dy 


0*V 1 

0y9.x 


•(« I 

(M 

and I 


These are known as Laplace’s equations, in which both 1/ 
satisfy Laplace’s equation in two dimensions. 

Harmonic Functions. A function of x, y is said to be a harmc 
function if it possesses continuous partial derivatives of the first aol 
second orders and satisfies Laplace’s equation. 

Two harmonic functions u and v as satisfying (ii) and ( iii ) ufj 
known as Conjugate harmonic functions or simply conjugate functia 
Determination of Conjugate Functions 

Iff(z)=u-{-iv is an analytic function such that u andv are conjugC 
functions then being given one of them say u , we have to determine v, 
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fill vc 


, 0v $v 

*-te *+87 *> 


v is a function of x, y. 


du . du 

6=5 dy dxJr fa by Cauchy-Riemann equations. 
H US. of this equation being of the form Mdx+Ndy will be 


t$ 


10 


8M 8N , 
_ = __ where 7l/=. 

d ( fa \ 

'M fa) dx\dx ) 


fa A \r fa 

-5— and 2V=— - 
dx dx 


<)*u 


0^M 

dy 2 

8 2 u 


dhi_ 

~dx 2 


fa* + fa 


=0. 


h a f' aCe i S eq V at '° n ’ h is harmonic and hence its 
F 1 l “' c V can be found out by integrating the equation. 

, du , du 

*" -87 *+87* 

I A. nn illustration if u=y 3 -3xfa, then M = -6xv d ~ = 3v 2 -3x 2 

„, u « fa 3y 

< r ~ J* 9 fly 2 = ”y so that u satisfies Laplace's equation and 

is harmonic. 


Now 


dv, ,8v , 

=Tx dx+ dt d y 

du du 

dy dx+ gr dy by Cauchy-Riemann equations 


fa r dx‘ 

= -(3>' 2 -3x 2 ) dx—6xy dy 
= — (3 y 3 dx+ 6xydy ) + 3x 2 dx 

I' * grating v 3 xy -|-a: 3 +c which is harmonic conjugate to u. 

» "' responding analytic function f(z)=u+iv 

^y'-lxfa-SrH-lxyt+x'+c) 

=i(x+:y) 3 +ic 
= iz 3 +c’ 

U,lnR an alt ernative method, ^ =-6xyJ^by Cauchy-Riemann 
I Integrating ~ = — 6xy we get v= —3xy 2 +<f>(x), <f>{x) being arbi- 
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But c= — 


gives 


0v du 
dx 

~3/+f(x) = -3/+3jc 2 
z>. <f>'(x)=3x 2, and so ^(x)=x 3 +c 

As such v= — 3*>> 2 +x 3 +c 

Construction of a function f(z) when one conjugate is given (due 

Milne- thomson) 

If z=x+iy, z=x—iy and so x=— ^ -^r- 
f(z)=u{x, y)+/v(x, y) 


—u 


(w)+"( 


z+? 

2~’ 21 


n 


Treating it as a formal identity in two independent variables z 
2 and putting z=2, we get x=z, y=0 so that, 

f(z)=u(z, 0)+/v(z, 0) 

Taking f(z)=u+iv to be analytic, we have 


Writing 4>(x,y) = 


dx 

du 

dx 

du 


-i by Cauchy-Riemann equations. 
du 


g^rt we have, 


/'(^WC*, >0-/<Kx, >>) 

0)— z*4»(z, 0) 

Integrating, /(z)=J{<£(z, 0)— z^(z, 0)} Jz+c, c being arbit 
constant. 

Similarly if v (a, y) is given then we can find 
/(z)=J{d>(z, 0 )+/ T(z, 0)} dz+C 


where 0>(a, 7)^4- and Y (a, 7)= —• 

tf7 0 a 

As an illustration if u—e x (x cos 7— 7 sin 7), then 
du 

~^=e x (x cos y-y sin y+cos y)=#x, y) (say) 

, du , 

and ~dy~ e '~ x sin y ~ y cos - ); ~ s * n J)= <K*, y) (say) 
So that 4>{z, 0)=e*(z+l) and ^(z, 0)=0 
/'(*)=#*, 0)-/ <Kz, 0) 

= £*(Z+1) 

Integrating /(z)=ze*+c. 

Problem 6. Prove //tat t/ie function u+iv=f(z ) wAere 
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Mmp II |-/»; == /( z ) 

^(1 +/)— y 3 (1 — j) 

rcal and ^aginary parts on either side, we get 

Y 3 — ° ■ 


U= 


x 3 -\-y 3 


x 2 +y * and v= 2*+y* when z ^°- 

L?1S^a 0 ndva^ d o Va r r?rati0nal and finite for a " values' .of 

It" Sw u a " ,,lose poi " ,! f ” » llich ^°- 

OK. M that /(0)=0, therefore at the origin «=0 v=0 Hence u 
C SI «h‘c orig[n. COat,nUOUS at the ° rigin - As such ’ /(z) is continu- 

1 'inversely /(z) is continuous everywhere. 

Ni»w, 


du(x, 0) 


r iit a=0 
7= o 


0 a: 


- at a=0 


h*-~0 


=LimM^M. .. „ . 

A-+0 h * “("• °)-^rjTo etc. 

=Lim -r~l. 

A->0 “ 


C0.„-o -Lto^>-Lta!S»^>r±!0._0i 

y—0 


=Lim ~ = — i 
/t->o * 


V 1 ' / at a= 0 0je 


Y “(°» *)=^pp=— ' & etc. 


7=0 


-u .MiM,,.' , 


7=0 


£-*0 

•«tl f' 1 - ^ =Lim 
V<)y/ at Jt=0 dy 


k 

,y) 


h->0 


=Li® ^ ) 7 Vf °’ 0) =Lim 4 - 1 


1 bus we have found that at the origin 


*->0 k 
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dx 


dv du 

=~- and — = 
dy dy 




dv 
dx 

equations at z— 0. Ag 


V z—x\ 


by putting y- 


which clearly satisfy the Cauchy-Riemann 
differential coefficient of f(z) at 2=0, i.e. 

/•(0)=Lim MzBt 
z-» 0 Z — 0 

O’+y 2 ) (x+iy) 

>’->0 

T • x 3 ( 1 + Q — m 3 ( 1 — i)x 3 

x->o (x 2 +m 2 x 2 ) (x+imx) 

(1+/)— m 3 (1— /) 

(l+m“) (l+/m) 

which is not unique, as it is different for different values of 
Therefore f(z) is not continuous at z«= 0. 

Hence /'(r) does not exist at the origin, i.e., z=0. 

Problem 7. Show that the function f{z)~ \/(| xy |) zs not regular 
the origin although the Cauchy-Riemann equations are satisfied at I hi 
point. 

Let the function be 

/(z)=V(l xy |)=m (x, y)+iv (x, y). 

Equating real and imaginary parts, we have 

u ( x , j)=V([ xv [) and v(x, y)= 0. 

Thus, (p) 

\dx J at x=0 dx 

y = 0 




Similarly at x = 


h-+Q 
=0, y=0, 

a - v =0 -^=0 
3x U ’ dy~"’ 


h~>0 




dv 

dy 


-0. 


These values clearly satisfy the Cauchy-Riemann equations. 
Again /'(0)=Lim ^ z >-/(°) =Lim V(l^>1)-0 


z-> 0 


*=0 

y=0 


O' 


=Lim 


xy (|m|) 
*->o *(l + /m) 
V(H) 


by putting y=mx 


1-fzm 

which is not unique as its values are different for different values 
wl So f(z) is not continuous at z=*0. Hence it is not regular therCt 
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t ' m * it li* iii K. Prove that the function: 

u=x 3 —3xy 2 +3x 2 —3y 2 +l 

mti. t / aplace s equation and determine the corresponding regular 
nation u -f /v 


Mur, 


du 

dx 


3x 2 —3y 2 +6x, 



d2 “ A 

— =6x+6, 


3m 

dy 

8Ju 

8y‘‘ 


= -6xy-6y. 


=— 6x— 6. 


.( 2 ) 

.(3) 


(4) 


Mv (lie additions of (2) and (4) it follows that V 2 n= 0, which clearly 
n the Laplace’s equation. 

Iltiii <• u is a Harmonic function. 

Now Cauchy-Riemann equations are 


du_ dy_ , du_ 

~dx~dy and dy ~ 0x' 

i / dv , 

" dv ^ dx+ w Jy 

— dy (by Cauchy-Riemann equations) 

'-(6xy+(y) dx+(3x 2 — 3j 2 +6x) dy 

«=(6 xy dx+ 3x 2 dy)—3y 2 dy+(6ydx+6x dx). 

Integrating, 

\x 2 y— y*-\-6xy+c, where c is an absolute or complex constant. 
Thu* 

u | lv=x 3 — 3xy*+3x 2 — 3 y 2 +l+f [3 x 2 y—-y*+6xy+c] 

«*=( x+iyf+3 (x+iy) 2 +l+ic 

=z 3 +3z 2 +l+/c 

=z 3 +3z 2 +c'. 


Problem 9. Prove that the curves u=constant , 

v=constant 

Immect at right angles. 

We know that the curves intersect at right angles if the tangents to 
du m at their point of intersection are at right angles. 

Differentiating partially the given equations of the curves, ge get 
, du _ , du j A 

du =~d^ dx+ W y ’ 


, dv , dv _ _ 

dv =— dx+ — dj ,=°. 


488 


MATHEMATICAL PHY.1 


Therefore tangents of the angles formed by the tangents drawn If 
the curves at their point of intersection with the real axes « 
respectively 


dy \ 
dx)i 


Now 


( 


du (du 


dxJ dy 

du dv 
dy dx 
2 dw_ _3v_ 
dy dy 


and ( ■&/ 


dv 

~dy' 



-1, by Cauchy-Riemann equatio* 


which shows that the two tangents are at right angles if the functioB 
is regular. It follows that the two curves intersect at right angles. 

Problora 10. Show that V 2 | u | v —p (p—1) | u \ v ~ 2 | f\z) | 2 . 

Here if u be positive | u | -=u and if u be negative | —u | = «. 

Taking first u to be positive, 

-L 

S 2 / 






Similarly, ip- 1) u^- ( 


du V 

dy) 


2 , 0 2 W 

+f" r *w 


1 


Adding the last two results, 

V 2 «+/> (p-1) u p ~ 2 [(-§-) 2 +(|^ )*]. 


0* 




where v*sj^+-a 

. ... (i 


Now if w=/(z)=m+iv, then 


V V 2 w= 0 (Laplace’s equation 


v . .dv 

/W-V +, sJ 


>/•« kdn - i -)’ 


Thus from (1) and (2) it follows that 

VV-=p (/>— l)a*- 2 |/'(z) l 2 . 

Again if u be negative say u u 

| u |=« t . 

As before, we have 

V 2 V=/> (p-1) Uj^\f\s) | 2 
or V 2 | | p =/> (p-1) | I”" 2 | f{z) | 2 . 
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■ i Unientary Functions and Mapping by Them 

Ml,. I functions. If z=x+iy and y is used as ^ian measure of 

<• to define cos y, sin y etc, then the exponential function m 
hi, ii| real valued functions is defined by 

c z^.^iy— e ^e iv =e x (cos y+i sin y) • * • w 

|t« i isf z is purely real i.e. y= 0, we have e~=e* . . • (2) 

M,l if is purely imaginary i.e. x=0, we have 

e^^cos y + i sin y • * * y' 

x , iUC h Maclaurin series representation of e* on replacing t by iy, 


(Jyr f 1 tZZZ where (0=1 

= i 1 2n „= 0 I 2 / 1 +! 


« = 0 
oo v 2n 


00 v 2n+l 


. (4) 


kliii h arc Maclaurin series for cos y and sin y respectively. 

|ln Exponential function given by (1) is an entire function since 

J • • • (5) 

dz 


d dw 

Similarly 


. .( 6 ) 
..(7) 


H being an analytic function of z. 
polar form of (1) is e*=r (cos 9+/ sin 0)=re" 

al.rrc r—e*, 0=y. 

| e 1 |=r=e* and arg e*=0~y •••;*' 

AIho | e z \ > 0 i.e. e 2 ^0 for every value of z . . • 

y„ ,h e ran ge of the exponential function is the entire complex plane 
tic hiding the origin where r=0. 

Now e z = — 1 —cos (jr±2m«)+i sin («±2 m«) gives 
x=0 and y=n±2mrc, m= 0, 1, 2,... 

If e* 1 =rj (cos 0!+/ sin 0 X ) so that 
Did e z * —r 2 (cos 02 +*’ sin 0 2 ) so that r 2 =e x * , 0 2 =y 2 

then, {cos ( 02 + 02 )+/ sin (0 1 +0*)}=c JCl ^ 

[cos (yi+y 2 )+/sin (y 1 +.v,)l 


_ e xl +x2. e i (yi +y2) =s=e xl+x2+i(y 1 +y2) 

. . . (10) 

== ^(«l+<ifl)+(®n<y2) 

Similarly e Kl le* i =^e* l " gt 

. . . (11) 

JL =*-* 

. . . (12) 

(e*)»=e n * 

being a positive integer. 

. . . (13) 
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(e*) mln =e m l”(z+2npi) 

P 2 ,..., x 1 and m, n are integers (+re). 

Also e z + 2Ki =e z e 2n '=e z as e 2ni =l 
(15) follows that the exponential function is periodic. 
Again e Z »(?) 

In polar form z=re ! «, z=re~* so that 

z i z i=r t r.< e i(el+e2 > .£i___£L e «(«i-e 2 ) 

" z 2 r 2 

Trfgnomefric Functions 

e iy =cos y+i sin y and e~ < *'=cos y-z sin v yield 
e ,y + e ~ iy . 


COS J = 


sin >>= — 


2 2z 

Sin z and cos z are entire functions as 
d . d 

sin z ~ cos z > cos z==— sin z etc. 

Now, 

COS Z = COS (X iy} z=l ^ [gHn+ii/ 1 ) g—i(x+iy ) j 

= z[e ix ~ y + e~ ix +v], 

=ie y (cos x+i sin x) + £e y (cos x—i sin x) 


e y +e~ v 


— cos *- 


% e y —e~ v . 

~ l — 2 — Sln x 


Introducing the hyperbolic functions with the properties 


Sinh z= £L^ f CQsh Z J*±£ 
z 2 


d ■ u d 

dz Sm " z ~ cos h z t cosh z=sinh z etc. 


cosh 2 z — sinh 2 z=l 
cosh zz— cosh z and sin iz~i sinh z 
the relation (20) becomes 

cos z=cos (*+/>>) =cos x cosh y—i sin x sinh y 
Simi larly sin z=sin (x+zy) =sin x cosh y+i cos x sinh y 
Also sin z=sin z and cos z=cos z 



( 20 ) 


( 21 ), 


( 24)1 


cos (z+7r) cos z, sin (z+7t) = — sin z, etc. (28) 

It is easy to show that ' ‘ ' 

| sin z f 2 =sin 2 x+sinh 2 y ^29) 

| cos z |“=cos 2 x-f-sinh 2 y ( 3 Qj 

A value of z for which /(z) =0 is known as a zero of the function/ 
The real zeros of sin z and cos z are their only zeros, since 
stn z=0 from (26) gives 
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4h i • osh >>=0, cos x sinh j=0 

♦ mil y being real, cosh y> 1 and sin x=0 only when x=*=0, +n y 
b, tind for these values of x , cos x^=0 and thus sinh y — 0 i.e . 

0 

Aim 



sin z=0=>z=0 or +mc, x=l, 2, 3 ,... ") 



cos z— 0=>z=±~ n * =1 » 2, 3 >-- J 

. . • (31) 

* limy also show that 


•mli 2 

cosh (x+*»=cosh x cos y+i sinh x sin y 

. • • (32) 

• lull Zrn i 

-sinh x cos y+i cosh x sin y 

. . . (33) 

No (hat 

| sinh z | 2 =sinh 2 x-f sin 2 .y 

. . . (34) 


| cosh z | 2 =sinh 2 XTf-cos a y 

. . . (35) 


Mnli z and cosh z are periodic with period 2 ni. 


I ••m«i Ithmic Functions and Branch Points 

9 * re <# , 0 being measured in radian, gives 

log log re i0 — log r-f /0 ?r>0 and — 7t<0<7c . . . (36) 

—log | z |+i arg 0 \ 

If 7t<0^7r, then z==re , ( e i 2 '* 7C ), h= 0, 1, 2,... 

No that log z=log r+j(0+i2nw) f n= 0, 1, 2, ... (37) 

Wc write log z for principal value of log z and Log z for its general 

itdur 

In (36) if we put log r=u, 6—v so that 

=0,4^-=0, are all continuous functions 

*'•»■ -s -10 “-‘-“{it+'ir) 



. . . (38) 


v\hrrc 0 and — n< arg z<7r. 

A branch F of a many-valued function / is any single-valued function 
Which is analytic in some domain at each point of which the value 
f l") is one of the values /(z). The equation (36) gives the principal 
hunch log z. Each point of the negative real axis 0=7c along with the 
origin is a singular point of the principal branch log z. The n (say) 
V—n is said to be a branch cut for the principal branch and the 
lingular point z— 0 common to all branch cuts for the many- valued 
I unction log z is known as a branch point. 

Now if iv = log z, then e w =e loa t =e iloa r+ie) 

=e log r e ie —re iB —z 


i.e. e l0 ° ‘=*z, z^O 


. . . (39) 
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and if e*=w t l og w=] 0 g e* + <«=l og e*+l og e *«. 

“*+* (y±2nm), m= 0, 1, 2, 3,. 
— x+iy±:2pni 

,, . =z±2pizi 

ho log w=z when e z ~w 

and log <*=z for appropriate choice of logarithm 
Again if z 1 =r 1 e’ Q i , z 2 =r 2 e** r,> 0, r 2 >0 ( then 
Jog Zx+log z,=log r L e‘®i +i og r% e ,d 2 

==l°gr 1 +Jogr 2 +/( 0 1 +e 2 ) 

=logr, r 2 +/(0,-f0 2 ) 

=log z,z 2 

Similarly log z,-l 0 g z 2 =l og Zl 
It is easy to verify that " 2 
log z m =tn Jog z 
logz 1 /^! , ogz 


Z m l n tzzze 7n l n l °9 « 

In case of complex exponents , we define 

' c = 0° loO e 


= e 


Z, C being complex and z^O 


A^ 2 t =e el og z c e c l0< > ‘ 

dz • z ~ c - ~ioTT ^ce' 0 - 1 ) l °» * =cz e-i 


Also (f=e , e l0 « \ c^q 

d 

-fcC°=c' log C, c^o 

Inverse Trlgnometric Functions 

Defining the inverse of sine function as w= s i n -i z 

z=sm h = e iiv) —2jze i '° — 1 = 0 _ 


2/ 


Bemg quadratic m e*», this gives, *<»=/*+ 

So that H'=sin~ 1 z= —/log {iz+ 

Sjm.larly cos Jog {z+ 

tan_1 ^T^Til=fiogi±£ 

■»- 1 d , , 1 


So that ~ sin- 1 2 = — =L= “ . , 

dz vi— ~jr-tan J z — - 

Also V 2 dz 1 +z : 


sinh 1 z=log {z+ y'z 2 +]}') 
cosh- ] z=log {z+ y/z^—T} ' 
ta n -' 2 _i, 0g i±f 



• ( 40 ) 

• ( 41 ) 


we have 


( 51 ) 

(52) 


(53) 

(54) 


(55) 


I 


L 
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' x, *l , |dng. If h’=/(z) and corresponding to each point (x, ;>) in z- 
iUn# in a domain of function /, there is a point (w> v) in w-plane 
IIihi* , ».y +iy and w=u+iv y then this correspondence between the 
■ of two planes is said to be a mapping or a transformation of 
JMitU m the z-plane into points of the w-plane by the function /. 
I "in ^ponding points or set of points are known as images of each 
• Hie use of graphic terms as translation, rotation or reflection 
!• Mllirr convenient in mapping, e.g. 

tlit' mapping w=z+c , c being a complex constant gives the trans- 
Uiimii of every point z through the vector c i.e. if z=x+iy, w=u+iv, 
I* < i I lc 2% then the image of any point (x, y ) in z-plane is the poin t 

frh'i.y+c*) 

I hr mapping w—Bz where B=be i& and z=re ie 
If w—br e Ue+ * ] 


mm|> . the point (/*, 0) in z-plane into a point ( br , 0+P) into w-plane 
ir the mapping consists of a rotation of the radius vector of z 
itomt the origin through an angle (3=arg B and an extension oi 
m.i. I i action of radius vector r by b— | B I. 

Ai an illustration the function w=z 2 maps the entire first quadrant 
• •I the z-plane, O<0<7t/2, r> 0, into the entire upper half of the 
h plane. 

I hr transformation 


T : w 


az-\-b 

cz-yd 


. . . (56) 


a A, r, d being complex constants is termed as the linear fractional 
formation or bilinear transformation or Mobius transformation . 


Here T~ l i.e. inverse of T is z 


— dw + b 
cw — a 


. . . (57) 


Any set of elements which satisfies all the following conditions 
Ii t ailed a group: 

(/) There is a rule of combination such that product TT' for each 
lllitinct pair T , T' of elements is an element of the set. 

(//) The product is associative i.e. T(T'T") = (TT')T" r 

(///) The set contains an identity T 0 such that TT 0 =T 0 T=>T for 
#aeh element T. 

(/v) Each element 7* has an inverse T -1 s.t. TT' 1 — T~ 1 T=T 0 . 

It may be shown that the set of all linear fractional transformation 
I* a group. 

If besides the above four properties a group also satisfies the com- 
mutative property then it is called an Commutative group or an 
\bclian group. 

Problem 11. Show that the set of complex numbers form an Abelian 
liroup under addition. 

Take three complex numbers, z x —{x u y x ), z 3 =(x 2t y 3), z 3 =(x 3t yj 
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belonging to the set C of complex numbers. Then the addition III 
commutative since 

z x +z 2 = (*i+* 2 > y\+y 2 ) =(**+*!, y t +yi) 

=z 2 +z x v z u z 2 ec 

Also z u z 2 EC=>z 1 +z 2 EC 

The addition is associative since 

Z l+( Z 2+ Z 3) = C* : i*.) ; i) + (X 2 + X 3 , ^ 2 +^ 3 ) 

=(x 1 +x 2 +x 3 , y x +y 2 +y 3 ) 

= (*1 + X 2 , + (*3» ^3) 

= (z 1 +z 2 )+z 3 . 

There exists an additive identity o=(o, 0 ) such that 
Z+ 0 = (x, j) + ( 0 , 0 ) = (x, }>)=z 
There exists an additive inverse (— z) for V z such that 

z+ (— z) = (x, }>) + (—x, — y)= ( 0 , 0 ) the identity element,^ 
Hence the set of complex numbers form an abelian group. 

Problem 12. Show that the set of complex numbers form an abelian 
group under multiplication. 

It is easy to show that 

fa, J'i). (x 2 > y 2 )£C=yfa, y x ) fa, y 2 ) i.e. fax 2 -y x y 2 , x,y 2 

+ ' x 2>’l)€cl 

(*i, yi){(x 2 ,y s ) fa, y 3 )}={(xi, yi) fa, y 2 )} fa, y 3 ), fa, ^i)J 

fa, y t ), fa, y 3 )ec 


3 multiplicative identity (1, 0) s.t. (x, y) (1, 0)=(x, >0 V (x, >)GC 
3 multiplicative inverse s.t. (x, y) y - x 2 j~ 2 , ^ q ~ 2 ~ J=U> °) 

The commulative law holds i.e. 


fa, yi)+(* 2 . y*) =(**t y 2 ) +(xj, y,). 

Hence the given set is an abelian group. 

Complex Differential Operators 

If z—x+iy so that z=x—iy and F be a continuous differential 
function, then 


8F 

dx 


ZF'dz 
0Z 0X ~‘ 


dF dZ 
dz 3x 


dF t SF . 

gmng 


and 


A - a , 9 

dx — dz ^ dz 

dF dF dz , dF dz .dF .dF . . 

~*W g,v,ng 


3 _/ 3 3\ 


. . .(58) 


• • • (59) 
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x _ 3 , . 3 3 3 

W. (hen define V (Del operator) = ^ +1-^=-^ + 0g 


+t 


(±. 

\ dz 


x _ 3 .d 3,3 

D| I (l>el bar) =y x ~‘ 5— U + n 


fa- 

3 Z / 

d_ 

dz 


3 2 


... (60) 


-(■ 


L-W 


3 z) 


dz 

. • (61) 

N. w taking Fix, y) as real continuously differentiable function of 
6 n , \ , ac rnmnlex continuouslv 


Nnw taking t(x, y as real comiuuuuM^ uiuwvum* — — — 

|y„, V.yand 4 (x. y)=P(x, y) +< 2(*> y) as complex continuously 

JHbi*»tlttble function of vectors x and y 9 then F(x, y) 


nt 


^ I-fa^=G(z, Z) say and A (x, y) = B(z, z) say . . . (62) 


2 ’ 2i , 

h« (iradient of a real scalar function F is defined by 


grad F-= V F= +i 


dF 

dx 


dF 


d G 


=2 


3 y 

lit, | the gradient of a complex vector function A is defined as 

dP 3 Q 


(63) 


/ 3 . 3 \ dF 3g 

grad ) ( p +'Qfa dx dy 




Oaometrically interpreted, VFis a vector normal to the curve 

oB 


f\% y) constant, and if B is analytic function of z so that 0, 


,. t* alert -/pro ie ^ = — showiug that 

gradient is also zero i.e. ^ ^ ^ 

i .,<!< Iiy-Riemann equation are satisfied. 


I ho Divergence of a complex vector function A is defined as 

r 2 g \ ._. n 7 dF . dQ 

.hv 4 • V (V j Sx + 0 _g 


= 2Fe^-^- 1 where Re denotes real part. • • • (65) 


It is notable that the divergence of a real or complex function » 
always a real function. 


I hr Curl of a complex vector function A is defined as 

«url A =Vxi=/ B (VU)-/« ( p + ! '2)] 


SP 


3x dy 


C 05 7 


. . . ( 66 ) 
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The Laplacian operator is defined as the scalar or dot product of \7jl 

8 -*M 

r= 4 


1 he Laplacian operator is denned as the scalar or dot product ol V \ 

with itself U. v • V- V’-fe (7 V)- * (.A -i±) (4 +,4)1 


, J* 

+ 0J 2 ** 0/0^ 

summarize few identities involving 


. . . (67) 
div and 


Herebelow we summarize few identities involving grad, 
curl of two complex differentiable functions A x and A 2 . a 

grad (^ 1 +^ 2 )=grad A x +gTnd A 2 ... (61) 

div (A 1 +A 2 )=div y^+div a 2 . . .(69) 

curl (/4 1 + ^ 2 )= c url /4 x +curl A t . • • (70) 

grad (A t A 2 ) =A^ (grad ^ 2 )+(grad A t ) A 2 ... (71) 

curl (grad A) =0, when A is real or T m (A) is harmonic . . . (' , 3)j 
div (grad A) =0, when A is imaginary or Re {A) is harmonic 

. . . (7# 


5.8. COMPLEX INTEGRATION 

It has been defined that a function of z is said to be regular in any 
domain D if the function is single-valued and differentiable at every K 
point of the domain D. Now in order to show that a regular functioiMl 
possesses a second derivative, we must first of all express the function I 
f(z) of z as a contour integral round any closed contour surrounding \ 
the point z. 

Let us suppose that the equations x=$(t) and >’=<K0, whefll 
p represent the arc of the plane curve. Let us divide thl I 
interval (a, p) by the points t 09 t l9 t 2 ...t n and let these points on thtA 
curve be denoted by P 09 P l9 P 2 ,...P n . Then length of the polygonal 
line P0P1P2 Pn will be the sum of the lengths of the lines P 0 P X , P X P%^ 
.... Pn-iPn • If z o> z i, z i >-- z n be the points on the arc correspondin( 
to the values t 0f t l9 t 29 ...t n of r, then length of the polygonal ard 
PqP\P 2 • • • Pn 

= 2 [(x r — x r . 1 ) 2 +Cv r -^ r - 1 )*]. 

r— 1 


The value of this sum depending upon the mode of subdivision l| 
called the length of an inscribed polygon. If the arc is such that tm 
length of all the inscribed polygons have a finite upper bound A, thl 
curve is known to be Rectifiable and A is called the length of the curv#| 

The necessary and sufficient conditions for the arc to be rectifiablg 
are that the functions $(t), ^(/) must be of bounded variation in tin 
interval (a, p). Incase $'{t) ip'(t) are continuous, the curve denote 
by >’=4(0, when a< t <p is rectifiable and its length is ] 

*=j* viwY+wimdt. 
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NUtimnn's definition of Integration 



II 1 us sum tends to a unique limit when n-^co i.e. the number of 
•»»* ol the curve C becomes indefinitely large then the definite 
•Htruml o f/(z) along the curve C is given by 

\c /(Z) dZ= * \abM dZ= Lim S /(W (Zr-Zr-i) 

n -> 00 '*=1 

Nole I. If f(z)z=u J riv 9 z=x+iy=<f>(t)+v]>(t) so that dz=dx+idy 


—{i'(t)+i^\t)}dt a 

Wc have /(z) dz= («+/v) {#(f)+V(t)}dt 

(m+iv) (dx+idy)= f (udx — vdy) i (vdx-~ut!y) 

Nole 2. If C consists of a number of arcs C t9 

^ c f(z)dz=l^ c f(z)dz. 

1 onlinuous arc. When (j>(t ) and t(40 are real continuous functions of 
lit* real variable t in the interval (a, p), the arc is known as conti- 
moH/ v arc. 


Multiple points. If the relations x=(f>(t) and y=^(t) are satisfied by 
too or more values of t in the given integral, then the point z=(x, y) 
)• • ailed a Multiple point . 

Jordan arc. A continuous arc having no multiple points is called a 
Ionian arc. 


Megular arc of a Jordan curve. Considering an arc of a Jordan curve 
ItAuc'd by the equation z=(j>(t)+ity(t) 9 where a</<p, if z be expressed 
•• *• Ingle- valued and ^(/), <K0 as well as <j>'{t) 9 <1/(0 are continuous in 


498 


MATHEMATICAL PHYSICi 


the interval the arc is then called Regular arc of a JortlJM 

Curve. 

Length of the regular Jordan arc is 

VI (OP+WWl dt. 

A Continuous Jordan Curve is one which consists ot a chain of fini«l 
number of continuous arcs. , 

Contour By the word ‘contour’ we mean a continuous Jordtffi 
cufve insisting of a chain of finite number of regular arcs. It is clear 
that a contour is rectifiable. 

The complex integral of/(z) along the regular arc L is written ^ 




The integral of /(e) along a contour C, which consists of a fin« 
number of regular arcs L r is given by 


l 


[ f(z) dz=l\ r f(z) dz. 

) C ri L r 


Here 


| f[z ) dz is read as integral f(z) taken over the closlfl 

CO So 0 me properties in case of complex integrals^ however notable! 1 
1 - j c (/( 2 )+/(z)} * = j c /( z ) dz+\ c <i>{z)dz. 

2 . | f{z) dz= — J c /(z) dz, where — C represents the directio J 
opposite to that cf C. 

3 . | c ;(r) fiz) dz+^ c J(z) dz, where C, and C 2 are twl 

parts of C. 

4 f A/(z' d:=k ( f(z) dz, k being constant. 

J C JC 1*1 

An upper bound for a complex integral. If a function iofzsayf{M 
is continuous on a contour L of length l and if the inequalt y l/( ) 1^^ 
is satisfied , then 

| fdz) dz | < Ml. 

Let the equation to the curve L be 

*=<£(0. >’=4(0 ■ 

Then the length / of the curve is given by 

/= j[(^) 2+ (^) 1 ' 3etween proper '' raits ' • ■ ■ 
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z=x+iy gives dz=dx-\-idy 


| dz | = | dx+idy |= V {dx) 2s r(dyf 
• I' ll | | dz |=/ V {dxf+idy)'* 


-w&nn* 


=/ by (1) ... ( 2 ) 

*w (lie modulus of the sum of n complex numbers being less than 
(moI i.i the sum of their moduli, we have 


ll".,)'(z r -z r _ 1 ) 


n 

/■=! 


Mr) (Zr-Zr-l) 


< 2 | fff r ) | | z r -Z^ 

r=i 

fiiM i tling to the limit as n-> oo, we have 
Wf[t)dz\ < Sr | f(z) | | dz I 
^M\l | dz I 
by ( 2 ) 


\f(z) KAf 


I \IK II Y S THEOREM 

|f) /« <t regular function of z and if f(z) is continuous at each point 
Ifa um/ on a closed contour C, then f(z) dz— 0. 

(Agra, 1966, 67) 

ilir integral of the function round a closed contour is zero). 
iHtH'iihiry Proof. Green’s theorem states that if P(x , 7 ), Q(x , y) 9 

1 /if 

, ^ are all continuous functions of x andj> in the domain D, 

an now assume that f(z)=u+iv, where z=x+iy. 
dz—dx+i dy. 

Instituting these values in f(z) dz, we get 
L AO. dz=j c ( M+/v ) (dx-hi dy) 

= | c ( u dx—v dy)+i (v dx-fu dy) 

■ -i 

[by result (/) of Green’s theorem] 
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contour , C then 


I c dz ~ 


r. . . 3m 0v 8u 0v 

=0 . — = — "q — and ^ — = -t — 

dy dx dx dy 

(Cauchy-Riemann equationijl 

Rigorous Proof of Cauchy’s Theorem 

If f(z) is analytic ( regular ) at all points within and on the clotm 

J c /M-°. I 

To prove this theorem let us first consider two lemmas. 

Lemma I. If C is a closed contour, then we must have 

0 and also 1 z dz—0. 

J C 

It follows from the definition of integral that 

[ /(z) dz= Lim 2 (z r -z r _i)/(z). 

J ^ oo r== 1 

Taking /(z)=l, we have 

[ <fe=Lim 2 {(z r — z r _ 2 ) • 1} 
n->co r=l 

= 0 as max. (z r — z^)-* 0, when n->co. 

Also | z dz =L\m 2 {(z r — z^) z} 

JC r=l r=l 

n 

=Litn 2 {z r _i (z r -z r _!)} 
n->co r=l 

[Lim 2 {z r (z r — z r _j)} 

«->oo r=l 

n — 

+ Lim 2 {z r _j (z r -z r _,)l 

«->00 r=l 

=£ Lim 2{(z r +z r _ 1 ) (z r -z r _!)} 

72->00 

=i Lim 2(z r 2 — z r _ x 2 ) 

7 I-> 0 Q 

*=0 (for a closed curve). 

Lemma II. (Goursat’s Lemma). 

Given v, it is possible by suitable transversals, to divide the inter!® 
of C into a finite number of meshes, either complete squares or pal® 
of squares, such that within each mesh there is a point z 0 , such thatl 

Z Z 0 

be. f{z) -f(z 0 ) =f'(z 0 ) (z Zo)-j-7) (z Zq) . . . m 

for all values of z in the mesh where •»)<€. 


) 


i 
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N ""' ' rn,ess th \ contour is a square, the sum of the meshes will not 
* fft feet square]. 



• 1 
-4-4 
-L-4 

i 

i 

i 

i 





Fig. 5.14 

1 M us suppose that 


Fig. 5.15 

the lemma is false and however the interior 




a jl — — ~ .w ivuiuiu i j icujv ci uvi However i 

V, " h , Ub / divid , e I f ^ hen there wiH be at least one mesh for which 
I not true. We have to show that this necessarily implies the 
of a point within or on C at which /(z) is not differentiable. 

fc. !!,'!rVnf t J ee ? C i 0SC C J n a large sc l uare r > of ar ea A and apply 
,j* sS repeated I quadrisection. When T is quadrisected there is 

, . °" e . ° f _, the four quarters of the square T lor which (1) is 

'!!' l et it be denoted by r x . We quadrisect T x and take its quarter 
", (?) does not hold. This process is carried on inde- 

r**7 Ct . ttie in ° n,te sequence of squares so obtained be [\ T, 

. .. each contained in the preceding, for which the lemma is 

LKkJt? ItewiZc* ^pp® 868 determine a limiting point C 

'"'pi' is 

M-m 

z-Z 


~f%) <€, 


f(Z)=f'(Q (z-Q+yj' (z— 0, where | z— X, | <6 and > /<e. 
1,1 “"‘re S Jet us draw a circle of radius S x <6 and let 
I z ~Z I <6j <8, 

| .' | i contradicts our hypothesis, for by taking £ to be z„, (1) is 
” 1 d and thus it follow Goursat’s lemma. 

»'"..if of the theorem. It is obvious that some 
,ncs J}es obtained by the subdivision of the 
iI.h.pi of C will be squares^nd others will not 
I ^inures. Let C u C„...C m ... be the complete 
^<ur» and D u D 2 , ...D n , ...be the partial squares, 


j ( ./(z) dz 

~\cJ {z)dz+1 \ D J^ dz ' 


( 2 ) 








C M 



K 

















7 

Lx r N 

s. 

1 




Fig. 5.t6 
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Also we have from (1) of the Goursat’s lemma 
f(z) =/(z 0 ) +/'(z 0 ) (z— z 0 )+>j (z Zq) 9 where | yj | 
Now 


€. 


f /(z) dz= f [/(*<>) +/'(*<)) (2~^o) + >3 - 2 To)] & 

=[/(z 0 )-/'(z«) z o3 J Cn *+/'(Zo) j Q Zdz+ 

y jl (*-J 

J C /J 

=r y I (z— z 0 ) dz as ^ dz— I z dz~ 0 from lem 
J C n j C n J 



dz 


<€ I V2/» i dz |, side of square being /„; 

J C n 

Max | z — z 0 1= -v/2 /„, where y^/*, is the length of the diagon# 

sqil, 

<€\/2/„ I s being the entire perimeter of the squ| 

J C» 

<€V 2/„-4/„ 

< 4 A / 2€-/„ 2 

<4\/2€-y4 n , In 1 — A n , the area of the square. 

Similarly, 

lk*> * | lo.* 


<€\/ 2 / n ' (4/„+J«), i„ being length of arc 
ing the curved boundary < 

<€-4V'2^ n '+2€s„/„', is the area of squar*] 

of si«T 


Hence (2) gives 


|Jc*> 


dz 


00 


<€V2 2 {4(A n + A n ’)+S n l n ’} 
n = 1 


<€v 7 2 (4^+SL), S’ being perimiter of contour 
the length of a side of some square enclosing C and A the total 
<0 as €-»0, S and L both being finite, 


so 


that /(z) tfz=0. 


This proves the theorem. 

Extension of Cauchy’s Theorem 

For this purpose, we define some theorems which have not yet | 
introduced. 
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• ounce! cd region. A region is known as a connected region if 
•m»\ i wo points of the region D can be connected by a curve lying 
#iftlly within the region. 

Simply-connected region. A connected region is known as a simply- 
• •wiuelcd region if all the interior points of a closed curve C described 
the region D , are also the point of D. 

Multiply-connected region. A connected region is known as a 
mmiIi inly-connected region if all the points enclosed by two or more 
d curves described in a region D are also the points of Z). 

Ci oss cut or simply cut. The lines drawn in a multiply-connected 
ffilon, without intersecting any curve, such that the multiply-connec- 
ted irgion is converted to a simply-connected region, are said to be 
iinv. cuts or cuts. 


// the function f (z) is not analytic in the whole region enclosed 
l*\ a closed contour but it is analytic in the region enclosed between 
two closed contours then also Cauchy* s integral theorem can be 
Milled. 

I ct the nearly equal and parallel lines AB and A B f as shown in 
Fig 5.17, be used as cross-cuts by connec- 
II iig the points A and B (very near to each 

• ••hr i ) on outer contour C with points A' and 
N on inner contour y. Let the simply connec- 
•fi! contour so obtained be denoted by I\ 

I lie function f(z) being analytic in this region, 

• hr Cauchy’s integral formula can be applied 
I "i this contour i.e. 



Fig. 5.17 


jp f(?) dz=0 now gives 

j,. /(*) dz =f c /0) dz+ \ AB A z ) dz+ \ A ' B ' <fe +[ Y /( z ) dz=0 

= f(z) dz + 1 /(z) dz— 0, other two integral being equal 
and opposite in sense, cancel each other. 
I • | c /(z) dz= — J_ Y /( z ) dz 

where minus sign shows that the integral is traversed in clockwise 
iliicction. 


Taking the integral along y in anticlockwise direction, we get 
j c j(z) dz=^f(z) dz. 

Note. In general if C be a closed curve and C l9 C 2 , C 3 ..., C n9 be the 
m her n closed curves lying inside C and f{z) is analytic within these 

turves, then^ c f(z)dz=^ c ^ f(z)dz+ J f(z)dz+... + | c f(z)dz 

bitugrals being taken in anti- clockwise direction . 
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Moreras’ Theorem as Converse of Cauchy’s Theorem 

If the integral J f(z) dz of a function f(z ) which is continuous in a 
region D, is zero when taken round any simple closed contour in Z), 
then f (z) is analytic in D. 

Taking z 0 as a fixed point and z any variable point in Z>, the valut 
of the integral. 

\ Z /(0 dC.=F[z) say ... (4) 

J z 0 

is independent of the curve joining z 0 to z and is dependent of f 
only: 

(4) may be interpreted as: 

F(z+h) = \ Z+h m<K ...( 5 ) 

J z 0 

So that (4) and (5) give 

F{z+h)-F{z)= \ Z+h m dZ- f 2 f(Z) dZ 
J z 0 J z 0 

-r*>« 


The integration on right being independent of the curve joining f 
to z+h, may be taken along the straight line joining z to z+h, so 
that 


F(z+h)-F{z) 

h 





F(z+h)-F(z) 

h 


-t . I 

- ~f(z) |=| [ m -m dz | I 

'I 

<r4-| e [ Z+/l I ^ I since /( z ) bein l 




continuous in Di 


| /(£)-/(*) |<€ for | Z—z I <8 
€ I h | = €-*0 asA^O 

/. Lim F ( z +h l - F i*± = F' (z) =/(z) 
h-> 0 h 

showing that F(z) exists for all z in D i.e. F(z) is analytic in D. Afl 
such F'(z) and so f(z) is also analytic in D, for, the derivative of aa? 
analytic function is also analytic. 
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14 I AIK 1IY S INTEGRAL FORMULA [Agra. 197+] 

U ,h, function f(z) is regular within and on a closed contour 
\ b, ii point within C, then 
1 f /(z) dz 
1 ' 2t ri J c z—Z 

IjI ir. describe about the point z==Z a 
JLfl Y of radius 8 lying entirely 
S||i|n ( Now consider a function 


-z 



•hhl. U regular in the region between C p . g 

K making a cross-cu. “a KdooSoS 

U ’JESSA S) is regular, so 

,M |»y Cauchy’s theorem, we get 

j r <Kz) dz=0, where <Kz)=-^ ‘ 


| | 1P function is analytic within and on the boundary of the contour 
,| , i*. points M, M' are very near, 

LM=L'M' and LM 11 CM’ approximately. 

h sense, and hence we have 

<f>(z) dz~0 

Y 


j c «?)*-] 

j c <£(z) 


i 


/(Z) 


cz- 


. f /& 


•••<» 

Referring to the adjoining figure, 



Fig. 5.19 


o/>=eo+op 

= - t+z-z-C . 

/. Complex co-ordinate of QP is 
z— £=6e ifl . 

[V if z—x+iy, . .. 
z=r (cos 6+f sm 6) 

where 0 is the argument and 8 is the 
magnitude of QP which is very small. 
Differentiating (2) partially, we get 
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Now (I) may be written as 

r z-x. 




dz+ 


=/(0 i 

J 0- Se** 


i 

de 


M~f(0 

+/ (say) 


clz 


where 


= 27T//(Q + /> 

17 ■ H 






M-ak) 


dz 


nuous at z=£ ; when of continuity, the function /(*) is cu- 

A,so if CI<S ' 

dz~dx+i dy. I j 

I dz l = V'r (,dxY+( d yf ]=zds 

ds means the entire circumferej 
the circlfi 




X2ttS 


<2^6, 

<0 

th ® u ‘ w e know that modulus nf « 2S 5l-> ° which is so when 8^1 
therefore / /|=0 as 8^0 ? e L?? y quantity cannot be nee;, til 
f /(z) ’ ’ h ^ C0| ncides with 8 "j I 

JCz~C *=2^/(0, 

/(g« » f y^z 

2rr/ Jc z^' (Agra, 196H 


Hence 






— ON CAUCHY'S INlEClJ 


/'(0 = f /(z) dz 

2n iJc(z— : 


ST C * ^ *%/* *W C(WoH , . ■ 

** ^ bounding the poll 


Now,/'(C)=Lim 

ft-> 0 h 

=Lim ^J~-[ f( z ) dz f ;j , 

**» 2W ^ *- l7=i-^r~~ 7 j 


a PpIying Cauchy’s integral formula. 
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--Lim ^ . 

/i>0 21X1 


/(z) dz 


*hrrc 


i_f _j_ _ 

r-i ]c(z—'C.) (z—'C—h) 

_1 f /(z) dz 

Jc(z— 0 (z-t-A) 

= 2 W h n o J c {(F=^p+ (z- 0 2 1 /(z) 

_ Lf Mi,- L Lim f h M dz -~- 

~2r.i\c(z-K) 2 + 2tt;^ 0 Jc(z-S) 2 

1 f /(z) dz , r/ . 

= -2^rJ C (^r^+^ say )> 

7=z— . Lim f 

2^ /j-»-o J 


-A) 


/»/(z) dz 


7|<Lim -r- 

/i-K> 271 

h 


/i-*-o Jc(z-S) 2 .(z-K-h) 
I /(z) | | dz 


Cl z — £ 


-C-A| 


< Lim 


1 h I . Ml since /(z) is regular in and on C* 


^->0 2?r ^ * s bounded, so that 


<0 as A->0 
I • 7=0 as a->0 


Hence/' (T)=; — f 

3 W 2 tc/J C (z-Q 2 


| /(z) I on C. Let d be the 
lower bound of the distance of 
K from C, 

U€c\ z— £ 1 >d and / be the length 
of C. 

. . . (1) 


.Similarly the second order derivative of/(z) at z— £ of domain 7> 
may be found as 

/■(0-Lim /'«+*>-/£> 

/i-*0 " 

Applying Cauchy’s integral formula, in the form (1) 

'■w-aJS t{« j=e=*r 5 ^?W* 

-■ 5 ? 2 IcA *+H” * f c *<*>/«* 


Since 


-r- 

*L* 


[( 


J-Q 2 ]] 


^(Z— C — A) 2 (z- 
=^f^p+ h 7?(z) where R(z ) is bounded on C 

f„/(z) 7?(z) is finite. 


io that 
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,_i 1 

r /(z) 

'27 Xl \ 

l(z-0 3 

.11 1 

r m 

277/ J 

l(z-C) 3 


dz 

dz 


Proceeding similarly we can show that 

/'(0-JLf ^Lrfzetc 

2 niJC (z-0 4 


Here below the general result follows: 1 

pol n t If z a JrTl^don,aS U, D d ° 9 h ° S at 

J me domain D, derivatives of all orders, values bit 
given by f ,n HZ)=- J=. f /(z) dz 

et us suppose that the theorem is valid for n= w an d then consid* 

/ <m+1) (0= Lim f ~ ^+ / »)-/ (m) (Z) 

0 h 

_(w+l_)j_r /(*)* 

? J c ^ITq ^+2 + 1 by the last result, 

hf(z) dz 


where 


27T/ 

(w+l) ! 


Lim 

>0 J < 


27r/ Ho J c (z - Cr+^fz - £ - A) • 
!t is easy to show as in the previous result that 


/. /(«•«> tr\- (”»+ 1) ! f /(z), 
27r * Jc (z— C 


/ I -»0 as | h | -»0. 

Which shows tha. the result is t rue for „_m+l and hence we hav, 

in general /<")(£) =-UL| A z ) dz 
27 r/ Jc (z— Q»+i. 

5.12. TAYLOR’S EXPANSION /0 ~ 

Jf a function /(z) w regu/ar everywhere inside a circle C whose centre 

is the point z—a and radius is p, such 

Y l '! at z ~ a < P and ifX, is a point such I 

that | ( ,—a =r < p 



then /(C) = 
where a„= 


5 2 a„(C-a)», 

n = 0 

, / (n) (a) 


l«. 

We know that 

1 1 


C-c 


z-C z-a ^(z-a) (z-C) 

-J~ + ^Z±I~ — L_ i "|j 

-a T z—a [_ z—a ^ (z-a) (z-C)J 


Fig. 5.20 


; + 


r 

z — t 

1 
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(t:-fl) 2 r 

(z—a) 2 '’ 

(z-a) 2 L 

i:-a . 


1 

i 

o_ 

to 

_l 

h (z—a) 3 


Z-a 




-a) (z-S) 




] 


’(z— a) n (z C) 

H«iu« by the Cauchy’s Integral formula, we get 


/(C) = -^[ -^ydz 
JKJ 2m J C z— £ 

i r r 1 , ?-fl , , i f / z \ 

= 27t/)cU-g + (z-«) : ( z— a )" 

1 f f(z)dz Z— a f /(z) dz 
== 27t/Jc z-a + 271/ J c (z—a) 2 

r /(z) </z 

J C (z— fl) n (z— S) 


dz 


=/(«) + (^-«)/'(a) + - 


(C-a) n f /(z) dz 

2m 

(C-aV*- 1 /«-*(<*) 

+ (»-l)! 




»*..M J c(z f a Z ) l ( ^ - t) . the remainder after i» terms in 


Pllfliii'l Theorem. 

( N"w, since f(Q may be written as 

m=Aa+r.-a). 

I the expansion 


/"(«), 


/(C)=/(a)+/'(a) «-«)+ ! ypK-a)*+... 

l^irurnts the Taylor’s Theorem. 

F On assumptions | a | =r< p, 

| z —a | =p' and f<p'<p, 

f. wrll as taking maximum value of | f(z) | as A/, i.e. f | /(z) |<M on 
[T, we have 

, n , ^\Z-a |-f \f(f)\_\_dz\ „ 

I Rn I < 2^ Jcl z-a N x-Z 1 




M 


2 -tz • p' <n) (p 


7=o\, 


ds 


[V | z—Z 1=1 z-a-{Z—a) | 
<| z-a |— | Z—a 1 

<[ 9'~r\ 


r” 


M 


< 


277 p~'» (p'-O 

M 


277 p'” (p'— I - ) 


_ . where L is the length of the entire 
circumference and hence L=> 2n:p' 

. 277 ?' 
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<0if//->oo, since --<1. 

p 

jR n =0 s when jh^oo. 

Thus we have the infinite series 

f(Z)=f(a)+f'(a)(Z-a)+... 

OO 

= 2 a n (Z,—a) n , where a n -- 
n^O 

Note 1. Madam in's Expansion as a particular case of Taylor ' 
Expansion . 

In Taylor’s expansion if a=0, we have 


Ha) 


2 

«“-0 


f 

A K* 

71 = 0 — 


Note 2. Flere | R n \->0 as n->co , // follows that the series 2 

w=0 

a n (Z—a) n is convergent and has f(ty as its sum-function . z/ / 

function f(z) is regular in the whole z-plane , the expansion is valid fc 
all values of'Q. 

Note 3. If the function fif) has a maximum M(r) on | a |=r< 

^ M(r) , f n (a) 

then, | a„ | < — — , where ««=- — — 

The Taylor’s expansion is 
m=M+f’(a) (K-a) 

+ ^(Z-a?+... 



/"(a) 


(S-fl)"+. 


— — <*)+••• 

—+a„ (Z~a) n +.... 
/"(«) 


where a . 


= j_ r /(z) & 

2tc/ J c (z— a)"* 1 
If C' be the circle | Z—a \=r, then as in Cauchy's theorem, 


Fig. 5.21 


1 


2~i 

1 

2k . 


/» dz 
C’ (z— a) n+1 4 
I /(g) I I dz 
C I z—a | n+i 
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h*i» 4 (Llouville’s theorem). If the function f(z) is regular in the 
■ f /'lime then f(z) must be a constant provided | f(z) \ </c for 
of z. 

Hni» /(;*) is analytic for all values of z, then by Taylor’s theorem, 

•fW* 


/(z)=a 0 +a ] z+a 2 z 2 +...+a n z"+... 2 a„z n , 

n = 0 

Ht’ I and | /(z) l = M(r) when | z |=r. 

HL (Ivrn that | /(z) | < k for all values of z including oo, 
M(r) < k. 






<0 when n->o o for n< 0. 
a n =0 for n> 0. 

A* iucli/(z)=a 0 is a constant. 


• I « I M I RENT'S EXPANSION (Agra, 1966) 

he an annulus between two concentric circles Cj and C 2 of 
mgf r a and radii and p 2 (p!>p 2 ); then if f(z) be regular within 
WjNhulus between C Y and C 2 , as well as on the circles , and £ be any 
of the annulus , 

AO- 2° a n (C-a)"+ 2 MC-a)"", 

n=0 7i—= 1 

P* -k\c (r-/« k ~M e. ( 2 -“)*'VW *• 

IW# Imvc proved in the Taylor’s theorem that 

1 ? i z ~ fl + + . m 

I i C z — a ' (z — n) 2 ‘"'(z— a) n (z— 0 * ' 

IIhIi'm hanging z and £ with each other we have 

1 1 , z ~ a L (g-«)i , j (z— a) n 

I < :~z—a + (Z-af +'(S-u)’ + {Z~z) " 
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l.e. 


z—a 


( z—a) n 


z- C ^ &-a) 2 (C-z) * 

Now, we know that 



/(C)= 2 ^- by Cauchy’s inle|jj| 



Therefore by making a cross M 
joining any point of the circle C x to A 
point of the circle C„, we get 

ftr, 1 f M d L _Lf M 

m -2nt\ Cx z-X. _ 27t/J 


I ClZ- 


3 A*) *+2*/ 


c 2 

1 


Substituting the values of pand 


=-f 

2ni J, 

from (1) andj(2), we 


I 


1 


UU V.I ^ ^ 

s Ic, tir+(fey ■ +•■• *> * j 

+ srlclf^ + (? il 5 F + " ' + «--»)'• t-o] /(!) *■ 1 

Here term by term integration is possible as the two series 
uniformly convergent. 

m=f(a)+K-a) f'{a) ' 


2 ! 


b i 


+C-« i '(C-a ) 2 ^(C-a ) 3 


■f"(a)+... +Pn 


+ -. + Qn 


where 


— f 

2-rcj J 


by 

6a= 2 ri\ 


C 2 


C 2 


m dz, 

f(z-a) f(z) dz. 


bn ~ 2 m Ic 


(z— df*" 1 f(z) dz 


and P n is the remainder after «th term as in the Taylor’s expansiol 
It is easy to show (as in Taylor’s expansion) that 
| P n |->0 as «-> oo. 
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r ds 

7 jc 2 r-p 2 


^ r n 2« 

< P <?Mf_ 2rrp 2 


r" 2w r— p 2 

;(*r 5 i 


• Po 

<0 as m->oo, since — <1 


” V p x > I C-a I >Pz 
and Max. value of 

| /(z) lis M' 

Also 

£_z=i;-a-(z-a), 

I C-z I > I Z-a I 

-| z—a | 
>C p2> 

• I 

1 Z-z j > r- p 2 


... (3) 


Mnce modulus of any quantity cannot be negative. 

Q n = 0, when n-^oo. 

lienee /(C)=/(a)+(C-a) /'(«)— /"(«)+- 

, & 2 , ^3 I 

+ C^ + (C-«) 2 + <?-«)* 

= 1 a„(C-a)"+ 2 b n (£-a)- n - 

n= 0 «=1 

Note 1 The integrals giving the values of a n and b n as 

1 r f(z) & , l L f M dz — 

"•“25?) aDd K 2ni J c * (z_fl) ” +1 

, • nnalvtic every where in the annulus of C L and C 2 and therefore 
iy Cauchy’s theorem the path of integration can be taken any con- 
antric circle C 0 lying between C x and C 2 , so that 

n r if f(z) dz 

4.-55 J c , O—rVM )c. (i= 5 r sr_ ’ 

oo , If /( z ) ,./ 7 

Thus/(0- S where J Co tz-a) n+1 * 

Note 2. ZerTsand Singularities of an analytic complex function. 

A zero of an analytic function /(z) is defined to be a value ofz 
luch that /(C) =0. 

Taylor’s expansion gives ^ ( Z -C) B 

/(z)=/^)+( z— /*(£)+—+' j7T~/"(S)+— 

Here if /(C) =0 and/'(C)#0 then/(z) is said to have a Sfepfe zero 
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If /(0=/'(0=/"(0=...=/ n - 1 (0= o;and then the 

point z—X is known as zero of order n of the function /(z), since then 


(/-O'* (z-0" +1 

|T~/ ,n) ^ )+ I n+1 / (B+1, (Q+- 




where ^(z)= 


.(z-W(z) 

/ <n) (0 z-k 

In + | n+1' 


• • • (4) 


=a non-zero and analytic function at z=£. 

It follows from (4) that the point z=£ may be defined as a zero of 
order n of the function /(z) if /(z)=(z— £)^(z) 
for /(z) being analytic and non-zero function at z=S. 

If we draw a small circle C about £ as centre then within it ^(z)^ 0. 
Also for z^£ within C, (z— £) n ^0 and hence £ is the only zero of the 
function /(z) within C. As such the zero point z=S is isolated. But C 
being arbitrary may be any zero point of /(z) and therefore all the 
zeros of an analytic functions /(z) are isolated. 

A point at which a function /(z) ceases to be regular (analytic) is 
termed as a singular point of /(z) and the function /(z) is said to have 
a singularity at this point. 


In case there is no other singularity in tfie neighbourhood of a 
singular point z=£, the function /(z) is said to have an isolated 
singularity . We can surround such a singularity by a small circle V 
with £ as centre such that in the annulus made by T with a larger 
concentric circle C, the function /(z) is analytic. Then we can expand 
f(z) by Laurent’s expansion as 

f ^ = „l 0 an ^~^ n+ -" + T^ + ^^ + - + (^r + *” j 

where the terms containing b's are termed as principal part of the 
expansion at the singularity z=C 

There arise three possibilities: 

(0 All the coefficients V s are zero so that the function is equal to 
the analytic function except at z=£. Such a singularity is defined as 
non-essenptul or removable singularity of /(z). 

(iz) The principal part is an infinite series. Then the point z=£ is 
said to be an essential or non-removable singularity of /(z). 

(Hi) The principal part contains a finite number of terms i.e. 


b i 


b* 


the principal number part=^— + 


<r 


so that b m+l =b m+ 2 = ...=0 

then the function /(z) is said to have a pole or singularity of order m. 
In this case, we have 
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</) m 

0- > a n (z~'Q n + 2 b n (z—Z>)~ n 
h 0 n— 1 

oo 


(/ ')- m r 2 a n (z-Z^+bfz-Zr-'+b^z-Kr 12 

L/i=o 


+ ...+b 1 


•] 


(: £) ,, ^(z)=-- j -- ^ - w , wi n faz ) is an analytic function at 

\ z v v 

z=\ 

ffc’< m | , the pole is known as a simple pole. 

ii pole of order m of z=£, the limiting value of the function is 

M#h tty 

m 

| (hi /(z)=Lim 2 b n (z—K)~ n 
n= 1 


■ l.ait I f(z) |=Lim 

2 b n (z- 

71 = 1 

=Lim 

Z->C 

bfn 

(4-0- ' 

l 

=Lim 

i z—z r 

>Lim 

i 

i 

>Lim 

1 

I z-X. |”‘ 


bfn — l 


b , 


{b m +b m - 1 (z-^)+...+b n (z-Kr-"+ 

...+b 1 (z-K) m - 1 } 


+ | bfz-K )” 1 - 1 1 ] 


>00 

I i# I A*) I ->oo as z->£ 

r (turn lusively if /(z) is analytic in a givera region except at a point 
% .mkI Lim /(z)->o o, then f(zj is said to have a pole or singularity 
*-K 


fin Ihc pole of order m, we have 
I lm ( ? - C) m /(z) =6,* =constant ( f=0) 

U Ml* value of the function is given by 




)H i iisc there does not exist a value of m such that Lim (z — y)”'/(~) 

I Unite, then 
My of f\z). 


{ > Unite. then the point z=£ is an essential or non-removable singu- 
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If an analytic function f(z) has a pole of order m at the point jtm 
then has a zero of order m at this point. 

z*=£ will be a pole of order m of /(z) if 

(z— K) m f(z) is analytic and non-zero at z=£, so that 

^(z)= is analytic and non-zero 


as z=t 


(Z-Q™f(z) 

follows that 


has a zero of order A 


A similar procedure will show that if - has a pole of order 
then f(z) will have a pole of order m. 

It also follows that since zeros are isolated, the poles Ql 
be isolated. 

Note 3. The Point at infinity. In treating the complex variables In 
convenient to regard infinity as a point . The point infinity is consid ' J 


by putting z=Y' * n f( z ) so that the behaviour of f(z) at infinity | 


examined by the behaviour off^-~^at K=0. 

Consequently /(z) is analytic or has a zero or has a simple pole or I 


an essential singularity etc., at infinity according as f (^ ^analytic 
has a zero or has a simple pole or has an essential singularity at C 
if^(^"^ has a zero of order m at £=0 then writing $(£) 

f ( j its expansion at £=0 by Taylor’s theorm is /^-^=^(C) 
***« ^ fw +^m+i? 1w+3 + ... so that corresponding expansion of f(x ) A 
z==oo is + which does not contain const^j 

terms and terms containing positive exponent powers of z and 
/(z) has a zero of order m at infinity. 

Similarly if/^ -i ^ has a pole of order m at £=0 then by Lau 


expansion 


/ 1 \ oo n 

2 *«£"+ 2 «-* 

V ^ I /l-O 71=1 


i 


* 


So that corresponding expansion of /(z) at z= oo is /(z)= 2 b { 

n=l 1 


00 


m 

4- 2 a n z~ n which has 2 b n z n as its principal part as z= oo and tl 

0 71=1 


: 
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i... i|in| part beiDg a finite series of positive powers of z at z=v shows 
• has a pole of order m at infinity. 

I'xililnm 13. The function f(z) is regular when | z | < R' . Prove that 

l . | m *• wiere c “ "" 

!,/• I 1 1=7?. Deduce Poisson’ s formula that if 0<r<R, 


f, ... 1 r T? 2 -/- 2 

A re 2n J 9 R 2 —2Rr cos (&-<f>)+r 2 


f(Re<*) df. 


luting centre as origin and a line OP 
M un angle 0 with the horizontal, let 
M t«tc a point Q on OP produced, such 
|«t OV'OQ=R\ where | z |=F; then Q 
m Milled the point inverse to P w.r.t the 
Pu li of radius R. 

I . i at P, z=u, and at Q, z=a x be the 
Hnn|ilrx co-ordinates. 

Now | OP | |Oei=P 2 . 

^ \OQ\=j£ f -\>RotR>\°P\. 

I herefore Q must lie outside the circle. 

D2 

Afiiin a l =02 , e <# =-^jp«* 



Fig. 5.23 


JP 

“ OP-e' < * 


as a=OP-e i *, 


conjugate of a i.e. a^OP-e^*. 
a 

My Cauchy’s theorem, /(a) =~^~ J c • • • t 1 ) 

Alio the Cauchy’s theorem states that if F(z) is a regular function 
•nd tl F'(z) is continuous at each point within and on a closed contour 

i , (lien j c F(z) dz= 0 and thus as point Q is outside the circle and 

t[$) in analytic, i.e.. 


h#irfore 


P(z)= ^ -^co 
’ z—a x 

o' ( M. 

2^i JC z- 


dz 


... ( 2 ) 


Subtracting (2) from (1), we get 


. 1 f (a~a x )Az)dz 

J( - a ’ 2r*i J c (z—a) (z— Uj) 
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_ J_ f (Rr—aa) f(z ) dz 
2^'Jc \z~a) (R*~za) ' 

To deduce Poisson’s formula, if 0<r<R. 

Put a=re i *-, a=re- ie , 

z=Re i *, i.e., dz=iRe i * d<f>. 

Being a circle, limits of </> are from 0 to 2 tt. 

(z— a) (R’--a~)= (Re'* -re' 6 ) (R-—rc ie ■ Re’*) 

=Re l * (R e if- re te) (R e -i*— re -it>) 

=Re'* [R 2 +r 2 —2Rr cos (0 — £>] 
and R 2 ~aa=R 2 ~re~ i < l re ie [v e { <■»-*) + e -i («-*> 

~ R —2 cos (0— | 

Substituting these values in result (3), we get 

f(re'*)= - 1 - P * (R--r-) f( Re<*)d6 

2- J 0 R 1 — 2Rrcos (0— <f>)+r 2 ‘ . 

Problem 14. The function f(z) is regular in | z—a | < R. Proved 

ifO<r<R,f'( a )^-~ [ P(0) <r‘« dd, where P(0) is the real part 
Aa+re *•). Jo 




We know that f(a) =4- f — p ut - 

2r/Jc ( z-af ru tz— a=re‘*. 


By Taylor’s Theorem, 


1 f 2ir 

= 2 ^rJ n f(a+re ie ) e~ ie dO- 


dz=ire i9 


oo oc 

/l^) == ^ o n (z — o) n — 2 a n r n e ine 

n =0 n ^Q 


00 


n=o Rr ‘ e> * n ' r " e ' n *> where a n is a complex quant 

and therefore may be written 
x= 


00 

= 2 R n r n e^ n ^^n) 
n=0 


Let the conjugate o ff(z) be f(z); then 
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oo 


f(z)= I R„r n e- i ( ne +*»' 1 

• Si d >- !*•'*•« -' ( " ,+w 

L 2 j> , r « |* 2 %-/{(/t+ 1 ) 0+K}dt 

~2 ici ~ ^ r J 0 C 

_ J_ R-r n V* e~ i, t‘ n -e~ i (n+1) ® d6 
2-rzi o J„ 

=0, • • • 

| •* ncc [5(^T)] 2ir=0or l cos( " +1)e_,sin (w+1) e L =0 ]‘ 

Adding (1) and (2), we have 

/"(a)=^7^V(z)+/( z )] e- i# d0 

= _ 2 _[ 2ir p(0) e -<» <*0. Since z+?=2P(z), 

27trJ 0 

= 1 I 2 ’ P(0)e- <# di. .’. /(z)+/(z)=2P/(z)=2P(0) 

"ftr J o 

as given that P(0) is the real part of f(a+re ie ). 
Problem 15. By using the integral representation of f n (a), prove that 

\ n ! / 2ni\cn\ z n+1 

where C is any closed contour surrounding the origin. Hence prove 
| (J^y = -Lp 2x cos 6 de 

JA»') *1. 


that 

We know that 


••• /w-£rj, A:U: 


j ^ 2 W+1 

Let us put f(z)=e xz . 

Differentiating n times w.r.t. z, we have 
f n (z)=x n e xz . 
f n (Q)=x n . 

Substituting its value in (2), we get 

if /fr 


...d) 

... ( 2 ) 
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Multiplying both sides by 


, we have 
x n e** 


f *1Y = Lf 

V« ! J 2ni J c n ! 2 ”+ 1<7z * 

Now f % x » 

a=<A«* J 271/ Jc z dz ’ 


= J_r £« 

27t/ J c z 


- W 


z” 


(x/z) n 


n ! 


1 f 

=2Zi)c~ dz - e 


-L f t- 


(e+l/z) 


If we put 
and 

so that 


2*7 J c z 
z=e iB , dz=ie ie dO 

~~ =2 cos 0. 
z 


</z. 


(3) 


Substituting its value in (3), we find 

v n \2 1 r2« „ 

1 I 2a: cos 9 


dd. 


yfx” Y i_ r 2 

0 \« !y ~ 2 tc J 0 

Problem 16. Obtain the expansion 
<W-/M+2p=S r . (Z±») + ^ r (.£+£) 


and determine its range of validity. 
We know that 




2W-/(i±£ + -5z-) an<1 /(„)«/ (£±?_-«). 

Expanding them by Taylor’s expansion, we get 

“ 4 ^ 0 +Tl(S 0 ,/ *( £ ?j+- 


(1) I 


Subtracting (2) from (1), 

1*?' (=?)+£ C-t)' r (*?)*... ]• 


( 2 ) 
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liogr of validity or the condition for the validity of Taylor’s 
iNHilon is that 


z—a 


<5 or 


z-ha 


< 6 , 


m> «vhich it is obvious that z must be in the neighbourhood of the 


itii n 


pHtMnn 17. Prove that cosh ^ z+-~'j=a 0 +2 a n z n + 


m* 


i r 2 * 


2™ Jo 


cos nQ cosh ( 2 cos 0) d6. 


liuirnt’s expansion yields 

cosh ^ z+ ■—j=0 o + 'Za n z n +2 b n z~ n . 


( 1 ) 


illMlng — for z, we get 

z 


cosh 


Ct + 2 )-‘ 


=fl 0 +l^ +2b n z”. ...(2) 

1 z 1 

It It obvious from the two expansions i.e., from (1) and (2) that 

) m K>- 

M* l.nurent’s expansion, we know that 

/W-S «. <*-»>*+£ ^ • 

* a ’~Wi I C. and 4 --5T j C. Az) (z ~ ar ' *• 

Ah Hiich in the existing case, 

l-Mc ^k\ c - K) 

I'iH ling z=*e ie by taking a circle of unit radius, 

-L==^-*® so that z+ — =2 cos 0 
z z 

il dz~ie iB dd, — =i r/0, we get 

z 


__ 1 f 2ir cosh ^0 

— 27rJ 0 ^i(n+l)a 

_ JK 2 * 


"2ttJ 


cosh ( e ie -\-e ~ i fl ) c nte dd 


b n =^ z | cosh (**•+*"*•) e niB dd. 
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i.e.. 


■^r 


cosh (2 cos 0). 2 cos «0 </0, 
cosh (2 cos 0). cos n6 <?0. 


5.14. RESIDUE AND CONTOUR INTEGRATION 
Definition of residue. The residue of a function f(z) at the pole « 
is defined to be the coefficient of (z—a)" 1 in the Laurent’s ex| 
of the function f{z), i.e., 

oo m 

f(z)=l a n (z— a ) n +Z b n (z—a)~ n , 

o 1 

where z=a is a pole of order m. 

If z=a be the pole of order one, then the residue is 

6 1= =Lim (z—a) f(z) y 
z ~>a 

i.e. y in case of a simple pole z—a. 

Residue =Lim (z—a) f(z ). 

2-><3 

Now consider the integral b n = (z—a)”- 1 f{z) dz wlii.k 

the value of b n in Laurent’s expansion. Here the circle C 2 is arblfe 
and may therefore be replaced by any closed contour C conttB 
within it no other singularities except z=a. Thus 


£1, 


f(z) dz 


‘ f 


|C 2 ' 27T/JC 

where rt—1, i.e., pole is of order one, 


f(z) dz. 


i.e.. 




f(z) dz. 


Hence as an alternative, the residue of a function f(z) at the ■ 


z—a is equal to 


if 


is 


2 Tzfjc w ^ere C is a closed contour f 

taining within it the only singularity z—a and integration being (fl 
round C in anti-clockwise direction, i.e., the positive sense. 
Similarly the residue of f(z) at infinity, i.e., at the point jfl 

2 | c f(z) dz taken round C in clockv/ise direction, as it is M 

tive w.r.t. the interior of C and positive w.r.t. the exterior A 
provided the value of this integral is definite. 

5.15. CAUCHY’S RESIDUE THEOREM (Rohilkhand, /■ 

If the function f(z) be single-valued, continuous and regular within M 
on a closed contour C , except a finite number of poles (singularity 
within C, than 

f f(z) dz=2iziZR 
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flm . H represents the sum of the residues say R ly R 2 , R 3 ...R n of fiz) 

0 iht poles a t , a 2 , a 3 ...a n (say) within A . ( Vikram , 1969) 

I • i ir. draw a set of circles y x , y 2 ...y n with centres cc l9 oc 2 ,...a n and 
ImIiiix i' f such that they do not 

Me each other and lie entirely 

• HltiiHhc closed curve C. Then 
h l*» regular within the region 
mo i »<l between C and the small 
|Mh i’i, Y 2 » • • ■ Y»» • The entire region 

1 him v he deformed to consist of 

imall circles and the polygon 
P Nhw by Cauchy’s theorem, we 

, H ')dzJ f(=)dz+i [ 

JP r— 1 J Yr 

f(z) dz. Fig. 5.24 

Mm the integral round the polygon P vanishes since f(z) is regulal 
til In n and on the c^sed contour P. Therefore 

L f(z)dz= S f f(z) dz. 
jc r—\ J Yr 

I cl us now consider z=a % a pole of order m; then by Laurent’ 
|A pnuion, 

n mu 

f(z)= Z a n (z—a) n + 2 j-±— 

*=0 5=0 y z a) 

m u 



* lie 1 C (f>(z) 

M r 



is regular within and on y f and has no 


ix In k* (f>{z) dz — 0 by Cauchy’s fundamental theorem. 

J Yr 


[ f(z) dzJibS -fi—. 

J Yr 1 J Yr ( 2 — a ) 

Putting z—a=pe i6 , where 0 varies from 0 to 2n, 
dz=$ie i0 dO. 

As the point 2 makes a circuit which consists of the circle y r ,. 
therefore 



m 

dz = 2 


5=1 



2 * e i0 dO 
0 


psgiaQ 
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m rzrr 

=Zb sP (1 -’> A e l je. 

now r«‘ ,, -'“'»-fer=oif^ I . 

But if_*=l, all the terms will be zero except one. 

I f(z) dz=b 1 i [ V dQ=2nib 1 , 

J Yr J o 

where b 1 is called the residue for the function. 

Let the residues for r=l, 2, 3 ...w be respectively 


then 


l 


Tl 


Y2 


f(z) dz=2niR l9 

f(z) dz=2niR 29 


[ f(z) dz=2xiR n . 

J r» 

Hence J c /(z) dz=£\ f(z) dz 


1-1 


5.16. 4NOTHER IMPORTANT THEOREM 

Ld C be the arc 6 1 ~<,arg ( z — c)^0 2 of the circle | z—a |=r and if LI 

{(z-d)f(z)}=b, then 

Li ™ L/(z) dz=ib (e^-ej. 

r -+0 J c 


In order to prove it, let us assume . F(z)=(z— a) f(z); then 
F(a)=\J\m ( z—a)f(z)=b (giverf). 

Since f(z ) and (z— a) both are individually continuous, therefoj 
their product (z— a) f(z) must also be continuous. 

For a given €, rj(€) can be so fou 
that if | z—a l<v), | 5 |<€, where (z 
f(z)=b± 8. 

[That’s why if | z—a |<t), 

| F(z)-F(a)= 8<€, 
i.e. 9 | F(z)—b |=8<€. 

So F(2)=^±6-] 

Let us now take a contour wh 
centre is z—a and radius is r and f(i 
between any two points say A and C 
i.e. along the curve AC; given by 



Fig. 5.25 
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F(z) 


r b± 5 

J AC z—a 


dz. 


, <fe= 

)AC z-a 
I *1 tm assume that z—a=re id . 

, J ire ie dQ an d-^-=7 dQ. 

z—a 

luliitituting these values in (1), we get 
j Ac f(z)dz=i^ ( b±S)dO 

=ib (Sa-e^iiS (02-0!). 


• ..( 1 ) 


► How r >0 as z->a, Y | F(z) — F(a) |=6, F(a)=*b and z—a=re ie 
|«tl z >a as §-»0; .*. F(z)=b±8—F(a)±$. 


I'niiclusively when r-> 0, 8->0. 

Ilnur Lim 1 f(z) dz=ib (0.-0!), where Lim (z—a)f(z)=b. 
r->0 J AC z -+ a 

My similar procedure we can show that 

w (f C be the arc 0 X ^arg z<0 2 of the circle | z |=/£ I and if Lim z 

R + oo 

A#) •/) uniformly , then 

Lim [ f{z) dz=ib (0 a — 0 X ). 

R^OOJ c 

l or. If 0 X =0, 0 2 =2tt, then AC covers the whole circumference of 
circle C ( say ), then 

j c /(z) dz—2njb. 


1 17 COMPUTATION OF RESIDUE 

u) Kesidue of f(z) for a simple pole z=a, i.e. a pole of order one. 

Ilm lias been already established that 

imidue of f(z) at z=a is =Lim (z—a) f(z). 

z->a 

If we put /(r)= , where ty(z)=(z—a) F(z) provided F(a)=£0 

but ^(u)=0, then 

l.im (z—a) f(z) = Lim- Z 
i +a z->a r(z) 

=Tim (z-a)<f>{a +z—af 
z->a ty(a+z—a) 

T U-g) Wa)+(z— a) <f>'(a )+ ... ] 

^>(a)+(z-a) +'(«)+••• 

expanding by Taylor’s theorem 
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-r {M - 4<a)+{z-a) ^(g)+- 
Z * a na)+~(z-a) no)... 


m 


< K<»W| 


'V(o) 


Hence for a simple pole, residue at z—a is= 


m 

4>'(a) 


(n) Residue at z=a, a pole of order m. Let f(z) be of the form 




m 


(z—a)” 


We have proved that Residue b y at z—a is ~-r J f(z) dz. 

Hence in the existing case, 

Residue=-J- r \ -d z= ^ m ~ 1 (fl) 
2n)(z-a) m I m — 1 ) 


. by Results of Cauchy’s Integral, J 

Hence Residue of f(z) at z=a, a pole of order hi, is 

~ 'I («-!)' 


(hi) Residue of f(z) at a pole z=a of any order. Laurents’ Expansion 

00 00 h 

is/(r)=2 a n (z-a )”+ 2 

=b (z ~ a)n+ T^ + jA ^ +•• A 1 


Putting z—a=t, i.e. z=a+t, we have 

00 b x . b, . b 


(z—af 


+ ••• 


f(a+t)=^a n t”+ +£+...+-js +. 


where b, the residue of f(z) at -=a the pole of any order is th« 
coefficient of — . Hence coefficient of is the residue of/0) at z=>M 

a pole of any order, in the expansion of/0) after putting z—a+t. 
(a) Residue at infinity. We have already defined that residue of f(x) 

at z— oo is /(z) d: taken clockwise, (i.e. in negative sense) 

enclosed 2 C ' rde ° W ‘ thin WhiCh 3,1 the finite singularities aro 

1 cl\ 

Putting z =— , i.e. dz= — -O- the above integral yields 


=Lim 

x->0 


| |M9 i‘**adue of /(z) at z=oo is Lim { — z/(z)} 


X-M 4 )] 

if it has got a definite value. 


z->co 


i 


,,, HmMik of f(z) at infinity is the negative of the coefficient of 1/z 
Jp M|>ansion of f(z) for values of z in the neighbourhood of z=oo. 
Dio h.ivc a pole of order m at infinity. Then /(1/z) has a pole of 
Jam r 0. As such /(1/z) can be expanded in a Laurent’s series 
of z in the annulus 0< | z | <p, where p is small 


/ 1 \ 00 m ( 1 V 


rment of 1/z by z yields the expansion of /(z) in the neigh 
of z = oo. 

Til 00 

/(z)= 2 b n z”+ 2 a„z 
n=l n=0 

■U flic residue of /(z) at infinity 


( 2 ) 


2 c^) dz definition of residue) 

1 f r m 00 1 

, . L 2 bnz"+ 2 a n z~ n dz from (2) 

z /JCL «= 1 0 J 

— I ° l dz , other integrals vanish, being of the form 
•I j C z 

I " 

1 r dz . 

\Ki Ql ] c ~ 7 

. . f dz 
V I — == 
i 1 JC z 


1 

2ni 


C z 


dz 

JJ ~ i 1 


2 ni 

I 

2*7 zi 


=27 ii 


a i 


Ii 


I lie negative of the coefficient of 1/z in the expansion of /(z) 
lor values of z in the neighbourhood of z=oo. 


f|t INTEGRATION ROUND THE UNIT CIRCLE 

| notable that in case of complex integration a curve is generally 
to hr a contour and the process of integration along a contour is 
tn .is contour integration. 
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Consider 



Let us draw a circle of unit radiui 
take its centre as origin. Let u» 
consider a point P on its circum* 
with complex co-ordinate z—e i0 . 

1 


u«t» 

m » 


i.e. 


Also 


dz=ie ie dd—iz dQ and — =e i§ 

dz_ 
iz 

1 


de= 


z- 1 — =2 cos i 
z 


and 


z =2/ sin 0. 

z 


,1 in 

z+ — z 

z z 


dz 

nr j~r 


F(z) 




Substituting these values in the given integral, 

| ^(cos 6, sin 0) </0=y| c ^ 

-II. ... 

which may be integrated, thereby giving the value of the rc 
complex integral. 

5.19. EVALUATION OF f(x) dx. 

J -oo 

Let/(z) be a function such that 

(i*)/(z) is analytic throughout the upper half plane except at i 
points which are its poles. 

(//) /(z) has no poles on the real axis, i.e., if oo (R being 
of semi-circle), then it will cover entire upper half plane. 

(m) z/(z)->0 uniformly as | z |->oo for O^arg z<7u. 

00 ~ v ' * r ° f(x) dx both converge, thenj^^/fal 


fc 

Vv) 

Jo 


f(x) dx and 


r- 


Jo J -°° 

dx=2ni'ZR\ where 2*+ denotes the sum of 
the residues of /(z) at its poles in the upper 
half plane. 

Choosing a semi-circle as contour let the 
origin be the centre of the semi-circle and R 
its radius in the upper half plane. Let the 
semi-circle be represented by T and R be 
chosen large enough in order that the semi- 
circle may include all the poles of/(z). 
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H /It) lias no poles on the boundary and we consider the closed 
C, then by residue theorem, we have 

J c /0) dz=^ R _ R ftx) dx+ J r /(z) dz, 

since along the axis of x, z=x, /(z) =j\x). 

A^urning z=Re <e , dz=iRe i0 , J0=/z dQ we have 

Jl ,f(z)dz=i J f(z) z dO 

=0 since If f(z) z </0 ! < f | f(z) \ \ z\d§ 

I j 0 I Jo 

< 0 as z->oo, z/(z)-»0 

= 0 as modulus cannot be — ve. 
Mnicc by Cauchy’s Residue theorem, 

271/2*+=, f f(z) dz 


-I 


llnicc 


I c™' 

^ R _ R f(x)dx, | c f(z)dz=>^ R _ R f{x)dx 
f{x) dx, as R-*- oo. 
f(x) dx=2v:i'ZR+. 




Now | ^ *fa:= j f(x) dx+ 


f(x) dx. 



fclirrc both the integrals on R.H.S. individually converge and hence 
ffl* result. 

Note 1. This theorem utilised for evalua- 

I CO 

f(x)dx 
— 00 

h the method of contour integration , 
tmv be extended to the case in which -n 0 

f\i) has simple poles on the real axis. In 

h cases, we can indent the contour by Flg * 5,28 

miking small semi-circles in the upper half plane to cut out the simple 
t$ln on the real axis. 

'•uppose that /(z) is a quotient function of z , whose numerator and 
^•nominator are represented by N(z) and Z)(z) respectively. Then 
) 0 gives ’the poles. Let us assume that Z>(z)=0 has only one 
Hill root say z=a, where a is real. Let the semi-circle, indenting this 
Mnlr be denoted by y* Its centre is the point x=a and let its radius 
N p. 

If T is sufficiently large to enclose all the poles of/(z) in the upper 
MU plane, then the integral round T tends to zero as R-+co. We 
Miftcfore have by splitting up the bound (shown in the adjoining 
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diagram), l.e., j c /( z ) dz=2ni'2R+ as 

dx+ /(z) dz+ j* +f /(x) dx + J r ft 2 ) dz^litllR*, I 

Here z/(z)-*0 as z->co. 

j ^ /(z) dz-+ 0 (as shown abov*)i 

Now we have to consider /(z) dz. 

Let us assume that z=a+ pe**, 
where z—a if p->0 ; 
then dz=pie' e dO =i (z — a) dt, I 


P,i0 



Fig. 5.29 


So | /(z) dz—i /(z) (z—a) d& 

Lim f f(z)dz—i f Lim (z—a)f(z) d8 
F~>0 Jy Jtt z->a 

=r£P 0 | dd=—inZRo, 

where R 0 is the residue of z=a, the simple pole, on real axis. 

Hence, when P->oo, we have 

[* P f(x) dx+ [ f(x) dx=2ni'ZR'‘+fc2RQ 9 
J-oo J a+p 

where I R 0 denotes the sum of residues of f(z) at its simple poles M 
the real axis, for each pole on the real axis can be treated similarly! 1 
The left hand side of this equation is known as Principal value M 
dz from — co to co and denoted by P, so that 


P j^ w /(x) dx=2Tti2R++fr'ZR 0 , 

where Lim \\° P f(x) dx+ [ f(x) dx 1=-P [ /(*) dx. 

p ->0 LJ -00 J a+ v J J -°° 

Note 2. Indented Semi-circular Contour. 

When f(z) has simple poles on the real axis , 
we then indent the contour by making small 
semi-circles in the upper half-plane in order to 
cut out the simple poles on the real axis 



5.20. JORDAN S LEMMA TO 
INTEGRALS 


EVALUATE 


Fig. 530 
IN 


If T be a semi-circle with centre as origin and radius R and let /(f) 
a function such that 


* 
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(0 /(z) is analytic in the upper half plane, 
i li l /( r ) >-0 uniformly as | z |-> oo 
" . „rg Z<7C, 


(#0 m is -fve, 

i 

V 

•M 

J p e mU f(z)-+ 0 as R->co. / 


us ussume that |/z)|=s when z is / 

J 

P lonlly large and e->0 as z-»- oo. 

0 

Aim, let z—Re** and dz=iRe** dd. 

Fig. 5.31 


J r /(z) « nU dz |=| j" e imRe ** f(Re*») iRe** 

</e| 


< f" I e imRe< * 1 1 /(Re 1 *) 1 1 
J 0 

n R 1 e** i <f0 


<s f | e imReiB | R J0, since 

1 e** 1=1,1 / 1=1, 

also | /(Re**) |=e, 

H„w consider that e imRe< * =e imR (cos 9+/sin 9) * 


| JmRe* |_| e ~mR (sin 6) j j J m R cos 9 g —mR sin 9 j 

| e imR cos 9 i— | cos (mR c< 
thus |jjp e imz f(z) dz | 


g imR cos 9 |_| CQS CQS s j n cos 0) 


I" e~ mR siae Rdd 


<e 


r 


nlZ e ~mR sin 9 R df} 




| If wc put 0=n— <f>, where 6=tc, $=0, d()——d<f>, 0 =tt/2 , ^—tz/2. 

ftm [* 

J" 


* e-"* siD ° Jt dd= 
h/2 


* I2 e - mRsia +itdt 
o 


rfZ—mR sin 0 


Mr m e 


If, 




f(z) dz 


<2s 


r 


K H—mR sin 9 


Rdd 

on replacing <j> by 0. 


Rd0. 


■ Nnw we know by Jordan’s inequality that if O<0< tc/2. 

•mi 0 2 . sin 0 . ... , r * . 2 .. t 

a > — since — 5 — steadily decreases from 1 to — as 0 increases 

U 7U o 7Z 

|wtt 0 to 7t/2. 

2 


sin 0 > — 0. 

TC 

e ~ m R sin 9 mR (2/n) 0 


A« such 
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Therefore 


II, 


e im * f{z ) dz < 2 el e 


*/2 -mR (it/2) 6 


RdQ 


\: 

t e —mR. (ti/2) 0 ,/{-|7c/2 

-mR(2M J 0 


<2e L 

7te r * —mR 
[l-e 
m 

<0 when z-*- oo and e-^0. 




Hence J p e im ‘ f(z) dz^O as R-+ co. 


Note 1. Integrals inyolying many-Yt 
functions. Jf z *” 1 be many-valued func 

f 00 

then an integral of the type 1 x *" 1 /(*) 

Jo 

where a is not integer can be evaluated by 
tour integration by taking the integral ro 
circle \ z \—R and a small circle | z \=r, w 
encloses the branch point z=0 and a cross 
along the real axis from 0 to oo, i.e. joining 
Fig. 5.32 ends of the two circles . 

Note 2. There is no special merit in using a particular curve 
contour for a particular integration , but in fact any of circle , 
circle , quadrant of a circle or a rectangle whichever is suitable , can 
used as a contour unless otherwise stated , e.g. if the integrand 
periodic function, then rectangular contour is rather convenient . 



Problem 18. Find the residue of 


As given 


/0) : 


z * 

V+c 2 


z*+a 2 


at z=ia. 


~ {z — id) ( z+ia ) * 

Here z=/a is a pole of order one or say a simple pole. 

Residue at z~*ia is*=Lim (z—ta) f(z) 
z-+ia 


z 2 {id) 2 ta 


=Lim 


z+ia 


Aliter l./(z)= 


z 2 +a 2 


is of the form 


2ai~ 2 

m 


ida) 

<1 >\ia) ' 


+00 ’ 

where <f>{z)=z t , i/{z)—z‘ 
where <f>{ia)={ai) 2 , +(ia)—2ai 


residue at z=ia is 
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Alltn 2. Put z=ia+t. 

{ia+t ) 2 


f[la+t)- 


( 2 ia+t) t 


J a) '(.'+L ) = la( 1 + M'( 1+ J_y* 

2iat ( 1 +^) 2t ^ ' 2i ° ' 

= ^[‘ + S+(s - ) +-][ 1- 2S‘ + (ffl') 

Hriulue at z=ia is =coefficient of — in f{ia+t) • 

z 4 

Problem 19. (a). Find the residue of jrr =77 =. at z<=*l. 

(z— 1+ (z—2) (z—J) 

z 9 —z 2 +l 


(M hind the residues of 
(m) Mere /(z)= 


(z-o) (z-b) 
z 4 


and ■ 


at infinity. 


(z-l) 4 (z-2)(z-3) 
lo find residue at z=l, which is a pole of order 4. 


/(z)= 


1 


5&(z) 


(Z-1) 4 (z— 2)(z— 3) — (z— l) 4 ’ 


(there <j>{z)- 


(z-2) (z— 3) 

16 


=z 2 +5z+19 


16 


81 


z—2 ^ z—3 
(breaking into partial fractions). 


A f(z)=2z+5-f 
f(z)=2— , 

A f "(*>- 


81 


(z—2) 2 (z—3) 2 ’ 

32 162 


(z—2) 3 + (z-3) 8 ' 
96 486 


Thus f "(1) 


(z—2) 4 “ (z—3) 4 

96 486 


(- 1) 4 (— 2) 4 “ 7V,_ 8 “ 8 


243 525 

=96— 


The residue at z=l is=-^-~^-=^* 

(b) Both the functions are analytic at infinity. 
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(0 


^ ( z-a ) (z-b) 


Residue of /(z) at z=0=Lim {— z/(z)} 

Z-KX) 


(n) 


/(z) 


=Lim ] 


’ (z 

2->00V 

—Lim 

r - 

10 

z->oo ^ 

=-l. 

z 3 -z 2 +l 


Here Lim {— z/(z)} does not exist. 
2->00 


We can write, 

Residue of /(z) at z=oo 


Az)=i-7+^- 


=the negative of the coefficient of — in the expansion of f(z) 

z 


values of z in the neighbourhood of z-»l 

(-1)=1. 

Problem 20. Apply Calculus of residues to prove tkat 

^ M 2 * 'r,„ ,, 

[Vikram. li 


1 2 

0 


- sin*Q dQ 2 tc 

a+Fcoj0 =: 'F _ if a>b>0. 


Jo 2+cosd 

» 0 

(fit) ] e C0SB cos ( sin where nisa +ive integer* 

/.•.a f * add 

W Jo« a +«n 2 0*^+W ,fl>0 ' 

(v) | 2ir ^ cot? 3$ 4 9 


-2p cot 26+p* 1 /— ^ A°<P <1 )- 


CO 


f 2 * *#0 40 f 

J « 0-4 cos W “if *' &ai W J, 


’*» COS29 m— K 
0 5+4 ease 6 


V 1 M 


J+5TT 


(^gra, 79 
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( In msing the contour as a circle of unit 
ll || 1 „(|zl = l), 

.'. dz—ie ( * dQ—iz dd, 
dz 

* ii.it J0=— , where 0 varies from 0 to 2rc. 
iz 

Alio when z~e i9 = cos 0+f sin 0. 

=cos 0—1 sin 0. 
z 

Adding, z+y =2 cos 0, i.e. cos 0 = -—^+ 

TTrr! 



lllllS, /«= 


fife 


<fe 


C z 2 +4z+l 


,z[ 2 +j(z+j)| 

•Wo C denotes the unit circle | z |=1. 
foies of the integrand will be given by z 2 +4z+l=0 

If »«=l±v| 1 ±r£ = _2±3, 

tf which the pole z=— 2 — y/3 lies outside the contour and therefore 
IK# only pole that lies within the contour is z- 2+V3 (which is of 
W order one). 

. . residue at z= — 2+\'3 is Lim {z— (—2+V3)}f( z ) 

Z-+- 2+\/3 

2 

where 47+1) 


=— Lim 


z+2— \/3 


i j- > _ 2 +v / 3 ( z + 2— V / 3)(z+2+v / 3) 


/ z -*.^2+\/3 ( z + 2 +V , 3 ) 

__2_ 1 1 

_ i ’ — 2+V , 3+2+V3 ”iV3 
Hence by Cauchy’s residue theorem we have 

I=2-ailR } where 27? represents sum of the residues inside 

the contour 

„ . 1 2* 

=2rtJX: 


'iV 3“V3 

/jj\ c r f Z * s i 0 2 6 

(rt) Suppose 7=] o g+&cos9 - 

Choosing the contour C as a circle (j z 


?1) of unit radius. 
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z=e ie , so that z +~ ' 


=2 cos 0. 


dz=iz dd 


z =2 f sin 

z 



/= — 
i 


r &(-£)}* i 

r HI 

UfK)’" -7 ! 

C 2z { 2a + b ( z+ : 


,di 


1 f jz 2 — l) 2 dz 

2ib) cz 2 (2tfz+6z 2 +Z>)~ 


2/* 


(z 2 — l) 2 & 


where <x= 


b 


i +f- 2 ) 

If (z*-l)Vz 

2/ft J c" 


' z*(z— <x)(z— p) 


and p= — - — — — are the roots of 


i 


2 a 


the quadratic z 2 + z+ 1 

b 


= 0 . 


2° 

and ap=l. 


So a -j- S = ■ 

As such | a | | p | = 1, where | P |>| a I 

•’* I Pi=|-^-j>l, ue. y | a |<1 and so z=a is the only simple poll 

within the contour C. z=p lies outside the contour. Also z«= 0 ii | 
pole of order two, which lies inside the contour. 

Residue at z=a is Lim (z— a). ( — 

z-*« ; V 2ib J z 2 (z— a) p) 


1 T . (z 
2/^™z 2 (z-P) 






2/ft a — p 
«-p 


P) 2 


z->« z— p 
as ap = l, 


"—2/ft (a— p) 

wherC ( a ~P) 2 =( a +P) 2 -4ap 


p=4 


4a 2 4 

= ft ^- 4 H 4 (« 2 


-* 2 ) 


rkf-vV-* 2 ) 


VW-b 1 ) 

= -/ft* ’ 


I 
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A|«ln residue at z«=0 (a pole of order two) is the coefficient of— 


I (z 2 — D* 

hb 


z*(z*+l+^r z ) 


, where z is a small quantity near the pole, 


it in 

1 

V Z* 

' 2/ft| 

f 2 a 1 

, 1+ T7 

it in 

1 f 

, 2 

2ib\ 

1--T + .. 


' re-iidue at z= 0 is — 

Ilnur by Cauchy’s Residue theorem, 

t-lnlIR 

Via'-b 2 ) , 




mini 


[- 


/ft 2 


-»]-£ i— 


III/) Suppose /= [ e co,t cos (sin 0 — w0) 0. 

J 0 

(housing the contour C as a circle of unit radius, | z |*=1. 

z=e i9 , so that — =e~ i9 , 
z 

dz=iz dQ. 

Now, consider, 

]~ f e co,e [cos (sin0— n0)-fi sin (sin 0— «0)] dQ 

J (> 


■D 


e co " .e* 


h /=| ^ e co, * +< 9in 9 .e~ in9 </0=J e e<a .(e“ <a ) n </0, 

th#tf / is the real part in J. 

On putting the values of e i9 =z and e~ l9 = \ etc., we have 

jJ 4*. 

J<; z n /z / Jcz n+1 

Here the only pole inside the contour C is z=0 of order («+l)- 

^ • *»(0) 1 

Residue at z= 0 a pole of order (n + 1) is= — j-^ — 

where <f>(z)= ye*, .\ ^ n (z)=y , ^"(0) =*--<• 
Hence by Cauchy’s Residue theorem. 
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J**2ni2R, where 2R is the sum of residues inside C 
. 1 2* 

*>) ” |jl' 

Therefore real part in J, i.e. 

2ir 2?c 

e co» i cog ( s ; n 0— fit)) d6 =~. — 




/-r 

(tv) Suppose ' = ] o tf>+ii 



dd 

+sin 2 0 * 

Choosing the contour C as a semi-cirdi- 
unit radius. 

z—e i9 9 dz— izdQ 


or 


J0— ^ and sin 0 
iz 




where 0 varies from 0 to it. 
1 


dz 


dz __4a f 

4<tf z dz 4a f z dz 

” i J c'z 2 (4a 2 -f-2)— z 4 — 1 = ~" I Jc -z 2 (4a 2 +2)+z 4 +l 
Poles are given by — z 2 (4a 2 +2)+z 4 +l’=0. 

Let us assume that 

z 4 -z 2 (4a 2 +2)+l=(z*-a 2 ) (z 2 -^). 

«*+p 2 — 4a 2 +2 and « 2 p 2 =l. 

If a<l, then p> 1, implies that the pole within the semi-circle 
be z=«, which is the only pole inside C and z=(3 will lie outside 
contour. 

Residue at z=« is 

-Lim (*-«)( -7) - (z ._^) Z (z*=p 2 ) 

4a _ . * 

— — — Lim 


r+a ( z +«) ( z2 ~P 2 ) 

4a a 2a 


/ 2a,(a 2 — (j 2 ) i(« 2 -p s ) 

Hence bv Cauchy’s Residue theorem, 

2a 


I^2rcilR=:2mx 

4na 


i (oc 2 -p 2 ) 

= where P 1 — a 2 = V [(P 2 + - 4* 2 £*] 

= \ / [(4u 2 +2) 2 -4]=4rtV(l+« t ) 

4ita it 

4av/(l+a 2 ) - A/O+a 2 )' 
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fj* co»^38 _d6 , 

In ut|i|>ote /«*»\ j_2p cos 20 +P* 

r aa a circle of uoit radius, 
I * the contour C as ft circw w » » 

... . >#,«£*<# d0=rz dd, 


gmme**; dz^tf* d$*=to 

dz 

fz ' 

1 


d9v 


-=e- nit - 


M duM 

Ai, ( . >» „ 

28 “ z!+ ^' 

... 1 \T2 


y«Mh, zeo*>e-*--r z » 

— i 1 r («*+»• Z * T — 

(z*+l) 2 * 


dz_ 

R) * 


1 r 


arc z=0, a pole of order five, and 

z =±Vp.± j- p ' 

L, th eni<l ;so the only poles within the contour are 


»,. , v p and also 2=0, a pole of order five. 

fi£i» »< r-0 (poi. of older 5) is to. 

(r*-H) 2 

1'n 1) (z 2 P) 


(14-2z 6 4-z 12 ) I 

r i 

= „ .* ~-4iz b (1— jP 2 ) ' 

M 

C‘-tJ 


hi 


E 

'1 — pz ! 


■1 


=coeff. of yin _ 4j - (i_p 2 )' 


l— P > , ,T 

l+2z # 4-z^ 


» .* 34j (1 — p*j z ”i 

x[|( ‘+7 + £+~ )'^ + ^ 4+ --- )J 

^4T^IP) 0p _ P - 4/ P* 


I 
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Residue at z=y/p is 

==■4 j Lim yz—y/p)- (?!+l) s 

41 *+y/p VP) 2* (p Z *~ 

= - 77 Lim ---£± 1 >! _ 

* r-*\/p 2 (pz J ~ 1 ) (z 4 - y p ) 

=_! (p*+lf (/> s +l) s 

4/ pW (p*-l). 2 y/p =8^»(1_P' ) 
Similarly, Residue at z=~y/p is i Pl+JY 

8 p(r^* 

Hence by Cauchy’s Residue theorem, 

<> -/O+k^+^+I? ] 

7C "* 

=2^(1 ~7> 2 ) [-i+/++p 6 +2p*+i] 

2 ^ ( 1 

= 7C (j~^+p S ) 


1 ~P 


(vi) Suppose /= f 2 * 

Jo (5—' 


</e 


_ w x -4 cos 0) 2 

Choosing the contour C as a circle of unit radius (| 2 |—1). 


z=e <e , dz—iz dz or dd— 1 *— 

iz 


Also 

Thus, 


1 


=e~ { » ; 


■ 41 , 


=2 cos 
z 


dz 


j 5 -2(2+i-)} 2 ~ f J c (2z 2 -52+2) 2 


z dz 


=-f — 

/ Jc(* - 


2 


. - , -If (22- 1) 2 
Poles are 2=2, a pole of order 2 and 2=4, also a pole of order 
But the only pole that lies inside the contour is z=\ of order 2. 

Residue at 2=4 (pole of order 2) is=— 20 

ill — 27/ 


wh ere f («_!+». 


Hence by Cauchy’s Residue theorem, 
I= 2 nXR 


20 

’27 


tl* VAIUAI1LBS 
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I hr similar procedure will show that 

f 2re dd 10re 

J 0 (5+4 cos df~ 7 


,f2« d0 2 ™ 

J o ( a+ /> cos 0)2 -( fl a_*2)S/2* a>ft>0 - 

r f2« cos 20 Jfl 
(ill! Huppose /= j o 5+4 cos 0 

('hooting the contour C as a circle of unit radius i.e. | 2 |=1, 

•» put, z=e i9 , dz—iz dz or dd— < ~ 

r2it 2 cos 2 0— 1 ,» f 2(2+ 1/2)— 1 </z 1 

* Jo 5+4 cos0 ~~ Jc 5+2(z+l/z) iz~ 2 i 

r _ * 4 +i A 

Jc A2Z+IX2+2) 


f J Within the contour C there are a simple pole at 2=— £ and a 
H* Of order z at z=-0. 

r- , . n 1 z 4 +l 17 . 

Lm(r+i) 2i z 2 (2 2+i) (2+2)“ 24 * 


NmIiIuc at z=— £» 


1 1 z 4 +l 

1*1 Itcaidue atz=0 (order 2)=coefficient of yin Yi z\ 2 z+l)(z+ 2 ) 

z, being small 

I -coeffl.of fini(l+^)(l + iy‘(l+4) _ ‘ 

I - •• •• 47( 1 +7)( I -E-+-)('4+ - ) 

I 4 B 44 - 

Hence by Cauchy’s theorem, 

/=2Tc/xsum of residues —In'ZR 

o T 17 5 1 w 

“ 2 ”'LM-s 7 rT' 

Problem 21. Prove by contour integration that 
dx « 1 . 3 . 5 ...( 2 n— 3 ) 


W j„ (a+ta*)* _ 2-vT 1 . 2 . 3 . ..(n- 1 ) „H 2 n-l) 

‘Mi 


X 4 - dx= ~--r.e- ak where a> 0 ; 

j 0 l ^ 


(III) 


00 x 6 dx 3 \/ 2rc 


» (a‘+x 4 )‘ 


16a 


where a >0 


; (fr) r 

Jo 




2+X* 
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(r) L t) where a>b>0anJ 


r * *s!L+*3l a _ ^ , 



(/) Here /(*)= 


( RohUkhand, /Vft) 
dz 


(a+bz 2 )» 

Choosing the closed contour C 
sisting of the real axis from — R 
>x and the upper half of a large < 
1^1=/? represented by T, wc 
by Cauchy’s residue theorem 


\ c M^\ R _ R f(x)dx+\ r m dz 

and since f(z) dz=2nilR+ where 2 R* is the sum of residues, 

\* x m dx+ J p /(z) dz=2m1R>. 

Now poles of /(z) are given by 

(«+S2>r»0 or *" (r+( Jff (i-( J l )*-0. 

'• e - z=±i J ~ (poles of order n). 

Only the pole z=i J-~- of order n lies within the contour. 

i t*- 1 0 Jit') 

Residue at z—i J ~ ( a pole of order n) is= - 


[ («-!) 


where 


m= 


b ' 


xn-i(.) (— l)" -1 . n (n+1) (n+2)...(2»— 2) 

9 W “ ( . . la X*- 1 

b ‘ ( z+, Jt) 


W, /« V- (-i)*- 1 -" <»+0 


(n+2)...(2n—2) 

^2»- 1 


Thus residue 


at Zx=i J 


(pole of order «) is 


J 

1 


nil 
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(-1)"- 1 1 n(n^l)(ri-2)...(2»-2) 

|(n r l)* 6"' ( 2 i y~) 2n_1 


** |fp/(^) rfz I'DrCa+te^hlrla+l 


dz I 
-hz 2 T»’ 

which tends to zero as z-*-&. 
H»me when R-> co, the relation (1) yields 

€ 


rfx , . v (-I)"" 1 n (n+l)(n+2)...(2»-2) 




=2iri X 


(_!)«— 1 (2»— 2)1 


(n— 1) !. (« — 1) 

[multiplying N r and ly by (n— 1) 1} 
2n/x(— l) B_1 1.3.5....(2w— 3Jrx2.4.d...(2n— 2) 

(n— 1) 1. tn-1) r.V5 (2Vfl) 2n - 1 * 

l,3. 3...(2»-3),2»-* (»— 1) 1 


, (.i I />.r)"“2 2n - 1 (»— 1)1 

• dx * 1.3.5...(2»— 3; 

.. («+&kT 


1 


*2V* 1.2.3...(»— 1) a 1 '" •«»-» 

^ sirt ci*^ 

(t»» Consider wIlcrc- F+F‘ is the imaginary part of 

ft) 

i it,, n, n g the closed contour C, which consists of real axis from 
k j) io R and upper half of a large circle | z\—R, represented by T, 

•9 b*vc 

j c /(z) dz=\ R _ R f(x)dx+ j v mdz=2r.aR*. ... (1) 

■Hmularities of f(z) are given by 2*+& 2 =0, i.e. z—±ik of which 
ply (lie simple pole z=+ik lies within the contour. 

z e iaz 

I N"ld’je at z=ik (a simple pofe)==Lirr^ (z - (z+tt) 


Now 


|[ r A*)*!-|j 


ze iaM dz j 

r z^+fc 2 1 


- 2ifc 

L u,, ‘ 


i 1 dz | 


| z*+Jfc 2 | 
<0 as z-> oo. 

Jp/( z ) dz=0, since modulus cannot be negative. 
Mr ace (1) yields when R-+<*> 


xe lt 


-oo x* + k 2 


£ — 

=2tc/ x — y-—iTte~ k 


544 


MATHEMATICAL PH 


or 


cr 


+k *' 


=i7ze~ ak . 


Equating the imaginary parts on either side, we get 



i' 


x sin ax 


x*+k 2 • 


- dx=- 


(Hi) Here f(z) =( ^^.. 


zf(z)->0 as z-» co, which satisfies the condition for evaluatio 
an infinite integral. 

Poles of /(z) are given by 


Z*=s — a A ==e i(2n+l)TT a l 


V ^ (2n+l)w =cos (2« + l) 7T+/ sin (2/1+1) 7T=COS 7U = — 1 1 
z=tfe (2w+1)iriy4 , where «=0, 1, 2, 3. 

Thus the poles are ae 7ri / 4 . ae 3,ri/4 , ae 57ri l* y ae 7iri l 4 of which the . 
two only lie in the upper half plane (coefficient of i being +ve) wh 
is to be chosen as a contour consisting of large semi-circle I\ alii 
with the real axis from — R to R. 

Applying the theorem of residues, 

| _ R /(*) dx+ |p/(z) dz=2*i2R+. 
where T represents the upper half plane. 


Since 


Ir*> 


dz -> 0 as z->oo. 


Hence when jR-^oo, we have 


}_oo /(*) dx=2 Ki'ZR + . 


Now to find the residue at z—ae iri,l =z 1 (say), let us put z=ae viti ' 
t being small, in the value of /(z), whence we get 

fei +0 6 z 1 6 +6z 1 6 /+ 


[a*+ (*i + tff [a* +z x 4 + 4z x 3 / + 6z*P +4z x / 3 + r 4 ] 2 

z l 6 +6z 1 5 ./+. 


, where z x 4 = 


,fc * v ['+&+- j 

( ^i 6 +6z 1 5 +...) f » , 6t I 

~ 16 z x H> L + 4z, - J 

(V+fe 1 »+...) r 1 12/ i 
“-'lfeiV L 4z7'"J 


|~a 


Residue at z=z x is=coefficient of p-in^z+Zj) 
6 3 3 


"16z x \6z x i6Zj 
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3 

similarly, residue at z=ae s '’ ril *=z 2 (say) is 


M' ncc by (1), 
x 6 dx 


r, 


fO (a'+x 4 )- 


=2t4- 


16 


{!+!) 




3t cj, 
= 8a 


[e 


,-ir4'4 




Mf J! 


r 


00 X 6 */* 


e~ 3iri, ^~e~ i ' Tr ~^ r l = 

7C 371 1 


-ir/z?ir</4 — . 




3^f - . . 

(oM-x 4 ) 2 8 x2,Sin 7 = 4^-72 

00 x 6 dx 3V2n 
„ (a 4 +x 4 ) 4 “ 16a 


(/»•) Here /(z)= 


1 


so that 


'1+z 2 

zf(z)~>0 as z->oo. 
l*olcs of f(z) are given by 1 +z 2 =0 
h *—±/ of which z=i lies in the 
wi>|*r half plane /.e. in the contour £ 
WloHcn as consisting of a large semi- 
►hole T along with the real axis 
from —R to JR. 


Kmidue of /(z) at z=/ is Lim (z-i) =Lim — =- 

z-*/ 1+z 2 *-»./ z+/ 2i 

lly Cauchy’s residue theorem, we have 


1 





j R f(x) <fx+|p/(z)dz=27r/2R+=27c/x 

■*" llr /(z) * Hfr i$Fl<frrHiW; 

sin 

I V 

9 j?*3l when *=2?e' # and | dz |=f i Re ie dd |= j? dd 


( 1 ) 


dz | 

P | z / 4 — 1 
since J z*+l |>j z j 4 — I 


■kR 

R 2 —l 


->0 as R~>oo 


i f ‘ \\r^ w ^ en ancl then (1) gives 

f 00 dx „foo dx . foo ax n 

I r+y-’ » + !+?-*• ]„th+=t 
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and choose the dosed contour C as consisting of the upper half 
a large circle | z |=R and the real axis —R to R. 

Poles of /(z) are given by (z*+a 2 ) (z 2 +b 2 )= 0 i.e. z=±ia 9 
which the only poles lying inside C are z=ia and z—ib 

Residue of /(z) at z=ai is Lim (z— id) f(z) 

z->ia 

=Lim (z—id) — = 

z->ia (z 2 +a 2 )(z 2 +b 2 ) 2ia 


+e 


Similarly residue of /(z) at z—ib, = 2ib (a 2 —W) 
Hence by Cauchy’s residue theorem 
J r *)*+ /(at) 


] 


where 


ii 


r (z 2 +a 2 ) {z 2 +b 2 ) 


dz < 


e iz | I dz 




J T (| r | 2 — a 2 ) (I z | 2 — h 2 ) 

V |r 1 +z 2 |>U 1 h|| 
* e~ R &in 9 • R dd 
„ (R 2 -a 2 ) (R 2 -* 2 ) 
where z—Re ie , and so | dz 

2S * (!-«-*) 


as R-> co, we have 


[°° 

J-a 


pix 


(R 2 —a 2 ) (R 2 -£ 2 ) 2 R 

which ->0 as JM 


-oo (x 2 +a 2 ) (* 2 +* 2 ) 

Equating real and imaginary parts we get 

cos a; , « /e -6 e~°\ 

-oo (* 2 +a 2 ) (x 2 +h 2 ) dx ~d l —b* \ b ~ a ) 


fco 

J-a 


and 


r 

J-0 


sin x 


, = 0 . 


oo (x 2 -\-a 2 ) (x 2 +b 2 )' 

Note. Similar procedure will show that 

f 00 dx ( a+2b ) , 

J -oo (x‘+a 2 ) (x 2 +b 2 ) ~2 a 3 ( a+b ) 2 ’ ’ 


and 


roo 

J-a 


x 3 sin x 


oo ( x 2 +a 2 ) (x 2 +^ 2 y 
log (z+Q 




a> °. *>0|| 


(vz) take /(z) 


z 2 +l 


and choose the contour C as consisting of upper half T of i 
| z |=R, (R being large) and the real axis from —R to R. v 

Poles of/(z) are given by x 2 +l=a0 i.e. z«=»±/ 
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I Mu* Ii (lie only pole lying within the contour C is z—i. Residue of 
B ll # — / is Lim (z — z) . /(z) 

z->/ 


= Lim (z— z) 

Z-> 1 * 


=Lim (z— /) 

z-ri 


log (z+i) 
z 2 +l 

log (z+i) 
(z-o (z+/) - 


jog (2Q 

21- 


log 2+iy 

2/ 


V log i=log e’» /2 


|I#ih <• by Cauchy’s Residue theorem, we have 

j H R f(x) ^+J r /(z) dz=2zti2R+ 

[ -2«/xl(lo g 2+4) 

[ ««(log2 + y) 


• to I r 


log (z+i) 

r z 2 +i 


dz < 




log (z+i) I 

z 2 +l | 


dz 


log | z+i | +/ arg (z+Q | [ dz \ 

I z| 2 -l 

by (36) of §5.7 

log (| z [ + l)+i27t \\dz \ 

| Z l a — 1 

V arg (z-f 0<2ir and i |=1 

^{log (R+l)+27t}T:R 

— - - ' 


< 1 , 


R 2 -l 


when z—Re** 


/, (R+l) , 2 tt \ tc „ 

^( log R+l + R+l/R-1 " >0aS jR_> ‘ 00 
I"* 1 lirnce when R->a d, we have 


a, y log ( !+.+)+/' tan" 1 y 


oo ,x 2 + 1 

|4| listing real and imaginary parts, we get 
Too jlog (1+x 2 ) 

I -oo 1 +* 2 
f oo log ( 1 +**) 

1+* 2 


dx=n^ log 2+^ ) 


it 


\: 


dx—it log 2 
dx=n log 2 
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1 


I „ tan -1 — 

00 X 7T 2 

-00 l+x a dx= 2 

Problem 22. Prove by contour integration that 



i vauiables 
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dx 


. • f° 

=tt/, i.e ., 

J o 


00 Jx 7T 


~ 2 ,# 


i him imaginary parts on both sides, we have 


f 00 sb 

J o 


sin mx . 7z 

dx~ — - 

x 2 


Let us consider 


(Agra, ft 

ider \ c f( z ) dz < 


sin mx y n 
X dx = ~ 2 " 


1 'l 


/(z) = — which has got a 

WTL ^ j pole of /(z) at z— 0. 

R r o r 4 /5 Choosing the contour c\ 

sisting of a large semi-circle | f j 
Fig. 5.37 indented at z= 0, let the radlf 

the indentation be r. Since t li 

no pole within the contour, we have by Cauchy’s theorem, 

j /(*) dz+^f(x) dx+^ r f(z) dz= 0, 

Residue at z— 0 of /(z) is =Lim z/(z) 

z-*o 

g{mz 

= Lim z. — = 1. 
z->o z 

Now Lim [ /(z)= — / (it— 0)*1 =— wi by theorem of §5.16 
r-M) J7 

sign being taken as contour y is in clockwise direction) and 

rw e —rnRsmQ 

"jj R dQ v z=Re i§ , 

| rfz J0 


Too si 

Jo 

, f oo cos mx 7 

gating real parts, 1 — ax= 0. 

Jo 

m 23. Prove by contour integration that 

S co x 01-1 

4 d: c=tt cot a7c, 0<a<7. 

o l * 

ft§4 w« i onsider 

1 fl#) i/z, where /(z)==^-^* 

Mb* • • . » i » k the contour C consisting 
semi-circle | z 1=7? inden- 
# ► (), z=l, let the radii of in- 
Htylim he r x and r 2 respectively. 

Hfet there are no poles within the 
Hpr, wc have 

+ f /(z)dz+ f f(z)dz= 0 . . . (1) 
JYl JY2 

Z *-l 

>v residue of/(z) at z=0 is =Lim z. ~ — =0 as a>0. 

z->0 



Fi ;. 5.38 


-r 


< 2V P e(~ 2mRf)i )l n dQ 

J 0 

by Jordan’s inc< 

< ^ ( 1 — e~ mR } which ~>0 as 

With these results as 7?-* 00 and r-> 0, (1) reduces to 

f f(x) dx—ni+ [°°/(x) dx*= 0 

J —00 j 0 


Aiiidur of /(z) at z=l is =Lim (z — l)~r 

z~>l 1 


rot- 1 


= -l. 



or 


i” 


00 x 


dx*=n'i 


f /(z) dz= 0, 

Jn 

lim [ /(z) dz=—i (rc— 0) ( — l)=7rj‘. 

ti M) JY2 

Hr S*|<Inf=ri 1 * 1 




i?-l 


i?— 1 

which ->-0 as R-*- oo, V a<l. 

these results as R -+00 and r u r 2 both tending to zero, (t) 
> to 
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foo^a- 1 f 00 ^ 01-1 * 

I 1 dx~e***\ ——dx+ni=0 

JO 1— X Jo l + x 


I OO X*” 1 foo X CC-1 

n 1 — -«*— (cos a7T+/sina7r) — dx=—ni. 

o A X JO l+x 


Equating real and imaginary parts we find 


f x 01- 
sin arc I 

Jl+* 


1 . foo 

-"’Ho 


l+x 


dx— 


sin a7T 


and lo°°fe— a7t a7t -W+ ==7t cot a7C - I 

Problem 24. If — 7<p<7 and — tc<X<7t show by contour inter fl 
tion that 

f oo x~ v dx n sin pX 
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i 


0 l + 2x cos X+x 2 sin pn sin X 


Let us consider J^/(z) where /(z)= 


l+2z cos X+z 2 g 

when the contour C is chosen to be c< 
sisting of a large circle | z | = /?, a sm, 
circle | z |=r, and the cross cut joining |L 
arcs of the two circles along the real axis. 
The poles of /(z) are given by 
l+2z cos X+z 2 =0 
or ( z+e iX ) (z— e“ a )= 0, 
giving z— — ^A._ £ t(-7r+A) 

Fig. 5.39 and z = —e~ iX —e i(7r ~ k) 

Amplitudes of the point being tt+X, and tc~X follow that — n 
As such the two amplitudes liefetween 0 and 2^. 

The poles within the contour are z= — and z= — e~*K 
Residue of /(z) at z= — e iX is 

z +- e i^ Z + € \z+**X) (z+*r u ) 



■(-l r v - 


0-ipX. 


-viri. e -ipX 


Similarly residue at z=—e~ a is c 


— 2 1 sinX —2/ sin X 

2/ sin X 


Sum ofiresidues= 

sin X 


e **** — £>— <pA g—wi 


2 i 


=- — x. sin pX. 
sin X ^ 


Applying Cauchy’s residue theorem, we have 
j r /fr) <**.+ Jp/(z) dz- J*/(*e 2w< ) d (xe 2 *')— j^/( z ) dz 

=2itjxsum of the residues. 


. . ~ v \dz\ 

Jr | z+e ,x | I z+e-** | 

^ R->-2nR 2 t : 

<{s=iyxs-i) 

ili ►() as R-*-oo provided l+p>0, i.e. p> — 1. 

1 1 v I [ f(z) dz kjKtma which -*0 as z-» 0, 

IJy 1 U+ j if 1— p>0 or l>p, 

Mm«. r there exists a condition — 1 <P <{ • 

• hi these results as R->° o and r->0, (1) reduces to 

|*/t*) *-J>« dxM^ 

00 (xe^O^-g 8 ** dx 


x~ v dz f 00 (xe** 1 ) v -e LXX dx 

I. I | lx cos A+x* _ J, T+2*e*'* cos A+(xe”‘)* 


-2 ‘ S^4 

sin X 


^ L r 


| H r 

'•*' x~ v dx 


x-* dx =w - w( jin j>A 
-2x cos A+x 2 sin A 


V e 2 *‘=l 


2ni-e' vni sin pX 


sin pX 


r J|| I +2x cos'x+x 5 -e^ («***-*-*■•) sm a sinp* sin A 
ftiihlnn 25. By integrating e^z* -1 round a quadrant of a circle of 
^ H % prove that if 0<oc<7 , 


I 


I 


00 _ COS , n/ V C0J? J!L 

X*- 1 . x rfx=r(a) , 2 

0 SZAI * 

•milder j c /(z) dz, where /(z)=e < *z“- 1 . 

1 1 tunning the contour C consisting of ^ 
I Nimilrunt of a large circle | Z i = y , 
l i.ninl at z= 0, let r be the radius ot ' 
Kiiinlion. By Cauchy’s integral, we 

J c /(z) <fe=°- 

Mff . oo is not a pole, but z=0 
I a pole which has been excluded from q 
, “ii tour by indentation. 



Uplltting up the above contour, we get 
Kejf- l dx + Jp^z- 1 dz+ (O')*- 1 / ^+{ Y *=° 
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Residue of f(z) at z= 0 is Lim z.e ix z ot " 1 = 0 

z->0 


and j = | Jr e<<R e< ° | as z=Re i9 

< f’ r,a e-^sinO | e /R cos 9 | |/ | | R* | | e ia * \ dO 
Jo 

< \* ' 2 e~ R sin6 R a dB 
Jo 

< f ' e~ 2R ^l n ,R a dQ as > ~ (Jordan’s inequality) 

Jo e u 

[1 — e ^ J which tends to zero as R-+<x> 

2 K 

Similarly ||^e < *z B-1 <feJ (1— e" r ) V z—re { * 

.it r*/ r 2 \ 

^ 2 ' r (/ 2 1 + " ) 

which tends to zero as r-v 0. 

Hence with these results as R-> oo and r-> 0, (1) reduces to 

je^x* -1 dx— \ C °e~ v i' x y' x ~ 1 dy = 0 

Jo Jo 

or 1°° (cos x+i sin x) x* -1 dx=i* \ e~ v j* -1 dy~(e iltl *)* T(a) 

Jo Jo 

foo 

V 1 e-vy* -1 c/x~r(a) and/=e <ir / 2 . v 

J o 

Equating real and imaginary parts, we get 


r 

J o 


cos x.x*- 1 dx=r& cos 


T * and I! 


Problem 26. Prove that 

Z 2 


foo . - , „ . W 

sin xx 01 " 1 dx=roc sin a. 

Jo 2 Jo * 

[°° e~~ x2 cos 2ax dx—lV^e—* 2 by integral 
_ 2 Jo 

ting e z “ rownJ /Ae rectangle whose vertices are O, R, R+ia , /a. 

Let A be (P, 0), C be (0, a) in 
the Argand diagram. 

On OA, z=x; dz=dx. 

On AB , z=P+i>; dz=idy . 

On PC, z=x+/a; dz=dx 

and on OC, z=ry; /. dy 

Now e“" z2 has no poles within or 

A ^ “X on this contour and if the whole con- 

tour be denoted by I\ then by 
Fig. 5.41 Cauchy's theorem 


f 



N 

II 


B 



.X 



> — 
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i. 


e~ z2 dz= 0. 


ililllng up the contour 

.. ,,, + [%-(*«■> "b+l'-Wto+l'-™ 

m Ij. e -^,y<) idy \ < j“ I e -(H*+W-« 11*1#' 

e -& e y 2 \e- 2iRy | dy 

< f° e - R2 e yi dy V | e~ 2iRy | ■=! 

0 ' and 1 i | =1 

Hi. i> lends to zero as R-*-<x>- 
bine when (1) reduces to 

j^e - * 2 dx— j CO e-(* + ' a)2 dx-i j* e y 2 dy = 0 

I j 00 -* 2 dx-e a2 \^e~ x2 e- Vax ^ 2 dy= 0. 

("V * 2 dx-e a X e~* 2 [cos 2ax-i sin 2ax] dx-i\“ e y2 dy= 0- 
lulling real parts, e° 2 \ cos 2ax <fx=) o e dx- 2 • 

J 0 

( ** cos ^ ax dx=^\\/^ e a 

Cinlilem 27. Using the rectangular contour, prove the following: 

dt=n cosec arc; 0 < a < 1. 

(For t=e x , Rohilkhandy 1977) 
a 

2 s 


(0 


110 

tbo 


oo t*- 1 

. T+f 

’oo cosh ax 
0 ~cosfr^x 
oo 5/77 h ax 


Jx=£ sec — 71 < a < 71 


r 


— - — <fx=i I© 4; 0 < « < "• 
cosh "x z 


dt 


(I) (iiven integral is 
'oo f®- 1 
0 l-K 
fulling f=e x , we get 
00 e aX 


^^'_ooe“+l 

Consider, 


dx. 


! J ( . /(z)<fe= j 


c( R.2») 

B(R, 2n) 

> 

✓ 

1 __ 


1 

D(-R.O) 0 

A(R,0) 

1 


Ce*+1 


T dz 


Fig. 5.42 
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where C is the rectangle ABCD with vertices at R. RA-l-ni —R 4.1 
— R; R being positive. ’ r " 


Here, /(z)=- 


e z +l 

The poles of /(z) are given by e*+l=0 

i.e. e *— — l =e (2n+i)-»< 

or r=(2 n+l)ni where «=0, ±1, ±2, ±3,... 


thecontour Simple pole z=ir *’ (corresponding to n= 0) lies 


Residue of /(z) at z=7t/= 


£«« 


<*+«*> 


^>otiri 


e ir» 




_z=ni 

as e ir< =cos re-fr sin 7t=» || 

By Cauchy’s residue theorem, we therefore have 


\_ R f( x ^ d x + 1 0 f(R+iy) i'dy+ /(x+2tc/) dx 


But 


+j 2rt f{—R+iy) i dy=2nix sum of residues 

= — 2 7r/e air< . ...(1) I 

]|>™ idy \ < JT K i dy | 




{ 2 tt I £<* 

o I l +< 




(K-Hy> 

+**+,> I dy I as li|-l| 


J 2 tt i e** 

0 I e «_ 1 # as I e RUv +\ | I s^e R+i v | —1 


s><*R 


, -2TT. 

e fl — 1 




<- 


2n 


J ti-oo R_ e -*R which ->0 as R-+ oo for 0 < a < 1 


1 2* 

0 f(R-hiy) i dy-+i) when jR~>oo . 


Similarly /(— jR+fy) idy -+ 0 when oo, 

provided 0 < a < 1, 

Hence proceeding to the limit when R-+ oo, (1) gives 


J -a) /(*) <&+ | oo °°/( ;v + 27r 0 dx^—lnie** 1 
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oo e®+l 


dx 


-J- 


OO € ot(«e+2ir <) 


oo e*+ 2w< +l 

oo g2»ir< e «# 


<£c= —27 tie*** 


f.« . foo e2*ir< e ot« ^ 

) » <-+r * _ J-ooT i +r * — 2 ”^ 

i 


oo 

of) e 
oo 

oo e a * 
oo^+l 


,ax — z7T fe airi 

ax== 


l_ e 2ocir» 

2 / 


dx=K 


4 £— air* 


7T 


1 00 f*-* 1 

o 7+1 


f + 1 

■/) < iivcn integral is 
co cosh ocx 
) n chsh ttx 
I wuldcr 

.r 


sm olt 

dt= n cosec arc 


dx. 


^az 

/(*)= 



■' w "cosh Ttz 

|§ t • n round the rectangular 

Khiihh which consists of x-axis from —R to R and y-axis from 0 to 1. 
Mu* of f(z) are given by cosh 7ur»=0 


It, 


mi 

h 


e* e +e- 


Qnz — — 


1 


e 2ir«__l ==e » < 2 «+D » 

2z=f(2^ifl) ' where n=0, ±1, ±2,... 
2«+l. 


Only the simple pole z= ^-lies within the contour. 


Itmidue of f(z) at z== 


e* g i 

2 U“ !h "*l. 


=/22 
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£0t</2 # 


K sinh ^ 
2 


7T/ sin 


7CI 


By Cauchy's residue theorem, we have 

J-* /w f + J>+« ' *+ j; s /(»+o & 

+ [ f(—R+iy) idy=2ni. ^-!t 

j ri i ni ' 

I Jo **+«'*(<£ ,/(J? +^l nil* I 



. (II 


But 




Ij 






r 


^osFtT^^T^ 

2e 0t * | gotiy 


as / / 1 
dy 




r 


2c®* 


,7r/? 




2e‘ 


,zR 




lo ^ R+iy) 1 dy~*0 as 7?->co. 


which -*0 as *->oo when «<* 


Similarly |V(-Jt +W ^ whM . , 


:tc. 


Hence when R-+ oo, (j) becomes 


foo r 

J -00^ ^ + J oo ° O /(^+0 dx=2e’* 12 


or 


r 


~oo w 
'oo 


, f-00 ^oc (*+i) 

Joo cosh 7r (^-jI7y^ == ^^ ,0t/2 ‘ 


* oo cosh~7r^ 

But cosh 71 (x+i)= cosh nr (x + i)=cos (n xi-n) 
—cos nxi = — cosh tcx 
roo f-oo e* (*M) 

J —oo cosh 7 ujc 

00 £<x» 


rdx— | 


oo cosh 7ux 


dxz=2e iot /2 


or 


n 


oo cosh 7tjc 1 


i: 


£<*a?. e <xi 

oo cosh nx dx ~~^ e 


or 


(1+6^) J^° 


or 




e ot» 


oo cosh^c 


Jjc 


oo cosh t:a: 
2e iot 72 


dx=2e i * 12 
2 


l+e* 4 e iot l 2 -{-e~i * /2 
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1 ° got* f 00 got® 

— oo cosh tzx^ X ~^ Jo cosh 


2 cos ^ 


II «i replace * by — x in the first integral this becomes 


g tosh tzx 


dx 


j 


dx-\- f 


or 


or 


o cosh^x 

00 £& a; a; 


a 

J Q cosh 7zx Sec 2 


u 

Alitor, Consider 

lc M dz -\ 


r 

f 

r 


= sec 


cosh tcx 

00 cosh a x a 

cosh 7zx ~ sec ~2 


00 cosh ax 
cosh nx 


C cosh nz 


i a 

: * sec t- 


-R+ '72 -P 




R+i/2 


-R 


O 

Fig. 5.44 


Ohfrc f(z) = — r , 

COSh 7CZ 

h»kcn round the rectangular con- 
four with vertices at 

~"^+y a nd— R, 

indented at since z=yis a pole of f(z). 

< Icarly f(z) is regular within and on the contour, so that Cauchy's 
Uiforem gives 

I K „ fl/2 r 

R /W dx +] o fiR+iy) i dy+ \ P R f(x+H) dx 

+} Y f( z) dz + A*+W dx+ f(~R+ii) idy ~ 0 (1) 


But Lim (z—ii) f(z)= Lim^-- ~ 
z->Ji cosh tzz 

A «/ 




Lim f /(z) dz={—ni) ■ 
p-»-o Jy 


tc sinh re/ sin tc/ 

—A** 
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mathematical pi 


and jf 1 ' 2 f(R+iy) i dyj^ J 1 ' 2 




cosh 7t (R+iy) 

1 2 R 


I i I I dy I 


e« K dy 





o cosh cos ny — sinh nR sin ny 
[ V | cosh n R cos wy+ / sinh nR sin 
>Cosh n R cos rcy— -sinh 7ri? sin 
dy 


e nR (COS 7ry— sin ny) 

writing e nR for cos nR and sin nR 

R is 

-*0 when R-*- oo if a<7t. 

I i/» 

/(7? + iy) i dy->0 when R-> oo. 

o 

Similarly | /(/? — H» i dy->0 when R->0 provided a<«. 

Hence in the limit when R-+ oo and p->0, (1) becomes 

\-oo f(x) dX+ 11 f(X+ii) dx ~* Ui + fix+M dx=0 
Ax) /fr+R) dx=e iai 


or 

or 

or 


a 


— — (X+ii) 1 dx-& 

cosh nx cosh n (x+$i) J 


foo r 

_ e^-e** 1 

J — ooL cosh nx 

i sinh nx J 


J dx = cos ia+zsin $a 


or 


f 00 T g0ta? . /g0ta; (cos i<x+i s in £a) 1 
J -ooLcosh nx' sinh rex J ^ x==cos i a +/sin 


Equating real and imaginary parts, we get 


f 00 e* x foo 

J -oo cosh nx dx ~~} — 


oo g °ta?. s j n 


and 


or 


-oo cosh nx 

f°o cos joi 
J -oo sinh nx 
f oo e** 

J -oo sinh nx ~ tan ^ a * 


oo“^mh^7~ ^ =cos * a ‘ • • • 
</*=sin 


(2) gives with the help of (3), 


1 00 €^ x 

-oo cosh ttx ^~ sin i“' ta n ia=cos 
’oo 


or 

or 


i: 


—oo cosh nx 

e** 


dx=cosi<x+ - n * * a =sec 
cos J 


f° g** foo 

J oo cosh nx dX+ ] 0 cosh n x dxs= * s * c £ a 
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jeo 


cosh nx 


dx -f- 


r 


00 *><*« 


; dx= sec |a 


I 


cosh rex 

(on replacing *4}y —x in the first integral), 

I oo e aaj +e“ aaj 

,/ =sec *a 

0 cosh tc* 


oo cosh OLX 


cosh ttx 


dx—\ sec \ol. 


III!) This may be proved independently as (it) or may be derived 
in mi (3) of preceding aliter as follows: 
foo e* 


We have 


i: 


-oo sinh nx 


c/x=tanja 


i: 


oo sinh nx 


dx+ 


’oo e* x 


e -* x 


r 


r°° 

J 0 sinh nx 
oo e* x — e~* a 


J 0 sinh nx 
oo e 


T 


d!x=tan \ol 

iOt«B 


=tan |a 


sinh nx" 

(on replacing x by — x in the first integral) 

, . f°o sinh a.x , , , 

=tan 4<x, ,.e. J tan }«. 


sinh nx 

Problem 28. Evaluate the following integrals by contour integration : 
1 sin x 



(Agra, 1961, 70) 
(Agra, 1961) 
(Agra, 1962, 65, 71) 
(Agra, 1962, 65) 


( vii ) j ^ > 00 (* 2 + a2 )~ !! (* 2 +* 2 ) _1 dx - 

(i) The given integral is 


(Agra, 1964) 
(Agra, 1966; Vikram, 1967) 




In order to evaluate it, let us consider 

where the contour C is chosen as consist- 
ing of the real axis from —R to +/S, 



Fig. 5.45 
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indented at z=* 0 and the upper half of the semi-circle | z | = 
presented by l\ Let radius of indentation be R and let it be rep 
ed by y. Here /(z) has got a simple pole at z=0. 

Since there is no pole within the contour, we have by Ca 
theorem 




f(z) dz= 0,. 


i.e., | _ r R f(x) dx-\-^f(z) dz+\^f(x) dx+^f(z) dz=0. 


Residue at z=0 of /(z) is=Lim zf(z) 

z—0 

e iz 

=Lim z. — = 1. 
2->0 z 


Now lim 
r-> 0 


im [ f(z) dz — — / (tt — 0). 1= — 7 :/ by theorem of §5.16 ( 
->0 Jr 


sign being taken as contour y is in clockwise direction) and 


|Jp/(2) dz |<J r I /(z) I I dz | = jj 

-I: 


I e iz j | dz I 


I z I 

-R sin 0 
—R 


. R dd, 


<2 


V z=R i9 . | dz 

f*/2 

e-lRu/n by Jordan’s inequality 

«(-ir) [-HT 

(1 — e ~ R ), which ->0 3 as R-± oo. 

A 

With these resuits as R-+ oo and r-*0, (1) reduces to 

f° f(x) dx~izi+ f°°(x) dx — 0 
J — OO J 0 


or 


or 


i.e 


r 

J-00 


f(x) dx=Ki 


f 


cce ix 

Jo 

f oo cos x+i sin x 
o * 


dx=rci 9 


d*=Y i. 


Equating imaginary parts on either side, we get 


f oo sin x , tc 
dx = • 

x 2 


1 00 sin x 
o x 

(i it ) Given /=[ 2 * , f - y 

Je T+ Sm e 
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l It 


|H<I 


|„g the contour C as a circle ( | z |=*1) of unit radius, we 

<■'*, so that z— — =2i sin 0, since 


dz=ie ie d$=iz dQ. 

- 4 \ c 5/z+2 (z 2 — 1) 


f 1 

' C 5+4 | 

& 



dz_ 

z 


dz 


Hire 


m=- 


i 


2z“ + 5/z 2 

I ||» poles are given by 2z 2 +5/z— 2=0, 

-5/±V(-25+16) =5±X_ 

Wf 2 4 " 

|l which the pole z=-2i lies outside the contour and therefore the 
Elly pole that lies within the contour is z=—i/2 (which is of order 


l 

T 


-2 i 


l) 


Residue at z = — \i is 
• Lira (z+|f)/(z)=Lim (z+iO* 


1 


z-> — i/2 


H ™//2 2 ( z + 20 “ 2 (- 1 / 2+20 
llrncc by Cauchy’s theorem on residues 

/ 4x2tc/ 2JR, where 2.R represents the sum of residues 

o.l 8* 

3* 3 

,! (HO The given integral is j 

I <ri us consider f(z) dz= J 

( lioosing the closed contour C, consisting of real axis from —R 

In R and upper half of a large circle y 

III +K, represented by T, we have 
Vy Cauchy's residue theorem, 

= 2-/2/+ ... (0 

Poles of/(z) are given by z 2 +« 2 =0, 

1,0 x«=dh^ of which only the simple 
|H»lc z=/o lies within the contour. 


1 


z->— // 2 
1 


(z+f)<z+20.2 


3i' 


00 cos X ^ 
.2 1-2 


x z +a 2 


cz*+d 


T dz=I ( say). 
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Residue at z—+ia (a simple pole) 

e iz 


= Lim ( z — ia ) 

2->ia 

_ e r ~ a 
275 2m 


(. z-ta ) (z+iaj 


Now 


|J r'W* hi 

<1 


e iz dz 



T z z +cr 
_e“ 

r | z 2 +a- j 


dz 


^0 as z~>co. 

'** jr^ dz ~®> s ’ nce m °dulus cannot be negative. 

Hence when cc, (1) reduces to 

! oo e"° tc tt 

_oo /(x) dx==2 * iX 2Ta=T e ~ a “^’ 

, ~ f 00 (cos x-W sin x) , ^ 

2 J 0 — ?+* — dx= ™* 

Equating real parts on either side, we get 


! 00 I 

0 J 


COS X 


(iv) 


fco 

Suppose /= 1 


x 2 +a 2 2 ae a 

CO X 2 , 
oo(x 2 +a 2 T 3 X ' 


Here 


f(?b 


"(z 2 +a 2 ) 3 

zf(z)->0 as z— o, therefore the condition for the evaluation of 
infinite integral is satisfied. 

Let us choose the contour consisting (if 
a semi-circle T of radius i?, large enouj ‘ 
to include all the poles of /\z) and the pu 
of the real axis from —R to + 2L 
Poles of /(z) are given by (z 2 +a 2 j 3 =0, 
i.e., z=±ia (each pole is of order thref] 
The only pole z — ±ai (of order thrci 
lies within the contour C. 

Applying the theorem of residues, 



f{z) <fc= dx-\- | r /( z ) dz=2niIR + . 


Since Lim z/(z)-»0, we have 
z->oo 

Lim ( f(z) dz—0. 


r ^- c o J r 
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lltiur when oo, (1) becomes 

|°° f(x) dx—2-nil.lV-. • • • (2) 

How residue of f(z) at z=ai 

— coeff. of -y in f(al+ /), t being small 
Jai+jY 

~ ” {(n/+/) 2 +a-p 

t 2 +2apt—a 2 

= >* » {3oH-2a/74 -t 2 +a 1 Y 

I ^ ( 1 + 4 T 

-( t 2 A-2ait-a 2 ) f , _ 3/ _j6^_ "j 

— » 8a s /t 3 L 2 at 4 a 2 J 

— (/ 2 + 2 tjfi-fl 2 ) r i j* 6_ i 

— »* >> 8 a 3 / L J 3 2 a // 2 4 a 2 / J 

1 — ■ lk [I - 3+5) -iHT 

| l»us (2> gives 

f OO 1 7C 

] _«/<*> ^=2^i6a3/ = 8^’ 
foo .x 2 c/x ~ 

/== l_oo /x 2 +a 2 ) 3_ '8a 3 ' 

r fco x 2 , 

I (r) Suppose /=j # 

z 2 

line Az)=* yqyr 

Kifl/) >0 as z-*oo, thus the condition for evaluation ot a n infinite 
|ty»ip.tl is satisfied. 

■Tonics of f(z) are given by 1 +c 4 = 0, 

z 4 =-l=<? <(2n+1, \ 

fLlImt z =«> ! ' (2nJ - 1,ir/4 , where tt—\, 2, 3, 

, .. . 0 j es are s±= . e i* '■», e * 5 ’f/ 4 i e i~irn 0 f which the first two 

Kiiv lie rt the upper half plane, which is to be chosen as a contour 

Listing of a large semi-circle Tand the part of the real axis from 

■ * lo K. 

Applying the theorem of residues, 

r/.v + j r f(z) 

L mm | ^ f(z) dz -> 0 as z->oo, we have, on proceeding to the limit as 
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I 


oo 

—oo 


/O') dx—2ni2R+. 


.(Ilf 


-2 

To find the residues at the poles, we have f(z)= r-j— 4 - which Is (■ 

1 "i z 

. . <ifr) 

the torm r^, where ^(z)=z- and (J/fc) = l+z 4 . 

_ , ci(V‘ ,ir /4 ) p ilT Z' 1 

Residue at r=e ?7r/J is — - v . — -=J . 

4/(e Z7r/4 ) 4 (e l7r 4 ) 3 4 

Similarly residue at z=e l3rr l l is =|e~ 37ri ‘/ 4 , 

so that (1) gives 


r 

J -00 


/(a) dx~2^i l [e” ,ri/4 +e“ 3vi/4 ] 


O f 00 ^ 2 ^ 1 f 7C . . 7U . 37T . . 3*11 

ie -’ 2 Jo 1+^ =2 ^tL C 0S T -»«m T +cos T ~ism T j 

„„ , f <x>x*dx -if _ 1 \ It 

“ r H t+f~t(- 2 V2 rvr 

00 The given integral is [°° 1 ~^ os - dx. 

Jo X 



Consider 


1— pti 


Choose the contour C, consisting of 
upper half of a circle | z \ = R and the i 
axis from —R to R , indented at z = 0 (a 
of order 2). Let the semi-circle be denote 


Fig. 5.48 


y. Let the radius of indentation be r. 

By Cauchy's theorem, we have 

-./OO dz= j _ r R /(*) /< z ) dz + 1>) dx + |p fi z ) dz=0. 

T 


Now 


|J r /(z)t/z|_|J 


1— e il 

r z a 


dz 


" 




I / 1 

f* i l ~ e 
Jo I R*' 

r> 


-e iz | | dz 


z 2 | 

iRe l Q 


| i | Re ie | | *70 


V z=Re ie , dz=iRe* 9 


—R sin 6 


* 


— *70, which ->Oas R ->oo. 
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*70 


r o i—eire 1 ” 

N 

= |° | 1 — 1 — j 

= | [1 -{-terms containing powers of r] dd, 

I hi [ f(z) dz=\ </0 = — ~. 

MO Jy J- 

llfwc when R-*cc % r-> 0, (1) becomes 

f 00 f[ X )dx--+[° fix) dx=0, 

J -oo * Jo 


z=re i9 


*70 


oo 

-co 


/(a) dx—~ 


i 

J -00 A- 


I ijuating real parts on either side, we get 

[CO 1 — COS A 
I -oo v 2 

foo 1 —COS A 


J: 


d.X = ~ 


f 


A- 

00 1— COS A - 


(vtl) I’he given 


J 0 - 

1 • f 00 

integral is 1 

J -oo 

1 


( a 2 + a 2 ) ' 2 (A 2 -r-b z )~ l dx. 


II /O) (z^a-y (z-+b-) 

I he poles are z—±ai (of order 2) and ±bi (simple poles). 

III wc choose the contour C , consisting of the upper half ot a large 
omIo j z 1 = /? and the real axis from — R to R , then the only poles 
■ini within the contour are 

+ai (of order 2) and +bi (simple pole). 

Mere z/(z)-> 0 as z-> oo. 

Hence by Cauchy’s theorem, 

... (1) 


\ c f& dz= \ R _ R ftd dx +\ v f& d: = 2~i^R + , 


Ulire ~R* denotes the sum of the residues and T denotes the upper 
lull of the semi-circle. 






dz 
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so that |p/( z ) dz=0. 

as P->oo, (1) reduces to 
r oo 

f(x) dx=2ni2R+. ...01 

J -00 

Residue at z=ai (a pole of order 2) 

*=coeff. ofy- in f(ai+t) 

^ 1 

{(t ai)* b 2 } 

_ 1 

” ” t 2 (2ai+i) 2 (b 2 —a 2 +2ait+t 2 ) 


1 


” - 4 'art* (b 2 —a 2 ) 

1 

” —4a 2 t~ (b~—a 2 ) 



2 ait + tn- 1 
b 2 —a 2 l 

2ait 

~b 2 -^ - 


1 H , 2ai f b*-3a 2 
3 4« 2 (b 2 -a 2 ) I ai + b 2 —a 2 J ~ 4a 3 / (b 2 —a 2 ) 2 
Residue at z=bi (simple pole)=Lim (z- bi)f(z) 

z->bi 


z -+bh b (z-+a 2 ) 2 ( z+bi ) (z-bi) 

1 

= 2bi(b 2 — a 2 ) 2 * 

Hence from (2), 

^ =2lTr [ 4a 3 i (6 2 -fl 2 ) 2 + 2bi(b 2 -a z y ] 

= 2a 3 /> W-d 2 )* t iS - 3a ^+ 2fl *] 
w (h-a) 2 (h+2o) 

~ 2a 3 b (A-fl) a (6+ a) 2 

7t (6+2a) 

= 2a*6 (b+fl) 2 ' 



5.21. ANALYTIC CONTINUATION 
If there exist two functions / t (z) an4 
/ 2 (z), such that they are analytic (rrgty 
lar) in domains D x and D., respectivjfi 
and that D x and D x have a common p^f B 
throughout which / l (z)=/ 2 (z), then tfl 
aggregate of values of f x {z) and/ 2 (z)jj 
the interior points of D x or D 2 , can ■ 
regarded as a single regular functlgl 
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It. , i Hz). It is obvious that F(z) is regular in the common part say 

/ m| the two domains and F(z)=/i(z) in domain jD( and F(z)=/ 2 (z) 

iliinuiin £> 2 . We thus regard the function / 2 (z) as one, extending 
m, domain in which f x (z) is defined and so it is called an Analytic 
i wHlIimation of f x {z). 

I iin method of analytic continuation. Its standard method is the 
w'IIhkI of power series, which can be summarised as below. 

H impose that there is a point P(z 0 ) in the neighbourhood of which 

Jm ii analytic; then the function /(z) can be expanded by Taylor s 

UuNtrcm. in a series of ascending powers of (z— z 0 ), the coefficients of 
•liii h involve the successive derivatives of /(z) at z 0 . 

I . i there be a singularity S of /(z) which 
I) nr ii rest to P. Then a circle of centre P and 
inillir, PS is the circle of convergence within 
»liii Ii the Taylor’s expansion is valid. If we 
*..» lake any point P' (not on PS) within 
IliU i irclc, then we can find the values of/(z) 
iml all its derivatives at P', from the series 
».» applying the method of term by term 
illlli initiation. We thus find the Taylor’s 
Erl", for f(z) with P' as origin and this series 
•III define a function which is regular in the . 

►in |r whose centre is P Such a circle will extend as far as the singu- 
kflly of the function defined by the new series, which is nearest to P 
tn.l this may or may not be S. In either case the new circle of 
^divergence may lie partly outside the old circle and for points intne 
». r M i n which is included in the new circle but not in the old one, so 
pint the new series may be utilised in defining the values of f(z) while 
||i« old series failed to do so. 

In a similar manner, we can take another 
point P" in the region for which the values o 
the function are known and form the Tayio 
series with P" as origin which will, in gene™*, 
still further extend the domain of definition oi 
the function and so on and so forth. 

By this method of continuation, starting from 
a representation of a function by any one 
power series, we can find any number of other 
power series, which between them define the 
value of the function at all points of a domain, 
any point of which can be reached from P 
•illiout passing through a sigularity of the function /(z). 

II is easy to show that continuation by two different paths PLiV 
«ml PMN gives the same power series provided the function is 
timlytic and has no singularity inside the closed curve PLNMr. 
In show it, let us suppose that S , S', S’,. ..be the power series with 
/■ i>' p" .... as origin. Then S — S" (for, each is equal to S) over a 
M riain domain which contains P' , when P" is taken sufficiently near 
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to P', and therefore S' will be the continuation of S \ ContinilH 
this process we can deform the path PLN into PMN providn! M 
singular point lies inside the path PLNMP. 

Note. Weierstrass defined an Analytic function of z as one /><>*# 
series together with all the other power series derivable from it 
analytic continuation . 

An important remark. There must be at least one singularity of ijfl 
analytic function on the circle of convergence C 0 of the p*>W# 

00 

series S a n (r— z 0 ) r \ 


n = 0 
Assuming 


that there is no such singularity, we can construct 


the method of continuation, a function equal of f(z) within C 0 



3 


regular in a larger concentric circle Tp. 
expansion of this function in Taylor series H 
powers of (z— z 0 ) would then converge evtfjfl 
where within the large circle T 0 . But this is nW 
possible, since the series would be the origiuff 
"'o as its circle of convf® 
a point z x within C 0 n;u| 
let C x be the circle of convergence of the powjl 
series, 

oo 

2 A n (z-z x ) n 9 

0 


series which has got C, 
gence. Let there be 


where 


A 


n ! 


(by Taylor's expansion). 


Let be the circle of centre z l9 touching the circle C 0 internal® 
Then the new power series defined by (1) is certainly con vergfgl 
within Ti and lias the sum f(z) there. 

Since the radius of C 1 cannot be less than that of V l9 there affl 
these possibilities: 

(i\C 1 has a larger radius, then r 1# in which case C x lies parifl 
outside C 0 and the new power series provides an analytic continual iuM 
of f(z). Then taking a point z 2 within C x and outside C 0 , the proceiM 
can be repeated. 

( H ) C 0 is a natural boundary of /(z). [Note. A closed curve is callfd 
a natural boundary of a function if the function is such that it camufl 
be analytically continued to any point of the same]. In this case vm 
cannot continue f(z) outside C 0 and the circle C x touches Qm 
internally, wherever the point z lies within C 0 . 

(Hi) C x may touch C 0 internally, though C 0 is not a natural 
boundary of /(z). In this case the point of contact of C e and C x i» l 
singularity of the analytic function which has been found by continuM 
tion of the orignal power series; for there is necessarily one singularity! 
on C x and this cannot be within C 0 . 

Problem 29. Show that the two power series 

z+£z a +iz 3 +... . . .(/) 
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i7i— (z—2)+\ (z— 2)®— ... 


• . -(2) 


onvnon region of convergence, but they are analytic continue 

../ 1 he same function. 

Mu< the series (1) defines the 
Mii.m log (1-r), whose circle 
[iniMMTgence is I z |=1, i.e., a 
HI. with centre z=0 and radius 
|li. only singularity is z= + l. 

I In -.rrics (2) defines the func- 
I,.., /n log [l + (z— 2)],- where 
| 1 j I is a circle with Centre 

■Jrtnd radiusl.lt touches the . . . 

■ i uric externally as shown in the adjoining hgure. 

|ii ' function ire— log [l+(z 2)]=fc— log (z— 1) 

—fix — log [— (1— z)] 

= »" — log (— 1) — log (l — “) 

=175— log e vi — log (1— z) 

= 175 — 75 j— log (1— z) 

= — log (1— z). 

I, ,1 clear that the two functions defined by the given powei : series 
I vr no common region of convergence, but they are analyt.c 
JMInuations of the same function —log (1 —z). 



finhlcm 30. Show that the series 


JL+£. 
_ 1 


+ -Ts +- 


3 i “4 +• 

a 3 a 4 


7 1 Vi nts the function which can be continued analytically outside 
i /.• of convergence. 


| . i ihe given series define a function /(z), i.e. 

I 'T T* T 3 

I)- • "V + ~4 +••• 

a a 2 a 3 a x 


the 


1 



an infinite geometric series if 




1_ 

a—z ’ 


lily for points within the circle of convergence | z 1=1 a | 
If we consider a series 


1 

a-b 


z—a , (z— bY 
(a-b)*^ (n-b)* 


+ . 


where — is real, 
a 
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then 


/(*}= 


1 

a-b 


1 

a—b 



z—b 

a~b 

z—b 

a—b 


+G=i )*+•••] 

r 


provided the circle of convergence say C 1 is | z—b |=| a—b |, when 
and b both are real and positive and also 0 < b < a, the circle 
convergence C* of the second series touches the first circle (say) 
internally at its only singularity z=a. It follows that there u i 
analytic continuation (see figure 5.54). 




In case ^ is not real and | b | < | a j and positive, the scc<h|4 

series converges at points inside a circle which is partly inside « 
partly outside the circle | z [ =a. In fact the two series represent tH 

same function y— ^ at points outside the circle \ z \ = \ a \ and hengf 

can be continued analytically as shown in Fig. 5.55. 


ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 31. Evaluate by the method of contour integration the integral 
f 2 * 48 

J o I-f E COS 0 

using the transformation . ( Rohilkhand , 1978,'Agra , 1967, m 

Ans. — - 

a/ 7 — c-2 


Proceed as in Problem 20 (/). 

Problem 32. (a) Prove that the n-th derivative of a function f(z) 
variable z in the domain of its analyticity is given by 

f(n) (£ f(z') d z' 

v ' 2ni j (z'—z) n +i 

where the contour of integration lies within the domain. 

(d) using the above formula, show that 



of the compfm 


(Agra, 1 
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futblrm 33. Obtain the Cauchy-Riemann condition for a function f(z) to be 

[Agra, 1969, 71] 


t function. 

in 34. Evaluate by the theorem of residues 

f OO COS X , ^ n 

-K-r—i dx , a>0. 

-00 a 2 -\-x t 

br tumble m 20 ( Hi ). 


Ans. 


ae a 


I't ulii» m 35. Apply calculus of residue to evaluate 

J o 1+ * 


Ans. n cot et7r 


4 ■ Vroblem 23. 

i ♦. .M» hi 36. State and Prove Cauchy's residue theorem. Evaluate the following 
hf"' 1 ' by the method of contour integration 

( oo sin x dx 
o 

f CO x*dx 
x a+i 


(« J* 

J 0 


(Agra, 1972 , 74) 

(Agra, 1972) 


* hikc/tz) — 


V 2 


111 li." »if the contour C as consisting of a positive 
of a large circle l z \=R with its bounding 
Bum two axes, indented at z=0, as shown in 
J| ' Vi. Let r be the radius of indentation at z=0. 
Mf #) Inis the only pole z=0, of order one and it 
not lie inside the contour C indented at z— 0. 
mji mu Ivy’s theorem gives 

tlx i J r f(z) dz+ j r R fdy'i {My) 

+ 1 f(z) dz — 0 

|{ r /(*) * k|r l/(z > 1 1 * >“ J 



< 


ir /2 e ~ R sin 8 
o Vi? 

R__ririz — 2R8/r^ s j nce ^ Jordan’s inequality 

Vi? Jo 


R d 0, taking z=Re so that | dz |=R 40 

J o Vi? 


ifo<o 


*2 Vi? 




"2 Vi? 


|->0 as R-+co 


Abu residue of/(z) at z=0 being =Lim 7 ~ = 0, by §5.16 we have 

r->0 V z 

if. J f(z) dz~*—i =0 0=0, negative sign being taken as if is traversed 

•» . i..v k wise sense. 
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Hence as 7+>oo, /->(), (1) reduces to 
f ^ /(*) dx+^^f(iy) i dy — Q 



r oo <•'('» 

I ~7f=- idy~0 

‘ o \ iy 


. too e ** fc 

'•"Jo vHc 

f oo £ ,a? /- foo ^ V 

t *-v< J o yy*- Fu.vW 


- 2 v"rJ“> 


c 

-2V / ^ Sec ® e * a ;in ^ Gamma functions Equation (})^| 


e ^~d<f> 


= V tc ^cos -y +/ sin tt/ 2^ 


1/2 




= v * ( 

-i 


cos -4--W 


' sin J-) 


[ 1+0 


Equating real and imaginary parts, we get 


f° 

J 0 


00 cos X 


V 


dx— 


V 7T 


and 


7r/2 sin x _ \/ n 
V * 


r 


Note. Similar procedure will show that f°°— ^= — 

Jo •* 4 * 



(b) Take /(z) = 


z i dz 


ZG + 1 


and choose the contour C consisting of A 

■ 


v WiAOl Jiliap 

large semi-circle T of radius R in the u_ 
half plane and the real axis fiom — R to I 
Poles of/(z) are given by z®+l = 0 


i.e. z=(- 1)* 

={cos (2r+l) r-fz sin (2r+l) 


Fig. 5.57 

. Simple poles of f(z) are 
e 71 ' 16 , e™ 12 , e 5ni/6 , e l7ziJ6 , e e llni/2 


= e i(2r+l)jr/6 wherer=0> ]_ 2 ' 3> jl 




of which only the first three lie within the contour C. 

Denoting by p, any one of these poles namely e r,l l^ t e n ^^ t e^ 7Zl l^ i we hav# (■ 


residue of /(z) at z=p= 


_r^i 


[ 


dz 


(2«+l) 


1 




by §5.17 (/) 


at z—p 


,6z 6 \z=p=z ~ x P 


_ /> 5 
-6 

. Sum of residues =I7?+ 

.5ni/6 


6 p ' p b 

Yp 6 = — 1 


_l-f e 5 ' c W +e 5Tt;72 +e 257r//6j 
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e 5»//5 +e 2>r/ e *il2 +e M e Tr//6j 

/^ +e .//2 + ^6J 

4[(7F7M*F + 4)] 


e 27r/ = ^4rcl ==1 


_2/_ 

6 


/ 

3 • 




gw hy Cauchy’s theorem, 

f /(r) /(*) dx+J r /(z)rfz=2^SA+ 

I ||p/(z) dz |<J p |/(z) || dz | 

</z I. Put z=Re i6 so | dz |=/J</9 


^Jpl — £ — I 1 .7. 1 D..t , 


I ri z«+i 


<j r 


dz I 


z 6 l —1 


— 3< | z® 1 J 


=i 


IT R5dQ R°k 


^Jo RG-l-RG-l 
II. ir r when R-+ oo, we have 

2 tt 

3 

foo 7T 


->0 as R~>(X) 


J 'oo f[x) dx=2 ” ix (f) =: 

J"7w rfx= f cc 

/ M JO 


*•+1 3 • 

\ fftililem 37. Derive the Cauchy-Riemann conditions for a function of a complex 
to be analytic. Test if the functions and | z | 2 flrc analytic. 

Ib.ih' that if a function is analytic on and inside a closed contour its integral over 
. . ottour must vanish . (Agra, W73) 

J A. < < 5.6 for the first part. 

I || It easy to show that f(z) — ~ (giving /'(*) = — 29^0) is analytic at 

Bgftv point except at z=0 where it is not.continuous and so/'(0) does not exist 
|l|*0 is u pole of /(*)). 

I hr function /(z)=* | z ; 2 is not analytic at any point since f'(z) exists only at 
point z=0 not throughout any neighbourhood. It may be shown as below 
f(z) — | z p= x z+y~ •.* zy=x+iy 

If f(z)-u ( x,y)+iv (x, y), then it is clear on comparison that 
u(x, y)=x 1 +y~, v (x, y )= 0 

*" 2x —2y, ^=0=- 
tx 2X ’ dy } ’ a* sy 

1 nuchy-Riemann equations are not satisfied except at z=0. 

I or second part see §5.9. 

I*i oi>it m 38. Defining a Meromorphic Functions one which is analytic in a 
I 1 , t t except at a finite number of poles , if f(z) be an analytic function within and 
I |m ,1 closed contour except at a finite number of poles and is not zero on C, then 
I wre that 
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where N is the number of zeros and P is the number of poles inside C (pole oj 
m being counted m times ) . 

Hence or otherwise deduce the Principle of Argument i.e. f(z) is analytic (4 ■ 
then P=0 y and 


N=± A c arg f(z) 


Ac being the variation of log f(z) round the closed contour C. 

Taking z=a as a zero of order n, we have 

f(z) = (z—a) n f(z) 

where #(z) is analytic and not zero in C. 

f'(z) n f%z)_ 
f{z) ~~ z—a + 4>{z) 


Thus, 


Since <f>[z) is analytic and so is $'(z), therefore -Jr\ is analytic at z-* 4 | 

9\ z ) 

f'(z) 


follows that J r y ~- has a simple pole at z=a with its residue n. 
J\z) 


f'(z) M 

Similarly if z=b is a pole of order p then has a simple pole at z=* b 

its residue — p since then 

/(z)« (*-«-*!>(*) 

Hence by Cauchy's theorem 

2^7 \c V>'z) ~^ 2==Sum a11 res,dues within C 

— Sn — %p 

=N-P 

Now to deduce the principle of argument, f{z) being analytic in C, wc 
P—0. 

Then (1) reduces to 


2 r.ijc f(z) 
N =2-i ['og/W] c 


/'(*) 


or 


dz^N 


— Ac log f[z) where Ac is given to be the variation of 


= 2 Ac { log | f(z) | +i arg f(z)} 


Equating real parts on either side we get 


f(z) round the closed contour | 
by (36) of |1,1 


N ~ 2 “ Ac arg /(z). 


Problem 39. (Rouche’s theorem) If f(z) and g{z) are analytic within and od 
closed contour C and \ g ( z) | < |/(z) | on C, then f{z) and f{z)+g{z) have si 
number of zero inside C. 

I g(z) 


I g(z) | < | f(z) I on C .\ Yf(z) I <jl on C which follows that 


I/M I 7^0 otherwise this inequality will not hold. 

As such | f(z) +g(z) | > | f(z) I — | g(z) | 5^0 by properties of moduli. 

So | f{z)+g{z) | =^0 implies that neither /(z) nor f(z)+g(z) has a zero on C. 
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1 ll mg N and N' as number of zeros of f(z) and f(z)+g(z), we have by the 
I, 1 . o! argument given in Problem 38, 

Ac arg / and Ac arg (/+*) 

. . Him N'-N=±&t arg (f+g)-^&cMgf 

=^[Ac arg/+Acarg(l+^r)]~ Aoarg/ 


t 


2 tc 


A c arg 



by the properties~of arguments. 


H I * =■ Q , then | Q— 1 * 1 8 ^ 

»tiMi that Q is always an internal point ofthe circle with centre Q=1 and 
im« unity. This circle being wholly to the right 01 imaginary axis, the join of 
|mini of this circle to the origin makes an angle G with x-axis such that 

I Vv 2 • As such putting Q^Ae' 0 we have arg (l + y) -arg Q=D which 


^■fi* U) its initial value when z describes C and hence 



liftin'. N'—N= 0 or N=N' 


li (Moves the proposition. 

^Bflblun 40. Evaluate the following integrals by applying the method of contour 


rntton. 




r- 1 

oo .v sin x , .. n 

0 *»+«* ’ dX ’ a>0 

TC 

Ans. — e a 
2 


(«) j 

00 4^^, -*<«<*. 

o sinh ~x 

Ans. -- tan 

a 

2 


*oo sin mx , 

i„ M dx 


me . ma 

m j 

Ans - e 

sin 

V 2 V 2 

m j 

"oo a cos x-f-x sin x 
-00 X* + a 2 

Ans. 2ne~ a 


Mini: take /(z)= z _ ja j 

a 7:2 

Ans. — 

4 


1 (v) 

Poo x dx 
| o sinh x 


* w 1 

a r/G n 

1 o fl 2 +sin 2 G * a 


7C 

Ans. — 7 

Vi+a 2 

(v/i) 

f oo cos 2 ax --cos 2 bx , 

1 ax. 

a^O, 

Ans. tz (b— a) 

1 (via) 

f 00 e~* 2 cos 2a cos (x 2 sin 
J 0 

, 2a) dx, a<4 

Ans. 3^-5- cos a 

2 

and e - * 2 ™s2* sin (x 2 sin 2a) dx, 

Ans. ^ sin a 

2 

( ix ) 

[ 00 e~~ x ~ cos 2 ax rfx and 

f°°<? x- s [ n 2 ax dx 



J 0 

Jo „ 

e / — 

Ans. - V * 
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/ v f 00 sin nx , 

W J-ooT(T^7^- 
r co 

( *° Jo 


dx, (0 <a<f) [see Problem 27(0], 


(4ttra t 


Problem 41. The function w (z) is analytic in a region R, except at two 

poles A and B. Find: (j) w (z) dz where C is a contour in the region li I) 0 

closing A and B (/«)• enclosing B only. (Agra, JM 

Problem 42. Evaluate the following integrals : 

(0 f («0— sinO) <70, 

) o 


(.» j® 


00 CW X 


oo x 2 +a' 

2:r 




(Ill) 


r oo 5/M a 

J —00 X 


dx 


(Agra, 


. (») 2a e °» ( *• 


Ans. (!) 

Problem 43. Evaluate the followingdntegrals : 

( a ) | (a+b cos sin 2 <f> d</>, (a>6> 0) 

( h ) f°° (7 + x 2 )' 1 log (2+jc 2 ) d* [see Problem 21 (vO] 
J o 

Ans. (a) \/ d l —b 2 j, (6/ tt log 2 




Problem 44. («) Derive the Cauchy-Riemann condition for complex J unctio 
analytic. Are the conditions sufficient ? 

(b) Evaluate the following integrals : 

... fooswx , ... Too dx 

(,) J„ — ' JX{U) J-ooH^r 

( Rohilkhaml , 

Ans. (a) (6) (i) (i7) tt. 

Problem 45. State and prove Cauchy's Residue theorem for a complex fu 
Explain how it is extended for the case of an isolated first order pole lying 
contour of integration. Using this theorem show that 

f °° — T~dx= r— ; where 0<a<J 

J —oo l + e x sin v:a * 

( Rohilkhand , 


-oo l + e x 

see § 5.15 and Problem 27(f). 


Problem 46. State and prove Cauchy's residue theorem for a complex 
and using it evaluate the following integrals. 


/ f log (I- f* 1 ) . .... f d* 

(,) J TTx 1 (,,) j HTfosT 

0 0 

See § 5.15; (0 see Problem 21 (vi); (//) see Problem 31. 


( Rohilkhand , 


m r 1 1 R 6 


! Vli it A ' GAMMA AND ERROR 

[junctions 


• I ivf.finitinos 

|lmlrr the study of Definite Integrals, we come across two very 
Ml|tortant integrals known as Eulerian Integrals which are of the 

•VI* 

[ at™ - 1 (1 — x) n_1 dx and I e~*x n_1 dx, 

Jo Jo 

wIh ii' the quantities m and n are supposed to be positive. These 
•mi. crals are so fundamental and hold such an important place that 
•In v lire widely applied in different branches of mathematical analysis 
likr mechanics and physics etc. 

I he first Eulerian integral is generally known as Beta Function 
mill defined as (3(m, n)= j x" 1 ' 1 (1— x)"- 1 dx where m and n are 
doiltive. 

Hie second Eulerian integral is known as Gamma Function and is 

ilr lined as r(n)= [ 0 °e _ *x n_1 dx, where n is positive. (Agra, 1961) 
Jo 

• I FUNDAMENTAL PROPERTY OF GAMMA FUNCTIONS 

r(n+l)=nr(n). 

In order to prove this relation, let us consider the integral 


[°V*x"</x=r(n+l). 

Jo 


I 


Integrating it by parts taking e~ x as second function, we get 

00 

e m x n dx 


u 

T— e _ *x n J — nj" — e^x"- 1 dx 

-n f V ° ° ^ 

Jo 


— . ,-n — 1 


- . - X->°o j i x . ±_ , 

r(«+i)=/ir(«) II 

=o. ... ( 1 ) 

Pm m \ it ic pvJHmi t that if the value of T(n) is known for n bet- 


x n 


since - — vanishes for both 
e x 

x n 

the limits as Lim -^-=0 and 
x-+0 e 

r . x** T . x n 

Lim — — =Lim 

X-+OQ 
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ween two successive positive integers, then the value for any po 
tive value of n can be determined by the successive application of ( I ^ 
Now (1) can be written as 

r(w)=— ^ +1) . . . m 

If — 1 < w < 0 then (2) gives Tn, since «+l is positive. As such til# 
value of T n may be determined if — 2<n< — 1 since then r(w+1)o| 
the R.H.S. of (2) is known. Similarly Tn may be determined wh#| 
— 3<n<— 2 and so on so forth. 

^ define Tn completely for «| 


-r 


Hence Tn 
value of n except n= 0, — 1, 


n 

2, -3... 

Now replacing n by n — 1 in (1) we get 
Tn=(n-\) T(n~l) 

Similarly r(fl— l)=(n— 2) T(n—2) etc. 

Hence (1) yields 

r(n-fl)=w(n— 1) (w— 2). ..3.2.1 T(l) 

J oo r ioo 

e~ x dx= I —e~ x =1 

r(n + l)=n («- 1) (/z — 2). . . 3.2. 1 = T(«). 

provided n is a positive intcgff 

Putting n= 0 in (3) we get 

r(i)=io=i v io= i 

r(i)=i ...( 4 ) 

Also if we put n=0 in (2), then we find 

r(0)=^ ) =oo ...(S) 

By repeated application of (2), it may be shown that the gamma 
function becomes infinite when x is zero or any negative integer i.e.\ 

r(-/i)=°o ...(6) 

when n— 0 or a positive integer. 

But the function has finite value for negative values of n which arfll 
not integer. 

Note. Gauss’s Pi function in terms of gamma function is defined by 
II(n)=V(n+l)=\n_ _ _ t (7) I 

P 6 3 - FUNCTION E OF AND GRAPH OF THE GAMMA] 


We have by definition 


__ foo 

Tn= \ e 

Jo 


dx, n >0 
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hilling x=(f> 2 i.e dx= 2<f> d$ 9 we get 
r(rt)=2j°° s 6 2 "— 1 e-+ 2 df 


♦ 11 n this yields. 


Suppose / 


fo 

r(i)=2 

J 0 

-r 




d* 


.(0 




Tulting $=A<]; so that d$=A dty 

Wc have I— [ O0 e~ x " v “*A dty 

J 0 

Multiplying both sides by e~ X2 9 we find 

I , *3= f CO e -A2(l+« A ^ 

J 0 

Integrating both sides w.r.t. A within the limits 0 to oo, 

A 2 rfX=f 20 f = V* ! (l+* 2 ) -kdhd^ 

J 0 J 0 


I* 

<\y* ! “HI- 


1 e — x 2 (I+4> 2 ) *loo 

2 " 1 +V J. d * 


. i roo db i r. 1 n n 

f ' = t] 0 i4^2=yL + _l “ 2 ' 2 4 

_ foo J.2 , . \/TZ 


f 


'r^=i! L 


( 2 ) 


I rom (l)and(2), we get 


m)=2. 


... (3) 


Now putting n— — j- in (2) of §6.2, we find 

r(-J) = ^L = -2V'^by (3), ...(4) 

— T 

Similarly r(— £)=— = t( 2 \f 22 )— 4^— etc. . • • (5) 

~T 

The graph of Tn may be shown as below under the definition 
Hud the function becomes continuous function of n except when n— u 
or uny negative integer. 
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6.4. TRANSFORMATION OF GAMMA FUNCTION 
By definition 

foo , , 

T(«)= 1 e~ x x n ~ x dx .« 

Jo 

Putting x=Xy 9 dx= A dy in (1), we get 

r(n)= j > °V x » A” •y*- 1 dy 

or dy. 

If we put e~ x =y in (1), then we get 

m— JX'^yr'fHE ( l0g 7 )" ' iy 

[••• *-><* y an ' 1 ‘ ,x ~r/y(-ji) J y — 7 ^]’ 

Again if we write x=y lln in (1), we get 

T(ri)=— [°° e~y l,n (yy nr - 1) J n *(yy 1 - n) t n dy 
n Jo 


1 foo _ v i/„ 


-U 


[ 


v dx = yU-»)/» 

n 


dy . 


* ..amma and error functions 


581 


«r(n)=F<n+l)=J“e *'* dy. 
iimillary. If we replace n by \ in (4), we find 


( 4 ) 




e-y*dy. 


•kit h it the same as (1) of § 6.3. 

1 1 IO SHOW THAT, p(m, n)=p(«, m). 

: m ilnOmtion 

p(m, «)= ( * m_1 (1— x)" -1 dx. 

[ Jo 

I p •‘placing x by 1— X, we get 

U (m , »)- J" ( 1 -*)“-’ 0-0 -*»- ( -* ) 

= ( 1 (x)»- i (1 -xT-'dx 

Jq 

=|J(«, m). 

|« DIFFERENT FORMS OF BETA FUNCTION 

ItilutUuting -rr~ for x, we have 

l +y r tl-J-vl-V , 

j L*, „)= j* X ™- 1 (1 -*) n_1 dx [v dx=—^yj 2 -dy- 


-dy 


-I 


u*»-r 


1 


dy 


(l+y ) 2 

and 


T(T+>-r- 1 ‘TT+yP - * (f +y) 2 

I CO y™- 1 
0 


-dy. 


= J 0 ( 1 +J’) m+B 

Also, since p(m, n)=P(«, «t). 


f< 

p(m, n)=J 


0 (i +y) n+m 


dy. 


... ( 1 ) 


. . . (2) 


• 7 TO FIND THE RELATION BETWEEN BETA AND GAMMA 
t FUNCTIONS 

Ur °’ m2 ' n ' 

From equation (2) of §6.4, we have 


/*•• 


fti [« 
A m "Jo 

-r 


A 
Tm 


' e -x*x m ~ l dx, 

5 +. m e' Xx x m ~ 1 dx. 
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gM S by £ "' X " and inl ' 8ra,i "8 W M - A 

Tm J” ■»- j"[J" ,—1 * 


or 


Vm-Yn 


-J° 


00 r(w+«) 


P(w, n) 


(1 +x) m + n 
=r(m+«) P(m, «) by §6.5. 
Twr« 


x n 1 dx by equ. (2) of §6,4 


r(w+«) ' 

corolarry. If we put m+n=I in 

Fmr/j= [ Y(m-\-ri)'j~*^- — rf x 


we have Twr (l-/n). 


■r 


00 x m ~ X 


l+x 


dx [v n=i] 


"sin mn 




[••• r 


y2m 


1+X 2 " 


dx= 


(Agra, 1941} 

TC 


a 2/M*f 1 
2n sin — tv 


2n 


when m and n are +ive integers and n>m as will be shown in §6.vJ 
Replacing rn by J, we get lj 

r *r*“" or r£=V*. (Nagpur, 1 pflj) 

68 l?E UCTION OF DEFINITE integrals to gamma 
functions " 

fl] To show that 


f° ° y™- 1 , _ f 1 x"- 1 

J» (i+>’) m + n y J 0 (i+x) 


Jo (T+y) m+ " 
we know that 

fco ym- 1 

Jo (l+yj"**’*' dy=z \ 0 


+ x ” -1 dx - Fwr« 


T(m+n) 


v-Wl — 1 


, , foo v"»-l 

* + L iiws dy - 


. d+jr« “'-J, (i+xr* "• , ' r J 1 (i+j)"~ 

Substituting for y in the second integral on R.H.S., we get 

/ 1 \ m ~ l 

yrr 1 I 


i: 


(i+y) m ~ n 


Pn d y 


-j: 


JiL 

0 - 9 " 


(-J?) 


-i 


y=~» d y=—— t dx 


o (I+Jc) ,n+n 


dx. 
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••• i: 


1 


y-n— 1 


dx 


p . .r 1 

(l+y) m+ » y J„ (l+x) m+n dx+ ) Q (1 +*)"•+» 

[ change of variable does not 

change the value of integral] 

f 1 x m-1 +x n ~ 1 r«!T/i 
P(m, «)=j jpr.'xzzz- dx=-. 


(l+x)"*+» ?(,„+„)■ 

QV 

[2] If we substitute —r for x, we get 


/ 


Since 


Jo (l+xj m+n Jo 

P 


oo y™ -1 dy 


oo x tn “ 1 dx 


(. ay+b) m+n 

YmYn 


(l+x) w+n “T(m+«) 


by §§6.6 and 6.7 
YmYn 


. a m b n (°°_ jT± dy _ 

” Jo (ay+b) m+n i 

I oo y™- 1 dy 
0 (ay+b) m+n ~ a m b n Y(m+n)' 


T(/n+n) 

r co y m_1 dy F/hTm 


corollary. Substituting y=tan 2 0, this relation transforms to 
f *7 2 sin 2 ”* -1 0 cos 2 " -1 0 d 0 YmYn 

Jo (fl sin 2 6+b cos 2 0) m+n = 2a m b n Y(m+n)' 

[3] If we put x=sin 2 0, we get 

j' x*"- 1 (1 — x) n_1 dx= 2|’ r/ “ sin 2 0 cos 21 "- 1 ’ 0. sin 0 cos 0 d 0 

{ V dx= 2 sin 0 cos 0 d6\ 

,£^ 3 _2j''W-‘erf«co S <.-.e* 


[ W/ * sin 2 ™- 1 9 cos 2 "- 1 0 d6=— r /” r ” . 
J o 2T(m+n) 


reduces 


sin* 0 cos® 0 </0= 


COROLLARY. Replacing 2m— 1 by /? and 2n — 1 by q , this relation 

r ( j T i ) r (^ i ) 

2r (-e^± 2 ) 

Putting /?=0 and ^=0 in succession, we get 

K^y 


r*/ 2 . 

,0 j < ,1 


(cos 0)® </0 

• 2n 


(i* 1 ) 


and f ' (sin 0) p d0 




P+± \ 


Jo 


2 i_ V 77 
2 


|4] By putting x-.sin* 0 in 


T/nT/i 

r(m+n)’ 


<i +0 

f x”*- 1 (l-x) n - 1 d0. 

Jo 
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Wc have just proved that 

[ sin 2m - 1 6 cos 2 "- 1 0 J0 = —€*£5 

Jo 2r(m+«) ' 

Now if w? put 2/i=l, we have 

[ sin 2 *" - - 6 , 70 = 2 ^ 

Jo 2 r(w+i) * 


Jo ' 2 ' T(m+iJ 

Again putting m=n in (1), we find 


•( 1)1 

•••( 2 ) 


0 cos 2 ™- 1 0 M-- 


(r/M) 2 


2r(2m) 


or 


r»/2 

I sin 2 * 1 " 1 

Jo 

(r(/w)} 2 1 

Tr(2w) =2^r J 0 sin*” 1-1 20 <70 [ 7 2 sin 0 cos 0=sin 20] 

= 2^J sin 2 "- 1 $ d<f> put 20=^, d<b=\ d+ 

1 . r»/2 ® 

~ 2 2m J # s i n ~ m 1 $ dj> [ sin (tt— ^)= sin <f> 

(Prop, of definite integral)) I 


P /2 sin 2 " 1 - 1 0 </e -=- 2 — 2 ( r ™> 2 
Jo r<2m) 

^ From (2) and ( 3 ) it is obvious that 

2 2 " 1 " 2 (r m V r m V * 

r(2m) ~r(m+j) T 

or r/nr(m+j)=^Lr(2/n). 

This may also be put in the form 

92M1-1 

r(2w)= ^r rwixm+i). 


••• ( 3 ) 

(replacing <f> by 0 ), 


(Agra, 1962 , 63 ) 


6 . 9 . MISCELLANEOUS PROPOSITIONS 

U] Infinite and Improper Integrals : their Principal and General valu«, 

Riemann introduced the definition of definite integral 
J o f ( x ) dx under two assumptions : 


(0 Integral/ (x) is bounded, and 
(11) the range of integration i.e. (a, b) is finite. 
Cauchy modified this definition to include the cases: 
(i) The range of integration is infinite, e.g. 


f-o dx fo 

Ji * 2 ' 3 , J 


dx 


and 


. -xl-xY 

<U) the integrand becomes infinite, i.e. the function is unbounded in 
the range e.g., j ^ _iL (unbounded at x=0). 
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i former is known as Infinite integral of first kind and the latter 
H nit,- integral of second kind. But by convention we are accustom- 
1 ^ n( «|iruking the first type as infinite integral and the second kind 
h t»i|M opor integral. 

j |f llirrc is an integral | f(y)dx, where f(x) becomes infinite 

|| , (a< c < b), then in order to exclude c, the point x<=c 
HE lx enclosed in a small neighbourhood (c— ns, c+ve), p. and v 
H, nay arbitrary constants, so that 

f [‘ f(x) r/x=Limrf c ~^ e f(x) dx+ P f(x) dx 1 

J„ e->0 LJ a Jc+vc J 

1 1 f hu limit is known to be the General value of the given integral. In 

C “|p-v t the value of this limit is said to be the Principal value of 
httrgral. 

I |l» Integrals have infinite limits may be expressed as follows: 

[ * /(*) dx—\Am [ 1/e f{x) dx , 

J m €->-0 J a 

P f(x) dx= Lim P / (x) dx, 

[ J -00 e-M)J — 1/e 

fix) dx = Lim f 1 ' vt fix) dx etc. 

00 e->0J— 1 /|xc 

III Evaluation of the Integrals of the Type 

fix) 

F(x) 


i 


00 f(x) 


1- 


dx, 




-00 F(x) 

is rational algebraic function such that the degree of 

Hi I U at least two lower than that of Fix) and all the roots of the 
Hunt Ion F(x)=0 are imaginary. 

[ llncc imaginary roots occur in pairs and all the roots of F(x)==0 
H# imaginary, it follows that F(x) must be of an even number in 
Ham** say 2 n. Further it follows that F(x) cannot become zero for 

fix) 

Hv mu! value of x and consequently the integrand 
pMIr for all real values of x. 

I |#l in suppose that any pair of imaginary roots is a±ib, so that the 
jniiMK of jF(x) corresponding to these roots are ( x—a—ib ) and 
(• <' \~ib). Let the corresponding partial fractions be of the form 

A-iB * A+iB 


is always 


I lien 


x—a—ib 

A-iB 


and 


x—a+ib 
A~\~iB 2 A (x — d)-\~ 2 Bb 


ix—a)—ib ^ ix—a)+ib 

Now, I” * 

J— 00 (x— ay+b z 


ix—af^b* 


*Lim 

£->0 


a: 


/vt 2 A (x-a) 

•1/pe (x-af+b* 


dx+ 


1 /v* 


P 


2 Bb 


l/p.(x-a) 2 -H»* 
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“Lim 

c->0 


[ 


=Lim 

*->0 


A Jog 


A Jog {(x-ay+b*}+ 2 B tan- 1 
(1— gve) 2 + c y e * JJ .2 

r~ l 


+2B 



+tan 


-A log ^- +2 kB= 2 (a log-^ +nB V 



consist of n pairs of that ^ ^ 1S of degree 2n > so it % 

a t ±ib t ,...a n ±ib and let thJ* lnar ^ roo ?. s * Let these pairs be a y 
fractions be {A^ BJ (a ^ B^TI^r^u consfants in the part 

foo Vv r 2 ’ - (An ’ B " ); then we have 

I #$&• °° 2Ax(x-a 1 )+2B 1 b 1 . 

J -00 F(x) J _ 00 (JZSjrp^F— ^ 

+ I" 00 ?^A_(^r- a 2)+25 ? 6 2 . f oo 2/4 tj--)!? > 

J- 00 (x~a 2 y+b 2 * 

"l 41 l08 V + 7rB j+ 2 [ A 2 lOg-^+7 J+...+2^ B l0g-t i J 

,, from (j 

- ('4i+^ 2 +...-M„) Jog ±+ 2 tt (5 1 +.ft ! + ...+£„). 


Also 


^ = Jdl (*~ai) +2B.b, 


2An (x-a„) +2B„b. 


( X ~0n) 2 +l>„ 2 


f(x) = 


f(x)+... 


f (x) (x-aj’+b^ 

_ 2 Aj (x fl 1 )+2 i?,^ 1 
{x-arf+b* 

is completely divisible of F(x)=0, therefore fM 

f(x^i 2A i (x-a^+lB^} [x 2 "-V. 
of either lide,°we°gef e8ree 2 '*“ 2, °” equating the coefficit J 

Hence from (2), weget°~ 2 ( ' Al+Ai+ - An >- 1 

r°° f(x) 

}~aoF\x) dX=2n(Bl + B * +-+BJ. 

Applications of this result. 
s^O) Evaluation of f ^J-^'dx , 

and n > m. 0 ’ h ” a “ d ” are P° sitive intej 

Here l+or* n =o gives x=f— |)i ' 2 n 

ir« b, a root of the aquatioa *+ , , £ "“J™*™ 1 * V 
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’ lining — 1 =k cos 0 and 0=& sin0 so that k— 1, 0=^, we get 

• |">* (2rTr+7u)-f i sin (2r~+7i)] 1/2n where r= 0, 1, 2,... 

2r+l . . . 2r+l , _ . , . 

« co# — — ,,T +* sm ~~~2 n ' • ^ ^ Moivre s theorem 

1 , 2 ,..., 2/*-l. 

| l»H«r imaginary roots occur in pairs, a is of the form 

^ r ^- Tz±i sin --i 1 t:, where r=0, 1, 2,..., («— 1). 

■ Now a being one of the roots of x 2n +l=0, (x— a) is one of the 

A—Bi 

of (x 2n +l). Let ~i__ ~lbe the partial fraction corresponding 
2r+l 2r4-l 

■ lay root a of the type cos — ^ — ?:+/ sin — ~ — n. Then 


2 n 


2 n 


A-Bi 


Jr x — a 2//a 2n-1 (x— a) 

| Note If (x— a) is a factor of F(x ) in then the partial frac- 

lh ' '» responding to (x-a) is pJ ^Ux-a) } 


a 2 m+ l a 2m— 1 . 

A fl, =2^" = =2r’ s,ncea =~ 1 ’ 


a being root of * 2n +l=0 

2m+l 


.._L[ cos<2 , + , ) S2^), +(sln(2f+1) (^«] 

' - cos (2r+ 1)0+1 sin (2r+l) 0 J, where n - 


l'«|un!ing imaginary parts on either side, we get 
//= sin (2r+l) Q where /■=(), 1, 2,..., (n— 1). 

Ilf nee if B u Bo, . . . , be the constants corresponding to r= 0, 1> 


H«i (n 1), then 

jo x 2 ™ 


l-oo 14-x 2 


7T dx=2n + + 


f oo x 2m 7t 

fq^» rfx== 2 ^ t sin0 + sin 30-f ...+ sin (2n—l) 0] 


[2 sin 2 0+2 sin 0 sin 30+... 

+2 sin 0 sin (2/i— 1) 0] 


4/j sin 0 
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An sin 6 


[(1 — cos 20) + (cos 20- cos 40) + . 

+{cos (2/z — 2) 0 — cos 2 * 1 ) 

= 7 — a [ 1 — cos 2w0] = t j . 2 sin 2 nd 
An sin 0 1 An sin a 

tz sin 2 «0 


2n sin 0 


But sin/20=sin~^-'^=±l, so that sin 2 //0 = 1. 


Hence 




00 x 2vn dx 


l+X 2n 

foo X 

(if) Evaluation of J 


2n sin 0 


7c 2/n+l 

cosec — = TZ. 


2n 


2n 


-£ n dx , where m and n are positive 


tegers and n>m. 

Here the equation 1— x 2n ~0 has got only two real roots + 
corresponding to the factors (1— x) and (1+x). 

Now ( x — 1) corresponds to the partial fraction 

(*) 2m ie i 

— 2n(+l) 2 "- 1 tx-l)’ —2n (x — 1) 

and (x+1) corresponds to the partial fraction 

(-1)*" . 1 

-In (-l) 2 "' 1 (jc+l)’ 1 -*-’ 2n (x+1)' 


. * _ * 1 1 r x ~ i~ x ~ 1 1 

** 2n (x+l) 2« (x— 1) ~^2n (_ x 2 -l J n 

foo dx _ f 1 dx . fco dx 
BUt Jo 1~* 2 Jol-^Jx 1-X 2 ' 


1 


() -x 2 ) 


If we put x= — in the last integral, we have 

foo dx = _ f 0 = f 1 _dz_ f 1 ^ 

Jo 1 * 2 J 1 I (I/^ 54 ) J 0 I J 0 1 

(by the properties of definite integrals)! 
A f°° „ f 1 dx _ f 1 dx _ r . 

5 h Jo l-x 2 Jo 1 -x 2 Jo 1 -x 2 a 


</x 

7 2 




It follows that the part of the definite integral corresponding 
real roots of 1— x 2n =0 vanishes and as such we have to consider oi 
the integral corresponding to (/r — 1) conjugate pairs of imaginm 
roots. 

Now 1 — x 2n =0 gives x=(l) 1/2n 

or x=(cos 2 rrz+i sin 2m) ll2n on putting 1 =& cos 0, 0 =& sin 0, 

so that fc= 1. 0=0. 


% 
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I "living the roots corresponding to r~0 and r—n, which are real, 
Im * l»c any of the in— 1) pairs of imaginary roots, so that 

«~ j coS“^ +i sin where r=l,2, 3,..., (n— 1). 

i n: 

II be the partial fraction corresponding to any root a, 

\ -ot 


•l.Mi A Bi= 


a* 


v 2m 1 

— £_ a 2m+l 

— 2noL 2n - x 2n 


since a Zn =l 


2nz . . 2nz "] ! 

cos— +, 5in — j 


- fn 


|2m+l 


+i sin 


. 2 r (2m+l) n 


In 


] 


“ [cos 2r0+/ sin 2r0] where 0= 

•ml r=l, 2, 3,.. .,(/! — 1). 

I quating imaginary parts on either side, we get 

B= —sin 2r0. 

2n 

Hence if B u B 2i ..., B n be the constants corresponding to r=l, 
(a l),then 


roo_ x?^ 

Jo i-j 


, dx — TZ [B} + B 2 + • • • + B<n\ 


=— [sin 20+sin 40+...+sin ( 2 / 2 — 2) 0] 

In 

==t — a (2 sin 0 sin 20+2 sin 6 sin 40+... 

An sin 0 v 

+2 sin 0 sin (2«— 2) 0] 

== ~ A n~siri 6 ^ CQS e “‘ cos 30)+(cos 30— cos 50) + ... 

+{cos (2/2—3) 0— cos (2/2—1) 0}] 

? — « [cos 0— cos ( 2 / 2 — 1) 0] 

An sin 0 7 J 

2 sin / 20 . sin (/i— 1) 0. 


An sin 0 


But sin (/ 2 — 1) 0=sin (/2 — 1) 

V 2 m+l „ 2 /n+l 

=sin I — r — w— — - tz |= 


«nd 

Hence 


L 2 

sin / 20 = 2m 2 + - w=±l. 


2/2 


, 2m+l 
' ±c "— " 


! co x 2m 
0 l-* a 


• 2m « 2m+l 

dx—— cot — ~ — tc. 
2 n 2n 
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Deductions. We have proved 

foo x 2m w 2 m+l 

— n dx—xz cosec — « 


and 


— r wow 

0 1 + x 2n 2 n In 

‘oo x 2m . * . 2 m +1 _ 

5- dx—x- cot — =r- — * 

0 1 — x 2n 2 /j 2 n 


.til 
.. (* 


If we put jc 2n =z and then — 2^" — — a > we can easily show thflj II 


and (2) give respectively 

r°° z* -1 Jz 
Jo l+Z 


7T cosec Tex and 


r°° z*" 1 d z 
Jo 1 -Z 


= 7T cot 7C a. 


[tf/] Evaluation of r—r—r—...r(~), where n is a p«MH* 
■* * /i n n \ n / 


integer. 
Let 


tl 


p=r— r— r-...r(~) 

n n n \ n J 

=r— r-r-...r( 1 — J-)- 

n n n \ n J 

By reversing the order of the factors, this may be written as 

, =r ( 1 -l) r (,_|)r( 1 -4)... r 4 r j I 

-K-tX-IM *- 4 >-< -V) 

$ 

Multiplying (I) and (2), we get 

H r GK'X)}KIK '-■!)} I 

4 r (V) r (>--» i )| 


. TU 2 . n— 1 

sin — sin — sin n 

n n n 


— , since TmlXl— m) = 

i — l 


sin nn 


it 


.«— 1 


n . . tj — 1 

sin — sin — ...sin n 

n n n 


(by 14* 
...III 


7r . 2rc . n — 1 

Suppose that Z>=sin — sin —...sin — — w. 

xrr Tl Tl Tl 


ft ft 

In order to calculate the value of D t let us consider the equ 
1— x 2n =0, i.e., x=(l) 1 P n 

=(cos 2m +i sin 2m) l!ln 
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2m , . . 2m 

=C0S ~2n +l * w ~2n’ wherc r=0 ’ 2 > 1), 

« ‘‘mi we have the identity 

• (1— x)(l+x) ^ x — ^cos -^- + /sin^-jj 

{ *-(“* !in ■; )1 x {*- (“ s j +‘ si ° ?)] 

^ X — ^ cos ~—i sin ^ j ... 

I (cos ~«+f Sin ~ x -(cos ~ «-/ sin ~ ic 
B { |i =( l- 2 x cos -^-+x 2 ) ^1-2* cos 2 ^+x*y.. 

...^ 1— 2 X COS 7C + x* ^ 

mlimg x=l and *= — 1 in turn in the above identity, we have 
I « — ^ 2—2 cos ^ 2—2 cos — 2 — 2/z cos H ~~ 71 ^ 

( 2 sin 0( 2 sin i) 2 -( 2 sin ^ir 71 ) • • • < 4 > 

B H ^2+2 cos — ^ ^ 2+2 cos 2+2 cos — 71 ^ 

•( 2 ““a)’ 2 C0! (I) ! -( 2 cos TT ' )• • • • (5) 

I _ . 1 — x 2n — 2nx 2n ~ 1 1 y 2 * T 

IftceLim = — -.f =Lim ^ — =n, also Lim — r =n I 

J[ *-+l JC-^1 ^->-1 * J 

Multiplying (4) and (5) we get 

8 7c n— 1 

! — sin a —...sin 2 7r= 


«’ -=2 2n_2 sin 2 — sin 2 — ...sin 2 - — - 7r=r2 2(r »- 1 >-Z) 2 
n n n 


I Oi nt 


Z)=^ 


[Nwlc. The value of D may be calculated by using the identity 

I? ' 2n_1 5in ( 0 +tt) sin (?+ 2 f)- sin ( 0 +“ - ) 


. a r • sin nd _ . 7i nO 
If nr put B— 0 ,Ltm -~j—jr—Lim — — — -= n 
6->-o « 9 . 0 cos 6 


f i“= 2 n ~ 1 'stn ^ rm 2 -...sin?=! * 1 

2 n n J 
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Thus we have from ( 3 ) 


mathematicai. 


n 


12 r / n-l\ (2^) (n l)l “ which i s t hc required 

i.e. P«r-r-...i\— v« 

- ’ ’ |rmr« 



ri y *ti-i n—xY~ x dx 

' = 


'a ir (T+arJ’(« Ml 


Let 

f 1 x m ~ x ( 1 — *)" 1 dx 

/= )o (a+x) m+n 

Put 

x d~h. a )__y so that 

(a+x) 


ay 


1 +a-y 


and (l+a)' q £fx? dx=dy,Le ' dX ] 

ay 1 + a— y— ay_(l+£ll^l 2 ). 

' 1 +a-y' = ”T+« : -> r_ 1+a “ J ' 


As such 1 — x=l- 


flJ , q-i-a 2 -qy+ay . g (.l±g)- 

Also a+x= a +i+j^y- 1 + a-y l+a-l' 

j a 2 (!+«)» . ^ a(1 +gL dy. 

and therefore, dx— ^\^.Q—y ) 2 a ( 1 +o) ( 1 +^ 30 

™ fl »-i v m-i fi-v)"- 1 (l+g— y)^l £il±g.) 

f 1 y ”* -1 (1 — y ) fl_1 dy 

J 0 


c= o r ' (1+®) * « p p 

i 1 Tw Tw 

or /-jrjraji. 15 (m ’ " >= ^a+^r r (m+») ' 

Problem 2 . Stow <»« 2 - r(.+N'W--( 2 .-IW'. 

We know that TC n + 1 ) — ” f"- 

r(»+i)=(»-i) r ^7 4) ,n 

= (n-i) («-4) TCu-t) 


(e4gr«, 



c=(ri—h) (»~t) (»~*> («-■»•••*•*•* r * 

=(n _| )( „-4)(n-f). •••!•*•* V* 


^J-(2n-l) (2n-3)... 5.3.1 


or 


2 , r( „ +i )=1.3.5...(2«-3)(2n-D V". 
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I'roblem 3 . Show that 


Suppose 

Put 

Thus 


f 1 dx 

Jo VU-x*)-' 

/= f 1 

JoVd-^") 


<i) 




< 44 ) " 


(Agra, 1972) 


x n = sin 2 0 , i.e. x=sin 2 / n 0 . 

dx=— sin (2-n)/n 0 cos 0 dd. 

n 

n / 2 sin (2_n)/n 0 cos 0 dd 


cos 0 


V* 


r-Ar 

n Jo 

2 r»/ 2 

= ~l s in (2 ~ n) / n 0 t /0 

I kl) Kl) -ft) 

“ jr (i + ») r (i+iy “ 

I’roblem 4 . Prove the relation 

j. ^FS) X J. v'O* •><»-«. 

I * /2 fir /2 

(sin 0) -1 / 2 </0 x j (sin 0) 1 / 2 


rirj r^r? 
' 2rj x 2r| 
7t rj 


4 jrj 

Problem 5 . Prove that 


= 7T 

f*/ 2 


\/(tan 0 ) r /0 


_rirf 


</e 

t v r|=iri]. 

(Nagpur, 1965) 


L.H.S.= r' 2 (sin 0) 1 X (cos 0)- 1 ' 2 dd 

J 0 

rfri rjrf 

_ 2 n _ 2 

Problem. 6 . Express the definite integral 
f *' 2 dd 

J 0 V(l~k 2 sin 2 0) 

m the form of series, where k<l. 

r *' 2 dd 


r 


-ormJ* 2 ( 1 — A 2 sin 2 0) -1/2 dd. 
0) Jo 


v/(l — £ 2 sin 2 
I xpanding it by Binomial Theorem for any index, 

/“| ' £l + y * 2 sin 2 0 +y| A : 4 sin 4 9 +yyl k * sin * e +— J dd 
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4 . 4 +H**.}- 3 * 

lo 


1.3.5 13.5 n 

2.4.6 K - 2.4.6 2 


2 " 2 2 " r 2.4' v '2.4 2 

! i 35x* 

0 32 x /(l~x) dX:=I 

i 1 35x 3 

# 327(M* put x=sin 2 6 


(Nagpur, 1%)) 


=1 


32\/(l-x) 

rfx=2 sin 0 cos 0 d6 
’* 12 35 sin 6 0'2 sin O cos 0 dQ 


32 cos 0 


35 ftf/2 

=~ sin 7 0 dd 

16 J 0 

35 T4r§ 


35 3.2.1 y/K 


= 1 . 


Problem 8. Prove that 


Let L 


h; ; 


16 ' 2r| “ 16 ■ 

f 1 x 2 ^ r 1 

J 0 (/-xV' 2 X JoU+x 4 ) 1 ' 2 

,x 2 dx . . f 1 </* 


4y/ 2 


and / 2 = 


j (l-x 4 ) 1 ' 2 auu ' 2- I 0 (1+x 4 ) 1 ' 2 ' 

If we put x 2 — sin 0 in I u i.e. 2x dx — cos 0 J0, we have 


, f 7 ^ 2 \/(si n 0) - cos 0 dd 
1_ * J 0 cos 0 

=4 f" 2 sin 1 ' 2 0 f/0=i • 

J 0 


i r^ri 

4 - iri 


r-jr* 


1 r* " 4 iri _ ri 

Again putting x 2 =tan <f> in L, ie. 2x dx= sec 2 </> d<f>, we get 

. , p.' 1 sec 2 tdt If’ 14 V 2 dg 

2-2 J 0 VCtan^-sec^ - 2 Jo V(2 sin <f> cos 

- vi sr vissW pu * 2 *~*’ 2 

i rin riri 


Hence I x xl 


2\/2 ’ 2r| 

rfri 


ri 

(ri ) 2 


4^/2r| 

rjrj 

4V2r| 

7C 


Problem 9. S/w w fftczf [ 

J o 


4V2 “ 4\/ 2 

x n dx 


1.3.5. .(n-1) w 
V(/-* 2 )~ 2.4.6. ..n " 2 


or 


2.4.6. .(n-1) 
1.3.5. ..n 
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Wiling as n is even or odd positive integer. 


L.H.S 


s — f 1 —1A X 
Jo v(l— X 2 ) 

l* $j n n 6«cos 0 dd 
Jo cos Q 


put x=sin 0, dx^cos 0 dd 


1 *1* 

sin" i 
o 


c/0= 


r(-2±i) r * 


) 


£nl ILzl 2J.rlr-L 

2 2 ••• 2 2 2 2 

izi.izl ... 2 . 1 . ri 


according as « is even or odd 
n — 1 


1.3.5 ... (n—3) (n— 1) tt 


1 . 2 ...- 


# 2(n-l)/2 


or 


2 n/2 .1.2.3... - 


1.3.5... (72-1) 7T 


1.3.5. ..n 


according as n is even or odd 
2.4.6. 1) 

1.3.5. ..n 


2.4.6 ...n 2 

according as n is even or odd. 

hohlcm 10. Prove that f (/— x n ) 1,n dx— — . 

Jo n 2T(2jn) 

I • i / = | (1 — x n ) 1,n dx, put * n =sin 2 0, i.e., x=sin 2 / n 0, 

J o 


so that dx — — sin (2_n)/2 0 cos 0 c/0 
n 


1 \ n,i 

* Jo 


cos (2/n)+1 0 sin (2/n,_1 0 c/0 

" 2r (l +i ) 

_ 1 1 in rq/n) rq/«) 1 {r q/n»* 

~ n 2 fn r(2/n) n r{2/n) 
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Problem 11 . Show that P x" 1 " 1 (7-x“) n dx= — __LLE^M • 

L.H.S.= f x m-1 <1— x a ) n dx put x a =sin 2 0, i.e. x=sin 2/a 0, 

° 2 

so that dx — — sin (2/a) " 1 6 col 
a 

= f s j n 2 (m-D/a 0 • cos 2n 0*sin (2/a)_1 0 cos 0 dQ 

a Jo 

= — f sin (2w / a)_1 0 cos (2n+1) 0 dd 

a Jo 

__2 r (mid) r(ft + l) 

_ A r < m / a ) 1 " J_ J_n r(w/a) 

■° O " + 0 

Problem 12. 77ze equation of motion of a particle moving from 
towards a centre of attraction point , situated at distance ‘a’ cms. 
from it, is given by 

d 2 x k 

— =0, where k is a co 

dt~ 1 x 9 

Applying your knowledge of gamma functions , show that it will 
the centre of attraction point in a time given by 

M) 

The given equation of motion is 


(Nagpur, 


(Px 


=0 


or 


dt 2 T x 

d l x 

dt 2 x 

Multiplying both sides by 2~- dt, this equation may be writ 
. <Px dx , 2k , 

2 1? ST 4 '——- *■ 

( dx \ 2 

~jjr ) =— 2 k log x+A, A being a constant. 

Initially when x=a, =0; A = 2k log a. 

We thus have 


^ ——2k log x-\-2k log a=2k log -~ 
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M 

*M Hull 


dx 

dt" 


= V (2k) 




ir-vwrMr* 

1 ~Vm\X'° S x) ‘ dx PW log^-p 


f °° 


V(2k) } 0 
a 

V(2k) 
a 


,(l/2)-l 0 - V 


dp 


or x=ae~ p 
dx=—ae~ p dp 
when x=0, p—oo 
and when x=a, p= 0 


V(2k) 

VCa 


F(i) by the definition of Gamma function 
\/n 


r\ 


2k J 


1,1 IRROR function or probability integral 

• <rror function denoted by erf (x) is defined as 
2 


erf(x)- 


V 


Lp 

" Jo 


~ n2 dn 


.( 1 ) 


tbii li .irises in the solution of certain partial differential equations. 

" defit »tion (1) follows the properties of error function as 

er f (~x)=-erf (x) ... (2) 

er f (0)=0 . . . (3) 


erf ^^- LA ^ e - n 2 dx = J _. V * b y §6 .3 
Vtt Jo ^ 2 


( 2 ) 


= 1 


erf (ix)- 


2i fx 

Vn Jo 


en 2 dx, when i= V — l 


. . . (4) 
..(5) 


Pmhlem 

'■ W 


ADDITIONAL MISCELLANEOUS PROBLEMS 

13. Prove the following (/) r^y^ = v /“ {Agra, 1970) 

L ' Vx ™ 9 rfe= T r T r f and W | 0 Vvfe^ =1 

(.Nagpur, 1965) 

f ° eni Express the product 2.5....8(3n—l) in terms of the gamma function 
If r(/i-f 1 ) =/j r ( n ) we have (Agra, 1966) 

r (“ + f)-("-T) r ("-T)-("-T) r ('-f)r(»-f)— 
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A A. Ir 2 

3 ' 3 3 1 3 


i_2_ 

3 


"( b -t) (”-t) 

Hence 2.5.8.. .(3»-I)=3 n r^+ 

Problem IS. (a) Evaluate the following integrals (f) 

(») f 00 ^”^ cas(xy) */y, ft>0. 

J o 

(ft) From f/zc above results show that 

f 00 cos (xy) cos ( xy ') dx-- Ls (y— y') 

Jo 2 

where y>0 , y'>0 and 8 (y— y') being the Dirac delta function . ( Agra , /L 

(a) (/) Wehave f 00 2z e *“(ft 2 +*~) z2 dz= — — -1 — [" (ft 2 -fx 2 )z 2 1°°_ _ J 

Jo ft 2 +x 2 I. Jo ft 4 K 

Multiplying both sides by cos xy and integrating within limits from x=0 to 
we get 

J« cos xy.2z ,-(A*+**)i* dz dx ~j*>2ze-V* 


ti: 

Here /= f 00 e-* 5 * 2 cos xy dx gives — =_f° 
Jo dy ) » 


Qosxydx 


00 e x 2 z 2 x s j n fix 


[e * sin xyloo y foo _v 2 z 2 , . 

= ^ 2 z 2 0 e x z cos xy dx > (integrating by p 


= 0 — 


2 z2 

f — r,4 


rl 

-J2?* 

2 ] 
Integrating log /=--£-—+ log zl i.e. J=A e~y 2 l^ 2 whence A can be tl« 

4 z* 

mined by putting y=0 so that A = £ /]^_ o = £ j* 00 e ~ x2z2 cos xy rfxj 


]y=o 


As such / 


J o 


■P 


00 *-X 2 Z 2 dx=^L 


2 z 


* 2z2 cos xy */x= — ~ e 
2z 


Vr -^/4z 2 


Thus f 00 «i^^ = f c °2.re-^ 2 .^ ZL ^^ /4z2 *=V * 
J o ft 2 +x 2 Jo 2z 


irK 


-/» 2 z2 . y 

; + ~4z 


r)* 


= ^ " jr e 1,2 ( z * + 4&) rfz=v7ty (say) 

Now consider /= | ^° e~^ 2 ^ z 2 _j_ _2L_^ 

so that yj® *“** (* 2 +^,) Put ^=/> so that 


4>=- 


ii n I A, GAMMA AND ERROR FUNCTIONS 
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•+‘J« ' ('•+ w) *— *ff ■ ( I,+ w) * 

(on replacing p by z) 

A-bJ 

( j-——ldy which gives on integration J=Be‘by where B is determined by 


+Wj: 


00 , -b 


\/ n _ , V 7T 


e v ~ z ~ dz= 21 , and hence e 


-by 


J /“ r , V 71 e -bV-^ K c -bv 

dx= v = V tt* ^2b~ C 2b 


l»tiillngy=0, so that H 

.... foo cos xy 

lhUS )„ TOT 

(ID (say) /= j°°e~ by cos xy </y= cos ^ y j*^ 0 sin xy r/y 

(integrating by parts) 

«, Itot / [l + ^ ] - L O' /- CO. W *- - ; y. 

(ft) This follows from the definition of Dirac delta function given in §8.10. 

Problem 16. (a) Evaluate the following integrals 

(/) j 00 ^ e ~ “ * * ^ ^ a>0 | x l i*5 //ze absolute value of x 

(ft) ^) e ~* xdx 

(ft) Fz the second integral given above , take the limit p->0 am/ /ze/zee evaluate in- 
itial | °° x.e -01 * Jx 

(Use the approximations a P ^l+P /^aWr(/+^l+E P, 6= -0.577218 for 
» nwl l p. (Agra, 1967) 

(/) 5ay /= J 00 ^ e_a I ^ I + z t/x== J^qo e ~ a ^ X ^ ( cos sin 

= f 00 e” a I x I cos fcx z/x+ i e” a I I sin fcx ^/x=/i+z / 2 (say) 

°° ... ( U 

Now I x | is absolutely positive if x is negatively large or positively large 
nml * is always positive also the values of cos kx and sin kx are always finite 
lying between -1 and +1 and hence both the integrals h and h being convergent 
exist. 

We have /^(^^-“^'siofexrfAr+J^e- 01 1 * > sin <fr=/ 21 + / 2a (say> 

Replacing x by —x, hi=— 1^° e “ I x I sin kx dx. 

So that / 2 =I 2 i+/ 1! 2 =- (°° sin Ar* <*e+ f“e _a 1 x 1 sin kx dx = 0 

Jo J 0 

Hence /=/i= e““ I x I cos kx dx—2 J^° e~ a I x I cos kxdx, the 
Integrand being even function of x 


=2j°° e~* x cos kx dx= by Problem 15 (a-il) 
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(ft) We have f J®( ^“l)* - ** dx=l J” 


i r np+n 

P L aP+1 


i r£(&±ii 


a L 


4] i: 

4] 


j. 


00 j 

0 

°°^~ 0ta; A‘ p_1 t6c=-^- and for p = l, this give# 

f m e-*‘dx=± 


( b ) In (ft) we have shown that ^ 1- j 

Lrnp+o— 


rnp+n— «» -i 

L J 


when P->0, both sides of this relation are of the form ^ and hence talcing limil 
as p->0, we have 


f°°Lim -^(x*-l )e~'*dx 

J o p+o ^ 


L'm ~s (P) 
p-*0 “P 


= Lim 
P-*0 L 


H 


(l+g)-(l+plog«) 1 1 

P(l+P log «) 

£ — log a 1 


f 00 log xe-**dx= Lim If .f,^" 1 , 08 ^ 1- Lim P~ logot .-LI 
Jo a L PU+P log a) J L 1+Plogot a J 


5— log <X 

— a 

Problem 17. Show by integrating by parts that 
Jo 2 2x V 2x2 + 2^4y+ 23 J. 

(Agra, 1971) 

Show how this expression may be used lb compute the value of erf (x) for larg # 
values of x. 

Problem 18. Define the error function erf (x). (Agra, 1973) 

Problem 19. Define Gamma and Beta functions. (Agra, 1974) 

. If Tz— f 00 e~ l t z ~ 1 dt, evaluate 
J o 

cos fn ~ 1 x sin n ~ 1 x dx in terms of gamma function. 

Problem 21. Define beta and Gamma functions. Show that 

(a) r(n+I)=«r» (b) ^(m,n)=~~- 

(c) r*=y * ( d ) r± ri= n 2 l,s 

Problem 22. (a) Derive the recurrence relation t'(z-\-\)=zTz 

from Euler's integral Tz= | °°e _< / 2 ~i dt; R*P. ( z)>0 
J o 

(b) Show by means of beta function that 


Problem 20 

fw /2 


(Agra, 1973) 


(Agra, 1976 ) 
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r dx 

'•a -x )'-«(. 


sin not 


;0<ol< 1 


(Rohilkhand, 1976) 


I (i ■x) 1 ~~ <x (x—t) 0L 

.* In If. 2. 

*•., f r* — = r z (x -,)-“(z-x)“-i^ 

* J «(!-*)> -«(*-»)« J* 

k , iin 8 0-f z cos 2 9, so that dx=—2 ( z—t ) sin 6 cos 6 

| * i# /) cos 2 6 and*— x=(z-/) sin 2 G 

ohm x~*z, sin 2 9=0=*9=G and *=/, cos 2 0=0=»9=-7p. With these substi- 
*• huve 

W (z-t)-* cos _2Ol 0.(z— r) 01 " 1 sin 2a ~ 2 6.2(z— /) sin 6 cos 6 

*U 

ll Wl * sin 2 * -1 ® cos 1-z “9 dO 

U 

k| jr*(«^"( l— »)} ** y P r °P erty °*' Gairma function 

I . 1(1 — <*) . . . . r«rn 

■ n« .JTpo] -«*. J - a) • «"'>")=T>i+5) 

»J*^-ftp6p( 2 ) of §6.5. 


| |m »» huve 


f° 

J 0 


oo y 2m « 2m-H 

— — cosec — — — n by $6.8. 


H-^2» 2w 


2 n 


Pitting w = ~, , this yields 


I 


J» \+y y 


n cosec n«-‘ 


when 0<a<l. 


sin ncL 

Wc have, by definition of Beta function, 

p(m,n) = J* p m ~ 1 (l-^) B_1 dy 

x—t , , dx 

Mh r- so that dy=-^~ f 

v fz (x-Q”" 1 (z-x)"-i , dx 

H • ’ Jt (z-tyn-i (z-r)»-i Z— r 

= 77=7JST5Fl}^ ( X _,)m-l(z_ x )n- 1 dx 

* . x) n_1 (x — t) m ~ 1 dx={z—t) m + n ~ 1 P (m, n) 

■ a, w=l— a, this yields 

fr dx n f % \ 

1_a ) 


I 


< (r— jc) 


r«r -« ^ N 

: tv — it \ =r« r(l— a). 

r (a+l — a) 


sin not. 


Tn F(1 — n)=— 


sin n 7r 


CHAPTER 7 


DIFFERENTIAL EQUATIONS j 1 

(ORDINARY AND PARTIAL WITH FINITE DIFFERENCE J 
i.e. INTERPOLATION) 


7.1. INTRODUCTION 

In mathematics we call the changing entities as variables and 1 
of change of one variable with respect to another as a de 
Equations expressing a relationship among these variables a 
derivatives are known as Differential equations . In other 
differential equations originate whenever a universal law is ex 
by means of variables and their derivatives. 

A relationship between two variables x and y is expressed as 
=0 and read as ”/ of x, y equals zero” or as “a function 
equals zero”. A function difining y as a function of x in the 
/(x, F)=0 is said to be an implicit function of x. A special 
constant functions is referred as elementary functions . An c 
involving x , the function /(x) which defines a function of x an 
more of its derivatives is called an ordinary differential equal 
other words an ordinary differential equation involves only one 

pendent variable say * such as ~ while a partial diffe 

equation is one which involves two or more independent varia* ‘ 

02 02 

x and y such as ^ — x 2 . The order of a differential equ 

the order of the highest derivative involved in that equation e.f, 
2 

= — o is of order 3. 
x 3 

If y=f(x) defines y as a function of x on any interval, then 
said to be an explicit solution or simply a solution of an o 
differential equation involving x, /(x) and its derivatives. Wh 
it can be shown that an implicit function does satisfy a 
differential equation on any interval then /(x, >0=0 is said to 
implicit solution of the differential equation. 

The solution of a differential equation of order n cont 
arbitrary constants say c u c 2 ,...c n and called an n- parameter 
of solutions, referring to the const ants as parameters. 

An n-parameter family of solutions of an «th order diffe 
equation is called its general solution and the function obta 
giving a definite set of values to the constants c l9 c 2 ,...c n in the 
is said to be the Particular Integral of the differential equ 
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I k. tur differential equations which have solutions not obtainable 

I /» m tlir ^/-parameter family whatsoever values are given to the 
i*. L illis, such solutions are called Singular solutions. 

| In n conditions which enable us to find the values of n arbitrary 
■MiM.mis in an ^-parameter family if given in terms of one value ot 
E independent variable, are called Initial conditions or boundary 

L ||». tender of this book is presumed to have passed through the 
Aii.r level where the methods of solving ordinary differential equa- 
| in * 1 1 lirsl order arc discussed in details. In the next section we 
■^i", some methods of solving ordinary differential equations ot 
KtHid order which are of physical interest. 


Ill SOLUTION IN SIMPLE- CASES OF ORDINARY DIFFEREN- 
1 1\|. EQUATIONS OF SECOND ORDER 


Btni MlIy an ordinary equation of second order is of the form 

||i i \\ Q, X are functions of a- only. 

I I .Incar Equations with Constant Coefficients. 

| 'I V general solution is found by usual methods of finding the 
l.iiiplrmcntary function and particular integral of the equation. 
Bllh'iugh the student is presumed to have a sound knowledge ot tne 
Kiliods to be employed for finding the complementary function and 
Ciiifiilar integral, but still then, we summarize them as below: 

I lit there be a differential equation of the type 

I 


Pi, Pi are constants and A is a function of x. 

In terms of the D operator, it may be written 

d . n d 

■I (D i +p 1 Z)+p 2 )y=A where D stands for ^ i.e., D= J x 

■ft wc may write thus, /(D) y—X. 

|o lind the complementary function (C.F.). The X is removed and 
I »*|il.ieed by zero. Then an auxiliary equation is written either ny 
I (Hitting y=e mx whence, wq,get 

7w 2 +p 1 m+p 2 =0, 

I h limply writing D 2 +p 1 D+p 2 = 0 i.e.,f(D)= 0. 

In either case, we get the roots of the quadratic, 
t 'ate I. If the roots are of the type m l and m 2 (real and distinct) 

[ II is C 1 e WlX +C 2 e m2X - 

t 'esc II If i.e., both the roots are real and equal, C.F. is 

(C 1 + C t x)e m ^ x - ■ 
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Case III. If the roots are imaginary i.e., of the type a 
C.F. 1 $ e [Cj cos pjc +C 2 sin fix] or C x e* x cos (px+C,). 
Case IV. If the roots are of the type a±^/p, C.F. is 
C 1 e lkX cosh (VP-v+C 2 ). 

Note. The number of the arbitrary constants will be the same at 
order of the equation. 

To find the Particular Integral (P.I.) 



PI =JL. 
AD) 


We have 

Case I. If X=e ax where a is any constant. 


oux -ax 


'AD) f(a) 

Case II. If X—x m , where m is a positive integer 


y-m 

RL= /z>r [/(i)rl * m - 


Expand [/(/>)] 1 binomially upto mth power of D and then o 

% An PUPfV farm 


x n on every term. 


Case III. If A^sin ax or cos ax. 

sin ax or cos ax sin ax or cos ax 


p.r.= 


AD*) 


A~a*) 


In case/(— a 2 )=0, =Imaginary part of 


provided /(— a 2 )=£0, 
e iax 


and 


cos ax e~~ .... 

f(D*) ===Keal P art °* fjjyzy w ^ich is case I. 


4ax 


Case IV. If X=e ax V, where V is any function of *, then 

1 


DT e ax V 
P.I.= ■ =e a 


~.V. 


AD) * : '/(D+ar 

Case V. If X=x. V, where V is any function of x , then 
xV 1 l i 

PX= m =x m- y ~AD) f(D) m v 


i 


) X -f[D) f{D) < 


1 


SAD) 

Hence general solution— C.F. -f P.I. 

d-y 


Problem 1. Solve 


dx 2 


■y = x sin x+(7+x 2 ) e x 


or (D- — I) y—x sin x+(l +x 2 ) e x 

Now its complementary function and i' particular integral may 
found thus: 


For complementary function, the auxiliary equation is 
D 2 — 1=0 or D=± 1. 

C.F is C 1 e x +C 2 e~ x . 

Particular integral = 


-1 
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X€^ x 1 

imaginary part in (/)+1>> _ t (1+* 2 ) 

Imaginary part in e tx . v+^.^^i+x 2 ) 


Imaginary part in e ix 


•* + 7~~ ~jf \ ( l + X*) 


Z)-+2/£>-2 


Imaginary part 


e ix r, 2 i 

m — 2|_* — - 


2r£» + D-*]-i 

2 J 


2D { 1+ i) 


► Imaginary part in ^yj^l+ 2 -- +...J.X 


£^ X @ X 

•-Imaginary part in — — [*+/] + — D 1 [T+a 2 — x+U 

, .. • . . / cos x+i sin a\ . , 

Imaginary part in ( ^ — 1 (jc+i) 

+-^r 1 *■**“*+*) dx 

fi x r v 3 a - 2 i n 
I i (X sin a+cos x )+-2\ 'j~Y + ~2 X \ 

1 1* ncc the general solution is 

\P X 

| ^(\e x +C 2 e- z — \{x sin a+cos a) + — - (2a 2 — 3a+9). 

II Linear Equations with Variable Coefficients (Homogeneous Linear 
Iquailons). 

i l oiiitider, p„x 2 -^-+p l x-^+p 2 y^X. 
hit x=e x , i.e., z=log x; 


I lien 


If we 


dy __ dy dz __1 dy 
~dx ~~ dz dx x dz 9 
d 2 y _ \ d_f 1 dy\_ 1 d 2 y ^ dx dy 
dx 2 x dz V x dz) x 2 dz 2 x 3 Jz dz 

=U*y-*y\ 

a 2 V dz 2 dz / 
put jr- =/), we have 

x&=Dy,x 2 ^=D(D-l)y. 
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Now substituting these values in (1), we get 
p 0 D (D-l) y+p l Dy+p 2 y = X, 
which may be solved by the method employed in I. 
d 2 v dy 

Problem 2. Solve x 5 — x ^ +>' = 2 log x. 

Putx=e s and denote-^- by D ; we have 

dz 

D{D-\)y-Dy+y=2z or (D 2 -2D+ 1) y=2z. 
Auxiliary equation is 

D 2 -2D+1 = 0 

or (D— 1) 2 =0; D= 1 (repeated twice). 

C.F.^Ci+tvOe 2 . 

2z 


P.I.=- 


-=2[1 — (2D— D 2 )] -1 . z 


D 2 — 2D+1 

=2(1 +2D...) z = 2 (z+2)=2z+4. 

/. General solution is j=(c 1 +c 2 z)e x 4-2z+4 

= (<?! + <•., log x) x+2 log x+4. 

Note. Any equation of the type 

d n v - d n ~ J v 

(a+bx) n ^- + P X (a+bx) n " 1 j^=r + ... 


dx u 


...+P n ~x ( a+hx ) c jy_ +P*y~ 

can be reduced to the homogeneous linear form by putting z^df 
or this can be solved by putting ax + b^e z as above. 

III. Exact Differentia] Equations and Equations of other S| 
types. 

The equation of the type 


°dx 2 




where P 09 ?i a nd A are the functions of x, is said to be ex 

p t -/Y+p 0 '=o 

or in general an equation of order n (say), 

*y 


p <Py ir 1 ’ 

0 dx n + 1 dx"- 1 


...+Pr.y=Q(x) 


is exact if P n — P'„_, + ... + ( — 1)" P 0 M = 0, 

where P', P",...P (n) are the successive derivatives of P. 
in case the equation is exact, its first integral is 
p — P'o) ^71-2+ (.P 2 — P’lfP u , )j'n-3+ • • ■ 

...+{p n - l -p r „- i +. ..+(-d« Po"- 1 ^ J ew+c, 

where y n stands for etc. 

dx n 


I A I HJIJATIONS 


DU/ 


Mi \ Solve 


#/ J V - o r\ 

. , -2y cosec 2 x~0 
il\* 

1 2y cot x cosec 2 x=0, 

Ir 

1 1 « m.k i mid hence its first integral is 
tlv 

Mi, Yy cosec 2 x—c x 
I dx 


. — y=c x tan x, 

./< 1 sin x cos x 

|l i linear differential equation of the first order. 


Millng factor si 


sin x cos 


_ e log tan * = tan x. 

|li. solution is y tan x= | c x tan 2 x dx+c 2 

— Cj | (sec 2 x—l)dx+c 2 
=c 1 (tan x— x)+c 2 . 

j | Sometimes the equation becomes exact by multiplying an 
minx factor x m , where m can be found by applying the condition 

It Of. vs 

I liquations of the form =/(>’) can be integrated by 



J 


2 cosec 2x dx 


Wbl ng by 2-~- 9 whence we get 


jA further by integrated by any of the standard methods. 

\ liquations not containing x directly can be integrated by 


(£)=»• 


d 2 y dy 
dx 2 + dx + 
d'~y __ dp 
1h?~ P dy ' 

p^r+p+p*=°- 


m we get 
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or 
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dp 

1 +P 


-z= — dy. 


dy 


Integrating tan p=c-y, =p=tan (c-y), 

which can further be integrated by standard methods. 

Similarly equations not containing y can be integrated by 

Note. 4. Equations in which y appears in only two derivation fy 
orders differ by unity can be integrated as follows : 


Probem 5 

dy 


Put 


dx 


= <1 


d 2 y 
a dx* 
d 2 y dq 
dx 2 ~~ dx 


[ '+(*)■] 


2*nl /2 


We have 


or 


dq 


V(l + <7 2 ) 
Integrating, 


a 


sinh -1 g= |-<V 


Integrating again, >>=0 cosh (j~+ c i')+ c 2- 

IV. The Complete Solutions in Terms of a Known Integral 

Let y=y i be a known integral in the complementary fu 

iJ+fg+a-*. 

P„ty-TO so that 


and 






dx 2 ~ yi dx 2 +2 


dv dy x 
dx dx 

With these substitutions, ( 1 ) gives 

d 2 v 


<Pyi 

dx 2 

(d^y 1 . „ foi 

Vrfx 2 ^ dx- 


or 


since 




■ n 

dx 2 


Putting 


</v 


*/x 


- 2^1=0 by hypothesis. 


j — p, (2) becomes 

±-+(p+ A *. 


rfx 


y x d* 


P -“= 


y i 
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li is a linear equation of first order and hence its integrating 

I.OO, _J( P+ 


llrnee solution of (3) in p is 


p 'yfe$ Pdx = |J ~y\' y- e$ Pdx Jrfx+Ci 


__ dv Cl e~$ Pdx e ~S pdx 


dx 


Integrating, 


c 2 +c l 


e -iP dx 

7i 


c/x- 


I L uce the required solution of (1) is 


> m—c^+CjyA 


J* 

m <>■ 

; .i 


X-e iPdx) dx) 


X-e P dx (dxY- 


■ dx+y 


,-P Sdx 


y i 

x 


| (y 1 -X-J pdx ) (dx) 2 . 


I’roblem 6. Solve x 2 ?j^-—(x 2 + 2x) ^ -\-(x+2) y=x 2 - e*. 

Obviously y=x is a part of the complementary* 

Putting y — vx; the given equation gives 

dry / 2 x 2 +2x y/v_ x-i* 

rfx 2+ V x ~~~ x 2 Jdx ~ x 
dv 

Ni»w put =p ; then we get 


d _P_ 

dx 


—p—e x . 


Ilcing a linear equation of first order in /?, 
Integrating factor =e~$ dx ~e~ x * 


I bus 


==x-j-C 1 
dv 


dx 


{x + CJc*. 


Required solution is y=vx—(x 2 —x 
Note. It will be helpful to find that 

tC,.v) tr-rC_x. 

y x is a part of the complementary , if 

P~Qx—0, 

v ' ~ »> j> >» 

2 + 2Px+Qx n -=0, 

y^e x ,, n •» 

P+Q+ 1=0, 

„ 

1 — P-f 0— 0. 

f -r« 

a ‘ <2- 
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V. Transformation of Equation 

(j) By Changing the Dependent Variable 




Putting y=vy l this becomes 
d~v 
dx 


this becomes 

»’ Jp+l. d -y-A± + Z.(^-+p-^+Qy , )=-. 

; 2 + \^ ' y 1 dx ) dx^}\ \ dx dx ) y 1 



Choosing v 1 such that p +C^i-°> 


(5) reduces to 
where 


d 2 v 


dx 2 


Pl dx ~ Vl ' 


p —p - 1 

yi dx 


Now equation (6) may be solved as in previous method. 

d 2 y ° 

Problem 7. 


Here 


P,= 


2 dy 

X i 
2 


~" y - 


— * j - x iU - 

y x — e J =e 


log x 


Take y^e J * =e =1 /*• 

Now put v= v)Y whence the given equation becomes 


d 2 v 2 n 

_ n 2 v== o. 

dx 2 


Its solution is v=C 1 c nx +C 2 e n *. 

The required solution is > ; =v^ 1 =— ( C l e nx +C 2 e ) 


(ii) By Changing the Independent Variable 

■0+p-f+e^. 


We know that 

dy dy dz , d*y d^ / *_\* 

Substituting these values in (7), we get 

-•-$- + 23'=^ 

dz 2 \dx/ dz dx- dz dx 


<7y 

*/z 


or 


d 2 y . 
dz“ ^ 


d " z I pl z - 
dx 2 dx dy 


(*Y 


Jz 




(©■ (■ 


dz y 


dx./ 


or 


$ +P. J+Cj»x.. 
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'i+i- * 


* 0 ___e 

/ d? \ * * ^ 1 / 


Wxy/ 


K l>c chosen such that ^ —n 

dx 2 +Jr dx ~ u ’ 


( dz V and * 1== 

W* J 


(•*)’ 




■k*ti Hie given equation changes into 
d 2 y 

^T + 2i3 ; =^i, 

Mb h can be solved if gj is a constant or a constant multiplied 

P ,« 

I Agiuii if z be chosen that Q t be a 2 (a constant), then 
«=J Y0 dx. 

I ^Hli this substitution (7) reduces to 

I d d^ +Pi % +aiy==x > 

P 1 " ^ c ‘ ,n solved ifPj is a constant. 

I'rohlcm 8. Solve ~, + ^~ v=o 

dx 2 ' x dx ' x* y 

W,- ( an choose z such that 


(ar)‘-e- ^ 


2 

X > 


|lllng 


. a 

z ==- 1 . 

X 


| How changing the independent variable from x to z when 


' , we have 




(-fL +P *L 

\ dx* dx 


Hi*’ given equation reduces to 


' dz_ y 
dx) 


=0. 


d 2 y 


dz z 


+y= o. 


lit lolution is J^=C 1 cos z+C t sin z. 
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d CL 

Required solution is^=Cx cos ~ + C 2 sin ~- 

7.3. SIMPLE PROBLEMS FROM PHYSICS 

[ 1 dt 

_j_J — — — = 0 , the differential equation \ 

means that the self-induction and capacity in a circuit neutralize 
other. Determine the constants in such a way that I is the ma\l 
current and i—0 when t=0. 


Problem 9. Solve L 


Given 


di 


i dt 


L Jt + ' c -°- 


di 


or 


dt + LC 


H “" =o - 


d 2 i i 

Differentiating, we get £C r== ^* 

Its auxiliary equation is ^ D 2j r ^—0, when D= 


d_ 

dt 


or 


Solution is /= A cos 


z>=±V(- 1) 

t 


V(LC) 
+B sin • 


V(LC) ' V(LC ) 9 

where A and B are two arbitrary con 

Applying the given conditions, when /= 0, t=0, (1) gives 
0 -=A. 

. , , di A 

Again /=/, when 


di_ 

dt 


sin 


V(LC) V(LC) + V(LC) 

cli_ 

dt 

t B 
V (LC) ” A 


B 


cos 


/ 


For maximum or minimum of i, ^ 7=0 gives 
tan 


= co when A = 0 

=tan T* 




t= Y V(LC). 


Putting in (1), «=/ when Z=-y we get 
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. 7C _ . 7U 

7=^4 cos — + 7?sin— , 

MM, 5=/. 

Mice putting the values of the constants A and 5 in ( 1 ), the 

Min'd solution is /= 7 sin — tttttt* 

v(LC) 

h’thlom 10. The relation between the small horizontal deflection 0 o/ 
magnet under the action of the earth's magnetic field is 
d 2 Q 

a~+mho=o 9 


Hbi 1 Is the moment of inertia of the magnet about the axis , M the 
moment of the magnet and 77 the horizontal component of 
y inhnsity of the field due to the Earth. Find the time of a complete 

I [ Ans - r=2 *y(w)] 

I I'mblmi 11. In the case of the simple pendulum of length /, the 
mthiimn connecting the acceleration due to gravity and the angle 0 

which the pendulum swings is /-^|--+g 6=0 where 0 is small 

Mlhieimine the time of an oscillation. 

I [ Ans - r=2r \/(7)] 

I phibl' m 12. Solve -44-+ ~r~+ where R 2 C=4L . 

dt 2 ^ L dt ^ LC 


[Ans. i~e ^ Rt l~ L \ (Cx + Cy)- 

I'mlilem 13. The differctUial equation for a circuit containing resis- 
M * K, self-inductance L and capacitance C, in terms of current i and 
M lime t is 


d 2 i R di J cf 

~dT 2+ L ~di+LC = L IF 


E (/) 


I| m bring the electromotive force which is the sum of voltage drops in 
1 1 b\rd circuit according to Kirchoff's second law. Find the current i 
■>/ Interpret the result physically. 


d 2 i , R di i 1 d . n , 

P ,vcn cc * uation ,s 1F+T dl + LC = L 'dt E{t) • • • (l) 


A^unic, E(t)=*F sin (cor+ 1 0) 

No that E(t)=F co cos (co/ + [3) 

1 I»»mi ( 1 ) becomes, + ,= X C0S • • • O) 

I In- solution may easily be found as 
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i=A e 


JR 
2 L 


' sin (yH*£L=#c*it+t\ 

\ 2 CL ) 

i c r< sin (o>;+p)4-(l— CZ,to f ) cos (<o/ | fl) 1 ® 

+ L (Ro>Cy+(l-CLo> 2 ¥ 


Putting sin a 
and cos a= 


1 -CL<o 2 


V{R<»C)*-(l-CLci*) 

RcoC 


V(^cy+(i - cl<o *) 2 
The second term on the R.H.S. of (3) 


<n 


FoC 


Hence the solution is 


V (RoCy+{l-CLo>*)* 

sin [co/+(3) cos a+cos (tor+p) sin 
FtoC . , 

' V( J RaiC) 2 -(l-CL« 5 )* Sm 




i=Ae 2L ' sin ( X^CL—IPC * ^ 

V 2 CL J 


FoC 


=■ sin (o)/+p+a) . . , fl 


V (FcoC) 2 — (1 — CL<o 2 ) : 

The current in the circuit consists of two parts namely a daw 
harmonic motion due to the first part and a simple harmonic moti 
due to the second part. The first part consists of the damping fact 

_ — . t 

e 2L and may be called as transient current while the second 

as steady state current. The function E(t) or ~~ E(t) is called the 

at 

put of the system and the solution as output of the system. 
Amplitude of steady state current is 

Fi*C F 


A m — " 


V(*coC) a +(l-CL<o a 


^ V *+gw 

whose denominator is called as Impedence Z of the circuit i.e. 

Z= 


V * + (^c 


-/.«)* 


So .hat £-0 gives 2 (±»-£» ) (-gL-i^O 


i.e . 


-CL or w= 


Vcr 
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Ihmving that the impedence z of the current is minimum for 

■r . * and then the amolitude A m will be maximum and in such 

V CL 

mi. we say that the electromotive force is in Resonance with the 

tin ml. 

1 F 

Pulling o= — in (5) we have Max A m = 

I f Max A m a when Resonance occurs. 

JK. 

E < miscquently R should be sufficiently large to prevent a circuit 
iMtitlulown. 

Problem 14. ^4 particle weighing 8 lbs distant 12 ft. apart from a 
Ms,, I point O is given a velocity of 16 ftjsec in a direction pcrpendicu- 
JfcM to \-axis. The particle is attracted to the fixed point by a force F 
tA.'i r magnitude is inversely proportional to the cube of its distance 
hum (). Taking constant of proportionality as 10 , find the distance of 
panicle from O as a function of time t. 

I ri (r, 0) be the polar coordinates of the position of the particle at 
Mni" t. Then we have 


_ 1 . 10 
F f oc-p i.e. F r ——jj=ma r 

being component of acceleration along r i.e. radial axis 
•ml F e =^ 0=w a B 


..( 1 ) 

..( 2 ) 


fj bring component of acceleration in a direction perpendicular to 
Irtilntl axis 


(liven mg— 8 so that m= 


8 _ 
32" 


4 “ 


ft llncc the particle subject to a central force moves in a plane, we 

Mv«» 

rt f =‘r — r e 2 and a 9 -= 2' r 0 +r 0 

1 .* 10 . .. *o 40 

I (1) and (2) give — (r — /• 6 2 )— — pr t.e. r—r 0 — r3 . * • (3) 


|m*I (2 r0 + r O) — 0 • W) 

MI multiplied by 2 r is equivalent to Jj* (r 2 o )=0. 


I n i r grating r 2 6— A, A being constant ot integration. 

I Initially when f=0, r=12, v* = 16 (velocity component perpendicu- 
||f in r i.e. x-axis since when 0=0, r is along x-axis). 

j AUo v a =r 0=16, so that rd—A gives A =r (r o)=12x 16 = 192 
I , A 192 ,c. 
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From (5) and (3), we have 

.. (192) 2 — 40 36824 


n dr , . 36824 

Put u=-t- —r so that «= — - 5 — 
dt r J 

Multiplying both sides of (7) by 2 u, we get 


• • • ( 

...I 


2 u u — 2 X 


36824 


u— 2x 


36824 


36824 

or d(u*)=2x — 3 — dr which gives on integration, u 


Initially when /=0, /' = 1 2 , u — r =0, so that 3= 


2 

36824 

144 


36824 


••• 36824 (-t r - i l)-3«824 (^~) 

m - 


or 

i.e. di- 


1 44r 2 


3oS24 (r 2 — 144) 

Pr 

- dr which yields on integration 


191.9 V P-144 

1 


t== l5S>W r °~ 144 +C 

Initially when / = 0, r=12 /. C — 0 

Hence (1 5‘99 t) 2 —r 2 - 144 


or p—144+255.68/ 2 i.e. r= V 144+255.68/- 


7.4. PARTIAL DIFFERENTIAL EQUATIONS 

These are the equations containing one or more partial derivat 
and are concerned with at least two independent variables. The oft 
of a partial differential equation is the order of its highest derivul 
appearing in the equation: 

[A] The Partial Differential Equation of the first Order. Let a ret if 

<Kx, y, z, a, b) = 0 . . J 

be derived from the partial differential equation 

y , z,p, q)—0 

where p—^- and q= C ,~-' 

cx cy 

The solution ( 1 ) consisting of as many arbitrary constants as 
number of independent variables is called the Complete Integra! 
(2;. If we give particular values to a and b in ( 1 ). then it bccol 
Particular Integral. 

Since the envelope of all the surfaces given by (l) is touched 
each of its points by some one of these surfaces, the coordinate! 
any point on the envelope with p and q belonging to the envelope 
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Hi M ...i must satisfy (2). Hence the relation found by eliminating a 

■ - «?_ 


M h tween <l> ( x , y, z, a, b ) — 0, 


da~°’ db ° 


dt 


MMI...I | lie Singular Integral. 

||l. fut) then ( 1 ) becomes j[x, y, z, a,f(a)]=0. 

I L . llmination of (a) between this equation and g =0 gives the 

Integral. 

of Solution 

til I nyrungc's Method. 

| i iiii’cs' equation is of the form Pp + Qq=R ..-V) 

ftj, H being functions of x, y, z. 

Mu f(x, y, z)=*fl satisfies (3), then we get on differentiating (3) 
Tilly w r.t. x and y , 

" i p-li and |+~ 4-0 Bivins P s/gf • 

j 

(U ^ „ du ~ (A) 

il yields, P ^+2 0 F — 0 

||| usly u=a satisfy ( 4 ) and hence comparing (3) and (4) we get 

known as Lagrange's Subsidiary equations, i.e. 
dx _dy dz 

T~Q~ R 

> 1 . lire also satisfied by u=a. 

«i /> be another integral of t.5), then ^ (if, v)~ 0 or ii=<f>{v), <f>, 
III), urbitrary function, is an integral of (3). 
ftnltlem 15. Solve (y 3 x-2x l ) p+(2y 4 -x 3 y) q=-9z (-v s -y 3 ) 

I nyi 1 n pc' s subsidiary equations are 

dx dy dz_ 


• (5) 


y 3 x — 2 a 4 


2y‘- 


-x 3 y 


( 1 ) 


~9z {x 3 -}’ 3 ) 

_ dy 2 y 4 — x 3 y 

I flM* 1 two tractions give ^~=^~2 a' 4 

L h being a homogeneous equation may be solved by putting 
whence may we get * 


v 3 — 2 


d\ 


\ v[y + 1 ) (v 2 — v + 1 ) 


Jy — 


2 1 

’ V +V + 1 


2 v— 1 \ 
v + 1 / 


dv 


||{r|f rating log .v+log A = — 2 log v + log (v + l)+iog (v 2 v+1) 


i* 


Ax— 


(v + 1 ) (v 2 — v + 1 ) 


-(£ +1 )&-*-■) 


I* ’ 
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Again from (1) we have 
dx dy 

x '7 


dz 


y 3 ~ 2.v 3 2y 3 —x 3 


dx c/r 

7+y 


The last two fractions give — -f — = 


-3(x 3 — y 3 ) 



-32- 


Integrating xV= B \- or # (?£*£) by taking 


or 


1 


• s ” 3 ^ G 


x 3 j 


X" 


) 


which is the required solution. 

(«*) Standard Methods: 

Standard I. Equation involving p and # only as F(p, q )= 0 
have their complete integrals z=ax+hy+c 
where a and b are connected by the relation F(a, b)—Q. 
Problem 16. Solve 3p 2 —2q 2 —4pq. 

Its solution is z—ax+by+c provided '2>a 2 —2b 2 —4ab 

-4a±x / l6d 1 +24d 2 / f , yTo\ 

=«(-! ± - 2 -l 


t.r., • - 4 

Hence the complete integral is 




3 ?)} 

Standard II. The equation analogous to Clairaut’s form ^ i.e. t 


x ^ as * ts so ^ ut ^ on as y= xc +f( c )^> 

z=px+qy+f(p , q) 


such 


has for its complete integral, z—ax+by+f(a, b). 

Problem 17. Solve z=px+qy--2\/ pq 
Its complete integral is z^ax+by— 2 V db 
Standard III. The equations of the form F(z, p, q) — 0 are solved 
putting q=ap , (a being an arbitrary constant) and changing/; in 
dz 

where X—x+ay and then solving the resulting ordinary different 

equations between z and X. 

Problem 18. Solve 9{p 2 z+q 2 )—4. 

Putting q=ap where and X—x+ay, we have 


dz 


P =dX =± 


3 l 

- . i.e., dX= -^-(z+a?) dz> taking +ve sig 

3 x'z+a 2 2 
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Iftlitfinting X+b^(z+a?) 312 or {x+ay+bf={z+a 2 f 
"Huilurd IV. Equations of the form/ x (x, p)=/i O', q) 

Hi %«»| vrd by putting /i ( x , p) =-■ / 2 (>\ q) ~ a ( an arbitrary constant). 

equations give p and q ^ which when substituted in 
i i rl\ | q dy give the complete integral. 

pHiltlcm 19, Solve q—2yp 2 . 


I W» have p 2 — 2 y =a * ( sa yG 

dz 

l Wl»rn p 2 =a 2 , p= we have z=ax+constant 

dz 

Hhl vs hen q— ~j—=?a 2 y we have z— a 2 y 2 + constant. 
dy 

■Thr complete integral is z=ax+a 2 y 2 +b . 

lii'M ( harpit’s Method. Let the partial differential equation be 
F(x,y,z,p, q )= 0 .-.(8) 

■lim e z depends upon x and y both, therefore 

dz =4” dx+ dy—p dx+q dy • • • ^ 

ox oy 

■Miming Charpit’s auxiliary equations (proof is not required) 

dp dq dz ^ 

— - &F 

dq 


dF 


dF , a F dF dF cF dF _ _ 

# f)n dq 

I W'r may find a relation f(p, q) — 0 * * 

■issM-ii p and q . (8) and (10) will yield p and q which when substitu- 

pi in (9) give the required solution. 

I hohlem 20. Solve 2zx—px 2 — 2qxy+pq—0 
I I liarpit’s auxiliary equations are 

dp _ dq __ dz __ dx __ dx 


x 2 — q 


2 xy-p 


2z-2qy 0 px 2 +2xyq—2pq 
Whence dq=- 0 gives q—a (constant) 

2 x(z—ay) 

hitting q—a in the given equation we get p— — 

Now substituting values of p and q in dz—p dx+q dy we have 
dz= 2 Z+lW±dx+ady 


x~—a 
dx—ady __ 2x 


z—ay 


dx 


Hhlrli gives on integration, z — ay=c(x 2 — a) i.e., z~ay+c(x~—a) 

INI Partial Differential Equations of the Second and Higher Orders. 

I Such an equation of second order is of the form 

Rr + Ss+Tt^V 
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8-z 

where r— s 

ox 2 • 


Cp'Z 


0 2 Z 


& 


and R , T, F are function^ 


0*0j>’ 

z.p.,. where 1— 

The complete solution of such equation will contain two arbllf 
function as z=^f{x+ay)+^(x—ay). 

Mehtods of Solution: 

(0 ®y Inspection. Method is clear from the following Problem, 

02^ 

Problem 21. Solve ar=?xy i.e 

0 Z -y-2 

Integrating with regard to .r, a-— == ~y+<f> (y), constnnl 

integration with regard to x being possibly a function ofy. 
Integrating again with regard to x, 

az= J — ydy f j<f>{y) cbc+const. 

3 

= — 6 - +^<y)+«|/(y). 

(//) Monge’s Method. 

The equation is Rr+Ss+Tt—V , 

Total differentials of p and q being 

dp— ^ dx + -~dy=rdx+sdy 


and 


dq= ~jx dx+ d y =sdx + td y 


We have r- 


dp—sdy 


dq—sdx 


ukfU 


dx 9 dy 

Substituting these values of r and t in (1) we may get 
(Rdpdy+Tdqdx- Vdxdy)-s(Rdy 2 -'Sdxdy+ Tdx 2 )^0 
If any relation between x, y, z, p , q makes each of the brackfl 
expressions in (2) vanish, this relation will also satisfy (2). Hefl 
from (2) we have so-called Mongers subsidiary equations as 
Rdy 2 - Sdxdy + Tdx 2 = 0 
Rdpdy+Tdqdx — Vdxdy—0 

j 

Let (3) resolve into two linear equations 
dy—niy dx — 0 
dy—rn 2 dx = 0 


Combining (5) with (4) and with dz—pdx + qdy if necessary, 
may get two integrals u x =a, v x —b giving an intermediary inttf 
u x —f x (v,),/, being an arbitrary function. 

Similarly from (6) and (4) alongwith dz=pdx+qdy, we may It 
another intermediary integral w 2 =/ 2 (v 2 ),/ 2 being arbitrary. 
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illM.r two intermediary integrals can yield p and q which when 
in dz=pdx+qd" will yield the complete integral on inte- 

r |m , nhc m x —m 2 either of the intermediary integral may be integra- 
>, i |,t hi vc the complete integral. 

I'liililrin 22. Solve r+(a+6) s-\-abt=xy. 

putting r— dp ~* d -&nd t= ^ in the given equation we get 

Biniigr h subsidiary equations as dy 2 —(a+b)+dxdy+abdx 2 = 0 . . .(1) 

dpdy +abdqdx— xydx dy = 0 . . .(2) 

(I) yields, dy—adx - 0 and dy—bdx — 0 
I IfMcji rating them, y—ax=c 1 and y—bx—c 2 
i omparing these with (2) we get adp+abdq—ax(c x +ax)dx = 0 

bdp + abdq—bx(c 2 +ax)dx=0 
x 2 a 

■Their integration yields p + bq—c l j—=k i 


M* 


I 

p+aq — c 2 — — 



y2 /7Y^ 

p+bq—ly—ux) ~y — j- =& (cf)=<j> x (y-ax) 
p-\-aq — (y — bx) - 2 = 4 >, i ( c 2 ) =r f‘i(y bx) 


. . .(3) 
. . .(4) 




I Helving (3) and (4), 

j, (a —b) — {a 1 — b 1 ) ~+a<f> x (y—ax) — b<f> 2 (y—bx~\ 

|l„| q= ~-j > [~(a-b)-<l> x (y-ax)+<f> 2 (y-bx)^ 

[ Substituting these values of p and q in dz=p dx+q dy, we find 

[if - ia+b) f + 


[ 


+ l 6 a—b 

3 x-y dx+x 3 dy 

6 ~ 


9&i (y- aw) | 4>„ (y—hx) 


a—b 


dy 


x 1 ^ 3 a-i’ dx~\- x 3 dy 1 f~. , , 

<a+b) — dx+ — y — 6 a :- h + (. y-ax ) 


\M adx) [ft (y-b*) (dy—bdx) j- 

Integrating, z — —(a+b)^- + +- +^i ( y—ax ) +<J/ 2 (>’ x ) 

(Hi) Monge’s Method of Integrating Rr +Ss+Tt+U (rt — s 2 )=V, 
\p, .S'. T, U, V being functions of x, y, z, p, q. 

Putting r=— and t== in the given ec l uation we 8 et 
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, ( r} ( ! P ., dy *t Tf q ., d ; x \ vdp dq-Vdx dy)~s {Rdy'-Sdx dy-\ TM 
+ Udp dx - f Vdq dy )= 0 

N~sM=0 


Say 


Consider, M+*N=Rdy 2 +Tdx 2 -(S+\V)dxdy+UdpdxA l 

-\-\Rdpdy + A Tdqdx+\ Udpdq P f 

~(Ady -|- Bdx -\-C dp) (Edy-\- Fd.x + Gdq) (say) 

Then equating the coefficients of dy\ dx 2 , dpdq we get 
AE=R, BF=T, GC = W 
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1 


m i li«* system of intermediary integrals is 

Udy -f A7#v+ A Udp — 0, Udx+'KRdy +~KUdq — 0 
pqdy+(\+p 2 ) dp+zdp= 0, 
pq dn + (\+q 2 ) dz+zdq= 0 
dz—pdx+qdy 
(I) can be written as 
mi d\+pdz+zdp = 0 giving .t+/? 2=>4 
Mliiuly from (2), y+qz=B 


... (i) 
... (2) 
... (3) 


Also taking A=R, E= 1, B—kT, F= — , C—mU, <7= 

Xr * 


equating the coefficients of the other five terms, we may find 
kT+ = -(S+AF) 


/M 




AT? 


m 

kTX 


-~U 


=AT, 


m 

mU=KR 
mU 


m 

(IH 

(ill 


» 


>4—^ i?— y 

i Mint p ~ — - — and q— 


z z 

1K"'|ik in dz=pdx+qdy and integrating we get the required 

HlHM. 

* A * - — V-dy or —zdz=(A— x) (— * dx) 


ill m 


dx- 


■ =U 


From (18), m—k which satisfies (16). 


dfi 

dii 


A R 


From (15) or (17) m= - - =k and hence from (14), 


A 2 (i?r+l/F)+At/6'+£/ 2 =0 

So if A is a root of (19), the required factors of Af+A N are 
(R dy+\^~du+\Rdp^) ( dy+~~ dx+^dq) 


(HI 


X 1 ( A-x) 2 {B-yf 


+(&—y) (-dy) 

const, i.e. z 2 +(x—A) 2 

+ (y-B)*=C 2 


I lifiu ral Linear Partial Differential Equations of an order higher 

■ r “ 


i III* first. 

*li equations are of the form 
i) h z , , d n z 


} "<fr‘ +Ai 


dx n ~ x dy 


+ ...+ A n 


o n z 


dy n 


+B 0 


C)tl 1 n 


dx n 


R 


i.e. jj (Udy+'kTdx+kUdp) l^Rdy+Udx+Wdq) 


I 


+ M % +N % +Pz== ^ x ^ 


M. H' , +A 1 D n ~ 1 D'+... + A n D' n +B 0 D n - 1 +...+MD+ND'+P]z 


we thus obtain integrals from the linear equations 
U4y+\Tdx+Wdp = 0 
A R dy + Udx + A Udq = 0 


(a] 


If (vi) and w 2 — f 2 (v 2 ) be the two intermediary integrals j M 

obtained for finding p and q and substituting in dz—pdx + qdy wc mJ 


the required solution after integration. 

Problem 23. Solve z(l+q 2 )r—2pqzs+z(l+p 2 )t—z 2 (s 2 —rt) 

J rl-\-p 2 -\-q 2 ~W 

Here 7?=z(l+tf 2 ), S=-2pqz, T=(l+p 2 )z, U=z 2 V, 

F=-(l+/> J +d 

quadratic in A is (RT+ <7F)A 2 + A £/S+ C/ 2 = 0 i.e. (pqh— *)• M 


0 0 

I. v) where D=— and D'=— 
dx dy 


giving A= — 

pq 



I m D’)z=f(x , y). 

Ill* complete solution consists of two parts : (i) Complementary 
^mn<tn (C.F.) (ii) Particular Integral (P.I.). 

I|ln complementary function is obtained from F(D , Z>')=0. 

■i'ImhI'. of Solution. 

1)0 < miiplcmentary function of a homogeneous partial differential 
Mill ui with constant coefficients, 
lint Ii an equation is of the form 
I V>" -Mi 7)*" 1 D'+A 2 D”- 2 D' 2 +...+A n D' n )z=f(x,y ) 
linking the trial solution as z=(f> ( y+mx ), so that D n (z) 

—m n (p {n) ( y+mx ), £)' n (z)=^ (n) (y+mx) 

W In general D f D' s =m r <f> {1,+s ) (y+mx) 

m ttuslliary squatoin of the given equation becomes 

Bif|Mi' , |-/t 1 m n “ 1 +...+.4 n =0 
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If the n roots given by it be m l9 m 2> m ny then the r 

complementary function is z=<f> i (y+m 1 x)+(f> 2 (y+m 2 x)+ ... 

+<f>n(y+ m x) 

Problem 24. Solve ~ -cr^f^O i.e. (D°—a-D' 2 )z=*(). 

Putting z—(j){z+mx) y the auxiliary equation is m 2 — a 2 =0 
giving m=±_a 


Hence the solution is z=<f>{y-\-ax)-\-$(y— ax) 

Note. If an equation has repeated roots such as ( D-mD')*: 
solution is z=x<f>{y+mx)+'\)(y+ mx) 

If a root is repeated thrice then z~x*<f>(y-\-mx)+xty(y+mx) 

+X(y+wx) and 

(ii) Particular integral of homogeneous equations. 

Let the equation be F(D , D ) z=(j> ( x , y). Then 


P.I.= 


1 


F(D , D') 


y). 


Case I. If <f>(x, y)= e ^v then j f - jyf ax+by = 
vided F(a, b)^f 0 

Case II. If <£(x, y )== sin ax or cos ax then express F(D , 
F(D 2 , Z) D'D' 2 ) and write 


sin ax or cos ax sin ax or cos ax 
F{LF y DD\ D' 2 ) = ~F( - a 2 , — ab, -b 2 ) 


provided 

F(—d\—ab t 


Case III. If (j> (a, y)=zx m y n , then jr-^-^x m y n ==[F(D, D’)] 1 i 

expanding binomially and operating x m y n on every term. 

Case IV. If <f>(x, y)—e ax+blJ V which may also arise in case of fn( 
of cases I and II. 


^ p(ix-Vbyy — paxi-by ^ 

F(D, D) e F(D+a , /)'- 


-b) 


. V which reduces I 


of the above cases. 

Problem 25. Find ihe Particular Integral of 

(D‘ 2 -2DD'+D' 2 )z\ 
1 ^ ^ 1 

-xy 


We have, P.l. - 


\D 2 —2DD'+D' 2 ) 


12a>’= 


12 (D-D )- 


=#( 1 +? F + - ) xy= 12 w( xy+ % x ) 

k xy+ ~D r x ] =12 \_~fT +12 


-12 


Complete Integral is r=A^(y+A) + ^(> ? +A)+2A 3 v+A 4 . 


• * t 1 1 IAL EQUATIONS 
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\ • *'nni i ary 1. In case <f>(x, y)^=f(a?:+by) and F[D, D') is a homo- 
function of D , /)' of degree n. Then 
D n f(ax + by) = a n f n (ax + by) 
l) n f( ax + by) = b n f n (ax + by ) 

*»• Unit F(Z>, D')f(ax + by) = F(a, Z>)/ n (ax+fej) 

I i f n (flA+^y) /(ax+fcjO , r/ L\_if\ 

I " im-Tm " h “ (,)#0 

M«mr may be evaluated by integrating f (ax-r by), n 

Bimm with regard to {ax+by) and then dividing by F{a , b) 
l t'lohlcm 26. Solve -f =I2(x+z) 

I 1$ (D 2 +D' 2 )V=12(x+y). 

I Auxiliary equation is m 2 +l =0 i.e. m—±i so that C.F, is $ (y+ix) 

+ <K>— to) 

| H ,| /* J t= }.2(x~hy) j/3 / , yvs 

D*+D'*~~ 1 2 +1 2 

, llrmc the solution is V— (x+y) 3 +^(y+/x)+^(J’“ rx). 

huollary 2. In case, method of Cor. 1 fails i.e . F(a, b)= 0, then 

■Nliidcr 

\l> inD')z=p—mq=x T ^{x- i rmx) . . .(22) 

, , ... . dx dy dz 

I Mgrunge s subsidiary equations are — =3^= ^ ^(y+mx) 

l|f which first two fractions, give dy+nidx — 0 i.e. y + mx~ const. 
f (^»y). From first and third fractions, we have 

dx= or dz=^(c)dx 


z T <li(y+mx) ‘ x 2 i(c) 


InicKrating 


\ 2?+l 


yr+ 1 


r + l 'Wc)=— pp'Kj'+m.xO 

k*r+l 


thus (22) yields ( D—mD ') — - <J>(y + mx) = .v r ^(y + mx) 

r ~T 1 


ti. 

Hr nee 


v r+l 


-^-—^x^ly+mx^j-^-^y + m.v) 


1 


| [D-mD'y 


Tv. <Hy+mx)=- 


1 


(D-mD) n ~ l 1 

1 x- 


(D-mfl'r 2 1.2 


•\i{y+mx) 

+ (y+mx) 


1^— + (y+mx) 
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Problem 27. Solve (D 2 — 6D D' +9D' 2 )z—6x+2y. i.e. (D-30W 
=6x+2y. C.F. is clearly , x <f>(y+3x)-\~'\>(y+3x) 


P.I. 


“U ■ ( 6x+2y) ~ <d~: 


(D- 3D’) 
lx). 

Solution is z = x 2 ( 3x +y) x<f>(y + 3x) + 'Xj + 3x) 


», (y +3x) 



=2- jj- (y+3x)=x 2 (y+3x). 


COROLLARY 3. General rule. 

Consider ( D-mD ') z=p-mq=f{x, y) 

dx dy _ 

Lagrange’s subsidiary equations are ~p= •>,) 

First two fractions give y+mx=c 
and then first and third fractions yield dz~f(x, jO dx=f(x , c— 

z=f /(*, c—mx) dx+ conil* I 


I 


Hence, 


/(x, y) 

D-mD 


'r -j /(*, <- 


wa) Ja, where c is replaced 


y+wx after integration. 

Problem 28. Su/v<? ( 2 D 2 -DD f -3D' 2 )z=5e x '* i.e., (2Z)-JB 

Clearly C.F . 15 ^(y-x)+^(2j+Jx) 

5e x ~ v = r, , r^ r o — n fc y 


P./. 


1 


(D±-D')(2D-3D) 

1 

“ P>+P>' 


£> + /)' 2 — 3( — 1) 


-y — | e o.-(c+j:) J e ~e dx—xe c =xe x ~ v . 


Solution is z xe^+fcy -x)+^{2y+ 3 x). 

(Hi) Non-homogeneous linear equations (complementary function* 
Consider (D-mD'—ri) z=0 i.e., p—mq=nz 

dx dx dx 

Lagrange’s subsidiary equations are — — =3^ = 

First two fractions give ,y+mA=const. 


First and third fractions give n dx= 


dz 


i.e., w.x= log z— log A nf 


z—k e nx . 

Hence the integral of given equation is z=e nx $(y+mx). 

Note 1. If factors are repeated say (D—mD’—rifz— 0, then 
z=xe nx <f>{y+mx)+e nx, ]>(y+mx). 

Note 2. The Particular Integral is obtained by the methods air 
discussed. 

Problem 29. Solve 

_djL HL ——2 ~ +2— +2— =e 2a +* v +sin (2x+y)+xfm 
dx 2 - dx dy z dy 2 ^ dy^ dx ^ ' / 1 


u u equation is (D 2 — DD' + 2D' 2 +2D' +2D)z 

=^+3y_^ s j n (2 x+y)+xy 
(/>+/)') (D— 2D'+2)z=e 2x+3v -j-sin (2jc+^)+jc>. 
t (My ~x)+e~ 2x (p(y+2x) and by usual methods 
’ e 2 

24 

W H " • llic solution. 

jl»i 1 <|iiMiicns Reducible to Linear Form. 

I MM«ulor an equation all of whose terms are of the form 

8 m+n z 


1 v 

10 - 6' cos ( 2x +y)+jz (6xy+9x-2x 2 -6y-12) 


Ax m y n 


3x™0y" 


BH » e » i.e. M=)og x and y=e* i.e. r=log y, then it is easy to 

Hk, . r n d 8 n , 3 3 

■ry I luit if D=-^——x-z— ; D = - =y - — . 

’ 3v y dy ’ 


3 u 


dx 


■ |*».~=2>(Z>- 1), x 3 -^3=D(£>— 1) (D—2) etc. 


y*Sz=-»W-V', y 3 Si =D’(D’~ D(D’-2) etc. 


Bt !'■ ncral x m y n - 


dy 2 

0m+n 


0” 


0>> a 

n ^ 

•V n 

' 0>’ ?J 


dx m dy n cx v 

~D(D—l)...(D—m+\). + 

■ llMi 1 lie given equation will reduce to F(2), D')z=V which can 
Btylry ruled by usual methods. 


Pi "Mem 30. Solve x 2 


0 2 Z 


0A 2 


-V- 


dy 2 


cz dz 

~y “5T +- v -^r=0- 
0v c-v 


0 P 

Riling w=log x, v=log y with D=-^~, D’= this becomes 

I llKD-l)-D'(D'-\)-D'+D}z=0 i.e. (D 2 -D ,2 )z= 0 

or (D—D')(D-\- D')z=Q 

Bp. (lull solution is z=f(v+u)+ F(v—.u)—f ( log x.v)+f( log 

I |»i !• quations in which Linear Factors of F(D y D')~0 are not 
■4’i'ilfcider (D 2 —D') z— 0. 

[AiMimc z—Ae* x+ *' J , giving 2)'z = /lfie* x+ P y and D 2 z~ Aa. 2 e* x +& y 
Ki t hat the given equation, yields a 2 — p=0 i.e. ot 2 =p 

Mpiice the Complementary function is z==/le aA: * fa2v =>4e 0l(x+0i y) 

■ Ih gc ncral 5 z=Si4e <xU+ftV) 
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7.5. SPECIAL TYPES OF DIFFERENTIAL EQUATIONS Al^ 
ING IN PHYSICS 

[A] Hyperbolic, Parabolic and Elliptical Equations 

Consider f^x, y, z)j^ +f 2 (x, y, z) -g^+/ 3 (*, y> z ) -fjl 4 



Writing it as i?/ , +55+27-)-F’=0, 


F(x, y, z,p, q)=0 


III 


. d 2 z drz . 9 2 z 

where r= -g^, *= 1 ^ . and l =^ etc ‘ 

(?) if 5 2 >4i?r, the equation (1) is said to be Hyperbolic 
0*0 ifS 2 =4i?r, „ „ Parabolic 

(Hi) if S 2 <4RT, „ „ Elliptic. 

8 2 z d 2 z 


e.g. 


8 x 2 

0 2 Z 


* a/ 2 

dz 


dy 


i.e. r—t is an hyperbolic equation 
i.e, r=q is a parabolic equation 


and 


0X 2 

0 2 Z 0 ? Z ... 

-g— ^-== i.e. r— —t is an elliptic equat$pn. 

[B] Diffusion Equation or Fourier Equation of Heat Flow 

1 0K 

A parabolic equation of the type V 2 F=-y- — ' 

K o t 

is said to be a diffusion equal ion. 

Here ^ 2 ^ 0 ^ 2 "+^ 2 " + (> n 3—Z>); k is the diffusivity 

V(x , y, z, t) is the temperature at any point (x, z) of a noI|4 
time t. 

d 2 V 1 

One-dimensional diffusion equation is 


Two-dimensional 


Three-dimensional 


d 2 V 


dx 2 dy 2 


dV_ 
' dt 

d 2 v i 


dp 

k ()t 

0 2 V t d 2 v t &v I 
dz 2 k 


dx 2 ~^dy* 


corollary. In steady-state heat flow, (1) yields V 2 F=0 
0 2 K 0 2 F d 2 V 


Here V 2 K= 


0x 2 


+ 


dy 2 


dz 2 


=0 is known as Laplaces ’ eq 


Its cylindrical form is V 2 F= 


1 


d_ 

dr 


( 


0F 

dr 


1 0 

and spherical polar form is \7 2 V=-^ 


( 


) + 7 

) r 2 sir 


PV 
80 2 

, m 

+ UT, 


dV 

dr 


sin 0 


1 


0F\ 

00 /" r r* sin 2 0 


sin* 0 

d*v 

w 


■H*" ’ I IAI. EQUATIONS 
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|t I " »vr Equation 

ra hv|>rrbolic equation of the type □ 2 F =0 

L ... =! 2 . _L J 2 

r* 1 1 ~dx- + dy* + dz 2 “ c 2 fit 

||| it it ave equation. 


• • -(4) 

, c being a constant is said 


dx 2 ' 


1 


g-F 

tit* 


d 2 v 



6 2 V 


dx* 

+ 0y 2 - 

c a 

dt* 


d 2 V 

d 2 V 

d 2 z 

1 

0 2 F 

dx 2 

dy 2 + 

dy 2 

“c 2 

dt* 


0 *w dimensional wave equation is 
, 1 *m dimensional ,, 

Ifkirr dimensional ,, 

HmmI* of Solution 
| 111 '•! ini ni linn of Variables. 

Ml* rquations introduced in this section may conveniently be 
RNl by the method of separation of variables. This method is 
RinIihI here. 

B"o»ldcr where z=z(x, t ) . . .(5) 

that z—X (x) T(t) . . .( 6 ) 

Hi bring function of x only and T (/) function of t only. 

0 2 Z 


1 W» b.ivc from ( 6 ), 


dx* 


<rx „ . 0z _ v dT 

dx* T and 0 / X dt" 


mil substitutions in (5) yield 


1 d 2 X I 


dT 

dt 


.(7) 


X dx 2 “ kT 

^ ••dining that L.H.S. of (7) is independent of t and R.H.S, 
Jimlcnt of x, each side of (7) can be equated to some constant 
In it m Constant of separation . 

Ah Hiding as this constant is negative or positive, there arise two 


I mo I, Let the constant of separation be — n 2 . Then (7) gives 


1 

dx* 

dT 
dt 


X 

I 

rr 


’= — n i.e. 


= — /r i.e. 


d 2 X 

V +n2X 

dT 


= 0 


dt 


n 2 kT=0 


..( 8 ) 

..(9) 


■) gives on integration X=a cos (nx+a), a, a being arbitrary 
pil nls and (9) gives on integration T=be~ k n 2t t b being an arbitrary 
♦Milt. 

m Iwo solutions when combined in accordance with ( 6 ) i.e. 
\l yield 

z=A cos (nx+a) e~^ n?t • • -0^ 

M# A( • ab), n and a are constants and they can be determined 
Itir boundary conditions. 
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Case II. Let the constant of separation be n Then (7) give* 

Which give on integration, X=a cosh (ha+oc) and T=b^^ , ' n,, 
So that the combined solution of (5) is z=A cosh (flA+a) #■*' 

The solutions (10) and (11) can be expressed as 
z=A n cos (nx+a„) 
z=A n cosh(«.v+a„) e k " 2 ‘ 

where the constant A„ corresponds to a particular value of n. 
Since these are the solutions of (5) for all n, therefore summui|| 
all values of n, the solution of (5) is 

z (x, t)= 2 A n cos (wx+a n ) 
n=o 

oo 

or z (a, /)= 2 A n cosh (nx+a„) e ka2t 

0 

according as the constant of separation is negative or positive. 

02^ JT 0^ 

Problem 31. Solve = — with the boundary condition j, 

when x—0 and x =/ for all values of t. 

Using (10), the solution is z(x, t)=A cos (nx+&) e—knt 2 
Initially z=0 when x=Q gives z (0, t)=A cos a e~ k ” 2/ =0 

and x—l for all / gives z(/, t)—A cos («/+a) e— ^ 2 /-*() 
So that A cos a==x0 and A cos nl cos a— A sin nl sin a=0. 

Which yield a— ~ and n—~> ... 

With n—~ , the solution is z(x, t)=A sin nxe ~ kfl 2/ 

Note. Here n = -j > -~ 9 ... are called eigen values. 

(ii) D’Alemberts’ Method. 

Consider the equation of vibrating cords 

__ , 9 d 2 u 

~W~ h ~ dx 2 A 

which is also known as D' Alembert's equation. 

Suppose that v—x+ht') 
w=^x — ht J 


^•miiiI'NTIAL EQUATIONS 
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n 0u dv 
, < dv dx 


du dw 
dw dx 
0 


du 

'dv 

d 


du 
~dw 
f du 


^ *' e ' 0x 0v ~^~dw 


v0v ^dw 


du \ d 2 ti 


) 


()'u ^ t—\ — ( — 4 - —\( 

' Dx 4_ Zx \0x/ — \0v dw) \ 

Su du dv du dw^,(du__du\ 

Al "’ aT == 07'a/ + 0w V0v dw J 


0V 2 


+2 


i.e. 


dt 


d 2 u dhf 
dv dw'dw 2 

. . . (18) 

9 d\ 

?v dw J 


■ S *( 


d‘u u2 fd 2V— V/i 2 (^L- 
\d7~dw)\dv dw) \dv 2 


d-u 


d 2 u 


) 


' gv 01l-* r 0»’ 2 

. . .(19) 


III) yields with the help of (18) and (19), 


d-u 


0v 0w 


= 0 . 


fin 

Integrating with regard to w, we get ^-=const.=/(v) (say) 

Integrating it again with regard to v, w=J/(v) Jv+const. 
=<Kv)+M») (say) 

L u(x, t)=<f,{x+ht)+<\i(x—ht) • • • ( 2 > 

rtiysically interpreted (20) represents two plane waves travelling in 
•Winnie directions with same period. 

Allter. Writing D*=^., D x =^, (16) becomes 

a 2 « 


dt 2 


=(/i D x f u 


. • ( 21 ) 


1 2 
_ n*- 


aru 


Treating (20) as an ordinary differential equation with constant 
»>M<incients such as 

dhi 
dt 2 

•hr re a=h D x 

We have the solution of (22) as u = A 1 e at + A 2 e ai 
M litre A lt A 2 are arbitrary constants. 

Now (22) is formally satisfied by 

u=e ADtt Mx)+e~ U>t, *(x) 

Since (22) has been integrated with regard to t and so the arbitrary 
•Mutants A lt A 2 appearing in (24) can be replaced by arbitrary func- 
tions <f, (xr) and 4 - (a) of a. Now we know that Taylor’s expansion is 

f{x+h)=f(x)+^~ f(x)+^r(x)+ /"(*)+...• 

_ d n 


.( 22 ) 

.(23) 

.(24) 

.(25) 


Using the symbolic operator D x n —^„ for n— 1, 2, 3 
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This becomes/ (x+h)=f(x) + ~ D x f(x) + ~ D x 2 f(x)+... 

+ W DSM 1 


-0+ 7- 

, h 2 D 2 A” D x n 

f \2_ + -+ J» + 


=e h D *./(x) 


. . . w 


Using (26). and replacing h by ht and by —ht in succession, (|H 
yields 

w(.v, t)=<f> (x + ht)+^ (x —ht) 
which is the same as (20). 


7.6. FINITE DIFFERENCES 

If fix) be a function of an independent variable x, then in calouMfl 
we study the change in fix) corresponding to an infinitely ftfflll 
change in x and denote this change by 6x or dx oris*. Here we *h(M 
use the last notation. 

The change A* in x may be constant for all values of x or H| ■ 
vary for different values of x. Taking A x =h (a constant) the iiwrfi 
ment in function /(x) will be f(x+/\x)—f(x) which is represented 
A f(x) i.e. the increment A* in x corresponds an increment A/lfl 
in /(x). This A /(x) is called as the first difference of /(x) and 
interval h as the interval of differencing. In other words the flm 
difference of a function /(x) denoted by A fix) and read as ‘Delta / in 
x’ is defined as 

A f(x)=f(x+h)-f(x) . . , (||j 

where h is a fixed constant. In fact it is the difference in values of tlM 
function for two neighbouring values of x, h units apart. 

The second difference A 2 f(x) is defined as the difference of the flffl 
difference of fix) for two neighbouring values of x, h units apart « 
written as 

A 2 /(-t)=A[A /(-'•)] =A[/(*+A) -/(*)] =Af(x+h)—& f(x) 

Similarly the third difference A */(*) is the difference of the secai 
difference of /(x) for two neighbouring values of x, h units apart £ 

A 3 f(x) = A [ A 2 f(x)] . . . ■ 

and in general the nth difierence is A”/( A ')= A[ A" 1 /(*)]> n= 1, 2,„ 

• • • c 

In finding A/*) by (1) it is clear that /(x) is shifted to /(x+A) n 
then f(x) is subtracted from/(x+A). Tne operation of shifting /(.v) ( 
/(x+A) is sometimes denoted by Ef (x) i.e., 

f(x+h)=Ef(x) . . . I 

As such f(x+2h)=Ef(x+h)=E{E f{x)}=E 2 /(x) ... I 

f(x + 3 A) = Ef(x + 2 A) = E{E 2 /(x)} =E 3 (fx) ...( 
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y iii ucncral /(x-fn A) =£"/(*) ..-(8) 

Pi Md be noted that A n and E" do not bear n as an exponent 
^4 but they simply represent the n times operations. 

I.uhiiii between A and E. 

A/(x)=/£+A)-/(x) 

=Ef(x)—f(x) 

Ef{x) = Af( x) +/(*) = ( A + 1 )/(*)> ' ^ 

III, operators £ and A are symbolically connected with this 

Hfcrrnce table. The successive differences 

^ Ml n V) for different values of x are easily calculated from a table 
Mn ,S difference table, by subtraction. In any difference table tne 
5»n dent variable (say x) is called argument : and the corresponding 
j£of the function [as /(x)] is said to be the entry. A difference 
cun be coustructed as shown below. 


I A 

I M 
l 

I 4h 


Entry 

f(Xj 

First difference 

A fM 

Second diffe- 

rence A 2 / (*) 

Third 

difference 

A 3 fix) 

M 

f(a+h) 

f(a+2h) 

f(a+3h) 

f y a+4h) 

A /(«)-/(«+ h)-f(a) 

A f(a+h) 

=f(a+2h)—f{a+h) 

Af(a+2h) 

%(a+3h)-f(a+2h) 

/\f(a+3h) 

A 2 /(a) 

A 2 f{a+h) 

A *f{a+2h) 

r . 5 /V 

A 3 /(«) 

A 3 /(a+*) 


Fourth 

difference 

A 4 /(x) 


a 4 m 


I |, , , iv each of the A/W, A * J yxu oi is jw » i 7TI 
Kb t acting the corresponding value from its succeeding value i.e. 

A r /(x-f M)= A r_1 &f(x+kh) 

= A r_1 {/(* + A: + 1 A) -f(x+kh)} 

A r /(x+A:/i)= A r - 1 f(x+k+lh)—A r ~ 1 f(x+kh) • • • (10) 

■ »vrry value of lc and r. ■’ f , 

■living different values to k and r, we get different results of 

* i ir,. r ^nrM table its first given term i.e. f{a) is called the leading 

AW, AW «'• *« “> kd 

»» “» be expressed in terms ol Ihe function 




’(/) A f(a)=f{a-+h)-f(a). 


...(H) 
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(«•) /( fl ) = A { A f(a)} = Af{(a + h) —f(a )} = A f( a , A v 

A 3 , , =/(«+2A)-2 f(a+h) +f{ a). ^ J 

A /(a) Z A { i A2/(a)}==A{/(a+2A) ~ 2 /( a + *)+/&■ 

M* + 2A)-2A/ ( a+A)+A /(a ) I 

-{/( a +3A)=/(a+ 2 / I )}-2{f( a+2A) _ /(a+A) . 

or A 3 / (a)=/ (a+ 3 A )_ 3/( j +W» I *1 j 

Prope rties of the operators A and + ^ 

W If a is a constant Aa=0 and £a= a . 

A {af(x)}= a /\f{ X ) an d E{af(x)} <=aEf(x) 

(iii ) A r A s /iV) a r+>/y \ | ^ YC-f) } = af(x -|- h ) 

A A/(x)=a + */(x) and E T E 3 f(x)=E T +y(x) 

[. A , A*/W=(AA...r times) (A A--.r II 

<w ,imcs) 

d r £{/ ( x )+t(x)}=Ef(x)+Et(x) L 

p . . ' ^Y)+*(x)}=/(x+A)+#x+A)= E f( x )+|J 

Formulation for nth difference 

corresponding l,j 

AF#“7i-^ 0 
A*V = /W 

A ^°__/ A(A • F ® ) ~ A( ^~ 2 3 ; i+J'o)=A^-2A>' 1 + A3', 

1 and therefore ,t will follow by the inductiin method ihaf'"". 


oy 0 = 2 I r 1 )* l?_ 


~ ^ojQ^r *-* or J o (- 0* 

where A 0 *-*, and in terms of f(x) it becomes 

n 

-m 


(t) 


Jn-i 


A”/(x 0 )_ k l o { ~J^ fl(x 0 +(n- 
Problem 32. Evaluate 


(a) Ax(x+1)( x +2)(x+3) 

( b ) A” (aA'*) ( c ) 


2 f 5x±12 

L x : 


2 +5x+d] 
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(</) /\ n (e a+bx ) (e) l\ n (ax n +bx n ~ y )' 

( D A n (-^-) (?) A (x 0 

(a) Ax(x+1) (x+2) (x+3) 

(x+1) ( x+2 ) (x+3) (x+4)-x (x+1) (x + 2) (x+3) 
• (x+l)(x+2)(x+3){(x+4)-x} 

4 (x+1) (x+2) (x+3). 

(/>) A n (ab™) ~ A"- 1 (Aab' x ). 

Now A (ab ex )=ab cixH) —ab cx =ab cx {b c - 1}. 

A 2 (ab' x )= A (ab cx ) ( b c - 1)=(A C - 1) A (ab cx ) 

=(b c — l) 2 (ab rx ) and so on. 


A” ( ab cx ) 
(r) A 2 


=(b c — 1)" (ab cx ). 


r 5x+ 12 • 

"I a (x -f-3) + 3 (x+2)*"| 

L x 2 + 5x+6 w 

J L (x+2) (x+3) J 


= A {(x+2) + (Y+3)] 
~ A ’ A [(x+2) x . 
A|l ‘° A [ (x+2) + (x+3) l^Ccx+3) ~ (x+2)] 


(x+3)} 


+ 


Mlthcr 


—2 


[( 


1 (x+2) (x+3)“(x+4) (x+3) 0r 

No that 

A 2 


.(*+4) ' 

3 1 

(*+4) (x+3) 


"(x+3) ] 


(x+2) 


(1) 


r ? x t n 1 — a r 

2 3 1 

Lx +5 x+6J a L 

(x+2) (x+3) (x+3) (x+4)J 




1 


,(*+3)(jt+ 4) (rt+2) (tr+3)J 


-c 


1 


] 


= — 2 


.(x+4) (x+5) (x+3) (x+4) 

[" (x+2)— (x +4) "j 
L(x+2) (x+3) (x+4)J 

_ 3 (" (x+3) -(x+5) "I 

L(x+3) (x+4) (x+5)J 

4 6 

- "(x+2) (x+3) (x++r'(x+3) (x+4) (x+5) 
(</) A” (e a+l,x )= A” -1 (Ae° +6Jt ). 

7 fce a+bx —e a+b <a7+1) — e a+bx ~e a+bx {e b —l} 

' A:'e a+hx --=(e h -\y e a + bx and so on. 

Hence A n e a+b *=(e b — l) n e a+&:c . 


I 2 r_5x+12_-l 
L x 2 +5x+6 J 
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(e) A” (ax”+Ax" -1 )= A” (ax")+ A" (Ax" -1 ). 

But A" (Ax” -1 )— 0 

(as Ax" -1 is a polynomial of (n— 1) degree only) 
A" (nx")=aA" -1 (Ax“)=<*A” -1 {(x+l)"-x n } 

=aA B-1 {A* B-1 +terms with powers less than 

(«— 1) in x} 

=aA” -1 nx" -1 =aA" -2, n {(«— 1) x n-2 +terms 
with powers less than (»— 2) in x) 
=aA” -3 n («— 1) (»— 2) x" -3 and so on. 
Ultimately, A" (ax n )=a (n !). 


(/) A” 
V A 
A 2 
A” 


(D— a> 

f 1 1 1 (-D 

\X/ x+1 X x(x+l) 

(iK wiiw 111 "' 

f±) (-D" (-1)" 

\x J x (x+1) (x+2)...(x+n) (x+l) <B+1) 

=(—!)” [(x+n)— (n+l)] (B+1, =(— 1)" [x-1]^ 


n 


(g) A 1(f) =|(£±i)-|£_=|£. {(x+l)-l}=x|(x). 


7.7. POLYNOMIAL INTERPOLATION 

The process of estimating the value of the function for any mtsM 
mediate value of the variable with the help of certain given values of 
the function corresponding to a number of variable values, is cullmf 
Interpolation. 

In otherwords if a function y=f(x) is known for values x l9 x 2 , x, |1( 

as f(x 1 ) i f(x 2 ) 9 ... 9 f(x n ) 9 then the process of finding the value of /( 
for some other value of * (lying between the values, x u x 2 ,..., 
called Interpolation. 

When we estimate /(x) for some such variable value which lies oil 
side the given values, the process is called extrapolation. 

If the exact form of the function /(x) is not known, or, known, lit 
a complicated form, then to solve the problem of interpolation w| 
assume that the function /(x) can always be taken as a polynomial lit 
x. Only after making this assumption the calculus of finite differcnct| 
can be applied to obtain the value of function /(x), for any unknow# 
value of variable x. Moreover the polynomials are the simplest fundi 
tions. 

Validity of this assumption of replacing /(x) by a polynomial 
function lies in an important theorem due to Weierstrass, which stalni 
that if/(x) is continuous between x x and x n , then itcan be replaced 
by a Polynomial of suitable degree in that interval with as small a# 
error as we please. 
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f tli* decree of polynomial depends upon the number of given 
fclMH. of (he function. In general if n values are given, we can nt a 
Komial of degree (»-l), no matter whatever be the exact degree 

plltf polynomial. 

| jiln limitation of fitting a polynomial of degree (n~l) only, when 

• **luc» are known, creates two problems : 

(0 |l'/(x) is of a degree higher than n — 1, then we shall inter- 
(he values of/(x) only approximately. 

~ tni |ff(x) is not actually of polynomial form but of a different 

a exponential etc., then also the interpolated values will not 

|L"in llv the same. Such functions as exponential can be expanded 
lulu Infinity, but we can assume them only of degree (« — 1), it n 
Blur* are given. 


f| INTERPOLATION WITH EQUAL INTERVALS, when 

function-values are given at equidistant intervals). 

||| Ncwton-Gregory Formula. 

■ If n is a positive integer , then 

J, | nh ) =/(x) + A 2 /( • 1C ) + "Co A 2 /( r ) + A */(*) + • • • + "Cn A"/(^)- 

Wr have f(x+nh)=E n f(x)—( 1 + A )"/(*) 

={l+ B C 1 A+ n C s A 2 +-+ n C«A°}/W 
=/(x)+"C 1 A /(x)+ B C,A s /W+- + n C„A"^> 


•lilt h is Newton-Gregory formula. . 

Here we get /(x+n A) in terms of/(x) and its leading differences. 

Note 1. This formula can be applied, when there are n equidistant 
hfttis, and 

(i) we want to obtain an intermediate value. 

I (II) out of those one value is missing which we want to obtain, 

(III) out of those r values are missing which we want to determine 
ht mi the ( n—r ) known, values. 

Note 2. The Gregory's expansion is convergent. But its nature of 
•mergence may finish if n becomes either a negative quantity or a 
huctional one, and the formula may lake a divergent shape. So the 
t,uilis obtained will be very much approximate and sometimes 
IHaccurate also. 

II the function remains a polynomial one, then Newton’s advan- 
tlnu difference formula, where /(x) is expressed in terms of/(0) and its 
feuding differences, can be used for all values of x, positive or nega- 
tive integral or fractional. Also this formula gives highly approxi- 
mate results if /(x) is of any other form than a polynomial. 

|2] Newton’s Advancing Difference Formula. By (8) of §7.6, taking 
h -I we get, /(x)=£ x /(0) 

=(l + A)*/(0)={l+*C 1 A+*C f A 2 +...}A0) 
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or /W=/(0)+*C 1 AA0)+*C 2 a * I 2 /(0)+... M 

which is Newton’s advancing difference formula. 

So long as /(a) is a polynomial in x, this binomial expansion |« 
valid for all values of x if starting value of variable is 0 and intriv«| 
of differencing is unity. 

[This formula^can also be deduced froni the Gregory formulu 

Problem 33. Show that Newton's formula 

u*=Uo+X(d A«»+r (2) A s h 0 +-X(3> A 3 «o+ — 
can be put into the form 

u x—u 0 -{-xAu 0 —xaA~u 0 -}-xab A 3 u 0 — xabc A 4 m 0 + J 
where a=l-\(x+l), b=l-± (*+/), c=/-* (*+/), e tc. 

Hence show that the successive coefficients converge slowly atu! /flJ 
eventually to numerical equality. ' 

V a=l-l(x+i) ) ~a=i (*+l)-l=$(jr_i) 

Also b= 1— J (x+1), —b-=i (ar+1) — 1 = J (x—2) 

Similarly - c=i <jc+ 1>— l=-i (x-3) 

~d— t (*+!) — 1=£ (x— 4), etc. 


Given m*=« 0 +~ A«o+ A 2 » 0 +^~+^~ 2) A *« 0 


1.2.3 


+ 


( x— 1) (x—2) (x— 3) A 4 


2.3.4 


A 4 »,+ ... 

or Mx =« 0 +A:A Wo +ar(^l) A 2 «o+* (^-) (-^) A*«, 






= M 0 +.T A M 0 + A(-n) A - W(l + x(-tl) (~h) A 3 w q 

+a(— a) (~b) ( -c ) AX hl 

or u x =u a +x/su 0 ~xa/\~u ( ,+xab/\ 3 u n -xabc/S i u 0 -\-xabcdA''u u ^\ 

It is clear from the values of a, b, c and d etc. that succesihl^l 
coefficients in the expression converge. 

Problem 34. Given the values sin 45° ='7071, sin 50° = '7660 itm I 
55°=’8192, sin 60° — '8660, find sin 52°. 


0 

sin 0 

| A sin 6 

A 2 sin 0 

A 2 sin 0 | 

45 

50 

55 

60 

*7071 

*7660 

*8192 

*8660 

*0589 

*0532 

0468 

— 0057 

—•0068 

— 0007 

1 
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tin (45+5.1‘4)=£ 1 * 4 sin 45° = (1 + A) 1 4 sin 45° 

din 45°+ 1*4 A sin 45°+- A 2 sin 45° 

(1‘4) (;4) (1*4 — 2 [ 
+ 3"! 


A 2 sin 45° 


I »'7071+(1‘4) (*0589)+(*7) (*4) (- 0057) 

+ (*7) 04) (-*2) (- 0007) 
[ ►* 7071 + *08246- *001596 + 0.0000392 
I •- 7880032=0*7880 approx. 

35. Given log x for x=3l0 , 320 , 330, 340 , 350 and 360 
huy, to the following table. Find the value of log 3375 . 


DIFFERENCE TABLE 


A log x 



A 2 log X 

0004244 

0003989 

0003751 

*0003546 


A 3 log x 


A 4 log X 


A 5 6 log x 


i 


*0000255 

*0000230 

0000205 


0000025 

0000025 


Pm utiall first evaluate log 337*5. 

I |o K 337*5=log (310+ 10 x 2*75) =£' 27 * 5 log 310 

-log 310+2-75A log 310+ 2 ’ 75 ^ - | — - A 2 log 310 


+ 

+ 


(2-75) (175) (-75) 

3 ! 


A 3 log 310 


(2-75) (1*75) (*75) (-*25) a4 3W 


4 ! 


(taking approximation upto 


five places) 


m H7'5=2'49136+2 75 ( 01379)+-- 75 ** 75 l (- 00042) 

(2 75) (1~75) ( 75) __ (.qoo 03) {leaving other terms} 

6 

=2'49136+2'75 ( 01379) — (2 75) (1'75) ( 00021) 

+ (1375) (1-75) (-75) ('00003) 
= 2 49 1 36+ 03792- 001 01 + -00005 =2 52832 
I How log 3375=log 10x337 5=log 10+ log 337'5 = l+2’52832. 
L, log 3375=3-52832. 
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Problem 36. The following table is given i 



X 

0 

I 

j 2 1 3 

! 

4 

' 

Ax) I 

3 

6 

11 18 

27 


What is the form of the function f(x) ? 


X 

fix) 

A /(*) 

A 2 /(x) 

0 

3 

3 


1 

6 

5 

2 

2 

11 

7 

2 

3 

18 

9 

2 

4 

27 

i 



A 3 /(AT) 


0 

0 


=3+x-3- 


x(x-l) 

I 2 l 


{as third differences ur« 


or 

or 


i 


• • i 


/(x)=3+3x+x (x— l)=3+3x+x 2 -x 
f(x)=j c 2 +2jc+3. 

fiZdM* 37 ’ G 'W< 0 )-/,/</)+/M-/(> <mdf<3)+fi4>+ M 

mi!i o?«co a „d r " a,i0 " S ' “ “""»■«*) . 

Suppose f(x)=A+Bx+Cx*. 

/(0)=1 gives /4 = 1. 

and /( 1) +/(2)=10 gives (A+B+C)+ (.4+25+40= 10 
or 2/l+35+5C=10 

or 35+5C=8 

and /(3)+/(4)+/(5) =65 gives 

(,4+35+9C)+(A+45+16C)+(,4+55+25C)=65 

or 125+ 50C=65 — 3=62. 

(2) and (3) give C= 1 and 5=1. 

/(*)=**+*+ 1. 

Hence f(4)=21. 

13] Equidistant Terms with Terms Missing. 

unknown*/^! out °f n equidistant values of the function! 
unknown, m, only (n-/») function-values are known, then we 4 
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I lie function of degree (n—p—l). Thus (n— p)th difference of 
B function will be zero for every value of the variable. Equating 
■f tlillcrcnces to zero, we may have as many equations as we like 
Pi llmling out missing terms) by giving different values to x. 
fluhtom 38. Given f(l)=386, f{3)=530, f(5)=810, find f(2) and 

i 


llNwr only three values of the function are known, so f(x) may be 
liMMinl of second degree. Thus A 3 /(x)=0 for every value of x. 
,.V(I) Ogives (E— 1) 3 /(1)=0 

/(4) — 3/(3) + 3/(2) — /( 1) =0 

/(4)+ 3/(2)= 3/(3)+/(l)= 1976. . . . (0 

I £7(2) =0 gives /(5)-3/(4)+3/(3)-/(2)=0 
3/(4)+/(2)=/(5)+3/(3)=810+1590 

=2400. ... (2) 


Bnlvlng (1) and (2), we get 

f(2)=441, f(4)=653. 

_ 1'iiililrm 39. Estimate the missing terms in the following table where 


X 

1 

2 

3 

4 

5 

6 

f(x) 

3 

9 

— 

8/ 

— 

729 


f * I’ la in why f(3) differs from 3 3 and f (5) from 3 s . 

A« only four values are given so A 4 f(x ) = 0 for every x. 

A*uhove, A 4 /(l) gives 

/(5) — 4/(4) + 6/(3) — 4/(2) +/( 1 )= 0 
m A 7(2) gives 

/(6) -4/(5)+6/(4)-4/(3)+/(2)=0 
lulutituting the given values in (1) and (2), we get 
/(5)+6/(3)=357 
/(5)+/(3)=306 
pilvlng (3) and (4),/(3)=10.2 and /(5) =295.8. 

S in’ll estimating /(3) and /( 5), we have.assumed here that the function 
t) l» a polynomial of degree 3, whereas it is an exponential function 
I hut is why /(3) and/(5) are differing from 3 3 and 3 5 , i.e. from 27 
IBs! 243 respectively. 


..(0 

••( 2 ) 

..(3) 

..(4) 


1 9 I INTERPOLATION WITH UNEQUAL INTERVALS 

■ U K we have assumed that values of /(x) are given at equidistant 
Blurs of x, say for a, a+h, a+2h etc, but it may happen that the 
■hint of /(x) are not given at equal distances but are given at points 
m x 0 , x 1( x 2 , x 3 Xn, where (x t — x 0 ), (x a — x x ), (x 3 —x s ),..., 

I T, x„-i) are not necessarily equal. We define divided differences 
J tiplain the interpolation formulae in such cases. 
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[1] Divided Differences 

Suppose f(x 0 ) 9 f(x 1 ) 9 ...f(x n ) are the values of f(x) corrcs|>ni»it|^| 
values x 0 , x l9 ... 9 x n which are not necessarily equally spaced. tlilf 


(j) fM—f(x 0 ) f(X2)-f(Xj) 


x 2 — x, 


etc. ^ Xn) areoilHA 

x„_. ■ 


divided differences ofx for the^variab'e- values (x 1( x 0 ), (x 2 , x,).,,, Jl| 

' ... /h„5) 


JJ # -^0/9 V^2» 

x n -i) respectively. These differences may be denoted as 
fix* Xy ) 9 ... 9 f(x n9 x n _ 2 ). 

( it ) Similarly second divided differences are 

f{x 2 , X t ) f ( X \ 9 X 0 ) /(x 3 , X 2 ) f(x 2 . X2) 

denoted by/(x 2 , x,, x 0 ), /(x 3 , x 2 , x^etc. 1 
(«0 And similarly third divided differences are 

/(*3» X 2 y X 1 )~f(x 2 , X 1? X Q ) 

X3-X0 

denoted as/(x 3 , x 2 , x l9 x 0 ) etc. 

12] The Divided Differences remain Uaffected by Chai 
Permutations of (heir Variable Values. 

.. (r Y f( x i)—f(x 0 ) f(x,) , /(x 0 ) 

■ ^=l.— + '0v=^7) 




— *1 


Similarly /(x 2 , x x> x 0 )= T fe* *i)-/fri. Xq) 


(x 2 -x 0 ) 



./Vx,) 7 

\ /(X,) 

. Ax 0 ) ? 

c(x 2 — xj 

(x,-x 2 ) i 

t (X,-X 0 ) 

(x«— X.) 5 

/(X„) 

X 2 — x 0 

, .f(x,) 

, /(x 0 ) 

~ (x 2 -x 0 ) (x a - 

~ x l) (Xi— X 0 ) (Xj — x 2 ) 

(x 0 x,) (X, 


1 


/Oy ^i> *^ 2 ) /(*i. a 2 ) 

The nth divided difference is sometimes written as: 


= S f(*n) 


m 


2 is the summation of all x’s. 


(*o-* 2 ) (x 0 -xj+. ..(x 0 -x n ) 


[3] The nth divided differences of a polynomial of the nth 
are also constant. Iffl 0 x n is the leading term of the polynomial^! 

11 t M /T tin /4 A/*i /4 « rv /« ^ I 1 l— 


nth divided difference will be a 0 . 

Problem 40. Findf{2 , 4 , 9, 70) hTj?/-* /(at)=x 4 +x 2 + 7. 
/]\ 8 /(2) or /(2» 4, 9, 10)=25. [See Table on the next 


4, 9, 10 
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f(x) 

21 

273 

6(>4 3 

10101 


/l\/(x) 

/I\¥(x) 

273-2. _ 126 

4—2 

1274-126 _ m 

6643-273 _ r?1 
9-4 

9-2 1 

= /l\ 2 /(2) 

4, 9 

3458-1274 

10101-6643 

10-4 

= /l\ 2 /(4) 

9, 10 

10-9 54 


/i\ 3 /W 


364-164 


=25 


10-2 

= /|V/(2) 

4, 9, 10 


I |i| Newton’s Divided Difference Formula 

I L.pose/(x 0 ), /(*!),.../(*„) are the (n+1) values corresponding to 
Kim x a , x,...,x n . With these (n + 1) values we can fit a polynomial 
Bilturie n. Thus nth divided difference f(x 0 , x lt x 2 ,...,x n )— constant 
K,l (n (-l)th divided difference /(x, x 0 , x 1 ,...x„)=0, where x is some 
Blur other than x 09 x l 9 ... 9 x n , 

f,. nrr Y V fax n. X 1 ....X W - 1 )-/(X 0 X 1 ...X„) _ n 

| • A l» • * "^n) 

I /. A**0> 1 > • • • •**»— l) == ./"('^0'*'l . • • A n ) 

L I (XXq 9 X|,...X n _2) f(X()9 X\ X w -^) — f{X\n Xi,...X n ) 

X X n -i 

■ f(XX 0 X x . . . X n _ 2 ) =/(Vi • * • Xn-l) + (*— *n-l) /(x 0 , X 3>*-- X r») 

f(xx 0 . . . x n _ 3 ) f{Xp 9 Xt , . . . X w - 2 ) 

X Xyj—2 

/*<„, X 1 ,...X„_ 3 )=/(x 0 , X lt ...Xn- 2 ) + (X— X„_ 2 )/(X 0 , Xi,.. X n _,) 

xx„ . . .x n - 4 ) -/(¥i • • •?« ? 

"A'n- 2 ) X — X n - 3 

L /(XX 0 , x 1 ,...x„_ 4 )=/(x 0 , Xi, . . .X n - 3 ) +(X-X„_ 3 ) A X 0 , Xi,....V„_ g ) 
+(x-x n _ 3 ) (x-x n . 2 ) /(x 0 , x 1 ,...x fl -,)+(x-x n - s ) (X x n - 2 ) 

X (x — X n -i) f(x 09 x l ,...x n _ 1 ), 

fHil 10 on. 

I he last but one step will be 

■ «. x„)«=/(x 0 ), x,)+(x— xOAxo, x u x # ) 

+ (x — Xj) (x — x 2 )/(x 0 , X 2 , X 3 ) 

-|-(x— x t i (x— x s )...(x— X„-i)/(X 0 , X t X ,) 

_ /(x)-Ao) 

»t /(x)=/(x 0 )+(x-x 0 )/(x 0 , Xj) +(x-x 0 ) (x-x,)/(.v X , x 2 ) 

- j- . . . -f- (x — Xq) . . • (X A 11 — 1 ' JK A 0 • • • X n ) 

91 /(x)=/(x 0 )+(x-x 0 ) /J\/(X 0 ) + (X-X 0 KX-Xi) q^A x o)+- 

X\, ' “• 
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+ ...+(X-X 0 ) (X-X^.^X-X,,-,) /'X"- 1 /(x 0 ) 

Xl, X* t ...X«_i 

+(x-x 0 ) (x-x 1 )...(x-x„_ 1 ) //V» /(x 0 ) 

Xl, x 2 ,...x„ 

which is Newton’s divided difference formula. 

[5] Newton’s Gregory Formula as a Particular Case of IN**h 4| 
divided Difference Formula. 
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In the above Newton’s divided difference formula, if we put 


— — Jl. " W | ' >1 I 

+nh 9 a: 1 =x 0 +/ 2 , x 2 —x 0 -\-2h, x~=x 0 +3h etc., we get the v 
terms as under: 

(x— x 0 )/(x 0 , x 1 )=nh — - — ~~^*<>) —nh /( x o+^)~/(^o) 

•*i — x 0 /z 

= wA A {^ = ”A /(x 0 )="C 1 A /(*„) 
(x-x 0 ) (x-x!)/(x 0> Xi, x 2 ,)=(«A) («— 1 


=(n/f) (n— 1 /i) 

_ n (n 1) 

|_2 ' 

» (»-l) 


2A 


” ( ” 2 1) A{^-yo+/0-/(x n )) 


A^/(x 0 )="C 2 AV/l.»J 

Similarly, ~~~ 

(x x 0 ) (x-X x ) x x 2 )/(x 0 , Xi, x 2 , x 3 )= I O LzD (”~ 2 ) 


( 12 ) 


-AVW, 


' A "/(*<>) 


and finally, (x-x 0 ) (x-x 1 )...(x-x n _ 1 )/(x 0) x u x 2) ...,xj 
_ n (n— 1) ( w — 2),.,(w— w^l) 

(I") _ 

="C„A n /(x 0 ). 

Substituting these values in the Newton’s divided difiertlH 
formula, we get 

/(x o +«*)=/(Xo)+”C 1 A/(x 0 )+"C 2 A 2 /(xo)+...+"C„A»/(x 0 ). 

Problem 41. Find the polynomial of the lowest possible degree wh 
assumes the values 1245 , 33, 5, 9 and 1355 when x has the values «*« 

— 1,0, 2 and 5 respectively . Also obtain the value of the polynoml 
at the abscissa 1. 


We have to find a polynomial satisfied by (—4, 1245), (—1 }M 

ouMi 


(0, 5), (2, 9), and (5, 1335) and the value for ‘1’ is to be interpo] 
The difference table is given on the next page. 

/(*)=/(*o)+(x-x 0 )/(x 0 , X x )+(X-X 0 ) (X-Xj)/^, Xj, X,) 
+ (*-*o) (x-x x ) (x -X 2 )/(X 0 , Xl, X 2 , x 3 ) 


+(*-*«) (*-*i) (*“*») (x-x*)f(x o, Xl, x 2 , x„ xM 

14 


„ ' i V” "1/ *' v 3/./V v 0> * /v l> * /v 2> •*** 

= 1245-(x+4)404+(x+4) (x+1) 94-(x+4) (x+l)x,_ 

+(*+4)(x+l)x(x-2)l 




/W 

/K/(x) 

/l\ 2 /(x) 

/l\ 3 /(x) 

1245 

1245—33 
— 4 — C — 1 ) 

-404- (-28) 



= -404 


33 


—4—0 

94-10 

33—5 

=94 


— 1 — (0) 


-4-2 


= -28 

-28-2 

= -14 

5 


-1-2 



5-9 

=10 

10-88 


0-2 


-1-5 


=2 

2-442 

= 13 

9 


0-5 



9-1335 

=88 



2—5 

=442 



1335 





/IX 4 f{x) 


-14-13 

-4-5 

-3 


5 — 1 4x + 6x 2 — 5x 3 + 3x 4 . 
m $ ii v«=l,/(x)=5 — 14+6— 5 + 3= — 5. 

I |*| I ^grange’s Formula. . 

(impose («+l) values of/(x) are known as/(x 0 ),/(^i)v» -WsL* 
Imu v, w jci which are not necessarily equally spaced. J 




V/l J I •'V J U&v |\UV TTJJ. J \ x •* 

|Mi x», xi,...,x n , which are not necessarily equally -f--— • 

4) can be taken as a polynomial of degree n and one oi 
umIMc forms of f(x) can be taken as under 
#>~/4 0 (x— x x ) (x— x 2 )...(x— x n )+A 1 (x— x 0 ) (x—xj-x—xn) 

✓ \ ✓ \ / \ v -V 1-U 


+ ^4 2 (X— X 0 ) (X— Xi) (X — Xg)-"(* *»)+ — 

+ A„ (x— x 0 )...(x— Xn-i)... 

At the point x=x 0 ,/(x)=/(x 0 ). Puttting x=x« and /(x)=/(x 0 ), we 


<>*£) 


. = fe) 

# (x 0 — Xj) (Xq x s )...(x 0 x«) 

AIM) at the point x=x 1 ,f(x)=/[x 1 ). This substitution gives us 
. f(Xi) 

1 (Xi-X 0 ) (Xl— X 2 )...(Xi— X„) 

..... . ftx£ 

Hlmilarly, A % = ( Xl _x 0 ) (x 2 -Xi)..,(x 2 -x n ) 


f(x n ) 


An= (x»-x 0 ) (*»— Xi)...(x„-X»-2 

With these values, we get 
. (x x t ) (x x 3 )...(x x B ) > 

(X 0 Xj) (X 0 — X 2 )...(X 8 X M ) 
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, (x x 0 ) (x— a- 2 )...(x— 

(•*! — +>) ^n) 7 ^ 1 

_j_ (*— *o) (x— x,) (x— x 2 )... (x- 


-i) 


(*„ — X„) (xn — X 4 ) (x„ — X 2 )...(x„ — X B _ X ) 
which is Lagrange’s Formula. 

Problem 42. By means of Lagrange’s formula, prove that 
(<) >'i =>3 ” '3 >’- :i )-}- 2 (f 3 — F-s) approximately. 

(a) Fo— i (Fi+F-i)— 4 [2 0> 3 — Fi) — ^ 0>-i — F- 3 )l approximately. 

(i) Here we are given j_ 5 , >’ 3 , y 3 and y s and yy is to be detcrmllfl 

• ( 1 + 3 ) ( 1 - 3 ) ( 1 - 5 ) 

• • y i — 



(-5+3) (-5-3) (-5—5) 
(1 + 5) (1—3) (1 — 5) 


y- 5 


(-3 + 5) (-3-3) (- 


_ v 1 (1 + 5) (1+3) (1— 3) J 
3-5) y ~ 3 ^ (3 + 5) (3+3) (3-i) 1 ! 


or y t -- 


4 (-2) (-4) 


r>++ 


(6) (-2) (-4) 


+Jl±5HH^Hl-3) 
(5+5) (5+3) (5- J) 


( 2 ) (- 6 ) (- 8 ) 
(6) (4) (-4) 


+-* 


(— 2 ) (— 8 ) (— 10 ) 

(6) (4) (—2 ) 

‘ (8) (6) (-2) (10) (8) (2) 'H 

or j'j To >’-5 + i)’-3 ‘Ay a — '2>>- 5 +'5j’_3 — '3j’ 6 

~y* 3 (f* — F-3) + ’2 iy~3~ y~s). i( 1 

(«) Here we are given the values of j_ 3 , v_,, y\ and y 3 and 
to be determined. 

(0+1) (0-1) (0-3) . , (0+3) (0-1) (0-3) 

-1)(-1-SJ 


y o= 


( - 3+1) (— 3— 1) (~3 


-3/“ s+ T- 


-1+3) (—1 


+• 


(+3) (+1) (-3) 


(-+3) (+ 1) (—III 


or 


or 


(1+3) (1 + 1) (l-3)* + (3+3) (3 i-l) (£ 
y 0 4 ?y~ 3 "I” tVT-1 ■"!“ tVT 1 — T5>3 

is (yi~y y~i)~T\ l(y 3 )\ )—(y-i 3^—3)] 
yo=i (y x +y- 1)— s [* Cf 3 — ^1)— * O'-!-*-,)!. 


7 J0. CENTRAL DIFFERENCE FORMULAE 

When applying Newton’s Gregory formula with («+ 1) known vail 
f « e ,. var * able » we assumed the function as mh degree polynon 
tor finding out any intermediate value, but actually *he polyno 
happens to be different from «th degree, so Newton’s formula i 
an approximate result only. For better results central dittcu 
formulae are introduced. 

ft^ U ^ 5e /r Ctl0n/l ") takes the values A°). /(D- /( 2). /( 3). 

/PL/w, j (/ equally spaced having unit interval. 

. If we shift our origin to the 4th point then /(x) will become J\ 
/(-?),/(- 1), f(0), /(l),/(2),/(3),... 
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II L«um’ Forward Formula. 

4»»inirs advancing difference formula (in which interval is 
>i* .I ui I zero is the starting value of the variable) is 
.1 /lOJ+’Cj A/(0 )+ x C 2 A 2 /(0) + X C 3 A 3 /(0) + • • • + x C r A r /(0) 
A'/10)=A 3 /(-l)+A 2 /(-l) 

[V A r /(— 1)= A r_1 {/(0)— /(— 1)}1 

|t ,.‘/|0>=AV(-1)+A 3 /(-1)- 

kllurly, A 4 /(0)=A 5 /(-1)+A 4 /(-1)+A 3 /'(-1) 

= A 4 /(-2)+A 3 /(-2), 

A 4 /(- l)=A 8 /(-2)+A 4 /(-2) etc. 

| general A r /(p)=A r+1 /(/>-!)+ A r (p-1), for every integral 
Bi <»l r and p. 


» 


■Uiituting these transformations in advancing difference formula 

Efl x) A 0 )+ x c x a/( 0 )+ x c 2 a 2 /( 0 )+ i c- 3 a 3 /( 0 )+*c 4 a 4 /( 0 ) 

+ x C 5 A 6 /(0)+- 

-=/(0)+ x Cj A/(0 )+ x C 2 {A 2 /(-l)+ A 3 /(-l)} 

+ X C 3 {A 3 /(-1)+A 4 /(-1)H- t C4 (A 4 f(-l)+ A 5 f(-1)} 
+ x C e {A 6 /(-D+ A 6 /(-D} and so on 
/\A)=/(0)+*C 1 A/(0)+ x C 2 A 2 /(-l)+( a ’C 2 + x C 3 ) A 3 /(-D 

+( x c 3 + x c 4 ) a 4 /(-i )+( x c 4 + x c 5 ) a 6 /(-D 

+(*C 6 +‘ r C 6 ) A 6 /(— I) and so on 
/( 0 /(0)+ x C 1 A/(0)+ x C 2 A 2 /(-1 )+ x+1 c 3 a 3 /(-D 

+ x+, c 4 a 4 /(- l)+ x+1 C 5 A 5 /(-l)-r +1 C 6 A® /(—!)+••• 

and so on. 


» 


Itnw we have to transform A’s of/( — 1) into A’s of/( 2) after 

lum, and then A’s of /(- 2 ) into A’s of /(-3) after 6th term 

thi n after 8th term A’s of /( — 3) into A’s of/(--4) and so on.) 

, f(v) /tO)+ x C,A/(0)+ x C 2 A 2 /(-l)+ x+1 C 3 A 3 /(-l) 

+ X+1 C 4 { A 4 /(~ 2)+ A s /(— 2 )}+ x+i C 5 (A s /(-2) 

+ A°/(-2)}+ x+1 C 6 {A 6 /(-2)+A 7 /(-2)} + - 
fly) /(0)+ x C 1 A/(0)+ x C 2 A 2 /(-1)+ x+1 C , 3A 3 /(-D 
+ x+1 C 4 A 4 /(~ 2)+{ x+1 C 4 + x+ 1 C 5 ) A 5 /(— 2) 
+f +1 C 6 + x+1 C 6 } A 6 /(— 2)+{ x+1 C 6 + X+1 C,} A v /(-2)+- 
ft A) /(0)+ x C 4 A/(0 )+ x C 3 A 2 /(-1)+ x+1 C 3 A 3 /(-D 
+ x+] C 4 A 4 /(-2)+ x+2 C 6 A 5 /(-2)+ x42 C 6 A 6 /(-2) 

+* +2 C 7 A 7 /(-2)+- 

/( v) ---• f(0)+ x C 1 A/(0) + X C 2 A 2 /( - 1 )+ x+ 1 C 3 A 3 /(-D 

+ i+1 C 4 A 4 /(— 2)+ x+2 C 6 A 5 /(— 2)+ x+2 C 6 A 6 /( — 3) 

+ i+ 3 C 7 A 7 /(- 3 )+- 

(V A 6 /(— 2)= A 7 /(— 3)+ A 6 /( — 3)} 


M»h ii Gauss' forward formula. 
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If origin is not 0 and interval is not unity then, in general, 

/ (a +xA)=/(fl)+*C 1 A/(fl)+*C 2 A 2 /(fl-/i)+^ 1 C 8 AV(# -1 
+ * +1 C 4 A 4 fta — 2h) + X+2 C 5 A 6 /(fl JAjl 
This formula contains the odd differences just below the HjH 


line through /( 0) and even differences on the central lint, f|j 
following table will make it clear : 

[2] A central difference table can be prepared as follows : 


X 

/(^) 

A/W 

A 2 /M 

A 3 fix) 

A* fix) 

A*/(l*> 

-3 

-2 

-1 

0 

1 

2 

3 

4 

/(— 3) 

/(— 2) 

/(—l) 

/(o) 7 

/(l) 

/(2) 

/(3) 

/(4) 

A/(-3) 

A/(-2) 
A/f— D\ 
A AO) 7 
A/(l) ' 

A/(2) 

A/(3) 

A 2 /(-3) 

A 2 /(-2) 

A 2 /(-i) 7 

A 2 /(0) 

A 2 /(D 

A 2 / (2) 

A 8 / (-3) 
A 8 /(-2) x 
A 3 /(-l) / 
A 3 /(0) 

A 8 /(D 

A 3 /(-3) 
A 3 /(-2) 7 
A 4 / (-D 

A 4 /(0) 

A 6 /( »lj. 
A 6 /( 1) I 


3] Gauss’ Backward Formula. 


Here Newton’s advancing difference formula is so transform^! 
to have a formula involving odd differences just about the ufjH 
line through /( 0) and even differences as before i.e. on the lino, 

A/(^)=/(0)+ x C 1 A/(0)+ x C 2 A 2 /(0)+ a? C 3 A 3 /(0)+ aj C 4 A 4 /(l>)4 
=/(0 )+ x C 1 {A/(-1)+A. 2 /(~1)}+*C 2 {a 2 /(-d 

+ A 3 /(-i)}+*c 3 {A 8 f(-n+ a 4 /(- D) ft 
=/(0)+*C 1 A A-V+ITCx+’CJ A 2 /(-1)+(*C,+*cH 
A 3 /(-1)+( x C 3 +*C 4 ) AV(-1) 

+ec 4 +*c 5 > a*/(- im 
or /(x)=/(0)+*C 1 A /(-1 )+ i+1 C 2 AV(-D 

+ i+1 C 3 {A 3 /(-1)+ i+ 1 C 4 A 4 /(-1)+* +1 C 6 A‘/( l)tt 
or A^-AOJ+’^A /(-1 )+ x+1 C 3 A 2 /(-1)+ i+1 C 3 {A*A-2) 

+ A 4 /(— l)+* +1 C 4 {A 4 /( — 2)+ A*/(— 2)}+... 

or /(jc)=/( 0)+*C x A /(— 1)+ X+1 C 2 A 2 /(— 1) 

+* 4 - 1 c 3 a 8 /(-2)+* +8 c 4 a 4 A«| 

Thus the backward formula is 

/(*)=/(<>) + X c x a A-1)+ x+1 C 3 A 2 /(- 1)+ x+1 C.A*/(-2) 

+***c 4 A 4 /(-2) +»♦*<:, AVI- 
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interval of 

ff[ A f(a)=f{a+h) -f(a)=f(a-h)-f(a)= - A /(a *)• 

A* f(a-h)=f(a+h)-2f ( «)+/(«-* ) 

=/( fl -/i)-2/(a)+/(a+A)=A 2 /(a-*)- 
lliui even differences remain as such whereas odd ones change 

if 

14) Newton’s Stirling Formula. 

||,|. formula is obtained directly from forward formulae. 

+ n+2 <^5 A 6 /( fl — 2/i) + n+2 ^« Af( a — 3/i) + . . • 

I _/ W+ »a / w+i? A**-w+*gf° 

(n + 1) «(n — 1)(w— 2) a. f(a-2h) 

■ + |4_ 

A 5 /(a-2A) + ... 

+ |5_ 

I _^, +n 2AMrAl««=*) + !iAV(«-» 


2 — t 2 

n (« 2 -l 2 ) 2A 3 /(g-ft)~A 4 /(a-2ft) 

+-]T' 2 

A ‘/(»-2‘> 

~ |4_ 

n(n 2 -l5) (n 2 — 2 2 ) 2 A 5 f(a-2/t)- &*f(a-3h) 
+ 15 2 


iL 

n 2 (n 2 -l 2 )(+-2 2 ) 

' i£T“ 


A*/(a— 3A)+— 


f(a+nh)=f{a)+n 


A fffl) + A/[fl-W ■ Z!* 


fy A 2 /(*-*) 


A 4 /(u-2/«) 


„ (>, 2 _1 2 ) A 8 /la-ft) + A * /fa- 2ft) 

2 

n* (n 2 — l 2 ) 

' |4_ 

n(n 2 — l 2 ) (n 2 — 2 2 ) A 5 /(fl-2ft) +A s /( fl ~ 3 *) 
|5_ 2 

+ w 2 (« 2 — l 2 ) (w*-y) A «yj( a _3A)+... 


which is Stirling’s formula. 
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If a=0, h= 1, and n=x , we get the formula as 


/W=/(0)+|f ■ A . M i- A /( . , !) + *? a2 /(_d 

, X (x 2 — l 2 ) A s /(- 1)-|- A*/(-2) 

+-|r ~~ 2 




x 2 (.x 2 -l 2 ) 

+ II 


A 4 /(-2) 


x (x 2 -l 2 ) (x 2 — 2 2 ) 
|5_ 


v A 5 /(~2)+A s /(- 3 ) 

x --- 2 


The central difference table shows that this formula involvci iML 
mean of the odd differences above and below the central lino 
even differences on the central line. This gives very good result* 1% 
successive approximations as it decreases or increases uniformly. 

[5] Bessel’s Formula. 

Gauss backward formula is 
f(x)=f(0)+ x C 1 A/(- 1R* +1 C 2 A 2 /(- 1) 

+* +1 C 3 a 3 /(-2) + x,! QA 4 /(-2)+ (II 

And forward formula is 
/W=/(0)+ x CjA /(0)+*C 2 A 2 /(-i) 

+ x+1 c 3 a 3 /(-D +*+’ r 4 A 4 /(-2)+ I 

Shifting the origin to 1 in backward formula (1) i.e. at 4 in tl|| 
original data, we get 

/W^dl+’-'QA /(0) +*C 2 A 2 /(0) 

+*C 3 A 3 /(-l>+* +1 C 3 A 4 /(-l)+ Upfl 

Taking mean of (2) and (3), we get 
f(x)=i [/(0) +/(!)]+! [*C 1 +- 1 C 1 1 A/(0) 


+xC 2 

+* +1 C 


a 1 M ± A!A 1) +ir 1 c 3 + T c 3 ] a*/(-D 

4 — 1 [* +1 c 5 + * +2 c 5 ] A 5 /( ~ 2) I 


or /(x)=| [/(0)+/(l)]+(x-*) A /(0)+ xf j T --- A 2 /(0) + A 2 /(^ i 

(x-|)x(x-l) 3 - (x+1) x (x-1) (x— 2) 

+ 1 3 a /t i;-t- | 4 

A 4 /(-l) + A 4 /(-2) . (jc- 1) (x+l)x(x-l)(x-2) 

x 12 + |5 


A 




X A 5 /( -2)+.. ? | 
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•Mull is Bessel’s formula. 

replace x-i by/, i.e.xby t+h wc get 

Inti J [/(0)+/(l)]+* A/(0) 

1 9_u>» A 2 fC0)+A 2 /(-.D + a'A-D 

+ — f2 2 

{t 2 — t^) 2 ) (/* (t) 1 . £ (a 4 /( — 1)+ a 4 /( 2 '} 

I l_ A*A -»+■•• 

Leather convenient shape of Beat’s formula fo, ptaetieal 
E|.WS (but only if a > «• ^ immxet falling on both 

BJ.’rf 1 S“.,al Sne-and ttifTcrenees lying upon central hue. 

f|*| l.nplace-Everett’s Formula. 

■ • muss forward formula is , ,+, c .A*f(-l)+ x+1 C «A 4 /(~ 2 ) 

B.-/,0) + xA/(0)+*C 2 A 2 /(-1)+ +x ^A a ^ /( _J + _ . . .(4) 

[with the he,p A of .hi relation, eliminating odd differences from (4). 

1 6 +(*+ s C 8 - x+4 C 9 ) A 8 /(- 4 )+ — 

I “ + (£+^ a 4 /(-!)+•- 

r C x (2) ( x+ 1 ) (0) ( a 2 ft \\ 

L /tx)=[(l-x) AOHpjT+H iX - l A J{ 

I + j (x+O l4) A 4 /(-2) + - ] 

I ^ A-D+fi^ AW-IH-] 

„ , , _,)=( in the 1st part of the formula, then we get 
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/(*)=[ AV(- 2.| 

+[ x/(i)+ ^ 2 ~ l2) A * / ( o) + £i£ ? 2 -^) ^ 2 ~ 2> ) a « 

+ 

which is the Everett’s formula. 

Problem 43. Given w 0 , u u u 2 , w 3 , w 4 , w 5 (fifth differences con # 

J»w* that u 2i =fr+ -‘ 25 (a ~ c) 6j>an.y centra/ </# 


256 

formula, where a=u 0 +M 5 , b=u y +u lt c=u 2 +u 3 . 

Bessel’s formula is 

■(*+»-* K+«J+/a«.+^=P +^-^=# 

, {^-(l) 2 }^ 2 -^) 2 } A 4 «-i+ A 4 «-8 


, <{f 2 -U) 2 } {r 2 -(D 8 } Alf 
+ 12 

{fifth differences constant means that differences above fifth 
zero}. 

Putting t =0 in the formula 

K+»x]—j- A ^0+ A 2 «_i + ( _ — j) (-I-) A*m-i+ A 4 »-t _ 

(«o+«x)-i — 2^^ +JJ8 A 4 . “-i + A 4 «-» 


'i ( M 0 + U l) TT { M 2 — 2u 1 +« 0 -t-M 1 — 2UQ + U-!} 


+ ttt {«3 — 4m 2 + 6 «1 — 4 «0 + W-! + «2 — 4m x + 6m 0 — 4m_i + m_,} 
=i («o+“i)— TT {«2— Ml— «o+«-i+ttt {m 3 — 3«j+2« 1 +2m 0 

or mj =^(m # +w 1 )+ t -|- t {3(« 3 +k_ 2 ) — 9(u 2 +u_ 2 )+ 6 (u 1 +m 0 ’) 

+ 16 (« 0 +Mi)— 16 («,+« 

Shifting the origin to —2, we get 

«2* ( M ,+ M 8 )+ T f ,- {3 ( m 5 +« o )-9 («!+«!> +6 ( u 3 +« i ) 

+16 (u,+« 3 )+6 (« 4 | 

=ic+^ T {3a— 96+6c+16c— 166} 
or K 2 $=i«+TTT {3a+22c— 256} 


or 


%= i £+ 25 (c— 6)+3 (a-c) 
“2* * c + 256 
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hit APPROXIMATE INTEGRATION 

approximate integration or numerical quadrature deals with 
L .valuation of approximate area under a curve by determining the 
a definite integral with the help of a given set of numerical 
Air i of the function under integration. For this purpose we first 
: innate the function into the form of a polynomial applying some 

In of interpolation. The degree of the polynomial depends upon 

number of known values of the function. With n known values 
hint lion can be supposed as a polynomial of degree (n—1). Now 
• oumating the form of the function, we can integrate it within 
nl limits. 

|l| Trapezoidal Rule 
l«(»|n>se there are two values of the 
Minn f(x) 9 f(0) and /( 1), represented 
// it nd K on the curve. There can 
Unlimited curves passing through 
two points; the simplest of them 
hr one degree polynomial, i.e. a 
glit line, say f(x)=A+Bx. 

A l nuch area under the curve bet- 
S {(), / (0)}, {1, /(l)} and the axis 

It 

j f(x) dx= | ( A+Bx ) dx 
L =[ Ax+ 4Q =A+j-. 

Inppose | f{x) dx=lf(0)+mf(l) 

=/ ( A)+m ( A+B ) 

= (l+m) A+mB. 
i "inparing (1) and (3), we get 

l+m=\, m=\, 

l=h 

Niihutituting these values of / and m in (2),* we have 

P f{x) dx=\ [/(0) + /(l)]. 

Jo 

|1| I tfect of changing Origin and Scale upon Trapezoidal Rule. 

dispose x= z —j^ {where a and h are constant and z is a new 
fcrlutc}. 

dz 

ft<> that z=a+xh 9 giving dz=h dx or dx=^—r-, 

h 

When x=0, z=a and when x=l, z=a+h. 


Fig. 7.1 


(1) 


• • • ( 2 ) 

[by/(x)=^+5jr] 
... (3) 
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Also we have f f(x) dx=\ [f (0) + ( 1 )] . 

J 0 


1 


d+h A~ 

m ?t=i[f(a) + f(a+h)] 



or 


! a+h U fo+A 

f(z) dz = y [f(a>+f(a+h)]= J a f(x)dx . 

[3] Extension of Trapezoidal Rule. 

We have by taking n intervals each of length /*, 

I a+nh Ca+h fa+ 2A fa+3A f a+nA 

f(x) dx=\ f(x) </x+ + 1 +... + 1 yt-*) 4M 

a J a J a+h J a+2h J a+n-lA 

=h [£ {/(fl)+A«+wA)}+{ytfl+A)+A«+2A) + ..- 

+/(a+« 

= distance between two consecutive ordinates 

X [mean of the first and the last ordl^ 

+ sum of all the intermediate tl 
y [4] Simpson’s 1/3 RiiM 

Consider three equidil 
points H {0, /( 0)}, K { I , ] 
,£/2, f(2)\ and L {2, /( 2)}, whn|l 
function f(x ) takes vf 
/( 0),/(l) and/(2) respectlf 
There are unlimited mill 
of curves to pass thru 


H 

Jo,i(0)' 


«ll, f(l)l 


I 


and 


Fig. 7.2 

f(x)=A+Bx+Cx 2 

m=A, 
f{\)=A + B+C 
f(2)=A + 2B+4C. 


these three points //, K 
L, and second degree f 
will be the simplest one, 
Suppose 


The area between the curve HKL and the axis of X is 

[ f(x) dx— [ ( A-\-Bx-\-Cx 2 ) dx 

Jo Jo 

J^Ax-'rhBx'+lCx 3 J =2/l+28+|C 

Suppose J f(x) dx=lf(0)+mf(l)+nf{2) 

=lA+m(A+£+C)+n(A+2B+4C) _ 

[by (4), (5) and (I 

—A(I+m+n)-\-B (m+2n) + C (m+4n) 


i 
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i umparing (7) and (8), 'we get 


l+m+n= 2 "] 

m+2n=2 /=Jm=|«=|. 

w+4«==| J 



Hu that \ 2 f(x) dx=hf(0)+$A 0+i/(2) 

Jo 

I #. f /(*) *c=J {/(0)+4/(l)+/(2)} . . .(9) 

J 0 

•tin li is Simpson’s, one-third rule. 

A liter. [ 2 f{x) dx= T {/(0)+*C,A/(0)+*C 2 A 2 /(0)} dx 

Jo Jo 

= r l/(0)+*{A /(0) — J A 2 /(0)} + ix 2 A 2 /(0)] dx 

J 0 

=[ x/(0j+ -y{A/(0)-|A 2 /(0)}+^ A 2 /(0) J 


I | f(x) dx= 
|fl) rifect of 


=2/(0) +2 A f(0)+i A 2 f(0) 

=2/(0) +2 {/(l)-/(0)}+J { /(2) —2/(1) +/ (0)} 

=i {f(0)+4f(l)+f(2)}. 

Changing Unit and Origin on Simpson’s $ Rule. 


Suppose 


z—a 


• A dz 
. . dx^-j- • 

In 


us f Ax) 

J 0 

r 


dx=\ {/(0)+4/(l)+/(2)}, changes to 


a+2A L 

Az) dz=-^-{Aa)+4Aa+h)+Aa+2h)}. 


In purlicular. 


f f(x)dx=4{f(-l)+4f(0)+f(l)} 

Also when a=0 this yields 

J‘V( Z ) <A=y {f(0)+ 4f(h)+ f(2h)} 

|(i| Extension of Simpson’s J rule (for all even values of n). 


• (10) 
• (ID 


We have 


i: 


a-fnA fa+2A 

(x) dx — » 




I a+4A 

fix) dx+. 

a+2h 

I a+nh 

_ 

a4-n-2A 


Ax) dx 


, [{ A a ) + 4/(a + A) +A a + 2A)} + { /(« + 2 A) + 4/(a + 3 A) +A a + 4A)} 

+ •••+{ A a ~)~ n — 2/i) + 4/(a+n — 1 ti)-\-f(a-\-nh)}\ 

^ [{/(a)+/(a+»A)}+4 { /(a +- /i) +/(j +3A) + . . . + /(a + n”! A)} 
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+2 {f(a+2h)+f(a+4h)+...+f(a+n-2h)}] 

= (one-third of the interval) {(sum of the 1st and the last ter mi) 
+ 4 (sum of the odd number of term*) 

+ 2 (sum of the even number of terrim))t 

[7] Simpson’s §th rule. 

Consider four points {0, /(0)}, (1,/(1)}, {2, 2/(2)} and (3, 
of instead three as taken in [4] 

Then Required area= fix ) dx. 

J o 

For the sake of convenience let us double the unit of interval 
then shift the origin to 3. iBy this transformation we have th« 
points {— 3,/(— 3)}, {-l,/(-l)}, {l,/0)}[and {3,/(3)} as givtn 

so we have to find out the value of the integral J f(x) dx, 

fix) =A+Bx+Cx*+ Dx\ a third degree polynomial with four 
values. 

Suppose J_ 3 /(*) dx=m {/(-3)+/(3)}+n {/(— 1)+/(1)} 

{A+Bx+Cx 2 -VDx 3 } dx=m {2++18C}+n {2A+2C) 

{ V f(—3)=A—3B+9C—TJ 


or 


or 


r. 

i> 


Bx* , Cx 3 


~-J —A (2w+2n)+C (18m+2«) 


2 3 

or 6+ + 18C=(2ro+2n) ++(18m+2«)C. 

(2m+2n)=6 and 18w+2«=18, 
giving 16m=12orw=f 
and 2n=6— 2m=6— -§- = | or n=~. 

Substituting these values of m and n in (13) we get 

3 f(x) dx=i {/(— 3)+/(3)}+|- {/(-!)+/(!)} 


or 


i: 

j* s f(x) dx=! [2 {f(-3)+f(3)} + 6 {f(-l)+f(l)}] 


which is the form of the Simpson’s |th rule. 
Shifting the origin to —3, we get 


i: 


fix) dx= | [2 {/(0)+/(6)}+6 {/(2)+/(4)}] 


which is another form of the formula. 

Making the interval half of the present one which is 2, i.e , flflC 
the interval unity, we have 

f 1 f(x) dx= I [{f(0) +f(3)}+3 {f(l)+f(2)}] 
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Like the \rd rule , the \th rule 9 can also be obtained by 
the integral. 


|' f[x) dx= j 3 E*fi0)dx=[ (1 + A) x /(0) dx 

*tl 


H-*A- 


*(*-1) .x(x-l) (x-2) 3 


]f(0)dx 

n l+lA+ (^-i) A . + (^._^ + f)A*}/(0)* 

y4 A+ (-_4) AH (4-f + 0 A .]> 

m + y A /(0)+({- - 1 )a 2 /(0) +^~ -1+|-)a 3 /(0) 

■ 1/(0)+ y [ /(1)-/(0)| + /( 2) — 2/(l)+/(0)| 


+ 


\fi 3)-3/(2)+3/(l)-/(0)| 


i 


(2) + y/(3) 


- „ [{(f(0)+f(3)}+3 (f(l) +f(2)}]. 

1*1 Kffect of Changing Origin and Scale Upon 2th Rule. 

Wr have [fix) dx=\ [(/(0)+/(3))+3 {(l)+/(2)}]. 

Jo 

z— a 


luppose 

fti+3A 


=*, so that dz—hdx 


f a+ 3 A 31. 

/( 2 ) dz= — [{f(a)+f(a+3h)}+3{f(a+h)+f(a+2h)}] 


. (17) 


|*| Intension of Simpson’s §th rule. (When n is a multiple of 3.) 

#»«A ra+3A r a+6A fa-+9A 

fix) dx=\ fix) dx+\ fix) dx + 1 fix)dx+... 

* J a J «+3A J a +6A 

J a+nA 

_ fix) dx 

a+n— 3A 


+ 


i/i 


({/(a)+/(a+«A)}+2{/(o+3A)+/(a+6fi)+... + (c+«-3A)} 

+ 3 { /(a + A) +/ (a + 2 A) +/(a + 4A) +/(a + 5A) + . . . ) ] . . . (ig 

[(sum of the first and last term) 

♦ 2 (sum of 4th, 7th, 10th etc. terms)+3 (sum of the remaining 
2nd, 3rd, 5th, 6th, 8th, 9th, etc. terms}'] 


\h 
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[10] Weddle’s Rule. 

If f(x) is given for certain equidistant values of x say v 0 , 
x 0 +2/j,...and the range (a, b) is divided into n equal parts OAfl 
width h i.e. b—a=nh and if Xo =fl > 
assuming that (rc + 1) ordinates y 0 , y l9 ...y n are equidistant thru Iff 


nh J 


charge of scale, m= 


— , dx=hdu , the general quadrature formiltH 


{ b rxo+nh fn rn P m(|| 

a y dX= \ x 0 y% dX= I o y *°+ x u,- hdUZ=h \ Q |_J'0 + «A^0+ ‘ V 


A 2 y»+- 


= A [n,o + ^A,o + (4-4)^+(4-” 3 +” : 


.usf 

) I: 


+ ... upto («+l) terms J . . 1 


Putting n— 6, and neglecting all differences above the sixth, w# 

f-W >-</*=/! [6^ 0 +18A7 o+27AV«+24AVo+^-AVo 

_33 . ... . 41 
10 


IX 0 


+ in A 5 Jo+ 


3 

Replacing the last term by and neglecting the error J* 

A 6 7o made, we have 


f 


■*0+6ft 

J*0 


3^ r -| 

'ydx= -jq + 5^x +y 2 + 6y z +y 4 + 5 j 5 +y 6 J 

Similarly, V* = -^j7 8 + 5j- 7 +^8+ 6y, +y 10 + 5_p u +^„ J i 

3 h p 

ydX== ~\o \_ yn - « + 5 >'"-5+Jn-4 + 6y„-3+>’ 1 , I 


I 


X(\+nh 

*0+(n-6)/i 


+5 7n-i+ynJ, n being multiple of 
Adding altogether, J*° +n * ydx=^ [y 0 + fyi +y 2 + 6y 3 +y A I 

+ 276 + 5^7+3^8+ ... J 

which is Weddle’s rule. 

Note. The trapezoidal rule , Simpson's \rd rule and Simpson's 
rule can successively be obtained by putting n=l , n=2 and n 
respectvely in (19). 

Problem 44. Evaluate the following: 

v*2 

dx and hence find the value of log e 2. 


«j : 7 


+ x* 
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(//) j i~rzr by dividing the range into eight equal parts . 


dx 
1 -\~x 


«) We have j" f{x) dx=\-\ {m+Af{\)+ f{\)}. 

[' * 2 +_i.iS_o_ +4 . -M 

)„ 1+X 3 dx-t i [ 1+0 + 4 l +(i )3+ 1+1 3j 


=T(0+T+i} — T o'e • 

Now putting x 3 =t in the given integral we get 


.(0 

..( 2 ) 

• (3) 


t 


[ if;-* { log - H: "* '° 8, 2 

from (2) and (3), log. 2=3 X T V.=H='6944. 

((/) Dividing the range into eight parts by means of 9 points 
'Ihr x-values as 2, 3, 4, 5, 6, 7, 8, 9, 10, the extended form of 
Epson’s \rd rule gives. 

fix) dx=i [{/(2)+/(10)} + 2 {/(4)+/(6)+/(8)}+4 {/(3)+/(5) 


Ihil f(x) = 


1 


+/(7)+/(9)}] 


(4) 


1+* 


I,'. /[2)=.333,/(3)=.25, /(4)=.20, /(5)=.166, /(6)=.143, 
/(7)=.125,/(8)=.111,/(9)=.10,/(10) = .091. 

| (liihstituting these values in (4) we get 

fix) dx=i [{.333+.091}+2 {.20+.143+.111} 

+4{.25+.166+.125+.10}] 
=4 [.422 + .908 + 2. 564] = 1 . 298. 
f 10 dx 

H*ncc ~~= 1.298. 

J 2 1 + * 

hoblcm 45. If u x is a function whose fifth differences are constant , 
u , dx can be expressed in the form pu-*-\-qu 0 +/>«<*. Find the 
IN of p, q and a. 

fafr this formula, after making necessary changes in the origin and 
\ to find the value oflog e 2 to four %j places of decimals from the 

»""" £ 7 he dx =i°g‘ 2 - 

(0 As fifth differences of the function are constant, so u x must be 
llllli degree such as 

u x —a+bx+cx l + dx 9 -)- ex* +fx 9 . 


j u x dx= | {a+bx+cx 2 +dx 3 -\-ex*+/x 3 } dx 


=7 


. c e 

a+ T+T 


N 'W pu^+qu^+pu* = 2 p {a-(-a 2 c+aV} + ?a. 


...( 1 ) 

... ( 2 ) 
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But | U x dx=pU-*+qu 0 +pu*. 

Now equating the coefficients of a, c and e in (1) and (2), we ft 
2=2p+$...(3), |-=2/>a 2 ...(4) and }=2p oc* 

a ._2 £L 4 ±_. 

•* — 2/>a 2= | ~ T * 

Substituting this value of a 2 in (4), we get /?=£. 

And then substituting this value of p in (3), we get q=\. 

Thus J u x dx=i {5(u«+w-«)+8u 0 }, where a 2 =( 

00 V | u. {5 (u.+«_.)+8«o}. 


* 9 
"TT* 


r. 

n 


w, dx=i {5 (w 1+0l +w 1 _ai)+8i/ 1 } (shifting the origin to 

u m dx=Tv (5 W( 1+fc) / 2 +t/ (1 _ fl i ) / a -f-8w 1 /a}. 

(Dividing the unit 

1 12 12 

9=1 


1 


and t</ 1 +*)/ l +M( 1 _ft)/ 2 = . , l+a 1 — a 9 — a 2 

1+— 1+ — 


But 


u 

r. 


1 


Substituting these values in (6), we get 

JL ib dx=rle [ 5x ' v °' + ^r] = ifi = - 693L 

dx= log e 2, log e 2 =*.6931, 

fTT/2 

I sin x dx by 

J o 

(f) trapezoidal rule 

(ii) Simpson s rule (using 11 ordinates) 

Dividing ^0, — ^into 10 equal parts so that we have 

rigonomctric tables. 


)o l+x 
Problem 46. Calculate 


j^sin 0 = 0.0000 


^ 2 =sin 2 q =0.1564 
>>3=sin =0.3090 

>>4=sin~= 0.4540 


3n 

y 7 =sin-j^-=0.8090 
3*8 == sin -^=0.8910 

2?z 

y B =sin -y==0.9511 

Q_ 

j'io=sin 2 q =0.9877 
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»,-mo y =0.5878 Tn=sin J-=1.0000 

r.- sin -^-=0.7071 

(0 Required value of the integral 

= ft{i (> ; i+> ; il) + (3 ; 2+> ? 3+---+> ; io)} 

= ^i °‘ 5+5 ' 8531 } =0 - 9981 - 

(il) Required Value of the integral 

= 3 +* +* 1 + 2(y„+y f +y 7 +y 9 ) + 4(7, +>’„ +>', + Vs+ Viol 

= 6^[ 1 + 5 ‘ 3 1 38 + 1 2 ' 7848 1 = 190986 X °'° 524:= 1 '° 006 ‘ 

*" f 5*2 

Problem 47. Use Weddle's rule to find the value of I log, x dx 

Total interval =5.2— 4=1.2. 

Dividing 1.2 into six equal parts, h— 0.2. 

II y Table we have 

x 4.0 4.2 4.4 4.6 4.8 5.0 5.2 

log. x 1.3863 1.4351 1.4816 1.5261 1.5686 1.6094 1.6487 

Required value of the integral 

=(0.2) x ^1.3863+5X1. 4351)+ 1.4816+6(1.5261) 

+ 1 . 5686 + 5( 1 .6094) + 2( 1 .6487) J 

= 1.8278 approx. 

1 1 1) Picard’s Method 

Consider -~=f(x,y) ... (21) 

Suppose it is required to find its solution under the condition y=y 0 
then x=x 0 . 

Integration of (1) gives >’=1 fix, y) dx+ C 
When x=*x 0 ,y=y a .*. C=y 0 - j fix 0 , y) dx 

So that y=y»+ j fix, y)dx— j fix 0 , y) dx 

= 70 + f fix, y) dx • • • ( 22 ) 

J xo 

Now (22) is integrated by successive approximation. 

The first approximation is found by putting y—y 0 in the integrand 
nf (22), whence we get 

7i=7o+b fix, Vo) dx 
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R.fcLS. of C (°22) aPPr ° Xlffiatl0n is obtained b y replacing y by 

•■ e - y 2 =y 0 +{ f(x, yi )dx 

. J*0 

and so on. 

In general the nth approximation is 
>'»=>’o+ f(x, y n _y)dx. 

Problem 48. Sol re & ^ 

Here * 0 = 0 , j o =0 and f(x 9 y)=x+y 2 

••• First approximation is *-*+£/(*, y<>) ^ =0+ J* x ^ 
Second approximation is * /(*» To)=*-f 0*»x 

*> *• a*.pj-x+(^y_^j4 

-o +r (*+4-)*,.* ■ * 

T , . , Jo \ 4 / 2 

1 nird approximation is 


20 


*-*+L /(x> ^ /(^^)=x+(i 2 + ^y 

V 2 20 / 

=*+4V~+4* 

=o+P ( x+ * + * 20 400 

J 0 V 4 + 20 400 J dx 

. a: 11 

. . 2 +20+ 160 +^400 • 

w h.ch g ,ves fairly g 00d approximation. 

II2J Extension of Picard’s Method. 

Consider simultaneous equations 


dy 


dy 


^ = /(x, y,z\^g{x,y, z) 
subject to the conditions y=y. z=z wt,A„ 

The first approximations of (23) are x ~ x ° 

y ' y<X ' dx ' z =r.+ J s( x . y,„ r„) 4a... (3 

In general themh approximation am 

Wobbrm 49. Sol rr ^ < 


when x=0. 
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H#ir x 0 =0, Jo=2, 2T 0 =l,/(x, y, z)=x+z and g(x, >>, z)=x—y 2 


l irst approximations are y x 


=2+j I 


(*+l)rfx=2+*+ -y 


z i=l+ f (*— 4) dx=\—Ax+ 

J° 

Hdillurly second and third approximations can be evaluated. 

I M| Kunge-Kutta Method. 

L dy 

‘ M,l,der ~dx = ^ x ' y ^ y=y ° when * =x o 
*umc that^=F(x). Then Taylor’s theorem yields 

, | h)=F(x 0 )+h F\x 0 )+~F"(x 0 )+-^-F'"(x 0 )+... 


dy 


2_ v 07 1 |_3_ 

Mne F'{x)=-^=f(x,y)=f( say). 

I , k cp=l )? 4 >r =^ ,=JV. 

. ' ax * dy ’ ay 2 ’ ax3y ’ ay 2 

I At y y 0 When *=x 0 , let p=p 0 , q=q 0 , r=r 0 , s=s 0> /=!„• 


(25) 


v df ~ fx dx+ ~Ty dy 


r'(.v) = 


d 2 / d ( df \ f d dy d \. . . 

tJ.v 2 dx\dx) \dx dx dy) P 

= ^+a*L+f*Xj. d l.?L I ** %i.dy_fti 
dx H dx J dx ' dx dy dx^ dy dx J dy 


=r+pq+fs+f(s+q 2 +ft) 

Hence F(x 0 + A) -F(* 0 ) =A/ 0 + ^(p 0 4/o?o)+-y('o+2/ 0 s 0 


(26) 

(27) 


(28) 


+/o 2 ' 0 + A><7o +/o<7o 2 ) + • • • 

Here the first term represents the first approximation i.e., 
F(Xo+h)-F(x 0 )=hf 0 i.e . T=To+^/(*o> To) 

I he second approximation may be taen as 

y-yo=A/(^o+ j. yo+yA/oVli (say) 
nee by Taylor’s expansion, we have 

^('o + “ 2 ~>To+ ^~^ r= /o+ hp 0 J r~Y^ l f )Qo + 'jy ( ' 4 ” ^ 2r o 

+ y/»y 0 s 0 + J-A 2 /o%) 

giving kx=hf 0 +\h 2 (p 0 +/o7o)+i/i 3 (r 0 +2/oJ 0 +/o 2 'o) • - • (29) 
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From (26) it is observed that the difference in the two values i 
found from (28) and (29) is in the coefficient of A 3 . 

In order to find the extra terms in A 3 , Runge-Kutta replaces 
hf(x t +h, y 0 +hf 0 ) by k"'=hf(x 0 +h, y 0 +k ") where k"=hf 

(x 0 +A, y % 

The modified formula therefore becomes \{k' +Ak 1 +k"') 
where k' =hf 0 =£ki+$k 2 =k 1 +b(k i — *i) and (k'+k'"). 

Hence this method is applied in the sequence: 

k'hf 0 ; k"=hf(x 0 +h, ^ 0 +A'); k "=hf (x 0 +h, y 0 +k") 

*i =hf (* 0 +y,;M-yA:' ); k 2 =^-{k'+k"') and 

Problem 50. Apply Runge-Kutta method to find y when x=“0. 

dy 

-^-=x+j 2 where y—0 when x—0. 

Here * o =0, y o =0, h=Q.3,f(x, j)=x+/ and / 0 =/(*„, >- o )-0 
A'=A/ 0 =0 

k"=hf (x 0 +h, y 0 +k')=0.3 xf{ 0.3, 0}=0.3 X 0.3=0.09 
*'"=A/(x 0 +A, w,+*")=0.3 x/{0.3, 0.09} = 0.3 X (0.3+0. 

A 1 =A/(x o +A,^ o +-y)=0.3x/{0.15,0}=0.3x0.15=0.(M1 

k x =l{k'+k"’)=\x 0.0924=0.0462 
A=/fc 1 +i(A 2 -A 1 )=0.045 + 0.0004=0.0454. 

7.12. PERTURBATION METHOD 

[A] First Order Differential Equations. 

When dealing with plysical problems, we frequently enco 
differential equation of the type 

~dx + 3' 2 =0 with y (0=1 (say) 

which nas been disturbed by a small effect. We thus modify (1) «• 


-£+y*=tx,y(l)=l 


... 


where € is arbitrarily small. 

We have now to determine by how much the solution of ( I 
been changed on account of the presence of the disturbing factor 
This change is known as a Perturbation. 

Suppose yoW is a solution of (1) satisfying y(l)=l and a 
the solution of (2) as 

y(x) =y 0 (*) +p(x), P(x) being perturbation 
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... ( 4 ) 


A»pandingy(x) in a sems in powm of €, such that 

y(jc) =y 0 (x) + €*(*)+ €-y,(x ) + € >’ 3 (x) + • • • 

•i*4 comparing (3) and (4) we find ... (5) 

•...ml term € 2 y 2 (*) as second order perturbation etc. 

With the, substitution of (4), (2) yields • y! _, (6) 

, • v .'+€V + € s >’3'+.--+(To+^i+f>’ 2 +fl 3+ "i7 € 7 

; ;/> 

»«^ST3r w. Urf— 

). „o But y 0 is a solution of (1) and hence w 

Jo(l)=l,>’x(l)=0.^1) ==0 . . 

Now in order to solve (1), substitute (4) in (2) to give 

(y 0 '+y 0 Wy 1 ’+2y 0 y 1 HA-(y 2 '+2y 0 y 2 +y 1 )€ + ■=** • • < 

Equating coefficients of €°, €, € 2 , on either side of (10), we get 
I y 0 '+3’o i =0, yi 2 +2y 0 yi= x > y*+ 2 y _0 
•4 which first equation gives for y 0 ( 1 )= 1 > yo== Y' and 


.(ID 

then second 


MW gives y x ' + ~-yi= x which with y,elds ’ 

i 

With these values the third equation of (11) gives 

H *'+ |- y =--T6( x4 - 2+ ^) 

1 ( — 

Which with y 2 (l)=0 yields y 2 =- 16 V. 7 
With these substitutions (4) yields 

l his follows that the solution of (1) is but where the distur 

L function €x is present, the first and second order perturbation 
,. ;l a“e respectively the second and third terms in (12). 

| |l | Second Order Differential Equations. 

d~y 


2x 

3 


¥)- 


21 x* 


( 'onsider an equation 


dx* 


-y=0 


With y(0)=0, >’'(0)=1- 
,1.1) is the differential equation of S.H.M. 


(13) 

(14) 
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Taking the disturbing function as —2€(y') 2 , € being small, 
can be modified as 

y"+y=-2t(y') 2 . . 

with y( 0 )= 0 , /( 0 ) = 1 . 

If y 0 (x) is a solution of (13), then suppose that 

y=yo+*yi+s 2 y2+— 

giving y"=*y 0 ''+€y x "+&y t ''+... 

So that (16) will satisfy (14) under the assumptions 

y 0 ( 0)=0, 7 i( 0 )= 0 , *(0)=0,...; >^(0)=1, >V(0)=0, >V(0W 


Substituting (16) in (13) and using the terms upto € 2 , we find 

+ € 4 (>V) + 2€y 0 >i' + 2€ 2 y 0 > 2 ' + 2€ 3 y 1 'A , l 

Collecting the coefficients of like powers of €, we have, 

(V'+.VoHOV'+JKi) C+OV'+Ja) € 2 =— 2(y 0 ') 2 €“ 4 >V.)V 


( 


Equating the coefficients of €°, €, € 2 on either side, we find 


V , +> ; o= 0 , ^ 1 / '+y 1 =-2 (y 0 ') 2 , 7 2 "+^ 2 ='- 4 3 ; o>i' 
of which the first equation in view of y 0 ( 0 )== 0 , .^'(O)^ 8 ‘ v 
solution >> 0 =sin x, y 0 '=cos x 
and then the second equation gives y/'+y^ — 2 cos 2 x 
So that a general solution of (22) is 
yi=Ay sin x+A 2 cos x— £ sin 2 x— * cos 2 x; y 1 , =A 1 cos x-^i 
x— y sin x cos x • • • 1 

A particular solution of (23) satisfying y 1 (0)=0, y 1 '(0)=0 f i* 


cos x — - 5 - sin 2 x — -3- cos 2 x; y/ = — •§• sin x— |sin xcos x + 
4 sin x cos x=— ~ sin x— 4 - sin x cos x 

With these substitutions in the third equation of (20) [i.e., y 0 
(21) and y 1 from (24)], yields 

y 2 f ~\~y 2 z=: — 4 (~4 sin x cos x — 4 sin x cos 2 x)=* sin x cos x 


sin X— 1 -* sin 3 x 


( 


Its Complementary function is 

y c ==Ay sin x +^ 2 cos * 

While a particular solution; 
of >V'+> ; 2 =-§ sin x cos x is y 2 =—i sin x cos x "I 
of y 2 , +y 2 — V- sin x is j 2 =— | cos x ^ • • • ( 

of y 2 "+>’ 2 =-V- sin 3 x isy 2 =4 sin 3x— 2 x cos x j 

Hence with the help of (26) and (27), a general solution of (25) 


y 2 =Ay sin x+^ 2 cos x— 1 sin x cos x- 


-4x COS X — T 

sin 3x, 


y 2 f =Ay cos x—A 2 sin x+|(sin 2 x— cos 2 x )+4 

(x sin x— cos x) — £cos 3x 

Using the initial conditions of (17), (28) yields, 
i4 a = 0, ^4 i = t + 1 +i = Ta 


1 

I 

I- 


( 
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I ,,„„cc using (28) and (29), a particular solution of (25) satisfying 

|iii)- 0, y 2 '(0)=0 is 1 . , ... (30) 

<*»-<» * 

t" “ **-* irss 

Tj‘* lollowS ‘^ikin^hfpSsencI Jf dfeulSingSSo^-KCy^ 

■•I,’, IS SSL ion terms are respective,, the 

»mil and third terms in (31). 

additional miscellaneous problems 

Lfern 51 . Transform the equation ^ to spherical polar coordi- 

■ depends on r and t only, show that the equation can be written ,n the 

4 * ('•+)= ik’wW' 1 

Nm, ,• show that the general solution is of the form 

Hr,t)=y{f(r-ct)+g<r+ct)} 

r r / • i ( Bombay , 1965) 

L plain the physical meaning of this soluti • cos 0 

1 3 4 5 6 7 o 

v 205 240 259 262 250 224 

flnJ the value of x for which y is maximum. 


( Bombay , 1970) 


CHAPTER 8 


harmonics 

(With Special Functions) 



3.1. INTRODUCTION 

In the previous chapter on Differential Equations we have al 
mentioned that an equation of the type <X 
terms of ‘del’ operator V, V 2 F=0 




d 2 V , 0»F . i 

ty 2+ d? =0< 


llEfe i£ “£Li%£Z « a p pea^, in *4 

then F satisfies (1). Moreover if a - he eIectnc densit y >* r 


dV 


so 


^■=0 and V satisfies (1). 

that r 2 — x 2 +y 2 +z 2 , ^=tan -1 — ,.0=tan -1 V * 2 +-V 2 


and £ =T =sin 6 cos |-=V=sin 0 sin & 


dr x . Sr 

— =sin e cos <f> , — 
r oy r 

cosfl cos <f> ( 80^ cos fl sin f 86 

r ’ dy ~ r ’ dz 

sin £ (ty_cos<f> 0£ 

8.V r sin 0’ 0z 

s« 90 a« 3 <f> 

dx dr 8x + 36 dx ~'d<fi 


86 

dx 

ty 

dx 


dz z 

0r == 7 =cos{ 


sin 6 


r sin i 
du du dr 


=0 


whence ~+— d ±+ du ** . 

C1_ , *T" an o .. -Tor 571=p— sin 0 COS 0 


, dw cos 0 cos 6 

+ gf —r~-+ 


du 

d<j> 


{ — si< 

V r sin I 


giving 5— =sin 0 cos^ — i - os e cos l 
0X dr * 


dd r sin 0 


sin <f> d 
dj> 
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VV d (dv\ ( . . 8 . 

»7-s? (s)-( sm# " s *8r + 


0 cos 0 cos ^ d sin 0 


r sin 0 


k) 


/ . , dV cos 0 cos ^ dV 

^sin 0 cos ^ y + ‘ S6 

d 2 V 2 sin 0 cos 0 cos 2 <£ 0 2 K 
17"^ r 9r90 

2 sin 0 cos 0 cos 2 <f> dV 2 sin <f> cos <f> d 2 V 

dr d<fr 


sin <f> 0F\ 
r sin 6d<f> ) 


=sin 2 0 cos 2 <f> 


+ 


r 2 00 r 

sin <f> cos ^ 0F cos 2 0 cos 2 4> 8 2 V 
r 2 0^ + r 0r 

cos 2 0 cos 2 <f> 3 2 F 2 cos 0 sin ^ cos <f> 3 2 F 


r 2 00* 
cos 2 0 sin ^ cos <f> dV 


r 2 sin 2 ® 

sin 2 4> d 2 V 
+r 2 sin 2 0 df 


sin 


9 


+' 


r 2 sin 0 

2 <f> dV 


dr + 


sin <f> cos < j> dV 
r 2 sin <f> d<j> 
3 2 F 


00 0 ^ 

cos 0 sinV dV 
r- sin 0 00 


7t 


Hth similar expression for yp by replacing <f> by -y in this ex* 


on 

W 0 (dV\ / 
i)i* — 0z \0z J~\ COS 


0y 3 

0 


sin 


=cos 2 0 


3 2 F 


dr 

2 sin 0 cos 0 


0r 2 


r 

d*V 

dr 00 


d_ 

00 


^ ^COS I 


0F 


+' 


dr 

2 sin 0 cos 0 9F 


r 

sin a 


00 


sin 0 0F\ 

00 ) 

2 0 dV 
i r~ d7 
sin 2 0 0 2 F 
r 2 dr* 


tilli these substitutions, the spherical polar form of (1) is 


=0 


.( 2 ) 


d 2 V 2 dV 1 0 2 F cot 0 dV 1 0 2 F 

dr 2 + r dr + r 2 0 0 2 + r 2 00 + r 2 sin 2 0 d<f> 2 
Which may be put as 

I f 0 f 9 dV\, 1 9^.._ 0 9F\, 1 d 2 V\ „ ^ 

r' [dr V dr J + sin 0 00 (, Sin 0 00 J+sin 2 * * ' { > 

Also if (x== cos 0, it takes the form 


a^Fr) 0 f 0H 

dr 2 + 0ni U ^ d[i ) 


1 


1— 


?!r_ 0 

* d(f>* U 


(4) 


I he subject matter of Spherical Harmonics is partly concerned with 
lh« development of the functions which will satisfy this equation. 

A homogeneous rational integral algebraic function of (x, y , z) of 
fcgree n in the form r n f(Q, <j>) in spherical polar coordinates which is 
i value of V satisfying (1) is said to be a solid spherical Harmonics of 
mIi degree and the function /(9, $ is said to be a surface spherical 
Harmonics of nth degree. Since Laplace employed these spherical 
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SS' CS in determining v ' these are also known as Laplac'M 


7) 

In case V is independent of^ i.e. xt=0, and so 
reduces to 


d 2 V 


d 2 (rV) 

r d7^+ 


1 l 

sin 0 30 


3 / . „ dF\ 

dT[ sln 0 st )- 0 


= 0, Hum 1 1 


(»• 


If we put V=r n P p being a function of 6 only and then chmiMlfel 
(5) ySlds Van 6 y thC transformaton f*=cos 0, the equH 

d 2\dP , , 

U-V- 2 ) fc+"(n+» P=Q 


which is known as Legendre's equation and will 
later. 


•• 0 
be discussed u M* 


A function satisfying (5) or (6) is said to be a Surface /^fl 
Harmonics. A special class of zonal harmonics is sometimes knol 
as Legendrean Coefficients. 

There are equations belonging to such a form which cannot 
solved by any of the methods discussed in the previous chapter tl 
we claim to find a convergent series arranged according to powers 

fV nd H epend A en / aria u, e ’ ~ hlch Wl11 a PP roxi mately express the v«|| 
of the dependent variable. For this purpose the series solution 
linear differential equations will be discussed in the next section if 
* a j the su ^equent sections the series integration method will 
used to discuss the solutions of very important equations that oft 
°? car “ investigations in applied mathematics such as the equal I j 
of Riccati, Bessel, Legendre, Hermite, Laguerre and the Hvdcii 
metnc series. ^P® r l 

Note. Bessel' s functions are known as Cylindrical Harmonics. 

8.2. METHODS OF INTEGRATION IN SERIES 
fA] Power Series Solutions of Linear Differential Equations. 

t , kn0 ^ that a linear differential equation is one in which M ft 
nnrt a * . vanab eS aDcl their derivatives are of the first doarS 
thdr* derivatives. occur 38 variables amt" 

A series of the form 

a o+ a i (x-x 0 )+a 2 (x-x o y+a 3 ( x -x 0 ) 3 + fl 

where a 0 , a x , a 2 ,.. . , x 0 are constants and a is a variable, is said toll 
a power series , and it may converge 

(i) only for the single value x=x 0 

(it ) l absolutely for | x-x 0 |<€ i.e. for values of * in the neiaU^ 
bourhood of x 0 and diverge for | x-x 0 |< € while at the end poinl 
it may either converge or diverge. * j 

(///) absolutely for all x i.e . for — oo<x<ao. 
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I hr set of values of x for which the power series converges is said 
H Im- die Interval of Convergence and denoted by I. 

In case a power series converges on an interval I • | x—x I <R 
f bring a positive constant, then the power series defines a function 
Ad which is continuous for each x in I. 

If f(x) be a function defined by a power series i.e. 
f(x)=a 0 J t~a 1 (x— x 0 )+a 2 (x— x 0 ) 2 

+a 3 (x— x 0 ) 3 ...for 7: | x— x 0 | <R ... (2) 
i»ii the power series obtained by differentiating each term of <2) 
frlhirs the derivative of /(x) on the same interval I i.e. ' ’ 

k f(x)=a 1 -\-2a 2 (x— x 0 )+3a 3 (*-x 0 ) 2 +...for I : | x-x 0 |<7? 

... (3) 

We can thus define the successive derivatives f"(x), f"( x )'.. and 


M is clear that /(x 0 ) = a 0 , f'(x 0 )=a u 
Ai such (2) yields 


I L 


=a 2 ...e tc. 


/(*)=/(*«>)+/' (x 0 ) (x-x 0 )+-^s} (x-x 0 Y+. 


[ (x-x 0 ) n +...; | x-x 0 |<7? ... ( 4 ) 

•Mi ll is Taylor's series expansion in powers of (x— x 0 ). 

I If 'o=0 this becomes 

' /W=/(0)+/'(0) x*+... + lM *»+..., 

|f_ | n 9 

I x | <R 

*ln> h is Maclaurin's series expansion in power of x. 

I wo functions f(x) and g(x) defined by power series such that 

■r*l“ a 0 + a i (*-*o)+a 2 (*-*„) 2 + | x-x 0 | <R 

l|(d‘=Z» 0 +Zi 1 (x-x 0 )+6 2 (x-x 0 ) 2 +,., | x-x 0 | <R 
Ml be equal if and only if a 0 =b 0 , a x =b x , a 2 =b 2 etc. 

I A I unction /(x) is said to be analytic or regular at a point x=x„ if 
I him be expanded as a Taylor’s series expansion in powers of 
■ ».) for every x in the neighbourhood of x 0 and it is analytic on 
m interval 1 if it is analytic at every point of the interval. 

I Now consider a linear differential equation with variable coefficients 
'pi ll l hat * 


y (n> — f„-i(x) y (B 1) + ...+/ 1 (x) y'+f 0 (x) y=Q(x) ... (6) 
d n v 

| II iii r ( y dx n then a sufficient condition for the existence 

V* l" ,wer series solution of (6) is that each function fix) fix ) f 

I; Q{x) is analytic at x=x 0 and the solution which ismiam m£t 
Bl'/r the n initial conditions * 
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y(x 0 )=a 09 < y'(^o)=«i,..^ (n_1 W=flr.-i. 

There are two methods for solving such equations by series inti, 
tions. 

(1) First Series Method in which the series solution is found 
successive differentiation. 

(2) Second Series Method in which the series solution is obtttt 
by undetermined coefficients. 

We explain these methods applying on the following Problem. 

Problem 1. Apply Power-series method to find the solution 
following linear equation: 


d 2 y 


(x+l)^~+xry= x 


i.e. y 
J '( 0)=1 

We have y 


dx 2 

(x+1) y'+x 2 y=x 


with the initial conditions y(0) 


’-(x+liy'+x^x 


Its comparison with (6) of §8.2 gives 

f 0 (x)=x 2 , f^x)^ -x—1, Q(x)=x. 

All these functions being polynomials, the series solution of (I 
valid for all x, since a polynomial is a finite series and therefore 
functions /<,(*), /i(x>, Q(x) each being polynomial, every solution 
(1) has a Taylor series expansion valid for all x. 

First Method. Suppose we seek a solution in the form of Maclau 
series. Then replacing f(x) by y(x) in (5) of §8.2, we get 


y(x)=y(0)-fy'(0)x+ 4^-x 2 - 


y"'(Q) „ 3 , y ,4, (0) 


-x 3 + 


~^-x*+... 

4 


,1 " 1 12 . 

Initially when x=0, y= 1, y'— 1, so that (1) gives y"(0)=l 
We thus know the values y(0), >’'(0), >’”(0) and in order to find t 
values of succeeding coefficients, let us take successive derivative* 
(1) and evaluate them at x=0, y= 1. Differentiating (1) w.r.t x, we 

y"'—(x+l)y"—y'+x 2 y'+2xy=l 

which yields y'"(0)=3 
when x=0, y= 1, y'— 1, y"— 1. 

Again differentiating (4) w.r.t x, we find 
y^—(x+l)y"'—2y"+x 2 y"+4xy'+2y=0. 

Which yields y (4 >(0)=3 
when x=0, y=y'=y" — 1, y"'= 3. 

Similarly y (S, (0), y 6 (0),... etc. can be evaluated. 

Substituting these values in (2) we get the required series solution 

y(x)=l +x+ c °<x<8 ...1 

Second Method. Suppose the series solution in powers of x has t 

form 




y(x) = a 0 + a x x \ a,* 2 + a 3 x 3 +a t x* +... 
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■luce y(x) is valid for all x, therefore its two successive privative 8 
Mil also be valid for all x. The two successive derivatives of (8) are 
/(x)=a 1 +2o 2 x+3o 3 x 2 +4o 4 x 3 +... ' ’ ‘ J . 

y "(x) = 2a 2 + 6a 3 x + 1 2a 4 x 2 + . . . 

Nuhstituting the values of (8), (9) and (10) in (1) we get^ 
la, 4- 6o 3 x+ 12a 4 x 3 + . . . -(x+ 1) («!+ 2a 3 x + 3 a,x- + 4a 4 x + . . . ) 

+x 2 (fl 0 +a 1 x+a*x 8 +« 3 x 3 +fl4* + .••)-* 

lt,(2a 2 -a 1 )+{6a 3 —2a 2 -a 1 -\)x+{Ua i -3a 3 -2a 2 +a 0 )x+...-- 

I his “being an identity in x, the coefficients of powers of x vams 

a i 

#|mrately i.e. 2a 2 — a 4 =0 i.e. o 2 — ^ 


2a 2 +«i + l 1 
643—202—0!— 1=0 i.e., a 3 = j 


12a 4 -3a 3 -2a 2 +fl 0 =Oi.e.,.o 4 


3o ;i +2o 2 a n 




...(ID 


12 3 

I Comparison of (8) with Taylor series i.e. (4) of §8.2 yields, /(x„) 
->’(0) = o o =l,/'(x 0 )=/(0)=Oi-l. ^ 


As such (11) give o 2 =- 


8 


Substituting these values in (8) we get the required series solution as 

, , , * 2 , * 3 i *— .. -oo<x<oo. 

T(x)=l+x4 2~+ 2 + 8 ’ 

Problem 2. Find by power series methods a particular solution of t le 
linear differential equation’. 

v '" + J _ y_ — y=0, x^O and y(l) = l, /(D=°> 
y x x‘ 


Here/ 0 (x)=— A( x )=y> 2(x)= ° etC ‘ 


Ans. y(x)=l + - X 0 — 


(x-i ) 3 (x-i r 
“ 6 8"^ + 15 


— ...0<x<2 

|H| Ordinary Points and Singularities of a Linear Differe 
[equation. . - th „ form 


^Consider a linear differential equation of the form 

fvt v (B_1, 4- +FAx)y'+F 0 (.x)y=Q(x) ...y> 

p~I » .4 .0 b. zy^rif', «Z£SS2£2Z 
fe&sSr-SL&S •<- 

Whenever *”*• is ietiei 

In also analytic at x— x 0 i-e-, 
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representation in powers of (x— x 0 ) in the neighbourhood of x 0 . 

A point x=x 0 is said to be a singularity of (7) if one or more oMK| 
functions F 0 (x)..., F^fx), Q(x) are not analytic at x=x 0 . 

If we now consider a second order linear equation 

y"+F x {x)y' + F t (x)y = 0 . . . (ft 

F u F 2 being continuous functions of 4 
then if x=x 0 is a singularity of (8) and the product functions / ,( i) 
(x— x 0 ), and F 2 (x) (x—x 0 ) 2 both are analytic at x=x 0 , then the potfl 
x=x 0 is said to be a regular singularity. In case one or both of 
product functions are not analytic at x— x 0 then the point x=»X| ■ 
said to be an irregular singularity. 

[C] Frobenius Method for Solving a Homogeneous Linear Diffemtlltll 
Equation. 


x=x 0 then it is tit# 


Consider, 

y"+F 1 (x)y' + F % (x)y = 0 

In case (9) has an irregular singularity at _ 
difficult to find the series solution of (9) here, but if it has a rcgulnl 
singularity at x=x 0 then the series solution of (9) can be found o#| 
in the neighbourhood of x 0 . For the purpose of finding the solutluM 
in later case, Frobenius introduced a series solution i.e. 9 

y=(x—x 0 ) m [a 0 +a 1 (x—x (i )+a.fx—x 0 ) 2 + a s (x— * 0 ) 3 +...], a 0 J 

...(10) 

which is known as a Frobenius Series . 

When m— 0, (10) reduces to the usual Taylor series and hciHR 
Taylor’s series is a special case of Frobenius series. 

In case m is negative or has non-integral positive values then (10) 
is not a Taylor series. 

Assuming that x 0 is a regular singularity of (9) and F x or F 2 or bo\m 
are not analytic at x=x 0 but (x— x 0 ) F x and (x— x 0 ) 2 F 2 both if# 
analytic at x=x 0 , it follows that F x has (x— x 0 ) in its denominalilf 1 
and/or F 2 has (x -;r 0 ) 2 in its denominator, thereby showing that cithlf 
F 1 (x)—f J (x)l(x—x 0 ) or F 2 (x)=/ 2 (x)/(x — x 0 ) 2 or both exists. In eithlf 
case if (9) is multiplied by (x— x 0 ) 2 , it will transform to the form 

(x - xjy +(x- x 0 ) f (x) y'+Mx) >-0 ... (II) 

where f x (x) and f 2 (x) both now become analytic at x=x 0 . 

Existence of a Frobenius Series Solution. 

Ifx 0 is a regular singularity of (77), then it has at least one Frobeniui 
series solution of the form (10) if it is valid in the common interval djf 
convergence of ffx) and f 2 (x) of (77) except possibly for x=x 0 . 

Without loss of generality, taking x 0 =0, (11) reduces to 

x*y " +*/!(*) y'+Mx) y = o . . • (I J) 

where f,(x) and f«(x) are analytic at x=0 and therefore each functioi 
has a Taylor series expansion in powers of x valid in the neighbour* 
hood of x=0. Let us assume 

/i(*)=£o+^i*+^«x 2 + ••• . . . (1J) 


ImioNICS 


fJx)=*c 0 +c 1 x+c i x 2 +... 

I'or x„=0, Frobenius series i.e., (10) and its nex 

juome 
y=a 0 x 


. . . (H) 

two derivatives 

, ^_io . I n i q js. 0, • • • (15) 

+a 1 x»+ 1 +a 2 x"> '+••;••• + +a n 

+ •••(16) 


f^a 0 mx m - 1 +a 1 (w+1) x m +a 2 (m+2) x 


+m(m-l) x™- 2 +ai m (m+1) * 


*+a t (m+1) (m+2)x* 

tu*4*W“* 2 ^ ^ * 


(17) 

o®. (>’> 


KD will be a solution of 

pl.fy (12) i e.> if . 

+ fl i w(w+1) 

I l X [b 0 +b 1 x+b i x 2 +..-) [a.mx^+a, (m+l)x m +~ 

| <*+**+**+■••> Kn^+...-N,^+ 

coefficient of like power 


^+...+a n (m+n-\){m+n) 

+a„ (m+n) 


,)=0 


.(18) 
of x, 


\ T" 1 


|l we expand (18) and collect the 
Ihtn we get f i i )m+bn (m + l)+ c o) 

1 ft ; . t og 

.cach^r.heco*^. o +1 


{♦((m-l-n 


!**• b ti “ .’sssras.' w*. *. - 


(20) 


m I 1,..., m+n,.. is zero. 

11 ” ! 1V< ’ b m(m— D+^r C °T°« This is quadratic in m and hence 
which is known as ^ w There arise three cases according j* 

roots say m x ana w 2 . 


*» in,e8er; 

w, r - ni 2 
Case 
integer. 


I. When m x , '”2 are 


I but integer; 

distinct and their difference is not an 

| eV us first put m=w x in all tke coeffiaents capable of 

ic and then equate each^ equal Substituting these values of a u 2 . 

- may get “° ,h “ 

rroblem 3- Solve 2xV +0~ x ,y 

Let the ser« es solution be + j 

=a 0 x m +a X x _ 2 - t „„ Y m+ ( w+2) fl ^ m +( ++ n )c B x™ +ft - 1 


one 
finding 


fl„,m(15)we 
With similar 
•olution 






a) 

+,.. 


*=m(rn— l)^o xfr 


4 - .... 
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+ ?> f!™° n,f ao , ; d ""' 

^+... +{(m+ „_ 0( ^4 2; + 1 ^ +^+0(2,»+3)„, 

roots of^fiiiaf^S °lfT “j™, vanishcs if Jr— I." « I 
not differ by an integer. ^ e 1 and ^ which are distinct n 

The coeiBcients of x m + n eauat<»H ^ 

equated to zero g,ves the recursion for,,; 

Cl n = — * 

Oi-f/i-]) (2m+2n~l) a ”-- for n>2 

Whet, ,3, , ves !r°T° a CC f » - I. 

n . n{2n+\) n ~ z ' 

n — 1 


2 a ° 


a A 


1 


4-9^- 2^9" 


a 6 = — ? — a 1 

6*13 4 2-4 -6 -5 - 9 - 13 a ° e * c - 


Hence from (1), say y^^x £ 


i+-*L 

2-5 t 2 - 4 - 5-9 




Again when ».-= 1, (3) gives ^ 1 


1- 


2Hl9d3 + 


J 


Here also a 1 =a s =a 5 =., m== o 


c~*> 


In 


~ &n- 


and 


1 


a a o z 

I' 4 


: 2 -3 a ° 


*4 = 


1 


4 2^4^T 

1 


2*4 * 6 * 3*7 * 11 “° 


«o etc. 


So that from (1), say y 2 =a 0 V + I 

L 2 • 


3W 


The complete solution is 
T=^ 1 + J By a 


+ 


X 6 


^-4 - 6 • 3 - 7 - 11 + 


] 
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ft *r[l + 2 . 5 + 2- 4 . 5 -9 +...]+®v' *['+2.3 
f + 773T+-] 

time u 0 has been incorporated into the arbitrary constants A and B. 

Problem 4. Solve x 2 y " + a( a + \)y ' — (x 2 + J).y — 0. 

Ans.y=j4x[l-^+^-^-^+...] 

**+... ] 

Problem 5. Sb/ve 4xy" + 2(7 — a) /— j>=0. 
a»s. ^(i+y *+^y **+ 2»qT* ,+ -" ) 

[ +5V x^i+j 3 5 +j 3>5 + ^ 3 5 7 +...J 

<ase U. When jn L +m 2 and their diffirence is an integer . 

II m l9 m 2 differ by a non-zero integer, we can write them as m and 
Itl i N where TV is a positive integer. Then the indicial equation (20) 
|t*ii he written as 

(m+N) (m+N—l) + b 0 (m+N)+c o =0 ... (21) 

[llncc m+N is a root of (20). 

[ (Comparison of L.H.S. of (21) with the coefficient of o n in (19) 
•hows that both of them are exactly the same except that n is replaced 
jiy N. This follows that the use of smaller root m in (19) to find a's, 
will make each coefficient of x k zero and so we shall be stopped at the 
|#rm in which on appears and whose coefficient is zero. Consequently 
jhc equation for an can not be solved in terms of previous a's unless 
evidently the remaining terms also add to zero. In such cases, the 
filiation will be satisfied for all arbitrary values of on. We may then 
fontinue to find values of urjv+i, tfyv+ 2 >-.- in terms of a 0 and on. 

Now there arise two possibilities: 

Possibility (1). In (79), the coefficient of on is zero and the remaining 
hr ms in the coefficient of x m+N also add to zero Then the larger root 
M I N will determine a set of values of a’s in terms of a Q and the 
•mailer root m will determine two sets of values of a's ; one in terms of 
i f„ and the other in terms of on, whose linear combination will yield 
(lie general solution. 

Problem 6. Solve x 2 y" +xy'+[x 2 — y*=0, (which is Bessel 
n/ nation of index +). 

Clearly a= 0 is a regular singularity of the equation 
x 2 y"+xy' + (x 2 — i-) >»=0 


...d) 
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Let its Frobenius series solution be 

y = a^x m + a j x m+1 + a 2 x m + 2 + ... 

Derive y and and put these values in (1). Proceeding fir.# iiZ 
in Problem 3, we shall find, the indicial equation a S g ‘ 

i.e. m 2 --i-=0 • • . 

Giving m=±~ wnich differ by an integer unity. 

m?Vi n !+r+ eq V ation may a,so be fo und by comparing (1) w |* 
0 ?) of § 8.2 [C] whence we get f x (x)=l, f 2 (*)=- « +* * 8 1 U m 

So thatyj(x)=l=^ 0 -f£, 1 x+fi 2 ;*: 2 -)-... which is (13) of §8 2i& 

and / 2 (x)=—^.-(-a; 2 =c 0 +CiX+c 2 ^ 2 +... which is (14) of §8.2(^| 

Comparison gives, b 0 =\, c 0 = =L , c l = 0, c t = 1, remaining ft 

and c's being zero. 

o”+o“‘ 4 f «* 

jnce the coefficient of a* is zem nnH tu* ^ >l 



to 


~ -«..u« llH ^ + ^i J+flo(0)==0/e( 0-A+O-Og-O * 

dfri Sg nS 

In case of m I, the recursion formula by setting the coe(lluM|| 

« f as is -{( ' T +” )( - 1 +” K- i +» )4J 

(0)+a„_ 2 (1)=0 +<» 


I.E. 


which yields, 


*4 = 


n — 

n 2 — n ’ 

l 


" 2 a ° 


1 

1 

' 12 * 2: 

24 a ° 

1 

ft 

1 

30 4 “ 

720 


, for //>2 


and 




T a * 


20 ° 3 .120 -, j 


a n 


etc... 


a ‘~ 42 ° &z 


etc... 


~ 5040 




Substituting these values in (2), we get the solution for J 

2 ^ 

y^a^- 1 ! 2 ( 1 L x 2 i _L * 1 6 , \ 

\ 2 A ^ 24 x x ^~ - 1/2 
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Possibility (2). In (19) the coefficient of on is zero and the remain - 
t"lf terms in the coefficient of x m+N do not add to zero . Then the larger 
foot m + N will determine a set of values of as in terms of a 0 . In this 
nine there will be only one Frobenius series solution of (12) and a 
•flood independent solution will be of the form 

y t (x)=u(x)— bNy x (x) log x, n> 0 . . . (22) 

where N is the positive integral difference between w, and m 2 ; 
i, (x) is a Frobenius series solution of (12) with the larger root m+JV 
mid m(x) is a Frobenius series of the form 

u (x)=x m (b 0 +b 1 x+6 2 x 2 + ...) . . . (23) 

where m is the smaller root of (20). If we substitute (22) and (23) 
with their necessary derivatives in (12), we shall find that y 2 (x) is a 
lolution of it provided. 

X 1 u’+xf x u'+f 2 u=b N [2xy x +(f x -\) y x ] ... (24) 

Substituting for u , u\ u\ y, and yf in it, we get the values of b's 
m (23). These solutions are known as Logarithmic solutions. 

Problem 7. Solve xV-x(2-x) y’+(2+. v 2 ) y=0. ... (1) 

If we divide (1) by x 2 , then we observe that x=0 is a regular 
•Ingularity. 

Let the Frobenius series solution be 

y=x m (a 0 +a 1 x+a 2 x 2 +...) ...(2) 

Comparing it with (12 ),f x (x)=—2+x, f 2 (x)=2+x* ... (3) 

So that (13) and (14) give on comparison 

Ao= 2, b x = v= 1 , c 0 =2, c^O, c 2 = 1 . • . (4) 

the remaining b's and c's being zero. 

Hence from (20), the indicial equation is 

m(m—\)— 2m+2=0 i.e. m 2 — 3/w+2=0 ...(5) 


giving m= 1, 2 i.e. m x — 1, m 2 = 2 which differ by #=1. 

Taking m — 1 and setting the second coefficient of (19) as zero, we 
have 

a L (2 — 4 + 2) + fl 0 (l +0) =0 i.e. 0.^ 1 +fl o =0 . . . (6) 

So that fl 0 +0 but the coefficient of a^~a x is zero and hence m= 1 
cannot give a solution. 

Now taking m— 2 and setting the second coefficient of (19) equal 
to zero, we find > 

a v (3.2— 2.3+2)+2a 0 =0 i.e . tfi =— a 0 . . . {!) 

Again by setting the coefficient of x m+n of (19) equal to zero when 
m= 2, the recursion formula is 

u n [(2 + n) (1+/?) 2(2+w) + 2]+(l + /z) fl n _ 1 +fl n _ 2 — 0 

i.e. (n 2 +«) «n=— («+l) an- x — a n „ 2 for n> 2 ... (8) 

When n=2, (8) gives 6a 2 ~ — 3a 1 —a 0 =3a 0 —a i) by (7) 
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When n=3, ,8, giv* 12 „__ 4 < „ I+0 , ly 


i.e . 




36 


- and so on. 


4‘-4+. 


.. . ( 


Hence from (2), the solution is 

_ 2 36 ~ r "' ] 

A second solution of (1) will have the form 

Ji(.v) log .v, a> 0 as N=1 

where u(x)~x(d 0 +A l x-j-l> 2 .x 2 + ). 

Case Ilf. When nij =m 2 

XtmT r';;r is r ib "- 

index 0). y ^ y +x yzsz ° (which is Bessel equation 

Given equation is \ *V+:*>'+^=0 j, 

Let th7serie?solurontTrbl hat *"° “ * rCgUlar SingU,ari ^ ^ 

}'=x m (a a -\-a 1 x+a 2 x 1 + ...) 

Comparing it with (12) of §8*2 (C), we find 
C u fl(x)=--l,f 2 (x) = x°- 

° that (13) and (14) of §8.2 (C) give on comparison 

,, b o— 1, c 0 =0, c 1= 0 c,= l 

other b s and c’s being zero. 

The indicial equation (20) becomes here 

Ta . 0 i e. m 2 =0 giving w=0, 0 . / 

zero, we 8 have ^ Set,ID8 the second coefficient in (19) equul 

«i (l+0)+n 0 (0)=0 i.e. a 1 = 0 

Again setting the coefficient of y^+n j n /iq\ , 1 

the recursion formula (n,/S 'V+L?0)^0 "" 


i.e. 


a n = 


- q "~2 

2 y n^> 2 


...(( 


So that 


a 4 = 
a R = 


2 a ° 

a i =0 =a 5 =a 7 =a 9 = 
1 _ 1 
4 2 2 2 2 .4* a ° 

a = 1 

6“ 1 2 2 .4 Z 6 2 a ° ^ C- 
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lienee from (2), a solution is 


^=(say) j!=a 0 ^l 


f...) ...(7) 


2 2 f 2 2 .4 2 2 2 .4 2 .6 2 

A second solution may be found by (22) with 7V=0 as 

**+ $$ .v‘+...+f,iog.v).a>0. 

Another Method. If the indicial equation has equal roots say m= a, 
• ( the two independent solutions are obtained by putting m = a in y 

Hid j?- both. The second solution will always consist of the product 
dm 

If the first solution or a numerical multiple of it and log,, x, added 
In another series. 

Problem 9. Solve x(l —x 2 )y” +(1 —3x 2 ) y'—xy=0 . . . (1) 

00 

Let the series solution be y=^a n x m+n ... (2) 

0 

Then substituting for y, y\ y" from (2) to (1), and equating to zero 
Mic coefficient of .x m we get the indicial equation as m 2 = 0 i.e. ra= 0, 

If 

Also equating to zero the coefficient of x m+n 9 we shall find the 
Mu nrsion formula 

a n — ( mJrn a for n>2 which yields when m= 0, 

(w+«) 

(n- n* f - 
- a n - 2 for «>2 


a n = 

While the coefficient of x m+1 equated to zero will give ^ = 0 
l 2 2 2 

a 2 — a o and ^ 3 = -jg- a 1 =0~a 5 =a 7 = ... 


(3) 


2 

3 2 


1 2 .3 2 1 2 .3 2 .5 2 

a A~ a 2 == 22.42 a 0 0 $ 2 2 42 ^2 a 0 


Hence a solution is 


.2 1233 

l + y* 2 + ^ x + 


-•] 


llut from a n = .1^ a n - 2 we find 


(m+n)\ t 


(4) 


•(5) 


If it is substituted in L.H.S. of (1), we get a single term a 0 m 2 x m 1 

(m^0) 

I Is partial differential coefficient w.r.t. m is 

2 a 0 mx m ~ 1 +a 0 m 2 x m ~ 1 log x which is zero when 0. 

It means *(1-* 2 ) + (l-3x 2 ) J^=2a 0 wx m - 1 

+a 0 m 2 x m ~ l log x 
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“■ [ *(!-*■) ;gi-+(l-3*>) 


dt . 


+a 0 m 2 x m 1 Inn 
(the differential operators being commute!! 


So is another solution and hence from ( 5 ) 


Tte ,0 * *+"•*“ [ 2 (-STj)osW *’ + - ] 

When m=0, y=y 1 =a 0 £ 1 +-^5 x 2 + * 4 +... ] 

and so &= yi log *+ flo [i- **+... ] 


(when to— 


When to= 0 let in (5) a 0 =a , and in (6) a^—b, then 


( 1* i*. 3 2 \ 

1 + 2 ^ xt +2t74T x *+~ J=au(say) 


and 5m s= * bu log X+b x< + — ]=* v ( sa y) 


Therefore the complete primitive is 
y=Au+Bv 

=(a+61ogx)[ 1+ ^xH^x«+...] + Z>[^+ 2 -J| 4 +... 
Problem 10. Solve xy"+y'+xy=0. 

Ans. y=(a+b log x) [ 1 -y+2T^- yff^ + - ] 

+*&-w(‘+T)+whp(‘+4+Tl 

Problem 11. Solve x 2 (* + /) y''+x (x-{-7) y'—y^0. 

Ans. y=ax ( 1— | + ~ — ~j+... )+fo _1 (l-*). ' 

Problem 12. Solve in series xy" + 2y'-\-xy=0. 


Ans. y=a 


i 

13 f |5 


...] +**-[ 


1 X 2 X 4 ~! 


[D] Particular Integral (P.7,). 


Consider 


*V '+xy'+y= — 


Complementary function is the solution of x'y"+xy'+y = 0 ttf 
will be obtained as above to give 
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C.F.=a„ (l- rj- x ~* -)+b 0 ( x x) 

To find P.I. puty=C 0 x m in (1), so thatm(m-l) C 0 x 
which yields j 

m+2— 1 and m(m- 1) C 0 = 1 i.e. m=- 3 and then C^l ' 

With to= — 3, find the recursion formula by the usual method, and 
(his is here ^ 4 

I c - ( idns+i) c -> *»** c -r* c “ c '~f^ c ” 

C * = 5-6-7-8*9-l0 C#CtC ' 

Hence P.I X ' 2+ T6*7*8 _ x_4+ "' ) 

=2x-s (ii + l; x ' 2+ i ix " t+ -) 

Thus the complete integral is y— C.F.+P.I. 

» .3 LEGENDRE DIFFERENTIA L ^UATION, FUNCTIONS 
AND POLYNOMIALS WITH PROPERTIES 
\K] Legendre’s Differential Equation. (Agra, 1961 ' 63) 

This equation is of the form 

( 1_x2) & _2X ^ + ” (M+1)>,==0 ' '“ (1) 
The equation of such type can b -^-ending ^ 

descending powers of x. singularity at x=0, so the 

can be obtained in the form of a series 

the solution of the given equation in the form of 

scries: 

oo 

y = 1 a r X k ~ r . 

r=0 . v ‘ J 

^= 2 (l—r) a,x k ~ r ~ 1 

dx r = o 

„nd “ (k^r){k-r-\)a r x^-K 

Ox r ~0 

Substituting these values in (1), we have 

2 [(1 -X 2 ) (k—r) ( k—r - 1) x k ~'- 2 -2x ( k—r ) x k ~ r ~ l ' 
r==0 +n ( n+ \) rf-']a r =V 
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oo 


or 2 [(k-r) ( k-r-l ) x k ~ r - 2 +{« (;i+l)-2(/t— r) 

r = 0 

~( k-r ) (/t — r — 1)} **->•] a, It 



00 


0r r-O f( *' r) v ^ r " 2 + {« («+l) 

— (&-r) (& — r+l)} a r =0. 

The relation (2) is an identity and therefore the coefficients 
various powers of x can be equated to zero. 

Let us first equate the coefficient of x k the highest power of .v 
putting r=0 in (2)} to zero; then we get 

a 0 {n {n+l)-k (k+ 1)}=0, 

where a 0 being the coefficient of the first term of the series cannot 
zero, i.e. a Q ^ 0 and thus 

n («+l )— k (£+l)=0 
or rf + n—k 2 ~k~ 0 

or n 2 -k 2 +{n-k )= 0 

or («— &) {n-k-{- 1)=0 

which gives k—n or —n—l . , , 

e( l ua ^ n g the coefficient of x* -1 to zero, by putting r=® 1 
(2), we have 

{n (w+1) — (* — 1) k) a x = 0. „ . . (i 

From (3), {„ (n+l)-* (/fc-l)} + 0 

and therefore a x =0. 

Let us now equate the coefficient of x*~ r , the general term in (1 
to zero, 

{k-r+ 2) (k-r+1) a r _ 2 +{n (nfl )-(k-r) ( yfc-r+1 )} a T * 0 

or a = H^IZL ~t~^) (^~ r +1) 

n(n+l)-(k-r)(k—r+l) 

Putting k—n , the recurrence formula is . 
a - (n— r+2) (w-r+1) 

"« 2 +n— (n — r) (n— r+ 1) 0r ~' 

(n— r+2) (w— r+1) 


&r— 2* 


" 


n 2 + n — n 2 + nr — »+ nr — r 2 + r <7r ~ 2 


= _ («-r +2) (n-r+1) 
r (2n— r+1) 




Again putting k — n 1 in (5), we have the recurrence formulu 

as a r = — ^ 

n 2 +n-(-n-r-l)(-n-r) r " 2 

(n+r— 1) (n+r) 


n 2 +«-(n+r+l) (n+r) ‘ 7r_2 
(n+r— 1) (n+r) 
r(2n + r+l) 


|A A MON ICS 

Case I. When k=n , we have by putting r=2, 3, . . .in (6), 
n(n- 1) _ 
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«2 = 


a,= - 


2 ( 2 « — 1 ) 
(w-l)(n-2) 




etc. 


3(2/2 — 2) 

=0 since a x =0. 

Similarly a 5 , a 7? a 9 . . . etc. all the a’s having odd suffixes are zero. 

n (n— 1) (n — 2) (w — 3) 

2-4 (2n—l) (2n— 3) 

(by putting value of a 2 ) 

, , , llr n (n— 1) (n— 2) (n — 3).. (n— 2r+l) 

In general, «„=(-!)' 2 , 4 ^ 2r (2n _ 1} (2 n-3)...(2n-2r+l) 

(by putting value of a 2 etc.) 

Hence the series solution when k=n, is 


_ (n— 2) (n— 3) _ 

4 4 (2n — 3) 2 


, „ ”("-D , n(n-l)(n-2) (»-3) 4 “I . . ( 8 ) 

f ""L 2 (2n — 1) * 1 2-4(2n-l)(2n-3, ’“J ’" K) 

... (9) 


plirrc a 0 is an arbitrary constant and is equal to 
1-3-5. ..(2n-l) 


{there n is a positive integer. 

I Itis solution of Legendre’s equation is known as P n ( x ), i.e. 


m w= 


1 -3*5...(2n— 1) 




n (»-D „ n -2 

2 (2n— 1) 


n (n — l) (n— 2) (n-p 4 _ "1 {10 ) 

2-4-(2n-l) (2n— 3) J 


•(2n— 1) (2n- 

< use II. When k— — n— 1, we have by putting r=2, 3,... in (7), 
Ot+l) (n4-2) 




■#' + 3) 


«1 = - 


( Now a 3 will contain a! and hence is zero. As such a 6 , a 7 , fl » • • • 
|n zero. 

(n+3) (n+4) 

T(2n+5)“ 2 

(n + 1) (n+2) (n+3) (n + 4) out tj ng value of etc. 

= 2T(2S+3)(2n+5) 

(n+l)..(n+2r ) . a 

In general, o 2 r= 2.4.,.2r (2n + 3)...(2n+2r+l) °‘ 
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Hence the series solution is 

(n + 1) (n+2) 
2 (2n+3) 


-a 0 [a— 1 - 


-n-3 


(n+1) (n+2) (n+3) (h+ 4) 
2*4 (2n+3) (2n+5) 


.*r n_6 + 


....] 


.(Ill 


a n ~. 


With 

1*3*5... (2 n -j- 1 ) 

this solution is known as Q„ (x). 


Qn(x)= 


l-3*5-(2n+l) 




+ 


(n+1) (n+2) 
2-f2n+3) 


(n+1) (n + 2) (n + 3) (n+4) 


r 


5 + 


■n — 8 


....] ... 


1 2*4*(2n+3) (2n+5) 

The most general solution of the Legendre’s equation is 

y=AP n (x)+BQ n (x). . . . ( 

where A and B are arbitrary constants. 

Note 1. If the infinite series as the solution of a given differ 
equation is reduced into a finite series , then the solution is call 
polynomial. P n (x) gives Legendre s polynomials or zonal harmo 
or Legendre coefficients (n being a positive integer) of first kind 
Q n (x) gives Legendre's polynomials of the second kind for post! 
integral n. 


Note 2. The importance of a solution lies in its convergence and 


convergency may be seen by ratio test e.g., lim I u n+2 i 1 


or (11). 


n -> 0 r 


u n 


from 


Thus the series (8) or (11) will be convergent if | x | >1 /.#. 
above "solutions for Legendre equation are not convergent in 
interval— l<Kl. In order to find the convergent solution of 
we seek for solution in descending powers of jc. 

Suppose a series solution of (1) is 
00 

y = 2 a r x k+r , a o =+0 ... (I 

r=0 


So that 


00 

y f = 2 ( k+r)a r .x* +r " 1 

r= 0 


oo 

y" = 2 (k+r) (k+r— 1) a r x k + r ~ 2 . 
r = 0 

Substituting these values of y , y 9 and y" in (1) we get the identit 
2 l(A:+r) (fc+r— 1) x k+r ~ 2 -(k+r— n) (k+r+n+ 1) x k+r ] n r ||| 0 

r “° ... (I 
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I i|iiating to zero the coefficient of x k 2 (when /*=0) the first term in 
l*> under the assumption d o +=0, yields k{k— 1)=0 giving k= 0, 1. 
Now equating the coefficient of second term t.e. x t+1 to zero, we 
a, (fc+l)A:=0 giving a!=^0forfc = — 1 while a x may or may 
M lie zero for k= 0. 

I'quating the coefficient of general term i.e. x k+r to zero, we find 

(k+r— n)(fc+r+n+l) 


(k» ircursion formula = 


( k+r +2) (k+r +1) 


liming *=0, (i 7) gives a T 


::l putting k= 1, (17) gives a r+2 — - — - v + ; s' — - a. 


• * * (17) 
. . . (18) 
. . . (19) 


(r+2) (r+l) 

(1 +r— ft) (2 + r+ n) 

(3+r) (2+r) 

<'»se I. When k=0, we have by putting r=0, 1, 2, 3, 4, 5, 

... in (18) 

n( " +1) ~ and («- 1) ("+ 2) ^ 


a„= — 


2 a o 


_n(n— 2) (n+1) (n+3)_ (n — l)(n— 3) (n+2) (n + 4) 

4 |_4 a ° a& |J fl i 

'd in general ^-(-1)- Kn-2) ...^-^+1 ^ 

n i (— l) r (n-1) (n-3) ...(n— 2r+l) (n+2) ... (n+2r) 

2 | 2r + l 

Ilcnce the series solution for k= 0, is 


1- 


n(n+ 1 2 n(n— 2) (n+1) (n+3) 4 


x 4 + 


-] 


‘■■ J [ | - ( - 1 |j +2 - *■+ 


(n-1) (n-3) (n+2) (n+4) .. 4 
I 5 


('•se II. When k— 1, we have from (19), 

and a 1 =a 3 =a 5 =a !ir+ . 1 = ...=0 


... J 
.**(19) 


„ (»— 1) (n + 2) 

F3 a ° 


(n-1) (n-3) (n+2) (n+4) 

o a ° 

_(-l) r (n-1) (n-3) ... (n-2r+l) (n+2) ...(n+V) 

j2r+l a ° 

Ilcnce the series solution for A:=l is 

rT 1 (null (”+2) , (n-1) (n-3) (n+2) (n+4) ^ , “| 
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The solution (20) is included in (19) in the coefficient of a, r 

f 1S no? 6 i ep aced by a 0 . Hence setting a 1= =0 for k 0 
the solution (19) reduces to 



v=a 0 £ 


wQi + 1) ^ , n(»-2) (n+1) («+ 3) ^ 


I 2 


~x 2 + 


x 4 + 




It may be shown by ratio test that the solutions (20)"and (III 
are convergent in the interval — 1 <*<1. 1 ’ ,U ™ 

Calling the solution (21) as .S’ n (x) and (20) as T n ( x ), the ueMM 
solution of Legendre equation in ascending powers of x is 
y=A S n (x)=BT„(x). 
where A and B are arbitrary constants. 

[B] Legendre Polynomials. 

.u If ^ e ,p u - n==2 , r (say ) Le - if n be taken as an even positive inlfltf I 
then (21) gives the Legendre polynomial as ** tB 

n(n+\) 

I , x + ... 


y=aj^ n- 

+ ( _iW 2 n(n— 2) ... 4.2 (n+ 1) («+3) ... (2«— 1 1 1 

~Tn " ' 

While (8) gives 

*-'+■■■ m 

L? _ -] 

n(n — 2) . . Jin-X-W i\ x n I • • • 


n{n-2) ... 2(w+l) (w+3) ... (2«-l) 
(23) and (24) will be identical if (24) is multiplied by 
,\n' 2 2). ..4*2 (w+1) (w+3)...(2w — 1) 

j_ — 


(-*)" 


and thfen the solution (8), (21) will become identical. 

Again if we take, n as an odd negative integer then (21) is Idl 
cal with (11). Also if n is an odd positive integer then (20) reduc#( 


= [ x- ( ’ 


( w - 1 ) (/1 + 2 ) 3 

x -r 


+(— l)”- 1 / 2 
and (8) reduces to 


(n— 1) (n— 3) ... 2 {n + 21 ... (2/i— 1) 

I « ~ 


1- 


»(n- 1) 

2(2n— 1) 

+(-l)»- 1 /* 


v=a 0 *»[ 


x~ 2 + ... 

I n 


2.4 ...(n- 1) (n— 3) ... (2n--l) 


■]-< 
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thich become identical when multiplied by the coefficient of last 
••(in in (26). 

Further if n is an even negative integer, (20) and (1 1) become 
Wiiifical. 

Ihese discussions follow the conclusions : 

(0 For integral values for n, the solutions (8) and (11) have great 
iiility of them. 

WO For positive integral n, (8) is a polynomial but (11) is an 

nnite series and the complete integral is a linear combination of 

JtBt 

OH) For negative integral n, (8) is an infinite series and (II) is a 

lynomial. 

(»v) For positive integral n, in (9) or (10) we have chosen 
1.3.5...(2n+l) 


(») For negative integral n, in (12) or (13) we have chosen 

In 


a n =. 


1.3.5 ... (2/1+1) 


(vi) For positive integral n, the polynomial P n {x) has the expan- 
Mon given by (10) ending with term free from x i.e. 


= S /_n, J3.5-(2n-l) 
l_n 

n(w— 1) ... (n— 2r+l) 


P n (*)= S (-1)' 

r =0 1 n 


2.4 ... 2r(2n— 1) (2n-3) ... (2n-2r+l) 
1.3.5 ... (2n— 2r— 1) 


v-n-2r 


nil 

= s (-D’ 

r=0 

more concisely 

2- |JL , „-2r 


n—2r 


2n-2r 


■n-2r 


r 2n-r 


. . . (27) 


. . . (28) 


Evaluation of the values ofP 0 (f), Pfy.), Pfa), P 3 {y.), P 4 ( pt), P 5 (jx), 
m* andP 7 ([i) etc . 

Wc have 




1.3.5 ... (2w — 1) 


n ! 


r , t n _»(«-!) „„-2 
1+ 2(2«— 1) ^ 


n(n — 1) (n— 2) (n— 3) 




(2n) 


(2.4.6 


‘ 2.4. (2n—l) (2« — 3) 

''Ll f „« _ »(«— 1) 4 „- 2 

.. 2n)n 1 L 2(2n— 1) F 

/i(h— 1) (w— 2) (n— 3) . 1 

+ 2.4. (2n-l)(2«-3) ^ ”J 
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(2n)l r ft (ti 1 ) n . 

2”.n!«!L 2(2n — 1) ^ 



n (n — 1> («— 2) (n— 3) 4 "1 

33T 14 - J 


+ 2.4.(2/i— 1) (2n 

Potting /i=0, 1, 2, 3, 4, 5, 6, 7 etc., we have 
J D «(P)=1, 

2 ! 




2-1 !-l ! 

=f*f 

4 ! 


ft*.], other terms vanishing 


5(* 3 — 3(* 


A(i j -)=2 2 -2 ! -2 t ~ [f- 2 — ^3 ot her terms vanishing 

4v3-2 3[* 2 — 1 3(* 2 — 1 

2-2-2-2 3 ~ 2 

Pj( ^ = 2 3 -3 ! 3 ! [ 1x2 3T ‘‘J”' 

Similarly P 4 (|*)=£ (35i* 4 -30t**+3), 

P 6 ( ( *)=J (63[* 5 — 70[* s +15[*), 

^Vp)=tV (231ti‘ — 315 (j. 4 +105(* 2 — 5) 

P,((*)= T V (429t* 7 — 693t* 5 + 3 1 5j**— 3 5t*) etc. 

[B] Generating Functions for P„(x) 

Pn(p) is the coefficient .of h" in (1— 2!*h+h 2 )~ 1/2 . 

We have (1— 2t*A— A 2 ) -1/a 
=[1-A (2t*-/»)]- 1 ' 2 

— I +$A (2(*— A)+ ~ A 2 (2f*-A 2 )+-±^| A 3 (2a-hf+... 

(by Binomial expansion) 

The coefficient of A n in the expansion 
LlS^n-l) 1.3.5...(2w 3) 

2.4.6.. 2n 2 .4.6...(2«-2) W ‘ Cl 

1. 3. 5. ..(2w— 5 ) (2<x) n ~ 4 "- 2 C 
+ 2.4.6. ..(2n-4) (ZW * C * " 

1.3.5. ..(2w—l) 




n ! 


1.3.5. ..(2/i— 1)| 
« ! 


n (n-1) (»-2) (n-3) 4 _ "] 

+ 2.2.2 ! (2n— 1) (2n-4) ^ j 

f(*«- „«-» 

1/ 2(2n-l)‘* 

n (w— l) (n— 2) (n-3) „ “j 

+ 2.4.(2n-l) (2n— 3) ^ + ”J, 
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which is PJy). 

Hence S h*P n {\x)~(\-2\>-h+Vy l >\ • • • ( 30 > 

" ° (Agra, 1967) 

corollary 1. P»(l) is the coefficient of ti' in (1— 2h+h*)~ ll% , i-e., 
in (1— A) -1 . 

As such P B (l)=coeff. of ti* in {l+A+A 2 +...+A n +...}=U which 
it however a distinguishing property of Legendre’s Polynomials. 


corollary 2. Putting t*=cos 0, we have 

f h n P n ( cos 0)={1— 2 (cos 0) A+A 2 }- 1 ' 2 
»= 0 

A 2 } -1 12 


=[ l+iA^‘4 


1.3 


2.4 


h 2 e ut - 


1.3.5 


2.4.6 


A®e*»+... 


1.3...(2 n-Q h „ eina + ... "1 
+ 2.4... 2n J 

+1.3.5 q-j) 

^ 2.4. ..2n J 

Equating coefficients of A” on either side, 

Pn ( cos 0)= — ( e n -+e- n “) 

■ 1 1.3.5. ..(2w — 3) r„<»-2> «_L_ 

+T'2.4.6...(2n-2) + ' 

1.2 1.3. 5. ..(2/1 5) f _(n-4) i»l _L e -(n-4M» _L ... 

+24 2.4.6.. ,(2n-4) 

" e+ T'5^1 cos ( "“ 2) 6 


1 3 2n (2/1-2) 
+ T'4”(2iT^m2n-3) 


(n— 4) 0+...J 

■ J - ‘ “* " e+ 2^i < ”' 2) “ 
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corollary 3. We know that 
(1—2 A cos 0+A 2 ) -1 ' 2 
={(1 — A) 2 +2A (1 — cos 6)}- * 1 ' 2 

=| (l-A) 2 +4Asin 2 y| _1/ * 

1 t (-1)4A sin 2 6/2 ? -1 / 2 
~1— A l (i-A) a 5 

4A sin 2 0/2^ , 1.3 J 4A sin 2 6/2 ? 2 , 
~\-hl l+ 2l ( 1— A) 2 v 2.4 £ (l-A)M +"• 



•••+■ 


1.3.5. ..(2r-l) ^ 4A sin 2 8/2 \ r 


2A...2r 


(1— A) 2 


+ 


] 

_1 , 1 f) 4A sin 2 0/2? 1 

= 1-A + 2Q (1-A) 2 jl=X + - 

1.3.5. ..(2r-l) (-1) 4 W sin 2r 0/2 1 

‘ 2.4. ..2r (1 — A) 2r+1 + " J 

, 1.3.5. ..(2r-l) 2 r .2 r h T sin 2r 0/2 

1 ; 2.4. ..2/- ‘ " ‘ 


1 

= 1— A 


00 

S 


r=1 — - (r-A) 2 ^ 1 

Equating coefficients of A" on either side, 

P„(cos 0)=1 + S (-1)' — ^ 4 (2 ^~ 1) .y.y sin 2r ~ 


r=l 


X 


( 2r+l) (2f+2)«..{2f+l+(H-r-l )) 


(»- 1 ) ! 

£ since coeff. of A" -1 in (1— A)- (2r+1) is 

(2r+l) (2r+2)...(2r + l+»-r-l) 
(n-r) ! 


etc, 


P n ( cos 0) 

= 1+ f ( — 1)f l-3.5-(2r-l ) ( n + r)l 

r=l 2.4.. .2 r (2r) ! (n-r) ! * 2 2 


] 


r sin 2r 


i+ ” t i)r (2r) ! (n-r) ! (n-r+1) (n-r+2)...(»+r) 
r=1 l } 2 r .r! .2 r r!.(2r)!(n-r)! 


X2 r -2 r sin 2f - ; 


.!+ 2 (_i)r ("- r +l)C«-> , +2)-.(«+r) . „ 0 

r=i r ! r ! 5,111 2 

. i _"(»+!) 6 , («— 1) n (n+lXn+2) 0 

■ 1 1 1 x s sm T + Tm sm Y 

(n-2) (n— 1) n (n+1) (n+ 2) (n+3) . , 0 


-313! 


8m ”y +••* 
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(-«)(n+l) . ,6 (-n) (-n+1) (n+l)(n+2) / 2 _0_V 

■= 14 U T + 12.1(1-1-1) \ 2 ; 

(— n) (— n+1) (—n+2) (n+ 0 (n + 2) (n+3) / s j nS J^Y_|_ 

+ 1.2.3.1 (1 + 1) (1+2) V 2/ 

— n, n+1, 1, sin 2 -^A 

Replacing 8 by 8+«. 

PJ - cos 0)=( — 1)" F„(cos 0) =+(-», «+!,!» cos 2 -j ) • • • (33) 

Le. P t ,(cos 0)=(— l) n 'F(— n, n+1, 1, cos 2 0/2). 

(Cj Integral for P„((a). 

I. />„(+)=-- f* {(x+V^ 2 -!) cos f) n d4>. (Vikram, 1962) 

71 Jo 

It is easy to show that 

f* — - nr^ — -i— ~n r JP\ > when a 2 > * 2- 
Jo a±b cos <f> +(a 2 — A-) 

Let us put a=l — v-k, b—h\/(^ 2 — 1), so that 

a 2 — A 2 =l— 2t*A+A 2 . 

it f* d$ 

hen (1— 2txA+A 2 )- 1 ' 2 = J 0 1 — Ap.+A\/((x 2 — 1) cos ^ 

ot (1 — 2{*A+A 2 )~ 1 ' 2=: ~ P [1-/* fa+v' G» 2 -D cos tf!" 1 # 

71 JO 

=— P r L A" {(*+ v¥-l) cos ^}”1 
71 Jo L/i=o , 

where h is sufficiently small 

= — 2 A” [* [ix+ VO* 2 — 1) cos 4>} n fy' 

Equating the coefficients of h n on either side, we have 

p»(n)= ( {pT-v/^ 2 — 1) cos <f>) n d<t>, 

71 Jo 

which is known as first of the Laplace’s Integrals. 

COROLLARY 4. If We put (A=COS 0. 

PJcos 0) = — ( (cos 0 + i sin 0 cos 4>) n 
n Jo 

1 d<f> 

COROLLARY 5. P„ (M-)=— l 


(34) 


(35) 


We have as above 


{(a±V(! i 2 -1) cos ^} n+1 


1 ' 


d$ 


r^r, where a 2 >b 2 . 


r 0 a -b cos ^ V (a 2 —b 2 Y 
Putting G=\Lh~ 1, we get 

n 


V(1 — 2 h-A+Zt 


ril 


A{|X±VV-1) cos ^}-l 
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or 


* VC 1 - l+i) 




h {TV (M- 2 — 1) cos 


I 


h {p±V (f* 2 -l) cos </>} 


] 


01 2 t„+ 1 Pn(T) ^ 1 

n =0 J 


1- 


h {h+a/Q* 2 -! 

h {(i±V(H- 2 -l) ' 
co 1 


-l)cos#l 1 

— i ) cos t) r 


1 fir r 00 

“IT Jo L^o^ 1 (taV' (I* 2 — 1) cos ^} nW 

_JL °? f* 1 

“ 71 -J'n Jo 


> 


„ =0 JO h n+1 {^±V (s^ 2 — 1) cos ^} n+1 
Equating coefficients of on either side, we get 

/ w_L r # 

" ^ * J o {f* ± ViV -* — 1 ) cos ^} n+1 ’ 

which is known as Second of the Laplace’s Integrals. 


• (36) 


corollary 6. It is obvious from the above two Laplace’s integrals 
that P n ((x)=P_ (n+1) (p). ...( 37) 

[D] Recurrence Formulae for P n (p). 

I. nP n (p)=( 2 n-l) pPn-^p)— («-l)P „-*({*). 

(Agra, 1953 , 61 , 74 ; Vikram, 1963 ) 

Suppose F=(l— 2f*/i+/r ! )- 1 / 2 = °l h n P n (p) 

n—0 

or F*(l-p/t+A*)=l. 

Differentiating w.r.t. h. 

2V~ (l-2pA+A*)+ V i (2/:— 2fx)=0 

dV 


or 


dh 


(1-2 y.h+h 2 )+V (/i — (x)=0 


OO 00 

or (I— 2 phTh 2 ) % nh n l P„ (y.)+(h—p) £ h n P n (p )—0 
n=Q n—0 

[v s "A"- 1 P»(n)] 

The coefficient of h n ~ J equated to zero gives 
nP«( |*)-2{x (n— 1) P«-x(ti)+(n-2)P n .. 1 (p)+P_ 2 (|a)~p P«- 1 (p)=-0 
or nP »(f*)*=(2n - 1) ^-^-(n-l) P„_,(n). . . . (31) 
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Note Ifn—l—m, then this result reduces to . 

<5; , ton , ( S 

„ (n*-!) ~^"= :n {V-PnW-Pn-tiV-)} 

= —(n+1) {pPn(p)~P^i(v)}- 
We have Pn+i(v) 

Ur {H-vV-u«>» wd*--- tr-w 

* j« ■ ,o 

Ll |* {[x+vCf- 2 - 1 ) cos ^ n_1 It* {^+ vXf- 2 -- 1 ) cos # _1 J ^ 

L-^pi J’ {(t-bV^-Dcosfr 1 [ l +V(?-T)l # 


|x* — 1 d \/(^ 2 1) cos <f>) 

TZ C?L L 

|i*-l d 


ill- 

PJiv)- 


df 


n dp 

.2 1\ . d Pn(y )_ 


(t^ 2 — l) 


dp 


~n {pP n (p)~Pn(p)}- 


... (40) 
(Agra, 1965) 


nr 

or 

01 


Replacing n by (-«-!), as P.(|i)-P_ { * rt ,(p) and as such i* 

■P.+ilf*), we get 

([X 2_ n = — («+ 1) {l^P n(^) Pn+l(t 7 ')} • • • ( 4i > 

HI. By Legendre’s equation, we have 

(„■-.) » (»+» rM-«- 

This may be written as 

A ^ (^2— i) (n+l)P«(i A ) 

[n {(iP»(tt)-P»-i(f*)}]==« ("+U from (40) 

jx + F w (;x) - =("+!) 


dPJjx) dPn^(p) =npM 
* dp dp 


. . . (4D 

(Agra, 1954; Vikram, 62) 

IV. Replacing n by —(n+1) and applying P-«r-\(p) * ®^’ 

P-,- 2 (p)=Pn + i( 9 ) etc., in (41) we get 

dP^Vi , ^P»±lM-=(n+I) P«(ea). 

' dp ^ dp 


, . . ( 42 ) 
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Addition of (41) and (42) yields 


(2/i+D P„(tO=Jr JWl*)- J P»-i(t*). 



...«») 


[Agra, 1952 ; 55, 5/, 74; Vikram, 62 , f J) 
Now (43) may be written as 


^ P n + 1 (^)-(2n+l) P„(f*)+~ 


Replacing n by (n — 1 ), we get 


4i A l (!'-)=(2«-l) P»- 8 (ff) 


=(2«-l) Pn-i(rt+(2«-5) P,. s W+|Uri 


(441 


[ 


since by putting w — 2 for ai, 

' , "-w « 

The repeated application of this replacement will gi ve 

(1 

4 , P«a0=(2/*-l) 5) P*-*(j*) + (2ll-9) Pn-ldOW 

endi% with or P 0 ([i) according as n is even or odd. . . , ( 4 |)[ 

This is known as ChristoffeVs Expansion . 

Again multiplying (40) by (n+ 1 ), (41) by n and adding, we have 

<2«+ 1) (j**- 1) (» + 1) {Pn+lM-Pn-lM} . • • (4e 

[E] Saisc Important Results. 

l«J- P»(-^)=(”2+ P»(p). . , . tSM 

w . . (Agra,Mr) 

We know that 

« L 2-( 


•(2»-l 


(X«- 2 + 


-] 


|(2n). 


2.4.6.. .'In) 
_ K2 n) 

2" In 




(«— 1) 


(2n-l) 




•] 


r,.« w (/» 

r 2 (2n 


- 1 ) 


- 1 ) 


SX--2+. 


] 






or P*(— f*) a 


r 


In) r 
2 n |_n P 
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=( - !) 2 (2n— 1) ^ J 


— ( — l) n P»(ff)» 

Note. If n~ 2m, this gives P**»(— tO^Pssn/ff)- 
If n—7m +1, we have 

P*m-tl( i l )“ P Si«»+l(H')" 


{Agra, 1965} 


|e,] Rodrigue’s formula 

*-«=2 +»(£)" 


. . . (51) 
(^g/a, 65) 


• (52) 


Let j>=(f/. 2 — 1 )«. 


(Rodrigue’s formula) 
(Agra, 1656, 60, 63; Vikram 63, 64) 


dy 


n.y. 2 ja 


dy. 


=n(tr 2 - l)»- , -2(r=-^ri 


11/ 


(ft*— 1> ^=2n^ix. 


Differentiating this (n+1) times by Leibnitz s theorem, we <_et 
(r— i) -^^-+” +lc i ( 2 ^)-^ + ” +1C * (2) ’^ r 


= 2 n [ ff ^Tri+” +1<: i W 


I Of (I**— — »C»+ D dll* ~° 

d n v 

Putting we have 

('■- 1, -0+ 2 ^f ■ -»<"+» *-»• 

Which is Iegendre's equation, one of whose. solution is 2 and hence 

L is satisfied by C 2 or C0 , where C is an arbitrary constant. 

| Htr.cc rM-C0-c (-£ )" C“’-l )" 

I -cd^V-D-d'+l)" 

= C f in (p.+ l)" 4 -terms containing (w— 1 ) as one of the 
— factors] 

im differentiating n times by Leibnitz’s theorem. 

I .’. P*(1)=C.2“ j n , where jP„(l)=“l; 


Hence ^-) ft*'*' *>*• 
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[e 3 ] Series solution of Hypergeometric equation, i.e., to integral * 

X V-x)~ +{■{-(*+$+ J) x} ^ x ~*Py =0 

in series of ascending power _ _ 

primitive is AF(oc, t p, y, x)-\-Bx 1 ^F{cl-\-1— y, p-f/--y 2— y, x) 

A and B are arbitrary constants and F(a, p, y, x) stands for the xrrlti 



IN3CS 


(Ml 


1. When k~ 0 . 

(a+r) (ft+ r ) 

flm= 17nT(r+y) f ’ 


• . . (58) 


of x, and to show that its comphlt 1 rating r= 0, 1, 2, 3... successively. 


«J* + a (« + /) (6+7) , a (a+i) (a +2) P ((*+/) (P+2) 

I *y ^ /-2-r(y+J) + y-2-5-y(y+/)(y+2) 


x 3 +.. 


(Ml 


00 

Suppose 5) a r x fcfr . 

r= 0 

Jv 00 

^=2 a r (fc+r) x*+-\ 
ax r==0 

00 

— - 2 fl r (A:+r) (fc+r— 1) x* +r-2 . 


<*** “r^O 

Substituting these values in the given hypergeometric equal in#, 
we get 

E [x (1— x) ( k+r ) (k+r— 1) x* +r_2 +{Y— (a+P+1) x } 
r=0 

X(&4-r) x fc+I_1 — ap.x* +r l «,»• 

or 2 [{k+r) (k+r— 1)+y (k+r)} x k+r - 1 —{(k+r) (k+r— 1) 

r=0 

+(«+P+l) 0fc+l)+*P} ***] a r = 0 . . . (II) 

Being an identity, let us equate the coefficients of various power* q| 
x to zero. 

Firstly equating to zero the coeff. of x* _1 by putting r=0, we get ; 
{A: (/c— 1 )+y*} a 0 =D. 

k (k — 1)+Y&=0, siuce a 0 + 0 being the coeff. of first term, 
or kt—k—tk—d or k (£—1 +y)=0, 

which gives k— 0, 1— y. . . (H)| 

Now equating to zero the coeff. of general term, i.e., x k+r in idcntl(fl 
(55) we have 

{(k+r) (fc+r4-l)+Y (fc+r+l)} £r r+1 — {(fc+r) (k+r— 1) 

+( a +P+ 1) (^+ r )+ a P} 

(k+r) 2 +(k+r) («+p)+«ft 

(*+H-l) (*+r)+ Y (k+r+T)** 

— (&+ r ) a +« (fc+rQ-j-ft (k -j-r)4-afi 


a r + 1 = 


(k+r+l) (A:+r+ Y ) 
(£+r4-p) (fc-j-r+a) 

(k+r+l) (k+f+f)° r 


-a. 


..(sn 


a.S 

(«+l) (P + D ff = _^±l^±^ T Uo, 

a *~ — 2 (v4-l) ° l 1.2 Y (Y+l) (Y+2) 

(a -t- 2) (8 4 2) _ » («+D ( *+2) ft 

^- L -j&+lT ai ' 1.2.3.y(y+D(Y+2) ^ 

(truce the series solution is 

T a.S , * (*+ 1) iifctl^x 2 

I 14-T—-X+ 1.2.Y (y+i) -i 

L ' Y x (*+l) (*+2)j4§_+lHMl?l x 3 +..*l 
+ fUY (Y+l) (Y+2) (59 J 

■=g„ F(a, ft- Y. *) 

| IW II. When k—l—y- 

(x+r+l-t) ( P+r+ l-y ±„ . . • (60) 

flr+i— (2— f+r) (r+1) 

| (Sitting r=0, 1, 2, 3, ...successively, 

fa— 1 — y)(P +1-Y) , 

•• (2— y).1 

(a+ 1 —Y+l) (P+1— Y+l) a 
«, (2— Y+l) '2 

(a 4- 1 — y) («+l— Y+l) (P+1~Y) (P +LnYdlllfl^ 

' (2— y) (2-Y+D-l- 2 

etc * 

llitnce the series solution is 
1 r 1ri fa + l-Y) (P+1 ill vi-r+1 

r*L x + ' (I^yTi ' n 

1 (« + 1_vI fa 4-1 — 4+ 1) (P + I-yHP+I-Y+I) x*- y+ *+- 

+- (2— yH 2— Y+l)*l 2 J 0 

mtX l ~ r f^+l-Y. 3+1 7 /’ 2— Y. *)• 

Hence the complete primitive is 
,4I\ a, p, y, x)+Bx l-r F(a+1— Y, P+1— Y. 2— Y. x ) 

|re A and B are arbitrary constants. 

0 aad p a— 1°) K— n* —2.4.6.. •>* 
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We know that 




P«0) 


= U.5...(2n-1) 


L 2 ( 


.(»— i) 


-p"-* 


4 


Am* ((X)= 

j (2m+l) 


(2 h- 1) 

(«— 1) ( w-2) ( n — 3) 
2. 4. (2k — J ) (2« — 3) 


1* -« 


<[ P £ 


*nH 3 _ _J2iw4 1) (2w+l-l) „ . 

* <v~— — - — u.***-* ^. 


“““ '^w- J |ilr ! -W 


2 {2 (2to+IT— I}~ 


) 


Again, we have 

3~2fxA-M £ )-*'2= ? 

'Putting pl-o,’ ^>+« , iW+^(l* ) +...A- 

A(0) + AP 2 (0) + h 2 P 2 (0) - -- 

“(1 i-h 2 )- 1 ' 2 
-{1 -(—A 2 )}- 1 /* 


•l+*(-A*)+iJlz±>! + a 

j 2 r *** 1 


•+h* m P im ( 0) 

1 ‘(7 i ) 


! r 


(-AY+... 


i 


p 0 , Ia<in „ t . „ ^ . expanding b} 1 Binomial Theorem,! 

Lquating the coefficients of x 2m on either side. 

A40)=(-1)-^%1^L“L) =( _ 1)m P3.5...(2 ?m— I) I 
2 * l« { } * 2.4^ .72 w “-‘ j 

Problem 14. Show tha, the Legendre's equation 


"~ V y 2 ^^+n(n+l)y=0 


(/ -“V 


changes into the hyper geometic form 

‘ vfe7R ^ comparison that its complete primitive is 

* i )+BvF{--JLzL % »+2 i 


Given p. 2 =x; .*. 2y= 


dx 

d;7 
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dy d 


=^n 2^ 


<fy 


dy? ~ dy 


dx 


) 


dy 


=2 dx +2[l ^ 


dry dx 
dx 1 d\i 




•ubstituting these values in the given Legendre’s equation, we 
* (l-*< 4^ + 2 £)-4* f-+»(»+lO-0 


X (1 — x) 


<Fy 1— x— 2x dy n(n+l) 


P=0 


* (1 ** <*£ + ( 


1 3xWy w(n+l) 


3»=0. 


2 2 Jdx T 4 

Ap.jiip, we have already proved in £(e 3 ) of § 8.3 that the complete 
ititive of the hypergeometric series 


* (1-x) '& +[Y_(a+P+1)1 57 _aP>,==0 


| » AF( a, p, y, x)+Px 1_y F(a + 1 — y, P+1— Y, 2— y, x). 

In the existing case, by comparison, we have 

1 ,Ri t 3 „ P " (”+!), 

Y=y, a+P+l=y, *p= — 


Y=-y» a+p=J, «p= 


4 

«(«+!) 


Now 


(*-p) 2 =(«+P) 2 -4ap 

1 


-+n («41) 


= ± + „h„ = („ + |)* 


a— p=n+y and a 4P=4- 


Solving 


»+l 


P=— 


2 ’ r 2 

! Ilcnce by comparison the complete primitive of the transformed 
kjfpcrgeometric series is 

AF \~r ' ~2> T’ 1 * J+^-2 - * 

Problem 15. Show that 


*■) 


P n (COS 0)=cos 2n -y F 


( -n, — n, J, -ran 2 y ) 
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We know from the first Laplace’s Integral that 

W=4-P h±V(^~l) cos 4} n d$. 
71 Jo 


1 

NMH I m 
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Pn (COS 0) 


1 

=. l (cos e+i sin 8 cos 4>) n <fy (taking positive sign) 

4 j:c 


cos* 


+ i sin 4* cos sin 2 ^-^**" 4 * 


+/ Sin-yCOSy#"* 


4K [ cos l[ co 4 +/sin y 


H 


= — cos n d 

TC 

= — cos’* 6 

7C 


|+i sin -ye"** 


+/ siny 


hr 

II* 


4:K C °4^ si 4 c< 0 ( c °4 +i si 4^)J * 

yj # ^1+rtan ye'*^ (l+f tanye - ^ <M 


= — cos 

7T 


1 2n 0 

— cos 2n — 


7U 


1 +w tan ye**— yy - ^ tan 2 y «*** I 


X? 


1+m tan y c _< r — w ^” ^ ^ tan 2 y «“** +...| Jcty. 


Here the diagonal product will give cosines of multiples of 4 t/i 
when they will be taken in groups, they vanish in limits of integfg 
tion. We have only to consider the column products, i.e. 

« « *hr [ >-*“4 +4M- ■ 

-i“ s 4 ["-”” ,,an 4 + ’ : ixix ! t “‘ I 

-» s! 4[ •+ i =^= a K— 4) 


l 


+ 


(— ») (—«+!) (— «) (— w + 1) 

1 . 2 . 1. (1 + 1 ) 

»cos 2B y F^—n, —n, 1, —tan* ~ j. 


(-tan >f ]] 


Another form of Problem 15. 

Khow that v 

P„(cos 0)=cos" 0 f(- y , y — J e ) 

The first of Laplace’s integrals gives 
/’.(cos 0 )=— f u (cos 6+1 sin 0 cos <f>) n d<j> 

12 Jo 

(1 +/ tan 0 cos <f>) n d$ 

c . , n(n— 1) 

<l+nf tan 0 cos <f> jy — X 

tan 2 0 cos 2 y”~ 2) tan 2 0 cos 3 ^+... | 

In limits from 0 to it/2 all the cosine terms having odd powers 
vtnisiu 

I .-. Pn (cos 0 )=y-cos" 0 J* '*[ 1- yy' ’ tan 2 0 cos 2 <t+...J# 

2 „ ,F2 n(n-l) t _ 2fl i_ JL 

-ycos^y— j 27 _tan e_: 2'-2 

+ 5(?z4Ij5^?Ii5ZL 3 ltan 4 0 .-Jyy +— J 

=cos"0[|l+ ( -^^ ± ^ (“tan 2 6) 

(— jn)(— 4»+l)( — jn + 4)(— 4"+4) / . 2 gys , *] 

+ 1.2. 1 .(1 + 1> v '"J 

=cos n 0 F[- 4 n, \~\n, 1 , —tan 2 0 ]. 

[1| Orthogonal Properties of Legendre’s Polynomials of the First 
Kind 

To show that 

j 1 PM P«(^=0 unless m=n {Agra, 1963) 

if m—n 

8 tn , n in Kronecker delta symbol m, n 


2n-\-\ 

2 


or 


2«+l 


l 


feting positive integers. 
Rodrigue's formula is 


(Agra, 1963; Kurukshetra , 1965) 
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With its application, we have 
j P n (\J.) d[L 

1 n / d \» ' / j \n 
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1.3.5 ... (2n— 1) 


2" |JL 

2 X 1.3.5 ... (2m— 1) f»' 2 


| sin 2 ” +1 6 i/0 


2” I n 


1 j 

rsrjL' 

\ (t 1 2 1 \m i 

f j ' 

V«*-l ) 1 

2 m+n \nt\n\ 

LiU, 

J 1). 1 

l 4(a > 

) fo'-irf 

1 

r 1 r 4 

Vfn+1 


J " 1 

\n~l 

"J 

l-iWp 

) (y.*-l) m . | 

(' w. 

j (fi 2 — 1)"4|» 


, 1.3.5 ... (2n-l) 
=2. sr-r- X~p 


fir rz 

I sin 2n+1 0 40 
2 n (2m— 2) ... 2 


= 2 . 


2" |_m_ 
2" In 


(2n+J) (2 m — l) ... 3.1 
2 


1 rn / , Xm+1 (integrating by par* 

2 m+n | m |iL(d (- ft ) 1 ^ 


2” I n (2n+l) “2n+l 


.(65) 


1 


we get 


(^-D" 

(the first term vanishing for both the liu. 
Continuing the process of integration by parts m times on R.hS 

£ Pfn(y-) Pn(v) dlJL 

“2 I n f X^r )'^ 2 - 1 HirJ V- 1 )» 4 , A 

Here X (| )* V- ir- 1(2 no I 

f_ i i > mHi > „(p)4p 

( — l) m 12 /m fi / ^ nb-«. 

,($7 •••«■ 


Problem 16. SAaw 4a/ J j dy.—n (n+7). 

ive proved that 

= (2n — 1) P„_ 1 (iJ.)+(2n— 5) P„_ 1 ([a)+ ... ending with 3Pi(n) 


2 m+n | 

m | n 

(-1)" |2m 

2' rn +n 

l« |JL 

(~D m 

\2m 

2 m +n | 

m ( Ti 


[0]=0 when m=^n and n>m. . . , (M> 

Again when m=n 9 from (63), we have 

f 1 D 2/ w (—1)” |2 n fi 
j_ i P n 2 ( ( i)4 ! A= j^(p»_l)»4i 

}„, p nW U-n 2 )» d(2 I 

= {*_</_,,,* ft 

put (X= cos 0, rfl# 


We have proved that 

dP n (y) 

(I[L 

or P 0 (fx) according as n is even or odd. 

= j (2/1—1) 7 > n -i((x)+(2n— 5) P„- 3 (f/.) + ... ending with 

3^i^) or ,P 0 ({a) according as n is even or odd] 2 dy*. 

Here on the R.H.S. the product terms vanish in limits and only the 
iquare terms are left. 

! ••• Lm* 

=(2/i- 1)*. 2 ^ n _ 1 j +1 +(2n-5)*. 2 („_ 3)+1 + ••• 


ending with 3 2 .- 


or l 2 .. 


2+1 " • -2x0+1 a “ OT<li “8“ " 

is even or odd 

=2[(2m— 1)+(2m— 5)+(2m— 9)+ ... +3] when n is even 

.. .( 1 ) 

=2 [(2m— l)+(2/i— 5)+ ... +l] when n is cdd. ... (7) 

Now we know that in an arithmetical progression having a as its 
first term, l the last term, 4 the common difference and N the 
total number of terms, 

/=<H-(iV-l)4, i.e. N=~+l. 

i ” 2n — 1— 3 

In (1), 


N= 


4 

sum=2.-^[<z+/]= ^[3+2 /j— I]=m («+ 1). 


1 = - 
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In (2). 


N= — | 1 + i = g±l. 


.'. sum =2-^— ^ 1 ) {l+2/i— l}=n («+l). 

We see that the sum in two cases is the same whether n is ov#H 
or odd. 

Hen< * ■ 

Problem 17. Show that J* (1-x 2 ) | dx= I 

From recurrence formulae (45) and (44), we have 

o-* 2 ) (i 

JP ( v) 

and =(2w—l) P ft - 1 W+(2/t-5) iV 3 (*) 

+(2/z— 9) /V 5 (.v)... ending within 3/\(l) 

or P 0 (a) according as n is even or odd. . . . (H 

Multiplying (1) and (2) together and integrating w T ithin the limill 
— 1 and 1 , we get 

!>-* 1 

-P„ +l (A-)} {(2/1— I) P n . 1 (.v)+(2/i-3)P n - 3 (.r)...}] dx - 0 


or 


dx ~ iTFT 1 J’, « 


other terms vanishing 
n(n+l)(2n—\) 2 


2n+l 2 (n — l)+l 

Ji n (h+ 1) 

2 / 1+1 

Problem 18. If (w, z) a/zJ (r, g, <f>) be the cylindrical and polar a 
ordinates of the same point and if [x = cos 0, show that 

Here r=v'(jc*+y , +z i )=(n s +r s ) 

~ = (« 2 +• r 2 ) - 1 ,2 z) say, 

so that, by Taylor’s theorem, we have 
ftw, z-/c)={m 2 +(2-A;) 2 }- 1 / 2 
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z)—k -7£ <R U ’ z )+ 

. k n ( < 

•••+(-»)" ,rr(i 


i 1(4 

2! V c 


0_V 

0z/ 


ft«> z )- 


Also, #«, 


a \ n 

az/ 

.j fc )={u 2 +(z-m- 1 ' s 

= {u 2 +z 2 — 2zfc+fc 2 } 1,2 
={r s — 2r cos 0./c+Ar) 

k 


z) + ... 


( 1 ) 


1—2 cos 0- 


=(r 2 )- 1,2 [ 

L *2 i — ) jP n(COS 0). 

~ r „=<A r / 


& 2 T 1/2 




(2) 


or 


Equating the coefficients ot f m (■> ^ <»• 

r »+i / 0 y j_ 
P n (cos e)=--(— !)"• „ r V 0Z / r ■ 


r;r.r£ 

Relations between cylindrical and cartestan co-ordinates. 

x—m cos }>— w sin 9, 2 


. d\rV ) 


fir* ^ sin 9 d 0 


1 


( sin0 gV) 


, ,_L_ ^-=0. ..-(66) 

^"sin 2 0 8 <!> 2 


Assuming that K is a product of smgle-valued function, let 

where R is the function of r only, 0 is’the function of « only and * 
is the function of only. 


Then 


d -?- 

dr dr 




and 


dV 


=7+0 


dV 

00 ’ 

d<P 


= RQ> 

8 2 v 


J0 

00 

=R&’ 


J-<P 


d$~ JV ?<f> ’ W ^ 

Substituting these values in (66), we get ^ 

r0-O Jif^+'sin 8 9 ) + ' sin ‘ 9 


or 


r d \rR) 


R dr * 


1 d( ■ 

+&-^TfdiV m de ) +<1) siE 


££ = 0 ...(67) 

sin 2 0 dfr 

(on dividing throughout by R.®.® ) 
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or ^sin* 9 d\ rR ) f sin Q 
R dr 2 + ~@~- 


'( sln 9 -f-) 


dd 


l f*t> 
d<f> 2 ' 


( 68 ) 


Consider the equation (67) whose t H « 
r it c j , . l - H S - contai ns 4, but the 

L.H.S. does not. It follows that — L ' * 

<t> ^“constant (say) n\ so th" 


</-<!> 

d<p 


-« 2 <f>= 0 . 


• ( 69 ) 


The rooisofohis equation being ± its solution fa 
^ cos 77^ +i? sia 

Now the equation (67) by the substitution - 1 **_ 

dfr ~ n be comc» 


(70) 


d % rR ) , I 


^ + 0 sin 0 


</( sin 6^) 

^ d® ) n 2 


It is obvious that YC « * ^ sin * 0 °‘ • • • ( 7J ) 

contain 0 and the second and third terns do (7I) does not 

that the first term i.e ~ d \ r R) contain r. It follows 

R dr'~ must be constant. 


Let -£. d*(rR) 

R '~di*~~ m (m+l). 

£££ T »' *°W" 10 be X= C r - +Dr -^ . ' 

cutting this value in (71), we get * J 

/- . . v 1 ^7 x 


(72) 


m(m+l)+ 1 . d ( d Q\ 

©sm0 0 ^eJ- 


sin 2 0 


=0 




■ ^ sir 




Taking 0 (cos 0)— 7 / v \ • ^ ^ 

becomes } > ^placing © by * and cos * by *, (73) 


sin I 


dQ 


(74) 


If we now put z= (1 _ x2)n/2 x -f 

~^=~nx (I jc 2 ) fn / 2 >— i y +( i^ xi)nl 2 _dy_ 
a d *z dx 

3nd ^2 — — -2nx(l— ^;2)(n/2,_l ifv r/ , 

V ' [(I — A 2 )'"/ 21 -! 

-- (n— 2) AT* (1 -a 2 )">/ 2 )- 2 ] + /| __ >2 y, /2 d*y 

dx *» 


i.e. 


then the equation (74) transforms to 
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(1— AC 2 ) —2 (n + 1) AC ^+[m (m+l)-7» (n+l)]y=0. ...(75) 

In oi;der to find the series solution of this differential equation, let 
us suppose that its series solution is 

y=Ia k x k , 


io that 


2i ka^*- 1 and ~ =2Ic (k— 1) a k x k ~ z . 


~—=^/ca k x uuu , o- 
dx dx 2 

With these substitutions, (10) gives 

SKI-* 2 ) k (Jfc-1) x*~*-2 (n+ 1) xkx*- 1 

+ {m (m+l )— n ( 72 + 1)} x k ) a k — 0 

or 2[k (k — 1) **- 2 

+ {m (m+l )— n (n+\)—2k (n + \)—k (k— 1)} x k ] a k = 0. 

This is an identical equation. We therefore, on equating the 
coefficients of x k on either side, get 

(( k+2 ) (k+ 2—1) a i+2 

+ {m ( m +\)-n (n+\)-2k ( n+\)-k (k-l)} a k = 0 
or (£+1) (k+2) a k+2 + (m 2 ~n 2 +m—n — 2 nk—k—k) a k = 0 

or (*+1) (k+2)a k+2 +(m—n—k) (m+n+\+k)a k ^0 

(k+ 1) (k+2) 


or 


ci k = • 


a k+ 2 - 


(76) 


(m— 72 — £)(m+/ 2 + 1 +k) 

If fl*=0, then it is obvious that a k - 2 =a k -i=a k - (i =...=0. 

But <z*= 0 if k~ — 1 or k=-2. 

xt (m— ii— k) (m+n + '\ +k) . . c 

Now a k+2 =— y ~ (k+\ j {k+2 ) ° k glVeS the sequence of 

coefficients 

^ (m — n) (m+n+\) ^ 

a 2 2 ~i a ° 9 

„ _ (m— «-2) (m+72+3) 

« 4 = - 3-4 a 2 

__ ( 771 — 72 ) (m — 72 — 2) (m+72 + 1) (m+72 + 3) 


4 ! 


and ^ = -(” ^- .l). (”+"± 2) flo 


... etc. 


— 


(m—n—3) (m+n+4) 


“s= - 4-5- -a® 

(m—n— 1) (w— n — 3) (m+n+2) (m+n+4) 

- 5 ] ao 

Taking a 0 and cq as unity, since they are arbitrary, we have the 
two series solutions of (74) as 
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A 1 1 

f «W=(l -X 2 )"' 2 r v- ( w ~") (m+n +l) 

L ' [2 

+ (jn-nUnt- n- 2) (| H -+ B +1) w+w+ ^ 

nr ■ — — 

and W=(l- A 8)"/ 2 r (m+«+2) 

l n - 

( Hi ^ 1 \ / _ ~ 


-] 


I J 

+ (2L=5zJ)i«z«--3) («+« +2 ) (/M-«+4) 

( S " — - AT 0 — 




wlerc <(*, and e;w are alM js 

«th order and /nth degree. Action of the 

In case when («-») is a positive integer, />„»(*) or 0 m » (jc) wjJ| 
terminate involving *-• and in that case 
z=(~ x-)"/ 1 T Y m ~n (m—n) (m~n — l) 

l 2^TT) 

+ i^-jOj ^-l) (w-n-2) t/n- w -^ 

dnd ” botfl a re integers, then 
, _ 2 ”‘ \m I m ~n 

Hi 

becomes substitution of this value of z along with x=cos 0 (77) 

1 (2m ) sin” 0 


^m( X )~ ' I,,, j- 

* ZL ? ' W—w) 


[' 


v m~n.__ n) ( m—n — 1) 

2^TTj) 


~ 1J 

fw— »~ 2) fm— A2— 3 ) -j 

2 *4 (2a// — ] ) — / 7JM 

- * - «JL,'3 

Further if we differentiate (75) w r t r 

. 3v ^ vv r.t. .y, then we get 

(1 ~ X) HP -f2.Y+2(i»+i )jr j ±>L 

tlx - 

. ,,. v +I-2(/. + l) + ,„( m+ „_„ ( „ +1)1 ^. =0 

Ck “ rly *" “““ ™ ”• - f «*. (79) for • "jj ' 
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l.it «=0, j becomes identical with P m (x) and so —■ P m (x) satisfies 
1 15) for n=n and the solution of (74) is 

nw=d -* 2 ) n/2 . . . iso) 

These functions are called the associated Legendre Polynomials or 
Vlociated harmonics . 

Note. The associated Legendre functions of the second kind are 




• (81) 


Now (80) yields on putting n=0, 
P°Jx)=P m (x) 


. . . (82) 

From (80) the values of associated Legendre polynomials can be 
found with the help of (79) as 

/y=(l — x 2 ) 1/3 =sin 0 when x=cos 0 1 

fy=3.v(l — x 2 ) 1,2 =3 cos 0 sin 6 when .v=cos 0 
. 3 3 f etc. . . . (83) 

/ , . 2 =y(5-v*-l)(l-x 2 ) , ^=|-(5cos 2 0-l)sin0 I 

A generating function for associated Legendre polynomials may be 
derived from that of Pn(x), in the form 

«? n j 2n(l-(i 2 )"' 2 

ktfn+k ( |i) ‘ - 2” ]n_ ( 1 — 2fbc + fi‘) n+1 ‘ ' ’ (84) 

Now there being two indices in Associated Legendre polynomials, 
icveral recurrence formulae can be derived, but we summarize 
here below a few of them. We have from (43) 

( 2 » + l) P«(V-)= Pn-lM 

Its differentiation, ni times w.r.t. \x yields 

,bn rfm-rl ( hn+l 

(2//+1) F n {fA)= jj^Tl F n+1 ((i.) — - jym+i Pn~l(f) 

Multiplying throughout by (1 — ii 2 ) {m ~ 1 >/ 2 , it becomes with the help 
of (80) 

(2«+ 1) (i -ii*) 1 " p; go-jC? 


(«+»*) (it+m-1) — (/; — m + 1 ) (/i — m f 2) P'^ (|*) 

mid with similar few results 

(2«-f l)w P”(p)=(n+m) P"!_, (tx)+(n— /n+OP^j Qi) 


. . (85) 

. . . ( 86 ) 
.(87) 
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. . . (Ml 

Further using Rodrigue’s formula, orthogonality of Legend* 
associated functions may be shown as 


f 1 p; GO P“G0<fo«0 or -x~rj 
J-i 9 2q+\ | q—m 

according as q^p or q=p. 

If it is transformed by the transformation (-—cos 0, it becomes 
[ -Pp ( cos P™ (cos 0) sin 0 </0= 0 when q^p 

Jo 


. . . <wi 


1 

I 


or 


2 | q±m 

" 5 + rS ' q ~ p 

2 [ q+m 

2 q + 1 | q—m 5 «> * m Kronecker delta symbol. 


(91) 


( 


I’hc spherical harmonics Y™ (0, $) are a complete orthonormal set 

*( functions ie. 

( m* m \ ^ ^ , 

Y , Y [ J — y §tntn 

| l—m 

We can also show that P, m (t0=( — 3) w- | /_j_ m ^VGO 
(./"= const ant X r* YT (0, <f>) 

y“ m =(— l) m Y ™* 

Also few of the spherical Harmonics are 

3 


• • (96) 
. . (97) 

..(98) 

• • (99) 


If we now define a function 
P, m (cos 0) = (^J 


2/+1 \ l - 


m 


2 | l+m 

theR \ / ™ ^ r GO 4i**8 
So that Pj* is orthogonal w.r.t. 0. 


■ J*r («»•), 


. . . ( 91 ) 
...( 91 ) 


>i — V 


-cos 


y° __ a / 


V 16" 

n— V 


— sin 0 
(3 cos 2 0 — 1), 


sin0 cos0 
8rc 


y! =/y // sin 2 e etc. 


. ( 100 ) 


I 


then 


Also we introduce a function <D m ($= L_ e <m# 

V 2 " 

\: **(*> <w*> f’ 


e~ im i* e im 2* eU=8„ 

Q r mi, m 2 


. . ( 94 ) 


angle° W ^ D ^ ^ ^ * S an or ^ onorma l function w.r.t. azimuthal 
As such the spherical harmonics 


37(0, </>)=PT ( cos 6) 4) m (^)=/y / 


/+m 


r)pj* (cos 0) e im * 
. . . (95) 


Addition theorem of spherical Harmonics is 

y,( 0 , fl- VW( r; ' <P ' <cos,) ' r,) ' • • (10,) 

|ll| Legendre’s function of [second kind i.e. Neumann s Integral for 
()„(x) where x>l. 

We have from (13) 

Q n (x) 


f^-n-X ■ (»+!)(" + ?) 

L 2(2n+3) 


2" | n °° 

2j 


1.3.5...(2»+1) 
(n+1) (»•+ 
7 2.4.(2r 

I n+2r-A' (n+2r+1) 


(»+l) (n+2) («+3) (n+4) 
f 2.4.(2n + 3) (2n + 5) 


-] 


I 


" | 2n +1 , q 2 r |^(2n+3) (2n+5)...(2«+2r-l) 
Neumann’s formula for Legendre’s function is defined as 
j 1 Pfx) dx 


y-x 


-2 Q n (y) 


n -5 +.. 

. . . ( 102 ) 

. . . (103) 


where | y 1 > 1 and n is a positive integer. 

The recurrence formulae for Q n (x) can be summarised without 
proof as they have no utility in physics: 


714 


MATHEMATICAL PIIVMft 


715 


Limonics 


I. (n+1) Q„(x)-(2n-l)x Q n ^(x)+(r>~l) 2n- 2 (x)=0 . . . (104) j , „ _ n 

II. C' m -e-.-,-(2»+I) Q. ... mill | f H*+r) ^+r-l)Hk+r)-n‘} **—+»“] «.=« 

hi (*■-!) e.' w=-^±~ie.«w-e.-i(4i 


. (imi 


i -o 



IV. P n (x)Q n '(x)-Q n (x)P n '(x)^—~ - "j 

j 

V. P n 2n-l Gn^ n-l~ 

n 

VI. PnQn-z-QnPn-^—^ 
n(n — \)x 

Relations between P n (x) and g n (x) are 
(l-* 2 ) {£„(*) P n '(x)-P n (x) Q n '(x)} -const, 
where w is a positive integer, 

and Q n (x)~PJx) f °° — t — 

J* (* 2 -l ){Pn(x)}* 

8.4. BESSEL’S EQUATION, FUNCTIONS AND POLYNOMIAL 
[A] Bessel’s Differential Equation. (Agra, 1961 , 66, 

This equation is of the form 

•<» 

There is singularity at x=0, and this is non-essential or remova^l 
singularity and hence the given equation may be solved by the mctlmf 
ot series integration as allowed by Fusch-theorem. 

In order to integrate it in a series Of ascending powers of x t let 
assume that its series solution is 
oo 

y= 2 a r x k+r . 
r= 0 

dy 00 

2 a r (fc+r) x k + r -\ 
ax r—0 

d 2 y 00 

:dr= 2 a f {k+r)(k+r- \) x k *~\ 
ax r-0 

Substituting these values in (1), we get 

oo p i 

2 (k+r) (k+r- l) x** T “- 2 + — (k+r) x k *~ l 

r^ob X 


L l [{(fc + r)*-n 2 } x M '“ , +** H l “r=0. 


... ( 2 ) 


nan i Illation (2) being an identity, let us equate the coefficients of 
‘ powers of x to zero. 

liquating to zero the coefficient of lowest power of x, !•*•. * * 

■lngr=0 in (2), we have 

(k 2 — n 2 ) a#= 0. 

||llng the coefficient of first term, °o . 
k 2 —n 2 —0, i.e, k=±n. 

N„w equating to zero the coefficient of by putting r=l m (2), 

{fc+l)‘-n 2 }fli=0 . 

Hut from (3), (fc+l) ! -»V0 ; .*• «i=°- t+r ' (2) 

liquating to zero the coefficient of general term, i.e., x 

lltnd {(Jc+r+lf-n 2 ) a r+t +a r =0 

Or ...(5) 

a r+2— (k+r+2—n) ( fc+r+2 + w ) 


Cane I. When k=+n. By putting r=0, 1, 2, ... in (5), we get 




2(2n+2) 


l 


ri j *= ci 5 . . . 0, 

«2 




( h^ 4 (2w+ 4) ~ 2'4(2w+2K2«+4) * 

„ a * 

Cix - — r 


6(2/T+6}~ = “ 2.4.6 (2n + 2) (2«+4) (2n+W 
(-l) r «o 


fl 2 r= ~ ~2.4.6. . ,2r • (2« +2) (2/T+4). . .(2 n + 2 r) ‘ 
Hence the series solutionis 

v n 


K r/ ° t- 


ytl+2 


X n+1 f 

* n ~ 2T 2 rt +2) 2.4 (2/i + 2) (2« + 4) 

v-4 


] 


1- 




2 < 2 /i + 2) + 2.4 (2»+2) (2n+4) 

-(— \V_x 2r 

•" 2.4...2r (2/1+2). ..(2n+2rj 
(— l) r X' 1 


+ 


... ] 


oo ( — l) r x’ r 

— fl # x " r ^ 0 2 r (r) !-2 r (n + 1) — («+ r ) 


... ( 6 ) 
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, ° = 2'T(fl + 1 ) ’ solution is called as J„(a). 

y) ^ ( — l) r x* r 

2 n r(n+\) r=Q ~z‘T ^ , ( B+ i) (« +2) r. .(«+,) 



MilNICS 


717 


^ ( — i V 9 x s 

luilliirly, e~ x l 2t — Z_ Q j “ 


• * • (ID 


•Mliplying (10) and (11), we get 


00 

fi/2 2 


x r t r 2? (— l) 3 x 8 
X 2> 


Case II. When k=—n ) 


n+2r 


l 


=n Vt ! c= n 2V « ! 


/• 1 r(«+r+l) 


,itti 1 order to find the (t")th term, we should replace r by /»+« and 
I i rocfficient of /" is 


o™( “ r wh4t:t ir b,ai ” d ty "«“■* - »» -» i« «» 


J -nW= S (-1/. ( * V 

jr=0 \ 2 / 


,-n+2r 


r ! IX-B+r+i) * 

lhe complete primitive of Bessel’s equation is 

A J n (x)+B J_ n (x), (Agra 

where n is not an integer, A, B being two arbitrary constants. 
COROLLARY. Bessel’s equation for n=0 is 


• il 


*y , 1 dy 


+ T -^-+^=0. 


dx* ^ x dx 


(Nagpur, /Nh 


Its series solution by the same substitution j>= 2 a r x k+r (as at 
is obtained to be ,==0 

y ~ a 0 ( 1- y 2 + 2 a -4 2 + ••)• A 


2 2_r 2 2 -4 2 2 2 -4 2 -6 2 

If fl 0 =l» this solution is denoted by /,,(;*) i e 




+ ... 


2 2 -4 2 -6 2 

where 7 0 (.v) is called Bessel function of zeroeth order. 

is ^u^to^ty fo h r a i=i Uti ° n ° f Bessel ’ s e( l uation for »“<>. wl.1* 

rol N “ te ' ,/n ^ M called Bessel's function of the first kind of order n, 
IB] Generating Function for J„(x), i. e . to show that 


oo 


We know that 


e <*/2) «-i/o_ 2 t „ Jn(x)< 

n=~ oo 




Y* v4 

e I =l+x+^- + _i- + 

2 ! 3 lT” 


00 Y- 


■„ s ,n 


f **_ 

,-0 2’M- 




v n+s 


2" +s (n+s) 


_ x :di)^ = |° ( _n. (±y +2> _.i_ 
! 2' a ! J=0 1 ' \ 2 / (»+*) 


! s! 


=/„(*) . . . (12) 


kjtin the coefficient of / n is obtained by putting s~n+r and 


oo 


Coefficient of t ”= 2 0 ,r 

r=0 1 


X 


(— l)"+ r JC 


■n+r 


2 n+r (n+r) 


(■ 


'-'Kt ) njn+Tjr 


~(-l )"••/,(*) 

“ 7- n (x) 

1 / „(x)=(— 1)" /„(*), where n is a positive integer. 
| nmy be shown as below: 

OO / v \-*+2r 1 

-»'(£> 


(B> 


■/ .(*)- 2 (- 
r=0 


r ! r(-«+r-H) ’ 

lends to zero if — n+r+ 1=0, i.e. r—n — l (y r0=oo). 
luce all the terms upto nth, vanish and therefore the limit r=0 
it changed to r—n. 

00 / Y \-n+2r t 


r ! V( -«+r+l) * 

|mw putting r=n+s , where s is a positive integer, we have 

1 


00 

r *=o 
00 

- V (-1)^ 

,>“0 


(t) 
(1) 


n+2s 


(n+s) ! T(— n+s+n+1) 

n+28 J 


00 / Y \ 

!•(*)=( -1)" 2 (-1)* (^-Jj 

|-( -l)V„(x). 


(n+s) ! r(«+l> 

,n+2f | 


s ! T(n+s+l) 


lime from (12) and (13), we have 

00 

*,,•(*-1/0= s /V n (x). 
n= —oo 


• • • (14) 
(Agra, 1961) 


-..( 15 ) 
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corollary. Putting t=e^ and — **, we get 


2 i 


oo 

= ^ e ni *J n (x) 

n- — 00 



I 

1 


or e i* «<» *^J 0 (x) + {Jyix) e^+j-^x) e~'*} 

+{J 2 (x) e 2i *+J.. a (x) t *'*) | 

or cos (x sin </>)+i sin (x sin <£) 

—J 0 (: x) -\- J^(x){e^— €-**}+ J 2 (x) {e li *+e~ 2, *}+ 

[since J n (x) - J^,,(x) when n i« »t 
=y 0 (.x)+2i sin 4> Ji(x)+2 cos 2<f> />(*)+... 

Equating real and imaginary parts, we get 
cos [x sin <f>)-=J 0 (x)+2 cos 7<f> J. t {x) + 2 cos 4^ / 4 (x)+ 
and sin (x sin $=2/i(x) sin $+2J a (x) sin 3<f>+2J i (x) sin 5^ | 

. * It 

Replacing <}> by — <t>, we have, from (16) and (17) 

cos (x cos <f>)—J (t (x)~ 2 cos 2<j> ./ 2 (x)+2 cos 4$ J 4 (x)... 
and sin (x cos $)= 2 cos <f> / X (x) — 2 cos 3^5 /,(x)+2 cos 5^ 

. ,o* 

[C] Integrals for J„(x) and J»(\). 

I. JJx)— — | COS (x sin <f>) dj>. 

71 J 0 

We have by (16), 

cos (x sin $=/</*>+ 2 cos 2^ ./ 2 (x)+ 2 cos 40 / 4 (x)-f ... 

If we integrate both the sides of this relation with resprol |f 
from the limits 0 to <f>, then we see that all the integral! 
first of the R.H.S. vanish, thereby giving 


L cos (x sin <£) d<f>=J 0 (x) [ d<j>— nj 0 (x). 

0 r* J ° 

II. J n (x)~ — I cos (ruf>—x sin </>) d<f>. 
n J 0 


We have already proved that 

cos (x sin 0)= J 0 (x)+2 cos 2<f> J 2 (x)+ 2 cos 40 / 4 (x)+ ... . . . (j 

and sin (x sin </>)=2Ji(x ) sin 04- 2 sin 30 J 3 (x) 

+2 sin 50 7 5 (x)+... > i|fl 

If we multiply (21) by cos «0, (22) by sin tuj> and integrate Mfll 
the limits 0 to re, we have 

f cos (x sin 0) cos n $ d4>—® or tt J„(x) • • i (W 

0 

according as n is odd or even 

and I sin (* sin <f>) sin n$> d*j>~ n Jn(x) or 0 

J o 

according as n is odd or even. 


or 


r 
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Adding (23) and (24), we find 

f [cos (x sin$) cos sin ( x sin $) sin n<f>] d(j>~ rc J n (x) 

Jo 

whether n is odd or even 
cos (nfi—x sin </>) d<j> = n JJ a), 

1 f v 

J n(x)=— cos ( H(f>-x sin $) d<}>. . . .(25) 

71 J 0 

. 73T»+«(f)T 

. . . (26) 

I If we expand cos (x sin </>) in the powers of x sin the general 
iKniis ( _ l )r 72r)T si nXr ^ 

General term of R.H.S. of (26) 

i)(i)" (_1)r j" wr sin2r * cos2n * **• • • • ( 27 > 


III. Ux) 


V 7t r(/i+ 


^♦ifrc f sin 2r cos 2n 

J o 


3 


-i: - 
-i: 


riT /2 

I sin 2r ^ cos‘ 2n ^ ^ 

J o 

dt 


f Put sin 2 ^f, 


<! • 


2 sin 0 cos 0 d<f>—t 


(1 -/)"- 


t 1 ' 2 (l-f) 1/2 
/ C 2 r-l> '2 (1_ Z )(2„-1),2 J, 

_ p (2H 1 l i 2»+ 


or 




2V0 (1-0) 




■cr) -rr) 



• p(m ’ 


2r— 1 2r — 3 

1 / , 

, 1 \ 

2 2 

•T vrJ 

3 ”+t) 



r(«-|-r + 1 ) 

Substituting this value in R.H.S. of (27) we have 

0 / V \ n Ptu v-r 

V 2 ) t2rj~r S ‘ n2r ^ COs2 ” ^ ^ 

2r-l 2r — 3 1 , J L 1 \ 


VTCr(n+^) 

2 ( x \ • )r _^_ 

V"r(«+iA 2 ) { l, (2 r)\ 


r(n+r+l) 
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(2r— 1) (2r— 3) ... 1 


= 2 r^V(-iv ^ 

\2J '• rc«+r+l) • 2 r . 2r"(2r-J)l2r-2) ...1 

( X \ 7»+2r j 

2 ) (- 1 )r— j r( - w+ - + 1) 

( X \ n + 2r | 

= (~2 ) rl (n+r ) ! = S eneral term in <*»(*)- 

v*ri+l) (t ) J 0 


1 

Ml t I " 

II 


HARMONICS 


— f (- 1 )' * (±Y +!r 

r= 0 r ! (n+r) ! V 2 / 


Hence J n {x) = 


cos (x sin <f>) cos 2n $ d<f». 


[D] Recurrence Formulae for J n (x). 
I. We know that 


III) 


J n (x)= 2( — l) n 1 

r—0 r ! (n+r) iV 2 ) 

where n is a positive integer. 

Differentiating it w.r.t x, we get 

/„'(*)= 2 ( — l) r 1 (n+2r)(XY +2r ~*J 

r=0 r ! (n+r) ! v V 2 / 2 

Multiplying both sides by x, we have 

xJn'(x) 

= S(-l)r L ^V +2r 

r=o r ! («+/•) ! V 2 ^ 

( -iy -p:W,'( ±Y +U +x f , 1Jr 

r=o r ! (n+r 1 \ 2 ) ' U 


r ! (n+r) I 


00 


1 


or x./„'(x)— n/ n (x)+x 2 (—1)*'. — - 

r=i ('•--!) ! (n+r) 


(t r ' 1 

V W 1 • 


At) 


[since on R.H.S. the second term vanishes for A 
hence limifcof r=0 may be replaced by rm jT 
Putting r— 1 =^, we have 


00 


1 


xJn(x)=*nJ n (x)+x S (-I)* 1 r / . t ■ . 

5=0 *!(«+l+J) 

= nJ n (x) xJ n + 1 (x ) . 

00 


x \ fl+J,_1 


t(t) 


II* 


II. Again xJ n '(x)= 2 (-l) r .-ft±gr 
r=0 r • \ n + r ) 

written as 

oa 


( x \ n + 2r -i 

!V 27 


may I* 


XJ '-™- r i„ ( - -r^WrKfr 




00 1 

+x 2 ( — 1 ) r 

r=o r ! n+r— 1) 1 


•(t) 
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n-l+lr 




= — n/nM+x/o-^x). (Agra, 1962, 64) ...(30) 

Sum and difference of (29) and (30) give 

III 27 n '(x)=*J„_ 1 (x)— 7 n+1 (x) .. . (31) 

IV. 2nJ n (x)=x {/ n+1 (x)+7 n _i(x)}. (Agra, 1964) ...(32) 

V. ^ {x"7 n (x)}=x"7 n _ 1 (x). . . . (33) 

Here j^-{x"J„(x) = nx" -1 /„(x) + x n J„'(x) 

=x"- 1 {n/„(x)+x/ n '(x)} 

— x n_1 {nJ n (x) — nJ n (x) + x/„_i (x)} by (30) 

~ X n Jn—i (x). 

VI. Similarly it is easy to show that 

-^■{x~ n J n (x)}=—x~ n J n+1 (x). ...(34) 

Problem 19. Show that y 


-If' 

* Jo 


cos (x cos (ft) d(j> satisfies the 


Jlfferential equation ~faZ + ~ -—-+>>==0 an ^ ^ iat ? * s 110 ot ^ er ^ ar 

JM- 


Given 


r-±r 

* Jo 


cos (x cos f) d<f> 


... ( 1 ) 


If we differentiate it w.r.t. x under the sign of integration, we find 
dy 


Mild 


dx 

d 2 y 1 
dx 2 

Now from (2), we have 
dy 

dx 


-j-r 

* Jo 

=±r- 

* Jo 


-cos $ sin (x cos (ft ) dp 
cos 2 <f> cos (x cos (f) dp. 


. . . ( 2 ) 

. . . (3) 


= — sin (x cos p. sin p j 

— | —x sin p cos (x cos p). sin <f> d<f> J (integrating by parts 
x rir 

= t sin 2 (ft cos (x cos (ft) d<ft 

71 J o 

x i’* 

= — —I (1 —cos 2 <f>) cos (x cos (ft) d(ft 
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* Jo 


cos (a* cos <f>) d(f> -j- — I 
' fc 

d-y 
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cos 2 $ cos ( x cos <f>)d<]> 


A 


-xy— x ~~ from (1) and (3) 


or 


d-y 


1 dv 


dx- +T dx +y=0 - 


Hence y 


■ 4 J* 


cos (a* cos (j>) d<j> satisfies 




dx 2 


T % +y=0 ' 


which is the Bessel's equation for 7z=0. 

Smce y— 1 when a=0, tnerefore>> is no other than 7 0 (a), as 7 u (.i| 
being the solution of Bessel’s equation is unity for a=0. 

Problem 20. Prove that j sin a* 

___ (Agra, 1962, 66; Kanpur, AH\ 

We know that 

I- 


X 2 A 4 "1 

2.2 («+l) + 2.4.2 ; («+ lT(«+2) ~ J’ 

Ait(*)=( y ) r ^T } -[ 1 -- JJJ + 2 . 4.244 ~ - ] 


X 3 1 X 4 

U+ 2.3. 4.5 


] 


= \Z(i:} iT,X - 1 

Problem 21 . Show that 

(i) J 0 '(X)=. - JJx) and (») 2J 0 "(x)=J.Jx)~J 0 (x\ 

From recurrence formula (29) we have 
xJ n '(x)=nJ„(x) -x7 n+ ,(x). 

Putting 7; = 0, we get 7 0 , (x)=-7 1 (x), 
which proves the first result. 

Now differentiating it and multiplying throughout by 2, wc u# I 
2J 0 "(x)— — 2Ji(x) n 

2./ 0 "(x)=-[y 0 (x)-7,(^)] 

by recurrence formula III, 
= P(x)-J 0 (x). 

Problem 22. Prove //ia/ / n+3 +4 +5 = -|- (n + 4) J n+i . 

From recurrence formula IV. we have 

/ J n ~ a (J n -i -f-y n+1 ). 

Replacing n by «+l, we get 
2 

— (w+4) ^4=-^ + o-l-^5 


or 
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Problem 23. Prove that 

cos a=P 0 (a)-2/ 2 (a) + 2/ 4 (a)... 
sin x= 2J X (a) — 2J 3 ( a) + 2J s (x ) . . . 

Wc know that 

cos (a cos <f>)=J 0 (x)—2 cos 2^ 7 2 (a)+ 2 cos 4 ^ 

♦ml sin (a sin <£)=2 cos ^ J^a)— 2 cos 3^ / 3 (a)+ 2 cos 5 <f> J b (x)... 

Putting ^=0, we get 

cos a=7 0 (a)— 27 2 (a-)+2/ 4 (a)... 
sin a=2/ 1 (a)— 2/ 3 (A)4-2y 5 (A)... 

I Problem 24. Establish the relation 

J„(x) j-„'(x)-j n '(x) 7_ n (x)=---^— • 

Wc know that J n ( a) and J~ n (x) are the two solutions of Bessel’s 
d 2 v 1 dy f t n 2 \ . /fX 

p*“ »+*«+( •••<" 

Hence, if^=P n (A), ^==P n , (*) and C j^=J n ”(x), we have from (1) 


Similarly putting ^=7 _«(a), we get from (1) 

y.„"(x)+-~ /_ n '(x)+(i-^-) y_„(x)=o. 


( 2 ) 


• (3) 


I Multiplying (2) by 7_ n (A), (3) by J n (x), and then subtracting (3) 
pin (2), we have 

k’(.V) /_. n (x)-y_„'(x)/ M (x) + 4- {Jn ' {X) J -n{x) -J-n(x) J„(x)} = 0. 

Put z=J n '( a) J- n (x)--J- n '(x) J n ( a). 

I 1 . rW/(A) 7- n (A) + P n '(A)7_ n '(A)-J. n XA) J n '(x)-J- n "(x) J n ( X) 

=j n (a) /_,(*) y_ n (a) /«(a). 

thus 


, , z A z' 1 

z H =0 or — = 

X Z X 


Integrating, log z=— log a - flog C,. where C is some arbitrary 

constant 

i c 

=log — 


z— - 


I J n ( x) J- n (x) — J-n'(x) J n (a) = — • 

Itjuating the coefficients of on cither side, we get 
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1 


1 


or 


2'T(n + l) 2- n r(-«+l) 
In 2_ 

T(ji+i) r(— «+i) — r«r(i— «) 

2 2 sin «it 


{n-(-n)}=C 


’Tc/sin nn~ 


Hence . J n (x) J—n (^) ^n(^) = 


• r«r(i— «)= cT 

2 sin n7i 


stn mr 
(Gamma function^ 


[E] Orthogonal Properties of Bessel’s Polynomials. 

To prove that f J w f^r) J n ((x'r) r dr=0 where [x and |x' 
J o 

different roots of J n ([x a)==0. 

Since J n (x ) is a solution of Bessel's equation, 

o 

therefore putting x=[xr and calling y=u in (35) we get 
1 d 2 \x 1 1 du 


<.M 


jx 2 dr 2 ' [xr [x 

dy du du dr 
dx~~dx ~ dr dx 
d 

dx 2 ~ (x dr 

Multiplying throughout by [x 2 r 2 9 


du ( . n \ . 

* + ( 1_ ixv) 

I".. dy _i 
L ’ dx c 


1 du 
[A dr 


an d — d / l du\ 1 d*u 
an J \ y dr )~ 


\ 


r\ +r ~ +(«V l — n 2 ) w=0. 


!a 2 t/r«, 


imilarly putting and calling y=v in (36), we have 

r2 f^ +r ^-+(^ 2 -« 2 ) *-o. 

If we multiply (36) by (37) by y- and subtract 

(r.vu" — ruv") + ( vu' — uv ') + (fx 2 — [x' 2 ) ruv = 0, 


• 0 


where u' ■ 


du 

~dr 


dv 


and v' = -j cl 

dr 

( r ~ {r {yu — wv')}+(fx 2 — jx' 2 )} rwv=0, . . . (3| 

where u=J n {\xr ) and v—J n {py 
Integrating (38j w.r.t. r between the limits 0 and a, we get 


{Jn(yr)-J n ' (y'r) y'-J n (y'r ) J n '(yr) [a} 


+ 


f(. 


V 2 ) JJyr) J n (y'r) r dr= 0. 
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The first term vanishes for both the limits since 


Hence 


J„(ya)=0, J„(y’a)= 0. 

[ (y 2 — y' 2 ) J„(yr) JJy'r ) r dr= 0, 

J 0 

/ n ([xr) J n ([x'r) r dr= 0 as [x 2 —[x' 2 ^0. • . . (39) 


i 


U, 

|F] Bessel's Functions of the Second Kind (Neumann functions). 
Bessel’s equation of zero order is 


dy + o 

dx 2 - X dx^ y 


. . . (40) 


One of its solution is 7 0 (x) so that •V+^o— 0 


Let the other solution of (40) be 
y=u / 0 (*)+ v 
it , v being functions of x. 

Then y'=uJ 0 '+u'J 0 +v' 

y"==uJ 0 ''+2u'J 0 '+J 0 u'+v'' 

Substituting these values in (40) and using J 0 "+— / o+^o 3 ^, 
wc get ^v" + -^- v'+v^+y 0 — y- m'^+2mV 0 '=0 

Choosing w such that i /+ — w'=0 i.e. -^r = — “ 
Integration gives log w' = — log xj/.e. w' = — 


giving u = log x 

then the above transformed equation becomes 
V - + L v'+v+l J o '=0 

or v"+— v'+v=— J, V X'=-X by problem 21. 

X X 

But the recurrence formula 2n J n =x (/ n -i+^n+i) gives on re- 
placing n by n-f 1 

2(w+l) «A»+ 1 — x(y r . J n+ 2 ) 
l.f- ~2 X» = ( w +i) X1+1 — 2 •* Xi+j- 
Replacing n by rt+2, this gives 

-f- /*«=(»+ 3)-y X + « 

/.e. -y X»= («+l) Xi+i — (« + 3) /„ +3 +-y X .+4 
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-P-aiing the process we find 
Y y »=("+ 1 ) ^+x-(«+3) J n+3 +(n+5) / n+5 ... 

- '! ai if /t=l, y J l =2J s -4 J 4 +6J„... 

Ihus v'+.L v'+F=i- [2/ 2 -4/ 4 +6y c ... 

4 

=^T 2( — l)"/2-l w j n l „ being even inteyet 
a:- w 

Ri t 4(-l)«/2-1 ^ 

1,111 ' Jn(x) is the particular solution of 

,-+x , +f= &- »" g - j ' 1 

* « nv ' x- 

Thus v=2 -i 1— I — /„(*) comparison). 

Hence the solution of (40) is 


y*=Jo(x) log x+S ~ ( — i)/i/2— l j n= y o ( say ) 

But Neumann gave the solution of (40) as 

f—Y p 

K(x)=J 0 (x) log x ?(-!)* A_2 1_ [" 1 + _1 




P = 1 


2 + i + -+>- 


Y=Lim [l-H + 4 + ... + l/w-logm]. 
m->oo 


• • . H2) 
. . . ( 41 ) 


harmonics 


I 


From (2) and (3) it is easy to show that 


Y 0 (x)=± {iV 0 (x)-( log 2— y) / 0 (a-)}. 


The complete primitive of (40) is 
Y=AJ 0 (x)+BY 0 ( x). 

In case of Bessel’s equation of mh order, i.e. 
d-y 1 dy f , if “1 

I llic complete primitive is 

y=A'J n (x)+S’Y n (x), 

II .here r. W _ | [ T+I „g i] 
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• • • (44) 
. . . (45) 
. . . (46) 

• • • (47) 

[•;]"’ 


/>=-- o ic_ 

1 oo ' (W«+:p f , 1 1 , 1 

~ 71 4o ( ’~ 1)P \p 1 1+ T + 3 ' ■ p 

+1+ l + l +/ ... + _i_], ...<« 

when n is integral. 

But if n is not an integer, then 

y cos _ (49) 

71 sin n~ 

|(i] Bessel’s Functions of the third kind (Hankel functions) 

These are defined as H { n l) (xj-JnM + iY^x). 


... (41) 

where A r 0 u) is Slid to be Neumann functions of the second kind or 
order zero. 

Weber gave the solution of (40) as 

V*>- 1 [log § +v ] J, M - 2?<- 1 j» 30 I 

( , , J. . 1 , .IN 

V J " r 2" 1 " 3 ~ r "~~p )’ vvtiere Y > s Euler’s constant defined as 


I 


B , n 1) {x)=J n (x)-iY, l (x.) 

Thus addition and subtraction of (50) and (51) give 
/-(*)=* [ ^'(.vl-rWfwj 

md Y n (x)=~$i | //' n (x)-/7‘ 2, (.v)| 

|ll] The Modified Bessel’s Functions. 

Bessel’s differential equation of nth order is 

Jl2L + L d lJ i_^V.=o. 

dx~ ^ x dx \ l x~ ) y 

n . . ^ dx . . dz 1 

Put x=iz, so that —~ — i r.e.,-7— =— • . 

dy _ dy dz 1 dy 
dx ~ dz dx ~ i dz 

<py = d_(±*y\£y I £z _£y~. 

dx 2 dx \ i dx) dz 2 dx i 2 dz 1 dz i 


. . . (50) 
.. .(51) 


( 52 ) 
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With these substitutions, (52) becomes 

Since the complete primitive of (52) is y==AJ n (x)-\-By n {x) i therefor# 
the solution of (53) is obtained by putting x=iz and that is 
y=AJ n {iz)+BY n {iz). 

Now we know that 





. . . (M) 


oo 


(x/2)" +2r 


\r I (n+r) 


J n (x)+ S (-1) 

r=0 

Putting x—iz, ibis becomes 

oo (/z) n+2r 

J n (iz)= 2 (— l) r 2 n+2r 


=0 


(n+r) 


7 n+2r 


OO 2 

= '" r ^ 0 2 n+2r I r (n+r) 


or 


00 z n+2r 

r n J„(iz) = 2 n+2r | r | (n+r) 


(i 2 ) r =(j 2 ) r =(— l)' and therefof# 


Here i~ n J n (iz) is denoted by / n (z), which is known as the motllfltj 
function of the first kind of order n. Thus replacing z by x, we gel 


I n (x)=i~ n J n (ix) = 


00 
-- 1 

r = 0 


w-n+2r 


2 n +2r I r p ( W + r + 1 


(SI) 


(n+r) =r(n+r + l), 


If we put n=0, its particular case is found as 


/„(*)= 2 


00 (*/2) 2r 


r= 0 (|_L>* 


= 1 + 


(I)' 


+ 


(x/2) 4 (x/2)* 


(|_2) 2 '(|3 ) 2 ' - 
when n is integral, the modified function of the second kind, 
i.e. KJx) is related with the modified function as 
«- 1 l(n-r-l)/ 2 

r=0 • r 


...(Ml 


/ 2 \»-2r 

*:. W -l^o ( r 1, '>=r^(7) 

00 (.x/2) n+2r T , * l/i / i u 

rrus+?> L log 2 - t W( ' 




where 


+<Kn+r+l)}J 

'K r +l)=(l+4+4+... + l/r) Y 


mrmonics 


4<(n+r+l)=(l+y+ 3 +-•+ n+r ) T- 


.(60) 


I 


Hut if n is not an integer, then 

7Z [ 7-n(x) — IrS x )] . . . (61) 

Kn{P c )~~2 sTn w* 

In particular when n is an integer, we have 
Hence the complete primitive of the equation of the type 

d 2 y , )y =0 

~d^ + xdx \ X- ) 


. . (62) 


y=AI n (x)+BK n (x). 

| The Ber, Bei, Ker, Kei Functions. 

Suppose we have an equation of the form 
& + f- -ip 2 xy= 0. 


. . . (63) 


.(64) 


A dx* 

This may be written as 


QL,±Q-pSi) 2 y= o. 

dx~ ‘ x dx 

modified Bessel equation of the order zero ano 

. . . (65) 


Obviously this is a m 
therefore its solution is 

v== AI a (xp\/i)+ BK o(xpVO- . . 

These are defined as 

/„(x\/i) = Ber (x)+i Bei (*). 

?o(xV0= Ker (*)+* Kei 

, , (iv) 4 . (Ixf 

where Ber (x)— ^ 2 ^2 • (j 4_ 2 ) 

/+r\ 2 _ 

I and Bei (x) ^ 2 J (|_3 ) 2 r ( (5_) 


. . ( 66 ) 

. . (67) 

. . . ( 68 ) 
. . . (69) 


. . • (HI 
...(!*•> 


I 


Problem 25. Derive Bessel’s equation from that of Legendre. 
We know that Legendre’s equation is 

Differenting it N times, we have by Leibnitz's theorem. 


..( 1 ) 
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0-*^+ 


U - a ~*’> SX-2(.V+I),4S 


~2x -y—ir~-hN’( 71 ^ V -V 

dx *+ 1 + ( 2) ‘^- +« 
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dNy 
dx" 


m 

»IM 


(»+!)■ 


</a v 


I 


mWONICS 


. v //I « • dX —nx 

.ml X=nVd~x 2 ) gives — = 


73 i. 


Hi that 


<77 </7 </7 


-nr d7 


dx 


dx N + 1 


+{'i Ot+l)~JV (Ar+i)}J^Z. =0 . 


t/7 dx ' V( 1 — - x ~> dX 

I (/2y d(dY\ d_f -nx dY\ 

W ' dx- ~dx\dx J~ dx\ v / ( 1 — x 2 ) dX ) 


If we put z=-^y the 
dx N ’ tne 


(1— x 2 ) 


d-Y 
dx 2 


d-z 


equation (2) becomes 

dz 


V'(l 


= — n 


1— x- 
dY nx - d-Y 


Z^lJ d r , _ 
J dX +V, 


d 2 Y dX 


dx- ~ ^+1) x ~fa+ {« («+!)— 
Now put F=(1-. V 2)I^ Z 

, * e " ^=7(l-^)-i/v 


] 


(1— x :: ) rfX- dx 

f > 


so that 


dz 


dx 


7 =(\- x »-)-IN dY_ 
dx 


(l-*-) 3 ' 2 dX 1-x - rfJT 

^(A^+l)} ^=0 ( ti | these substitutions (4) becomes 

,w tf + [?ii^?) + dr + {" <n+ ,, ”ra] -0 


=(l-* ! )-f K ~+Nx (I- X S)-IN -1 r 1 
a ” d ^■(i-«'ri»0 +Ml ( 1 .„-«». 1 a ; 1 

r */x 

0r dx 2 ^ **) +2iVx (1 -x 2 )-iAT-i dY_ a 

Substituting these values^ifn Wket^ ^ ^ 2 Hl— •^ 2 )~I Ar ~ 2 . y. ' 
a - X 2 ) d ! Y , ln (3) ’J" e transformed equation is 

° ^ +{2N x ~ 2 <* + *&+[. (»+ ■) - nw+ 0 

[on dividing throughout by 
d-Y jv r ' J 


I '" 


or fl — v 2 )-^~L o dY C at a 

* j 2x ~sr+{" ( " +,) ~r\^\ r =<>- 

N ° W 0rdW '° cb ^ 1. Wepento, variable, p„, 
^ 2 =n 2 (l-x 2 ), 

n- 


• <4) 


X dX _ 

Proceeding to the limit when n->cc, we have 

<«•» + A-^r+v rr 

which is clearly the Bessel’s differential equation. 

Problem 26. Integrate in series the Bessel's equation of zeroeth 
writer. ( Nagpur , 70(55) 

Bessel’s equation is 

£y 

dx' 

If /z=0, this equation reduces to 
d~y 1 dy 


I 

+y=o. 


..(l) 


dx 1 ' x dx 

which is known as Bessel’s differential equation of zeroeth order. 

In order to find the series solution of (1), let us assume that its 
•cries solution is of the form 
00 

y= 2 a r x k + r , 

r = 0 


to that 
mid 


dv 00 

^-=2 Orik + r )***- 1 

ax r—Q 

d 2 v 00 

2 a r (k+r) (fc+r-1) x***" 2 . 

«X r== Q 
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Putting these values in (1), we get 

00 QQ 

2 a„(A:+r)(*+r-l) + 2 a,(k+r) jc t+, - 2 + f* a r x* ,, -ll 

~0 

° r r l 0 [{{k+r) i) +A:+r}x*+’--2-}-;x*+r] a r — o 

of v^ous [»werf of^lo Mra ent ‘*^’ W6 C3D eq “ e ,he 

puWng“-0 £ (“ ro we' , '“e' ,iCi '° t ° f l0WeS ' <’ < ™ er ° f *< '« • >* ' *» I 

{k (k— 1)+*} a 0 =0, i.e., k 2 a 0 —Q. 

Being the coefficient of first term a o ^0 and therefore 

V m I 

in(2) W weget tin8 l ° ^ the coefficient of by putting »-l * 

{(*+1) k+k+l} o 1 ==0, i.e., (*+l) 2 fll =o, 
which gives a,=0, since (*+ 1)^0 by virtue of (3). 

we^get 3 *' 118 t0 Zer ° t * 1C coe ® c ‘ ent general term, i.e., ,* i+r in (|| 

{(k+r+2) (,k+r+\)+k+r+2} a r+2 f-a r =:0, 
te •» (k+r+2) 2 a r+2 -\-a r —0 

Or &r+2 ==: ' — “ > 

2 (r+ 2f 

since by (3) A-0 


kmoNics 

I he given equation may be written as 

^+-L d ±+( i_i-)y=o 

dx 2 + x dx^\ x 2 ) 

(on dividing throughout by x~). 

This is the same differential equation as discussed in § 11.4, Ml 

*Mler the head Bessel’s differential equation. Here n 
IVoblem 28. Solve the differential equation 

dl^ + ^E—x 2 ) <]>=0 such that as | x |->oo. 
dx ~ (Agra, 1962 > 


The given differential equation is 


Now ^=0 and putting r=l, 3, 5, ... in (4), we have 
a$~ i-Uj=0. 

Similarly, a 5 =0, a 7 = 0, 
i.e. ai =a 3 =a 5 =a 7 = ... = 0. 

Again putting r=0, 2, 4, ... in (4), we get 
a « 1 . l 

2 2 .4 2 a ° 9 


I Put 

♦ •I liat 


PL + (E-x*) <1»=0 

dx~ 

i \ ; = V£-“* 2 /2 

„-x 2 / 2^L- 


. . (1) 


=e -x 2 l2<y-- V xe- 
dx 


-x*l2 


iml 




dx 

it _2 xe-^l 2 -^- -ve- x ' l2 + vx 2 e“* 2 / 2 . 

dx 2 ** dx* dx 

Substituting these values in (1) and dividing throughout by 
■ *-/ 2, we get 

^l-2x J-+(E-l)v= 0 . 

dx 1 dv 

I Let its series solution be 


co 

v= L a,x k -\ 
r = 0 


..( 2 ) 

. .. (3) 


a,—- 


2 - 


>2 9 “4 


^ = -4T «* 


a — a o 

6 6\4 2 .2 2 


a 8 =- 


8 2 .6 2 .4 2 .2 2 


etc... 


Substituting these values in y- 2 a r x^, we get the required M r|«| j 

r=0 

solution as 


HiHr 


,.4 


cT+ 


•-] 


2 2 .4 2 2\4 2 .6 2 j 

Note. Tto solution is denoted by J 0 (x) when a 0 =l . 

Problem 27. Solve the equation 

_„2 ^ 


I then 




00 


2 a r (k—r) x k ' 
r = 0 


r — 1 


! and 


d~v oo 

2 a r (k—r) (k—r- 


•1) x 


.k-r-2 


r= 0 


Substituting these values in (3), we get 
°2 a r (k—r) (k—r—1) 

r=0 oo 

—2 2 a r (fc— r) x fc ~ r +(£— 1) 2 n r x fc r =0. 
r^n r==0 


dx 2 


, dy / <> 1 \ 

~ rX dx + \ X 


i 


nr 


00 
• 2 

r=0 


r- 0 

vfc - 


1 K (Jfc_r) (Jfc-r-1)} ^-+{(£-D-2 (*-')} ^ fl ^ 0 - 

. - (4) 


I The relation (4) being an — 
powers of x can be equated to zero. 


identity, the coefficients of various 
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ru Ct u * . first e ^ ua(e ,he coefficient of x k the highest oowor tit 
* [by putting r=0 in (2)], to zero; then we get P 

(E— 1 —2k) a 0 =0. 

This gives k=~L, q 

since a 0 ^0, being the coefficient of first term of the series 

lhe ° f <° wo. by putting ,_| 

{£-1-2 (k-l) ai }=0. 

Here is— 1—2 (£—1)^0 by virtue of (5) and therefore, we hnv« 

= 

in^4) rt w^iave tinSt0Zer0thCC0efficient thc general term, 

r +^) (k~ r +l) a T - 2 -r{(E— 1)— 2 (k — /■)} a r — 0 


1 

**HM()NICS 

ilia 


or 


a (k r+2) (k — r+1) 

f ~E~\~2{k~r) a 

( g T~ f+2 ) f+1 ) 

E - A -<cr~') 

_ (2?-t-3— 2r) (E+\ —2r) 


a r -2 from (.5) 


Sr 


r- 2 - 


Putting r— 2, 3, 4, 5, 6 we get 


09 = - 


09 * 


(£-!)(£— 3) 
8.2 a ° 
(E- 3) (E—5) 


and 


Similarly a s =a 7 =a t = ... =0 
(E—5) (E- 7) 


■a 1 =0 as = 0. 


a. = — 


8.4 


(£- 1) (£—3) (E—5) (E- 7) 

8*. 2.4 a o> 


822.4 
(£-9)(£-H) 

6 ~ £6 a ‘ 

[£—!)(£— 3)(E— 5)(£— 3)(£— 9)(E— in 

822.4.6 

Substituting the values of these coefficients in (3), we get 
* (E- 1)/2 ^—1) (£-3* 


etc 


= fl *[ 


82 


X /2 


_(£-l)f£-3» <jg _ 5l (£ _ 7) 


8 2.4 


X {E-9)/2 
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I'utting this value of v in ‘]i=ve—x 2 l2, the series solution of the 
, differential equation (1) is 


<! >=a 0 e x 2 / 2 j^ 

. (£— 1) (£—3) (E—5) (E—l) (£-9)12 1 

+ 8^34 ’ "J 

Problem 29. When calculating the dependence of the current density 
the distance p from the axis , we come across a scalar equation of 
h following form in cylindrical co-ordinates: 


JE-DI2 (£-1) (E- 3) (£_ 5)/2 


8.2 


d 2 u _1_ du__ 

1 a d? ~~ 


8p 2 o c/h < 0* 

f/nJa solution for u which is a periodic function of the time . 
Suppose that w=^(p) is a solution; then 


47U(7[A 

dt 


i 


du_ 

0P 


. ,| 


dt 

= d? e 
<£0 


0o- dp- 


,ivt 


— =JC0 0(p) e’**. 

31 r 

Substituting these values in the given equation, we get 
d _ 0 1 dcf> . 4 ~op. 


do- 

d-f 

do- 


+ 


p dp 

1 dj 
P dp 


= IO) - 


20 


+***= 0 , 


(1) 


I 


where & 2 = - 


47Tp/(0 



c 

Now in order to change the independent variable, let us put 

x=kp, so that ~~=k. 

d(f> d(f> dx ^ d<j> 
dp ~ dx dp dx 

dp “ dp V dp J dp \ dx J dx - rfp 

With these substitutions (1) reduces to 
d <f> , W0 

ihit'li is the Bessel’s differential equation of zeroeth order, as we have 
litiidy discussed in Problem 26. Its solution is 

<f>=a 0 J 0 (x)—a 0 jh — — -t- Ya~~ 2 4-.6 a + 
llciice u=a 0 J 0 (x).e int , where n 0 is the amplitude factor 
=aaJ 0 (kp) e iwt 
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=«o4 ^V(-0V(4^w).“j e iwt 

==a 0 |^ ber ^V^o^.yl+ibei ^ -^(4^®!^) 

which is the required solution. 

Note. Ber and Bei functions . 

The real and imaginary parts of the function 7 0 (x\/ — i), are Aft||| 
as c ber (x)’ and ‘bei (x)\ i.e., 

i?[/ 0 x \/ — i ] = ber x, 

I[J 0 x\/—i]=bei x. 

Problem 30. Find the integral of the differential equation of cyll*4H 
cal wave 

d 2 u I du 1 d 2 u 
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v*W+4 


2 n \ n 2 n ' h “ | 1_ l (n-f-l) 
x 2 


2 |(n+2) 


-...since 0 =1 


fl- 

l n n L 


2 4 . 1 .2 (n + 1) («+ 2) 

•v-4 


*-•] 


Suppose that 


Also 


dr 2 ^ r dr c 2 dt 2 
u—v(r) e 1 


. 


2 2 . 1 1 ) 

x n r x 1 

r r(« + l)L 1_ 2.(2u+2) + ~2.4.(2/i+2)(2rc+2)~ 

•• r(n+i)=|£ 

hitting n=4 on either side, we get 




,iwt 


and 


du 

Jr 

du 

dt 

d 2 u 

dt 2 


dv 


yiWt 


d 2 u d 2 v 


and — -= 


dr ~ w dr 2 
/wv(r) e iwt 

— — co 2 v(r) e iwt . 


d> 2 


Substituting these values in the given wave equation, we get 


and 


dr 2 

+ r- 

dr c 2 

v=0. 

cx 

so that t— = 
dr 

6) 

c 

dv 

dv 

</x (0 


dr ~~ 

dx 

dr ~ c 

dx 

d 2 v 

d t 

f (o dv \ 

£D 2 


..in 




r 3 / 2 


2 3y2 Ti 


{- 


2.5 + 2.4.5. 7 2.4 6.5.7.9 


+ 


■■■] 


r, * 2 

2 3,2 .| -W* L 2.5 


2. 4.5.7 2.4. 6. 5.7.9 

r 4 v 6 v 3 


+ 




X 

3 ' 
2x 2 
I 3 


2.4. 5.7 

v 6 


2.4.6. 5.7.9 




2.3.5 2. 3.4. 5. 7 2.3.4.5.6.7.9 

4a 4 6a: 6 8a 8 


+ ... 


TT+- 


(3 — 1) jc 2 (5-1) x 3 . (7-1) a 6 (9 — 1) a * 


+- 


I 9 


c dx ) c 2 dx 2 


With these substitutions the equation (1) transforms to 

d 2 v 1 dv 
~d^ + ^~d^ +v - 0 ’ 

which is the Bessel’s differential equation of zeroeth order ||0 
therefore its solution is 

v=a 0 J 0 (x) (as in the previous prohlfflfc 
Hence the required solution is 

w=^o(- 7 i ) e iut . 

Problem 31. Prove that 


T , \ sin x 

J 3 I 2 W= — COS x. 


(Agra, /V4|| 


~ |2_ |3_ | £ + j 5_ + J 6_ \2_ 

X 2 xj x 4 X 6 

== ~"[3 + \ 5 ~ |j+-+]jp li + 

i r x 3 x 5 x 7 i 

i£ + it~ n + -J 

T, A 2 A 4 X 6 i 

"L |1 + \±~ |£ + "J 


(a/2) 3 


— — sin x cos x. 

X 

Problem 32. Prove that 

J n+ i(a) A/2 (a/2) 2 

/„( a) _ («+/)— (n+2)— («+3)- 

Wc have the recurrence relation, 

/ rt.- 1 (x) + ‘^nfl(-x) = ^^ : Jn( X ) 


X 
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or 


2n 


4-i(x) = — J n (x)-J n+1 (x). 
Replacing n by (n+1), this becomes 

J n (x)= - + - J n +i(x)—J n +t ( x ). 


Now 




1 


Jn{x) Jn(x) 


1 


Jn+ i ( X ) 


2(» + l> T / \ T / \ 

x ^M-lW *^«+2W 


from (1) 


1 




1 


2 (n+1) J n+2 (x) 2 (n+1) 

x ^n+i(x) x 


1 


1 


/fi+2W 


2 (n+1) 

x 2 ( n+2 ) 


by (1) 


•Jn+l(x) J n+3 (x) 


Jn + 2 ( X ) 


{!♦ 


1 


2 (n + 1) 


1 

X 

2 (n+2) 1 

X Jn+%(x) 

•Wx) 

i 

~ 2 (n+1) 


1 

X 

2 (n+2) \ ' 


X 

2 (n + 3) 

X 


xjl 


( " +1) 2 (n+2) 

x/2 

1 


X 

2 (h+3) 

x 

by repeated applit 

x/2 


(x/2)* 


(n+i)— 

xJ2 

(n+1) 


(n+2)- 

(xhy 

(n + 2) 


x/2 


2(n+3)/x 

(x/2) 3 

(n+3) 
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K 5. HYPERGEOMETRIC OR GAUSS EQUATION AND FUNC- 
TIONS 

|A] Hypergeometric or Gauss’ Differential Equation. 

This equation is of the form 

41-*)-^+{Y-( a +P+ 1 )*} 0 . . . (1) 


where a, p, y are parameteric constants. 

Here x=0, x=l and x=co are the singularities, since on dividing 

(1) by x(x— 1) we observe that coefficients of ~~ and v become in- 

ax 

finite when x=0, 1 or oo. Thus we can integrate (1) in series about 
x=0 or x=l or x=oo. We therefore discuss the series integration in 
three cases. 


Case [a 2 ]. When x=0, then taking the series solution of (1) as 
oo 

y= 2 a r x k+r ... (2) 

r = o 

We have already discussed the solution in §8.3 E[e 3 ] and obtained 
the solution as 

y—AF (a, P, Y, x)-\-Bx l ~ Y /"(a+ 1 — y, p+l-y, 2 — y, x) ... (3) 
where A and B are arbitrary constants, 

and F(«, p, Y, x)=l + ^-x+ x 3 


+ 


Y- (Y+l) 

q(q+l) (a+2)p(p + l) (p+2) 


x 3 +. 


1.2.3.y(y+1) (y+2) 

Case [a 2 ]. When x=l, is the singularity, then the series solution is 
obtained by developing the series about x— 1, bv making a substitution 

... (4) 

^fb- 1 


X= 

= 1— X 

in 

a) 


dy__ 

dy dX 


dy 

since 

dx 

: dXdx 


dX ’ 

dj_ 

d ( 

dy 

\ dX 

d*y 

dx' 2 

dX\ 

dX 

) dx ~ 

dX* 


Substituting these values in (1) and arranging we get 


(^-^)-^+[(l+q+P)X+(Y-l-a-p)]^+apy=0 

...(5) 

which is similar to (1) except that y is replaced by 1+q+B — y and 
x by 1— x and hence by (3) the solution in this case becomes, 

y=AF{a, p, l+a+p-Y, l-x)+5(l-x)>'-«-» 

+(Y-«, Y— P» Y— P+1, 1— x) ... (6) 

Case [a 3 ]. When x= oo gives a singularity, then the series solution 
of (1) is obtained by developing the series about x=oo, by making a 
substitution 
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x '= y in 

So that **- 

dx dX dx ~ 


.( 7 > 


(1) -becomes 


1 dy 
x 2 dX 


~ x ’im 


X~(l~X)~l; + [2X( 1 - ^) - ( 1 + a + P) A'+ t ^]J^+ ap = 0 


Let its series solution be 


no 


So that 


y= 2 a t 0 

r=0 

dv ® 

■^y= 2 Or (k+r) X^ 1 

UA r — 0 


(K) 


( 7 ) 


J 2 j 00 

= r - 0 ar (*+ r_1 ) F +r - 2 
^Substituting these values in (8) we get the identity 
r l 0 K(*+r) (k+r- 1)+(2- 1 -«-p) (*+rj+«p} 

~{(^+r) (*+r-I)+(2- Y ) (*+r)} X*^ +1 ] a r =0 . . . (J 0 j 
Equating to zero the coefficient of X* (the first term) in (10), we set 
[k (k— 1)+(1 — oc — [3) &+<x(3] a 0 =0 

• a o +0, *(* — 1)+(1 — oe — p) >fcH-oc[3=0 

or A*-(a+|J) Jfc+ a p=0 

or (k— a) (k— p)=0 giving &=a, p /jj.J 

rectSnceTeSnas^ 0 ** COefficient of ** +r in 00), we find the 
{(k+r) (k+r-l)+(l~ a-p) (k+r)+<xp}a r -{(k+r- 1) (k+r- 2) 

.. , +( 2 ~y) (k+r—l)} a t .o 

,,ft ( * +r ~ a) ^+ r -P) «,-(*+r-l)(*+r-Y) «_,= 0 


.( 12 ) 


or ar =f±Z^lii±^ 

(fc+r-oc) (Ar+r-p) r ~ J 

when *=«, (10) gives a r = / g + r ~0(«+r- 

r (a +r— (3) ^-i 

So that = _lfe+ljzl> g 
1 l.(a+l — p) a ° 

a _ _ K («+l).(a+l— y) (a+2-v l 

1.2. («+l— p) («+2-p) a ° 

a 3= JLll ±l> r «+2).(a+l-Y) fa+2— y) fa +3-vl 

1.2.3 (<*+i — p) (a-j-2— p) (a-f 3— Y ) fl o etc * 




■ 03 ) 

(14) 
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Solution is y—a^Ffa, a+l-— y, a+l — P, X) 

— a 0 X~*F a+1— y, a + 1 — 6, 

and similarly when &=p, the solution is 

j'=a 0 x-»Frp, p+i-y, p+i— «, j 

Hence the complete integral is 

y—Ax~*F (a, a+l-Y, a+l-p, -iy-JS^fTp, p + l-Y, P+1-*. J 

• • • (15) 

where ^4 and & are arbitrary constants. 

We thus have found all the three possible solutions of Hypergeo- 
metric or Gauss equation, i.e., 

(i) for x^0 5 exponents are 0, 1— y by (3) 

(/n for x=oo, exponents are — a,— p by (13) 

(r/i) for x=l, exponents are 0, y— a— (3 by (6) 

These results may be shown by a scheme as follows: 

0 cc 1 1 

y=P 0 a 0 x ... (16) 

_ 1— y p y— a — p J 

where the R.H.S. is said to be the Riemann-P function of the 
equation. 

In symbolic form, F( a, p, y; x)=T ^ xj • • • (17) 

which is known as Hypergeometric function . 

We also denote i 7 (a, p, y, x) by 2 ~x fc 

/c-0 vY)* j k 

f B] Particular Cases of Hypergeometric Series. 


..(18) 


n (n—l) x2 n (n— 1) (ft- 2) ^3 ^ ' 


(0 we have (1+xp^l+wx-, — — — - 123 

-F( -n, 1, 1, -x) 

3 x 4 


Vi) !og(l +*)=*— “-X- + -J 




**+"•] 


=*E( 1, 1, 2,-x) 
3 2 .x 5 


(///) sin- 1 x=x+-j-- + 


3 2 .5 2 


x 7 +... 




742 


1 


~xF 


Hi 3 n 

L2’2’T’ * 2 J 


MATHEMATICAL PHY,1I(« j*»*monics 


(*) tan^==jc— £1 , + * 7 

3 ' 5~' 7~ + ••• 


~x 


fl -— +*i X 6 1 

L 3 + 5--+...J 

=-vf 1+- , 1.2.+J , 

L l.f ( x) +T2H-(~*y+...l 

"M-i "" J 




- {' + Tf^ + ^±^[£J + . J 


Lim p 
*-* oo 


/» s sC 4 T r ^rwi H,i ^ 8 “” e ' ,ic I 

* P, Y, *) = 2 ~~^ML x k 
t=o (r)* I /c * 


(/v) 


X:=0 

= ^ (P)h_ k 

tc=o (Y)* | * 

r a r ~ F (P> *, r, x) 

C) »^P :r: »e, rfcFmclions Wehavc 

P, Y, *)= 2 

*=o (r)*l_£ x 

1« d,ff e rem k , io „ w .„. Jje|dt> 

P> y, *))= 2 k~~^k^h_ kl oo , v ... 

it vanishes for * o 


= 2 i ^w-i (P)»M 
P = 0 |_£ (y) I+1 on putting A:- 1 =/7 . 

oo 


= 2 

p ~o l£ Ur+i), .•(«) I+1 = a (« +1)(a+2) ( 

=«[(«+!) (a +2 ),.'. (a l g- +;> _l)| 

a ( a +l)* etc. 


«P S° («+!)> (P+l),_ 

T p=0 |£_(Y+1)p 

=*^F(«+1,P+1,y+1,jc) 
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(20) 


<F 

<Ft 2 


F(a, p, T , x)~[^F(a+l, p+1, y+1, *)] 


,^LXf (a+1, p+1, Y+1,*) 

Y <fx 

— • (M+ > I ( f + — ■ F (° t + 1 + 1 » P+1 + 1. Y+l + 1, x) 

Y Y+1 


i 


by applying (20) 

...( 21 ) 


• y (y+ 1 ) f( +2 ’ P+2 ’ T+2 ’ } 

Repeating the process m times, we may have 

d m Flrl o .. *(a+l)...(a+m-l).p (P+l)...(P+m-l) 

” r (a, p, Y, X)— Y (T+1) ... (T+W -1) 

F(a+w, p+m, y+w, x) 

M»®«F(a+m, p+m, y+/m, x) 


</ v 


(r)n. 

In symbolic form (22) can be written as 

d m F r a, p 1_ («)m (P)m f a+IM, P+»1 

dx m L Y J (Y)rn L Y+ w J 

00 (<*)*( P)* k 

corollary 1. When x=0, Fa, p, Y , 0)=Lim 2 . t \ x 

x->0 k = 0 I tit* 

= Lim ri + itx+^+Mg+J) ^+...1 
x-»0 L Y 1-2 -y (y+1) J 

= 1, since all the terms except the first vanish. 
Similarly F(a+1, p+1, y+1, 0)=1 
Hence from (18), it follows that 

_«p 
Y 


• • • (22) 




. • • (23) 


corollary 2. Had the parameter a been a negative integer say 
N, then we should have 

F (~N, p, Y, *) = ? . . . (24) 

r=o \Ji (y)* 

since it vanishes for £=N, 7V+1, JV+2,...etc. 
Similarly if p were a negative integer say —M, then 


F (a, -M, y, x)= ^ J@*L*p& x * 
k=0 | k_( Th 


. . . ( 25 ) 
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In case a— N and y— (Af+A/), N, M being positive ink 
we have 

F( ~* 


(J»l 


where 


(-W)*=(-AO(-W+l)...(-Ar+fc_ i) = (_i)*. 


I N 


Similarly (— N— M\={— 1)*. 


j N+M 
N+M-k 


N k 


So that 


(-N)* 

(- N-Af) k 7 N=k 


N | N+M-k 
X 


I N 


I N+M 


N+M 


[{N+M-k) {N+M-k-\)...{N k 

= [0-^)0- W+Af-1 )■ ( 1 — am -1 ) 

Hence (26) yields 

V-N-M, x)= S 17,- 

Ar=0 L\ tf+Af/ 

no ^ ea ^^ e that °n the R.H.S. the terms do not variii 1 
: N and the y vanish for k=N+ \,N+2,..., N+ M 
thv terms do not vanish for k=N+M+\, N+M+2,..., sine* 
term corresponding to k=N+M+\ is 

(l- Jtptki ) (i_JL+M±l\ (PW, 

V N+M ) "\ N+l ) [ TV+Af+i 

Conclusively the series which stopped for a= —N or B =-M ui 
/ 1 respectively, starts again when a=— N and 

(A+Af) or likewise when and y=--(iV+Af). 

(3) Integral Formula for the Hypergeometric Functions. 

We have F { «, p, T> *)= f x* 

*=0 1—^* 

where (*)*=« (oc + 1) (a+2)...(a+jfc- 1)=-1==T= = cC£L+*[) 
Similarly (p)*~£^±*L ( Y ),« 


vAM-M+1 


a— 1 


f(a) 


r(y+fc) 

r Y 


Also we have 5 (ro, n)= ~^"-(Beta function) 


r(m+n) 

(P)> _ r(p+fc) r Y r Y r(p+*) rfv-m 
(rh rp x r( Y +fc) - rp * r( Y +*)~ x r( Y -p) 

Ty r(P+fc) r(Y -n) 

rpr(Y-p) ’ n r +k) 
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r Y L np+fc) r(Y-P) __Ey B( p p+ / c) 

— f pr(Y— P) 7(p+ fc)+(r - P)> r P r (Y - P) 

r Y P n_ / )v-P-i / B+*-i dt 
-rpr(Y-P) Jo rl 

■:B(P,Q)=\ (l -xy-w-'dx 

J 0 

1 P (1 — AV-P- 1 fP+* ; - 1 dt 

“"2*(P, Y-P) Jo 

With these substitutions, we therefore, have 

_ 1 P H— /P’-B- 1 1 0 ^ -1 dt 

n«, e, y, o |t_* J, (1 11 




J [‘ (!_,)«-, *-) f (£-<»>* 

, Y-P)Jo V U=0lA_ 


,*4 dt 


(on interchanging the order of integration and summation) 

1 P xt)~*dt 

J 0 


-®(P> Y P) j o 
0 ! „ 


T I 2 

We thus get the integral formula for hypergeometnc series as 


1 


J 0 


f(a, P, Y, x) ^(^y-p) _ 

which is valid for | * I <1 and Y>P>°- 

corollary 3. Gauss Theorem or Gauss Formula. 

If we put x=l in (25), we have 

FU s y 1)= A 1 (1—0 y 'P- 1 / B " :t ( 1 — t )~*dt 

J( 8 , Y-P)Jo 


.( 28 ) 


1 


= 5(P,y-P) 


r ( i-o— 

J 0 


l-Oe-l^P-1 J/=r 


5(p, y — K — P ) 

~B{% Y — pr 


Using B (P , = ( 2? ) y‘ clds 


*R p, y, 1)= 


r Y r(Y-a-P) 


= f(7-a)r(Y-P) 

which is known as Gauss’s theorem 

corollary 4. Vandermond’s theorem. 

In (28) if we put a =-n, we get 

„ „ n _ rvr(Y-P+») 

F{ n, P> Y» !) p(y+m) rp— P) 


. (29) 


. ( 30 ) 
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(3 ) 


1.2-(y— 1). 1.2 ....(y— p+H — 1) 

1.2...(y+«-1). 1.2...(y— p-1) 
(y-P)(y-P+1)-..(y-P+h- 1) (y-P)„ 

Y(y+1)...(y+h-1) - (y!T 

This is known as Vandermond’s theorem 

corollary 5. Kummer’s theorem. 

In (27) if we put *=— 1 and Y=p-a+l, we get 

F(«, p, p-«+l,-l)=— 1__£ (1 

Put t- =y so that It dt df 

dy 


iHMONICS 


— — - f _ 

2 V y 


1 r((3 — a+l) f 1 , 


rpr(Y-p) J 

1 r(p-a+l) 

2 rpr(Y-p) 

. JL . fCP— a +i) „/ p \ 
2 rpr(Y-p) AT ’ l ~ x ) 

i r(p-a+i) r-|r(i-a) 


2 rprd-«» '~7p 


r(p-a+i> 


r(p+i)' 


(- 

< 1+0 


■ +1 — a) 




V y==P _ a +l gives, y— P = I- • 

. . . ( 32 ) 


(op dividing and multiplying by (1) 
Which is known as Kummer’s theorem. 

[D] Linear Relationships of Hyper geometric Functions. 

If we put 1 -t=p in (29) we get 

F( *> * *>= r(pTFp7 }/ , '- b - 1( i-p) p - 1 {i-^(i-p)}-“4> 

F< “' P - r ' » F (■■ r-f. T. ~r) 

by using (28) 

=(1-x)-*f(«,y-P,y,-^) ...(33) 

Y by symmetry property 

R(p. y-P)=P(y-P, P). 


or 


(34) 


(35) 


J Hlmilarly it may be shown that ^ 

I ««, p, y, x)=0 P. Y* -yrr ) 

With x =\ , (31) yields 

I |f p=l— a, this gives 

f(«, i-«, i, -j)= :! ” f ' <*• 1r>-1) 

II 2'Ty r( 2 ~ + 1 ) us ine (30) i e. Kummer’s theorem 

( v+a— 1 \ 
f_a+ j ) 

2 Ty r(-£+ y + f) 
r(Y+«)i\y-y +~2 j 

__ AjzJh 1 

2 " l( yYuyTrf [’(-2 + 2 ) 

V2y (y + 1) (Y+3)-.(Y-l+ a > 

l vf X + f-Y (y+«) (y+«+ 2 )...( 2 y+ 2 «- 2 ) 

-«/ 2 \ i ^ 2 / 


2 y / 2 ' 




. . . (36) 


I 


(on simplify^) 

Further, « have shown the solution of the hypergeomettie series 
for x=0 as 

y=AF (a, p, y, x)+Bx 


■i-y F( a+l-Y, P+l-Y. 2-Y, *) fe y ( 3 > 
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by using Tp T(l— p )=— ~ — 
sin pr. 


Which is convergent for I v I <-i- ■ , 

and the solution for x= \ by(6)Ts ,,1U the interval (- J, | )( 

y ~ AF c “’ i +*+P , -y, i ~x)rB(i - x) y-«- e F ( I ^ry rea+p- x) 

which- rarp 

!S conv ^ r gent for | 1— x | j j e : t . • "* * ^ ' *• 1 I Now (37) yields with the substitutions for A and B 

. Clearly the solution (3) and tfiT K ' nterval ^ 2) I I rylYY-a-S) 

di ffe r«! / hypergeom et ric f in icp'ons ' ^ 3 Jin "' aerr8 Sat>onsht I ^ F(Y_ P) ^ W “ + " T ’ * ^ 

p, i + . +f _r» ...( 39, 

If we put x-=0 in mt T ~° C ~^+ 1 ’ } ~*) . . . SM*' ^ re,ationshi P- 

F (*, P, V, 0)= l - af(;T\ by , ?° r , 1 of § 8 - 5 ( C )> wc now replace x by — 

(A? ’ ] +«+P-Y, l)+j 9F (y- a , ymk* 

=A - jyi+«+S— yt TYi_.,\ p/ „ Y— a— P f |, |J 

... I 

7“” g a y in (37 > » - ** '1, £ 2 S2SS1 

1 ’ p ’ r ’ 1)== ^“> P, i+a+p_ Y , 0 )= rriXY-«-p) 

f.e. r r r( r - oc-pt r(T -“) r (r-P) 

shown th-f ( ^ a) r(r ~ W $lnCe byCOn 1 ° f § 8 ’ 5(C > * "«y H 
shown that /(«,p, i +a+p Q)= 

Substituting this value of ^ i n ’(58), we find 

I^^YUY^O-P) r(l+a+B-Yl FYl „t 

r„-«, r(7=r/ 




i we now replace x by — in (39), we get 

[(*■ & T ' 7)- rfa-S7(L~B f (“. P- '+*+P-r. i- 

m'T'hr- = 4 ) 

Kill from (33) we have 

F (*. P, Y, 1- = * *R Y~P» Y, 1-*) 

=x“ /"(a, Y-P» Y» 1— *), 

' F ( a> p * Y ’ 7 )=- ff-a)rp| r ** F(a ’ a-Y+ *’ 

a + p- T +l, 1 -,) + -£ * r p (a +f~ Y) X» (x-l) y -«-B 

1 a i [j 

I r =(Y — a > 1— a > Y~ a— P+1, 1— x) ...(40) 
»ic l<x<2 and l>y>a+p. 


___sinjr(Y_ :a ) sjn 7r(Y_p) rtl _vt rtix ^ 

Sln n Y Sl nYT ( r ~oZIpX~ + B — H(1+y_ P) : 

11 a P> F(l — a) T(1 — p) 


by using Vp r(l ~ r )~ n 
sin p-K, 

or ffi-a) T(l-p) 

ra-rnr+l^Tp) 

f sinjtvjin_7t(Y— a-p)— sin Trty-^t sin 3t( Y -J 

i-r/i s L S ^ n n T s in 7c(v— a— S) 

.Qh2Hfcp)r( ? + fcx , . -1 . . « 

r a-r).- 


( I +a — y) f l~a, y-a-p+1, 1-x) ...(40) 

^ r(v— a — p+l) I Y I , I Jp f cl<x<2and l>y>a+p. 

r(I— p/T(i- I v,irious Representations in Terms of Hypergeometric Functions. 

C[j_Zl)JTj y— aV g) j#, | If we put x=(r 2 — r 1 )u+r l i.e. u— X ^ Yl . . . (41) 

R(l-a)F(l-.p) "" r 2 - ri 

■ II du 1 


’] 


. — _ sin rty sin 7t(y— a — pi 

sin :r(a + p_y) l J 

- r< 1 wa 

r; 7T 

fy T(l— y) 


. du 1 

If. -7— = 

dx r 2 —r x 

I . dy dy du 1 

ax du dx r 2 - r x du 


dy , d-y d 


\r 2 -r 2 du J 


'(r^ %' V ^ in thC eqUati ° n (x ~ r -‘ ] {x ~ r * ) d dx* +7 

(x—r 3 ) -f j=0, . . . (42) 


m\\ we 


' dx 1 a ' 

find the Gauss equation or hypergeometric equation 
. d 2 v r b r, — r.> b “1 dv C 



...(43, 

lit series solution by usual method or comparison with § 8.3 E(e 3 ), 

| V**AF (a, p, y, u)-\-B u 1_r F(a. — y+1, p — y-f 1, 2 — y, u ) ...(44) 
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Wher ' f,«+P + l=-J- a nd«p-i 

••• y “ AF (“• |! ’ T ; ) ~ B (k 77 ) 

2 ~^) 

corollary. Tschebycheff’s equation is 


(x-1) (*+D 


d 2 y 
dx 2 


Comparing it with (42), we get 

r i s 


dy 2 

-x n z y = C 

ax ^ 


|4» 


(4* 


14* 


r i = l> V— 1, r 3=0. o=l, 6=1, c=-n 2 , x=-2m+ 1, ■<-», 
P= — «, Y=i and hence by (46), the solution is 

y=AFU-„;i, —)+£ (-^Y'* 

f («+■!,-»+ 4-.fi 4=2.) 

with the help of (48) and § 8.3 £(e 3 ), the Tschebycheff’s Polyim rf* 
may be found as 

T 0 W=^l, T 1 (x)=x i T 2 (x)=2x 2 — 1, 7 
r 3 (x)=4x 3 — 3x, r 4 (x)=8x 4 -8x 2 +l J 

[e 2 ] Legendre’s Polynomials have already been discussed in prolilMN 
on Legendres Polynomials. 

[e 3 ] Elliptical integrals of the first and second kind are 
dj> 


rv 12 

*«-I. (T-3 


-x l sinV) 1 /^ 
and E(x)=\\l-x 2 sin 2 ^) 1 ' 2 d<f> 

J 0 

respectively. 

We have k(x)= (l-x 2 sin 2 ^)- 1 ' 2 d<f> 

Jo 


. !•#*• 

| 


= J o [1+4-x 2 sin 2 ^+ x 4 sin 4 ] d<f> 

=r f 

Jo k=0 \ — 

= f %^r /2 sin 2 W 

*=0 l_ Jo 

2?(*)** 2 * 1 X 2*+*) V* , r . , . 

— i i~£ — • p^J j Tj y ~~ 2 ~ b > Gamma integrals 


/t=0 I— 

- vCikAL 
'*-0 !A 


(*)» 

I * 


TZ 

T 


»i 


HARMONICS 

— — 2* - 41- * ( x 2 )* since | k =1-2 (*— 1)=(1)». 

2 £= o (U* I A 

= “F( M,l;x 2 ) 

We can similarly show that 

E(jc)=^-(-i, *, 1 ; x 2 ) 

Problem 33. Solve in series 

x(l-x)y"+4(l-x)y’-2y=0. 

Comparing it with the hypergeometric series we get 
a+p+l=4, y= 4, ap=2 
i.e. a=l, (3=2, y = 4 or a=2, (3=1, Y=4 
For the first choice the solution is y r =F( 1, 2, 4, x) 

=F( 2, 1, 4, x) by symmetry property 
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(52) 


(53) 


= i+ T +- 


10 + 5 + 7 + - 


For the second choice the solution is y^—x 3 F(— 2, —1, —2, x) 

=x~ 3 (l— x) since the third term vanishes as one 
of a— y+ 2 or p— y+2 is zero. Moreover fourth 
term has zero for its denominator as y=4 
Hence the complete solution is 

y=AF(l, 2, 4, x)+2++ 


Problem 34. Solve in Series 

d 2 y 


(4 - 2x Y£- 1 4 > '- 0 - 


P= T , y= t 


dx 2 

Comparing with Gauss equation, we have 
1 3 r . 

oc+P+l = 2, ocp = — , Y ="2 S ivin g a= 

So the solution is 

y=^F(a, p, y, x^#* 1-7 F(oc— y+ 1, P— Y++ 2 ~ Y> *) 

“^(f T4'*) +fc “‘ F ( 0 0 - T’ *) 

==AF (Ji’ T T’ since f (t T t* x ) 


x 3x 2 5x 3 


= 1 + '6 + 40 


112 


...and F(0, 0, , x)=l. 


Problem 35. Transform y'+n 2 y<=0 to hypergeometric form by the 

substitution u=sin 2 x and prove that 
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(0 cos nx=F (y, -■£, i , Sin* a) 

00 Sin nx=n 5in x F (7 - J », y + J ", j *« 2 a) 


Given equation is 
Also given that 

which gives ^=2 sin x cos ^cr=sin 2 jc 


^"+n L >=0 

w=sin 2 x 


(1) 

( 2 ) 


So that dx du dx “ sm lx Tu and 4^ = 2 cos 2 v £- +sin- 2 a- ^ 
Substituting there values in (1), 

£} 

du 


4 sin 2 A cos 2 a -g +2 (1-2 sin-'.v) J y + «^ =0 


or «(1 — w) 


du 1 


-(!-») 


du 

dy n 2 
du ~ |L 4 

1 


... ( 3 ) 


which is hypergeometric form, with y=y, «+p+i = i > a 0=-2I, 

. ft fi ] 

ue% a ~y» P=~ y» r= Y and Iience the solutior > is 

y- A F (-»-, -i, , (I±2, ly, „) 

~ AF (y* — y> y , sin 2 A^+5sir 


sin a 


F /l+« 1— n 3 . , \ 

(,T’ ~ 2 ~’ y> sin *J ...(4) 

where lsin a |<J i.e. <A<y 

But sin «a a nd cos «a a re the soliitions of (1) and so of (3) W a 

can therefore take from (4). 1 ^ w# 

Sin «A=^F^y, — y, y, s in 2 A^-f5 sin * 1 

p/l+n 1—/7 3 . „ \ 

’ T sin ~*) • • • < 5 > 


When a= 0, ^=0and so s j p nx =BF 


( 1 +n 1 — n 3 . , \ 

\ 2~' ~T' T» s,n "*J 


(by 5) 


sin a 
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Which follows that when A— 0, B=n and hence 
f \-n l+« _3_ 

2 


Sin nx—n sin xF 


( ! 


sin 2 a ^ 


... ( 6 ) 


Also, cos nx=AF ^y> — y» y, uj + Sy' u 

r / 1+n 1— n 3 \ , 

F I — 2 — ’ ~~ 2 — ’ y> u I where M=sin 2 A ... (7) 

when a=0, A = l 

und differentiating (7) w.r.t. a, we find 


« Sin 77X = 


r /34*w 3 — n 5 


\ 2 


Where w=sin 2 * and ^ =sin 2x 
dx 

When x=0, B—0 

So that cos 77A=F^y, — y, sin 2 A ^ 


du 

dx 

by §»:5 [C] (2). 


. . • ( 8 ) 


H 6. CONFLUENT HYPERGEOMETRIC EQUATIONS AND 
FUNCTIONS 

[A] Confluent Hypergeometric Differential Equatfon. 


We have a(I-a) ^+{ T -(a + p+ 1) a} ^-aj3y=0. 

X 

Replacing x by — we have 

Its solution as compared with the hypergeometric series, is 


(1) 


( 2 ) 


'(*,P,r, f) 


Hence if we let p-»-oo; then (2) reduces to 


d 2 y . dy 


■(*•** f) 


..(3) 


(4) 


Whose solution is Lim F 
. P->oo 

We call the equation (3) as the confluent hyper-geometric differential 
equation. 

Now since (P)»=p(f 3+1) (p+2)...(p+£-l), therefore 

Um Lim ( 1+^-) ( I-f-~Y. ^ =] 

M-oo P* p-»-oo V P/V P/ V P ) 
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As such (4) may be represented as 

lz r (*■ y - D- y - *> 

Here F{ a, y, x) or sometimes, 1 F l (a, y, x) showing that there is mm 
parameter of the type a'and one of. the type y, is the solution of ( \) 
and is said to be the confluent hyper geometric function. 

Note. Since equation (3) has a removable ( non-essential ) singularity 
at x=0 so its solution may be developed directly by series method 

00 

about x=0 , choosing the series as y= 2 a r x k+r . 

r—0 

dy d 2 y . 

Substituing for y 9 ^ in (3) and equating the coefficient of lirnt 

and the general term (i.e. x* +r ) to zero, it is easy to find that indiolal 
equation k(k+ y— 1) =0 gives k— 0, 1— y when a 0 ^0 . . , (6) 

, t i • /k+r+a • 

and the recurrence relation is a r+l = ~ - /JU , _ , A a r ... (7)1 


which for k ~ 0 gives 


t oe . a(a4 

1 + 7 * + n 7 : 

(«)* 


(&+r+l) (A:+r+r) 

a(a-f 1) x 2 


(r+i) 


X 2 + 


•] 


00 

=fl 0 2 


x k =a a F(a, y, x) 


k=0 |£_ (v)fc 
and for k=l — y gives 

i y r * , <*•’ , a'(a'-f 

'■^l l+ 7' + nw 

where a'=a— y+1 and y'=2— Y 


(H) 


+ 1 ) 

+ 1 ) 


x 2 + 


...] 


"• %. y '’ *> 

=a 0 x 1 -’’ F(a x- 1, 2-y, x) ...(«) 

where F(a— y+1, 2— y, x) is said to be the confluent hypergeomclite 
function of the second kind. 

The general solution is therefore, 

y=AF( a, y, x)+Bx 1 ~' r F( a— y+1, 2— y, x) 

It is valid for y>0. 

By ratio test 

(«).+, | n_ (y), x I I , «+» 


. . (Id) 


Mfl+l 

U n 


(«)» 1 ”+1 (y)»+i 


(y+n) («+l) 


which — ^0 as n->oo i.e . 
series is convergent. 


“n+l 

U n 


<1 for all x, it is obvious that th# 
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I • I Simple Properties of Confluent Hyper geometric Functions. 

I |l| Differentiation of Confluent Hypergeometric Functions i.e. 

f F( a, y, x)=y F(a+1, y+1, x) 
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UD 


1 


itilch may be similarly shown as in case of hypergeometric 
functions. 

£. F(«, y, x)=^- F(a+2, y+2, x) ... (12) 

Hid in general 

^F(«,y,*)^ (a) " 


(y)» 


F(a+m, y+m, x) 


4llll 


When x=0, F(a, y, x) = 1 


. • (13) 
. • • (14) 
. • • (15) 


(16) 


I In case a is a negative integer, the series stops after a certain num- 
■r of terms but when y is also negative then the series restarts after 
k certain number of terms, as shown in case of hypergeometric 
Bnctions. 


1 2] Integral Formulae for the Confluent Hypergeometric Function, 

(«)» i j 1 


We have 


(Y)* F(a, y-a) 


. co (a)*, x k 

F(«, y, x) 


(1 -ty-*- 1 dt ...(17) 

Just as in §8.5 [C- 3] 


= 2 


k = 0 \ k ’ £ (“» 7—“) 


f 1 (1 _ 0 r-.-i 

Jo 


■ 1 1^- 1 dt 


If 1 00 (xt) k 

™_L (l— 0 r_B_I t*- 1 2 

5(«, y-a) J 0 Ar=0 I- 

— . f /“- 1 (1 — dt 

. Y-a) Jo 

oo ( xt) k 


~B(y 


- . xt x-t- ,, 

A l*- _I+ iL + "!E + ”' _e 


Ty 


T« r(y 


- — t fe** /*-' (1— 0 y_ “ _1 dt 
— a ) Jo 


(18) 


I 


using B(l, m)- 


Tl Tot 


V(l+n i) 

I filch is the integral formulae for the confluent hypergeometric 
I c lion . 
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corollary 1 . In ( 18 ) if we put t=l—p, then 

r Y 


F(a, Y, *)= 


ra r( Y - 

r y 


Tar(Y-a) 

r y 


Ta T(y— a) 

=e x F( y-«, Y»~*) 

corollary 2 . In ( 18 ) if we put x= 0 , then we find 

= r« r(T--i) 5<a ‘ 

Y Ta r(Y-a) 


f 1 gxii-p) (1 -p)»-' p r-*-i dp 

J 0 

ri 

9 f x 00 

- 2 (- 1) 1 

V 7 U Jo &=0 

p* l e-* p p y -“- 1 ( 1 - p)*~ l dp 

Jo 

2 f (-i) fc | 

,* r(Y-«) ra 

r Y 

V « 4=0 |A ■ 


v- 2 ft 


°o (_!)* x 


■ik+l 


F(f— a, y> — *) using (III 
. . . (Ill 


o° (_d* 
=x 2 1 U 


4=0 I * ( 2*+0 


S 


(~* 2 )* 


V tz k=0 | k (2Ar-f- 1) 


-J*.S 


(4)<- 


-x 2 )* 


V **=0 i jt 


U). 


=1 


2 k+l = 


0 »M 


“ Ta r(Y-a) r Y 

i.e. F( a, y, 0)=1 

[C] Various Representations in terms of Confluent Hyper gen mvtff 
Functions. 

[< ,] Elementary Functions. 


( 2 fe + l) ( 2 fc— 1 ) ( 2 fc— 3 )...l 

( 2 Jfc-l) ( 2 fc- 3 )...l 

1 3 ... 2 fc-l 2 k+\_ 

2 ' 2 2 ' 2 


71.1 

V 2 2 " 


2 k-l 2 k — 3 \ 1 


k 


oo 


We have F (a, Y , x)= 2 


(«)* 


4=0 I AM * 


CO jfJc y y 

Putting Y=a, we have F (a, a, *)= 2) — - =l-f-- 

k—0 \ k 


A A 

T+-I 2+ 1 


{' 

(4+0 

1 “+ 1 1 

(4). 

~ 1 

2 

(4+0 

1... A 1 

(4). 


Similarly, 

F(a+1, «, 


= e* 


(ill 

(111 


00 fn, ** 
F(l,2, *)= 2 


00 

2 


kz=o (2)k | k_ k=Q \±±l_ 

ir , -v 2 * 3 1 

“x[_* + I 2_ + "[2’ + "J 

e*-l 




• ( 25 ) 


[r 3 ] Fresnel’s integrals. The first and second kinds are respectively, 

. . . ( 26 ) 


III) 


F(-2,l,x) =1— 2x+- 


F(n, n+l, — x)=n[ r^e^dt 
J 0 


I 


md S ^=^j[_e iri,l <f> J ^ ^xe-' i,4 -e-« f 'V ^ ^ 

2 f* „ , 
where <r"“ ix 

/. by [cj, t \\/ f J xe ~ vili ] = -^\^ i2 ' 


'=*. **-*“* _„2 . 

e n dr, 


( 14 ) 
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oo 

V 2 xe -**!* 2 
k= 4 


= V 2 xe~ wi 
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Similarly j> -j xe = \/2 xe**/ 4 f( y,— 7r<J '~ 2 ^ 
Hence C (*)=— T p( — JL J!** f \ , *•/ 1 3 — tc/jc 2 \“| 

! 2L^V2’2*^-;+ f (,j»2’— -;J 


. . . <;ai 


and p/M j \ *./ 1 3 — it/jc 2 \~l J 4 

r ,J 2i L V 2 ’ 2’ — J-MT* J’~ T~) 

[c 4 ] Bessel (Cylindrical) Functions. 


We have J„ (x)=- 


Put 2 />= 1 +, 


£U 


M 


2 2 " 

[4 T r ‘" 

r - 

2 

+[”+7] 


n~~i 


i ixt dt 


r(n+l) e * F \_”+^,2n+\, 2ix J ...(Ml 

' putting a=n+l , y=2n+l and x for 2ix in 

F( *‘ Y ’ * )= ~rgT fr-. tt) T ^^- 1 (i-O y -“-Vt, 
we get 

'[■•+4 » 2«+l, 2fjc *1= r (2»+l) 

J ;K]'K] 1 

| o e*™ t n ~l (i-tyt-i j t 

Problem 36. Solve in series the Whittakar Equation -^4 } ' 

1 dx% tjH 

L k ^~ m2 1 m/ 

^ x + 1F~ ] W(x)=0 and represent its functions in terms of 

hypirg eometric functions. 


1 



Taking W (x)=x™<r«/Mx), *=y-«. m=-~ +-J, the equa- 
tion reduces to 

*^ +(Y “* ) 'S~ ajM) 

Which is confluent hypergeometric equation and hence its 
functions by putting a =4 — k+m and y=l + 2 m in F (a, y, x) and 
x 7 " 1 F(1 +oc-y, 2— y, x) are l+2m, x) and x 2m 

F ( \—k—m y 1—2 w, x) respectively. 

Thus the solution of given equation is 

y=AF^-k+m, 1+2 m, xJ+j 3 x _2m F Jj-j —k—m, 1-2 in, xj 

where A and B are arbitrary constants. 

Also Whittakar’s functions are 

W t , m (x)=xt+ m e-*PF(± -k+m, 1+2 m, x) 
und W k , . m (x)=x i ~ m e-*!’-!^ j-k-m, 1-2 m, xj- 

8.7. HERMITE EQUATION, FUNCTIONS AND POLYNOMIALS 
[A] Hermite’s Differential Equation. 

This equation is of the form 

*r-2x4-+2v- 0 ■••(■) 

ax- ax 
where v is a parameter. 

Suppose its series solution is 
oo 

y= 2 a r x* +r . a 0 ^ 0 

r=0 

dv 

So that -r-— 2 a r (Jk+r) x fc+r_1 
dx r —0 


... ( 2 ) 


and 


d 2 v 00 

y = 2 a, (*+r)(*+r-l)x* +r - 2 


dx 2 


r=0 


Substituting the values of y, and in (1), we get the identity 


oo 


. 0 ) 


2 [(k+r) (k+r-1) **+*-*-2 (Jfc+r- v) x^] a r = 0 

r=0 

Equating the coefficient of the first term (i.e. x*~ 2 ) (by putting 
r=0), to zero, we get 

a 0 k(k— 1)=0 giving k— 0, 1 as a 0 ^0 ... (4) 

Now-equating to zero the coefficient of second term (i.e. x* _1 ) in 
(3) we get 
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*£ £££*£5? ie ‘ “ 1=0 when * =, ~ 1 and may or ma y no < b# 

Al s o equating the coefficient of x k+r to zero, we find 
o r+i (k+r+2) (k+r+ l)-2a r (*+/■- v)=0 
giving the recurrence relation 

2 (fc+r-v) 

r+i! (k+r+2) (k+r +1) ° r 

when *=0, (5) becomes a r+2 = ~~ 2 (r ~^ a 

2 (r+2)(r+ 1)°' 

and when k= 1, (5) becomes a r+i =-lSl±Ll^l , a 

2 (r+3) (r+2) ° r 

Case I. Whfen £=0, putting r= 0, 1, 2, 3,... in (6) we have 




.(3) 

(A) 

(7) 


2Mv-2) 


2 

t 

4 


2 J (v — 1) (v— 3) 

15 U1 


a, (- 2 ) r v(v- 2 )...(v- 2 r+ 2 ) 

i 1 • 


2r 


. |i -. l_-2)-(v-l)(v-3)...(v-2r+l) 

| 2r+l rt » 

Now if a x =0, then a 3 =a 5 =a 7 =a 2r+1= ... = o. 

But if a^O, then (2) gives for A:=0, y= 2 a r x r 
. r= 0 

i e. y= z a 0 +a 1 x+a i x 2 +a l x?+ ... 

~ a o + «2 •** -f o 4 x i + . . . -f- a x x + a 3 x 3 + o 5 jc 8 + ... 

+(_1)r 117 v ( v -2) ... (v-2r+2) x 2r + ... J 
-fa. x |^1 — — r 2 | 2 2 (v— 1) (v — 3) "J 

+( ~ 1)r ‘[2^T (v ~ 1 ) (v ~ 3 ) "^- 2 "+ 1 ) * 2, + - -J ...(«> 

r oo ( — i \ r yr 

=a„^l+ 2^ — ~r~ v(v-2)...(v-2r+2) x 2 '] 

4-a 1 ["x-f-2 lzi)!2l(v-l)(v-3)...(v-2r+l) * 2 ,+i ...(9) 

*- r=l 2r+l 


Mmonics 
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Case II. When k= 1, then a 2 — 0 and so by putting r=0, 1, 2, 3, 
In (7) we find 

2 (v— 1) . 


. 2 : (v— 1) (v— 3) _ 

CL a — . _ Cl n 


/ 2'(2v-l)(v-3)...(v-2r+l)„ 

a 2 r=(-\) r r^r+I «« 


Hence the solution is 


— i) (v— 3) _ x4 


(i) 


m^ aoX [^i^ x , + iLtz^ 

, (-i yr (v-i) (v-3)...(v-2r+i) „ 2r , -] 

+ | 2r+l * + -J 

llrurly the solution (10) is included in the second part of (8) except 
Hi i ( a 0 is replaced by a x and hence in order that the Hermite equation 
•i iy have two independent solutions, a x must be zero, even if 0 
«ml then (8) reduces to 
I _ fi 2v 

[ ' a ° L 1 12 


2-v(v-2) 


+ (~l) f jT f v (v— 2)...(v— 2r +2)x 2r +...J . . . (11) 

The complete integral of (1) is then given by 

I, -i[i- { 2 j *■+ ]+j[i- 


2 2 (v 1) (v— 3) 




0) 




there A and B are arbitrary constants. 

|lt| Hermite Polynomials. 

The Hermite polynomial H n (x) is defined as 

I /lv,0=* = ^ //„(*),— . 

n = 0 l_ 

>«f all integral values of n and all real values of x. 
[(13) can be written as 

ft v a ,SiM. t +n^ t 2 

nx,t)-e e - 10 + .11 + 12 


( 13 ) 


II 
+ . 


Hn (X) 
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So that r -Jk M In = H 

L df n J/=o jn_ "« 

If , . L 01 " 1=0 

If we put x-t=p i.e. t=x-p=Q for t=0 gives x=p 
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(Ml 


Even Hermite polynomials are, therefore 
n \2n 

»«.W- (2 *> ! "~" 


and 


0/ 


0p so that §r\e-&-‘) 


e-J> 2 


.*. r e~^ x ~ t '> 2 ~\ =(— l) n — e — Ar2 =f l) n -^~e~ 

L 3t” Jf=o ^ ’ dx n ^ dx” 6 


(l'< 

(III 


From (14) and (15), we therefore have 

H n (x)=e* 2 (-1)" 

From (16) we can calculate Hermite polynomials of vw|it*» 
degrees such as 

,H„(x)= 1 // 4 (x)=16x 4 -48x 2 +12 1 

H l {x)=2x H s (x)= 32x 5 - 160x 3 + 120x 

?A X \ = t X r 2 ^ 6 W=64x«— 480x 4 +720x 2 — 120 )■ .. if 

H 3 (x)= 8x 3 -12x tf 7 (x)=128x 7 -1344x s +3360x 3 | 

1680x J 

[C] Hermite Polynomial in Terms of Confluent Hypernco 
Functions. 

We have S H n (x)-^r=e 2,x ~ F = e 2lx - e ~' 2 

M A 


n 

y 

(— D* (2x) : 

0 

| n—k \2k 

00 

v 

i—n\ (x 2 ) ; 

Z 

k = 0 

(*)a 

/ 

1 . 2 


~ n ’2’ X 


,2 k 12 n n 

-=(-i) B ir 

I" k=0 


(2x) 2k 


2 <-")»-j2Jfc 


(i). 


I 


Similarly odd Hermite polynomials are 

(2/H-l)/2(-l)* |2n+l (2x) 2n+1-2 * 

H , («)- ^ v 1 

/7 2n+l 


2 

k~0 


| k_ | 2«+l— 2A: 


=(-l) B 


• • • (20) 

|2n+l 


2x. 


n (-n) fe x 2fc 


!2n+l / 3 , \ 

=(-!)* ‘~ur 2x F [- n ’2 ;X J 


■ . • (2i> 


-[i+to+^ a ( ffv+...| 


r , «* , w 

L If + IL 


( ZL l)«/ 2m 

1» 


I 


[D] Recurrence formulae for H n (, x ) and to show that (x) is a 
Nolution of Hermite Equation. 

Hermite equation is y"—2xy'+2ny=0 for integral values taking 
v~n. 

2 tX-fi f (X) t" 

Also, e — z i 

n—0 ' — 

I. Differentiating partially w.r.t. x, we have 


. • • (22) 


Equating the coefficients of — on either side we get 
H„(x)=(2x) n — ^=1) (2x)"-*+ ^ Z 1 ) ^- 2 ) (n-3) 


It e 


-2 tx-t* 


00 


- s ff'.(*rpr 

/i= 0 ■ — - 


(2x)«‘|, 

...(III 


i.e. 


oo H n {x)t n oo t n 

2t 2 — tr-= S ^nW-T^T 
/!=0 l-L /i=0 l-L 


which yields on equating the coefficients of — on either side, 


2/* 

e e 


Aliter, we have 2 H n (x) -r— = e 2tx ~‘ 2 

n = 0 I— 

oo (2x) n t n oo 
= S -£-x 2 ( - l)"~|n 

71 = 0 I 7f — 0 1 




ln-1 


H n . 1 (x)=H n ' (x) 


oo n/2 |n text"- 2 * 

#«(*)= S 2 (-1)* 

4=0 *=o I* l »— 24; 


. . (Ill 


i.e. 2 n H n ^ {x)=H n ' (x) ... (23) 

II. Differentiating partially w.r.t. ‘t\ both sides of (22) we get 

?,v_,2 00 /"- 1 

2 (x— t) e = 2 HJx) | n _Y v n= 0 corresponds to the 

vanishing of R.H.S. 


71=1 
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oo t n 

or 2x 2 H n (x) 
n=0 


In 


-2 2 H n (x) 

n — 0 
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/ n +! 00 f* * 


M(« 


oo 

2 H n (x ) ; 
n = l 


Equating the coefficients of /” on either side we find 


lx 


Hn 00 H n ~\ (x) -^fn+i (~r) 


i!L 


(41 


(«) /T lM+1 fo)=(-/) m 


(41 


(»»•) // 2m+1 (0)=0 
(iv) H\ m (0)=0 

C * 7 2 m In 

(v-) H n -m (x), for 


m<n 


(0 Even Hermite polynomials are 

to 


« (— 1)* |2w (2 jc) 2to - 2 * 
2/ 


#>, 


4=0 |*_ ; 2>w— 2A : 

(-1)™ |2w , 2w(2m-l)... 3.2.1 

(°)- j^T (-1) ™ 3.2.1 


=(-D m 2 Jm -j=~ i(i + 1 )'"(i +, ” _1 )=(-0 m 2 2 “( j )•• 

(n) From recurrence relation I, we have on replacing n by 2m | I, 
H 2»n+l (*)— 2 (2m+l) H 2m (x ) 

••• H' im+1 (0)= 2(2w+l)/f 2m (0)-2(2«+lM-l)"2 , "( 
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(141 


<D1 


| «— 1 | n_ 

i.e. lx Hn ( x)=lnH n - 1 (x)+H n+1 (x) 

III. Eliminating H n -i to from (23) and (24) we get 

lx H n (x)=H n ’ (x)+H n+1 (x) 

or H„' (x)=2x H n (x)—H n+1 (x) 

IV. Differentiating (25) w.r.t. x we find 

H n " (x)=lx H n ' ( x)+lH n (x)-H' n+1 (x) 

Putting //' n+1 (x)=2(n+l) H n (n) obtained from (23) on repln<<ln| 
n by n+1; we have 

H n \x)=lxH n '{x)+lH n (x) - 2(«+ l)tf„(x) 

or H\ (x)-2x H n ' (x)+2n H n (x)=0 . . . (]|) 

which clearly follows that y—H n (x) is a solution of Hcrmll# 
equation. 

2/x 

Note, e is known as Generating function of Hermite Volt 
nomiai 

Problem 37. Prove that 

(0 H 2m (0)=(—l) m 2 tfn 


r par,< ' ) . ,.r(2«-l>(2»-J ).. 3 .n 

I =( 2 /n+l) (- 1 )”* 2 2m+1 2 s J 

I =(— l) m <2m+i) [| ■ (y + 1 )•••(■§ )] 

: =(-!)- 2— (4).. 


| 


(Hi) Odd Hermite Polynomials are 

2m+ 1/2(~1)* | 2m+l ( 2x) tm+i ~ u 
H tm +i(x)— pfc (2m+l—lk) 

‘ H im +i (0)=0, since all terms containing x become zero, 
(/v) From recurrence relation I, we have 
H\ m (x)=2(2m) to 

H\ m (0)=4 mH tm -i (0) 

=0 by (iii) 

(v) From recurrence relation I, we have 
H' n (x)=ln #„-! to 

i.e. -^H n {x) ]=2n kf n -i (x) 

. d^ 

•• dx 2 
by using (1) 


. • (0 


[H n (x)^=ln 4z\ H ~' ix) \ =2 "‘ 2( " _1) Hn ~ 2 (X) 

=l 2 n(n— 1) H n - 2 (x). 

Similarly -Jj 3 ^ H n ( x ) |=2 3 n (»— 1) (n—1) H n - 3 ( x ) 

Proceeding similarly m times we find 

d ™ m £ Hn (JC ) | = 2 * n(»»-l)...(»i-i»+l) Hn-m (x) wheie m<n 

ym |„ 

H n - m (x) 


\n—m 


(E) Hermite Functions. 

An equation closely related to Hermite equation is 


dx- 


-(X-x 2 ) 4-=o 


. . (27) 


I 


If we change the dependent variable + to y by the substitution 


So that 


ty=e~~ n2 

e -^l2 


.(28) 


dx 


dx 
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and e X e ( e x2 ^~x 2 e * 2 l : )y 

We get from (1) 

y"—2xy' + (K—l)y=0 . . . (2V) 

If we put A — 1 =2v, then (29) reduces to Hermite equation i.e. 

y" —2xy ' + 2vy = 0 

It therefore follows that the general solution of (27) is given by 

^ = -* 2 /2 y 

where y is given by (12) of § 8.7. 

Thus if the parameter A be of the form 1+2 n, n being a positive 
integer, then the solution of (27) will be a constant multiple of tli# 
function <J> n defined by 

i> n (x)=e~ x2 l 2 H n (x) ... (30) 

where H n (a) is the Hermite polynomial of degree n. 

Here the function 4<n(x) is said to be the Hermite function of 
order n. 

Recurrence Relations for <|\,(x).‘ 

Differentiating (30) w.r.t. x, we have 

4 > 'n(x)=e~ x2 / z H'„(x)—e~ xi l 2 x H n (x) 

=2ne~ xi l 2 H n - 1 (x)-x e~ x2 l 2 H n (x) 

V H'Jx)=2n H n ^(x) by (21) 
=2n4'»-i(*)— using (30) 

.*. 2n 4'n-i(*)=x4n(x)+4 / n (x) ...(31) 

Also from (25), 2x H n (x) = 2n H^x)— H n+1 (x) 
which may be expressed by using (30), as 

2xe~ x2 / 2 H n (x)=2ne~ x2 l 2 ( x )+e~ x2 l 2 H n+l (x) 
i.e. 2x^„(x) = 2nty n - 1 (x) + ij/ n+1 (x) . . . (32) 

Eliminating 2 n 'l'„_ 1 (x) from (31) and (32) we find 
*'J'»(*) + < i''»(*) = 2* 4'n(*)— 4W*) 

i.e. f,(x)=4W~i+iW • • • (33) 

[F] Orthogonal Properties of Hermite Polynomials. 

Now since H n (x) is a solution of Hermite equation, we have 
H" n (x)~2x H' n (x)+2n //'„(*)= 0 by (26) 

If we put y—e~ x2 l 2 H n (x) i.e. H n (x)=ye x2 ! 2 
So that H' n (x)=y'e x2 l 2 +xy e x2 > 2 
and H" n (x)=y”e x2 l 2 +2 xy' e x2 l 2 + y(l+x 2 ) e x2 > 2 

then we get y"+(l— x 2 +2n) y=0 . . . (34) 

Since y=e~ x2 l 2 H n (x)='\> n (x) by (30), it therefore follows that 
4i„(n) satisfies (34) and hence 

4'"»+(2n+l-* 2 )4'»=0 ...(33) 


■ i function y m , this relation is 

f m+(2»I+l ^T) 4'rn=0 . . . (36) 

^ Multiplying (35) by 4'mi (36) by <]>» and subtracting we get 

2(m—n) 4'm<k=4'm4'"n— 4vj'"»> ■ . . (37) 

, Integrating over (— oo, co), we have 

! oo [*00 

4'm Vn dX— I (<l> m — 4>n 4'" m ) dx 

— CO J —oo 

[ loo foo 

j _ oo ('l''m4'n-4'«4' , m) dx 

(on integrating by parts) 

I H =0 V <K(*) -> ‘0 as | x | ->-oo for all positive integral 

values of n. 

■or I 4'm'l'n dx=0 if mfn 
J -co 

I CO foo _ 2 

dx= 1 e x H m (x) H n (x) dx=0 
—00 J —00 

when m^n 

■ In particular I n - U n+1 =0 

I Now from (32) we have 2x4> n (^)=2/j^ n _ 1 (x)+4 , n+i(^) 

I,’. |°° 2xty n (x) «[»„_, dx=2n j 00 <J> B _ x (x) <hi-i (*) dx 

J —oo J —oo 


.(38) 
• (39) 


[°° 4^n— i 4n+i dx == 0 by (39) 

J -oo 

—2n /»— if n—i • • • (4-0) 

Also Ux)=e~ x212 H n (x) 

=(- l) n e * 2/2 Jy l ( e ~ x 2 ) by (16) 
thus (40) gives 

I “I-» dx=2n - 

r- 2 " J dx 

1 


e~ x % 


I 


(on integrating by parts) 


— 0+/ n , n +/ n +i, n— l 

=/ n , n by (39) 

^n* n = 2fl / n -i> *-i 


. • • (41) 


768 




MATHEMATIC Al PNHlK 


Applying (41), repeatedly by we have 

n=2n n_i=2 n 2(n — I) / n _ 2 , n _ 2 

=2 2 n (n— l)*2(n— 2) /„_ 3 , n _ 3 
=2 3 n («— 1) (n—2) /„_ 3 , n _ 3 


•UMONICS 

In the last if we take m=n-\- 1, then 


where L 


o> 


e x “ dx =V n (See Beta and Gamma furu (IihmI 


=2” «(/2-l) (/z-2) 3. 2.1. / 0 , 0 

-f°° 

■“-J- 00 

.*• A, n = 2»| JLV" 

Combining the two results (38) and (42); we have in term i I 
Kronecker delta symbol 

An. n = |^ oo ^"' X2 ^m (*) // n (X) dx=*2 n I JL V~K 6 m , n 

where 6 m , n =0 when m^=n 
= 1 when m—n. 

(43) may also be written as 

4», n = 'I'm (*) i>n (*) dx= J^e”* 2 H m (x) HJx) d\ 

=2 n \a v* 8 W , n 

Again 2x<J/ n (x)=2n (x)+<lvn (x) gives 

foo 

J oo XVmix) <M*) dx=nl m> «_! + $ 7 m> n+1 
=0 for m^n=l 

and *+n Jx) W*) dx=n T n+1 , n _j+i /„+„ „+x 

— J 2 W+1 |«+JL V 7c as above 
=2 n | (g+l) \/ 7u for m=w 

HenCe Poo • x M-v)W^=2'*|^±j_ y'F 8 m , n 

Further 2« (x)=x M*)+<|/„(x) gives 

f 00 foo 

J _oo +•»(*) +'»(•*) dx=2n j <|» m (x) <K-i{x)dx 

9 foo 

J-c 


1 00 foo 

_ 'rm(A') <]/«(*) dx=2n <|< n+1 (x) <J/„-i(*) dx 

—CO J —00 

Too 

— 1 *<J»«+l(*) 'I'Jx) dx 

J -00 

= — 2 n jw+1 viz. 

Problem 38. Prove that H n (—x)=(— l) n H n (x). 


We have 2 


y *’»(*>'" , e 2 tx-fi , 


-oo dx 

=0 if m=£n — l 

and *2/2 / n - ls — 2 n “ 1 V 7r if m=n=l 

=2” | »_ V 7T — 2 / *~ l l_«_ V ~K =2 n_1 I v 7C 
Hence -K(x) t|/ n (x) </x=2 n ~ 1 | «_ Vit 6 t „, „ 


«= 0 


oo /i/2 

= 2 s 

n — 0 k = 0 I^L i ; JL~ 2/t 

/'i 

Equating coefficient of pp on either side, we get 


*-' 2 = ? 

(2x) n r 

// — 0 

• n 

jO 

x 2 

( - 1) t- 

n = 0 

l«_ 

l) k (2x) n ~ 2k t 

n 


rt/2 / — 1 ',& j n (7x) n ~ 2k 
HJx) — l -i 

k—0 


! k I// — 2k 


i 


Replacing x bv — * we get 

£=0 | | «— 2A: 

”i 2 (-!)*(- 1)"' 2 * I » (2x)"- 2>! 

~*=o I*. \ n ~ 2k 

_ % 2 (-1)* |>L (2x) n ~ 2k 

J fc=0 I* l «~2* 
=(-l) n HJx) 
foo 
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'PH Problem 39. Prove f" xe”* 2 HJx) H m (x) dx 

J -CO 

= [ 2"- 1 L«_ 5 m) „-,t2” |«±LW «J 

I Integrating by parts we have 

[ xe~* 2 H n (x) HJx) dx— [ — ~e~ x2 H n (x) HJx) <7xl°° 


+■ 


(4*1 I 


=0+ [°° e-^ 2 (H'„(x) HJx)+Hn(x) H’Jx)} dx 
J-co 

= H„-i(x) HJx)+2m HJx) H m Jx) dx J dx 

by (24) 


770 


MATHEMATICAL PlIVlMt 


HARMONICS 


771 


= n \°° e * 2 H„^(x) H m {x) dx+m [°° e - * 2 H„ (x) 
J —00 J —00 


a - 1-V ( n» „ 

° 2 / > i ' 1' ■I'l a o 


(IL) 3 


=n VV 2 n_1 |»=l 6 m , M +»VI? | JL 5„, m _x Similarl y a»°(-D 3 - V(V ([ ^y 2) «o 

(by orthogonal proper! IM) 

= [2 n_1 | w 6 ™. n-r+2" |n+l 6 n+1) m ] jM I "• "• 

• . r x g-( iy v ( v ~ 1 )-^- r +0 

• m — m r v. / r yji 

Problem 40. Verify , P n (x) = - . — f°° t n e~ f2 H n ( xt ) dt . 

V w l£.Jo 


Problem 41. S/ww that 


Hence the solution is 

y 


v I ^0 I r 

I oo _ o i — 

x m e x - 7 / n (^) dx 0 ■ L 


v(v — 1) 2 

VX+ * 2 -... 


(|2_) 2 


8.8. LAGUERRE EQUATION AND POLYNOMIAL WITH l*MO 
PERTIES 

[A] Laguerres Differential Equation. 

This equation is of the form 

xy"+(l— x)y'+vy=0 . . , (h^JWtomcs 

Dividing by jc, it is observed that x=0 is a regular singularity • •! 

(1) and hence it has a series solution. Let its series solution be 

oo 

y= 2 a r x * +r 
r=0 
00 

y'= 2 o r (&+r) x**’’" 1 

r=0 

00 

and y"= 2 a r ( k +r) (k+r— 1) x kJrT ~ 2 

r= 0 


oo (— 1)* |v 






*=0 (ID 3 • • • (?) 

In case v is a positive integer put v=/j, so that Laguerre equation 
comes 

I *y"+(l — x) y'+ny = 0 for positive integral n. ... (8) 

1 Mir n v=n ( a positive integer) and a 0 -=|n_ then solution for (8) 
■ mid to be the Laguerre polynomial of degree n and denoted by 
• • W«,(.v) i.e. 

I /.„(*)=(- 1)"£ — yp x»- 2 +...+(-l)" | n_ J 

• • • (9) 

■ Then the solution of Laguerre equation for v to be a positive 


Substituting these values in (1), we get the identity 

2 \ (k-{-r) 2 x k+r ~ 1 —(k+r—^)x k+r \ a r =0 

r= 0 L J 


. .01 


Equating to zero the coefficient of x* -1 (the first and the low#4 
term); we get 

k 2 = 0 i.e. k=0 as a 0 ^0 . , , ( 4 ) 

Again equating to zero the coefficient of jc fc+f in (3) we get 
(k+r + l) 2 a r+1 —(k+r—v) a r = 0 
which gives the recurrence relation 


i 


__ k+r — v 

° T+1 ~ Jk+r+lf ° r 


• (I) 


Birger is 

y=AL n (x) 

I l ; rom (9), it is easy to show that 
I /.„ (0)=|n_, L 2 (x)=x 2 — 4x+2 

I Lo (x) = l, Z. 3 (x)= x 3 +9x 2 — 36x+6 . 

|/,,(x)=l— x, Z-4 (x)=x 4 — 16x 3 +72x 2 — 96x+48 j 

Also L n (x) being the solution of (6), we should have 
xZ.'„(x)+(l— x) L n ' (x)+nL n (x)=0 

1*1 I.aguerre Polynomials with their Representation in Terms of 
limlluent Hypergeomefric Series. 

The Laguerre Polynomials L n (x) are given by the relation 


. . . ( 10 ) 

...(ID 
. . . ( 12 ) 


—xt 

I-/ 


For k= 0, this yields, a r+1 = 
a x = -va 0 =(-l) va 0 


(r+1) 2 


00 T (x\ 

■ „-0 2 Js&L t*=e 

n= 0 \1 

■llirrc n is a positive integer and x is a positive real number. 
■)) can be written as 


• ( 13 ) 
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« Ln (*) t n 

n \ n 

n=0 i — 




—xt 
1 — r 


00 

= 2 


1-r 

xr,__£L + . 

1-1 l-r + 

( — !)*•' x l t k 


|2_ (1-r) 2 
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II (1-/)* 


*=o I* (1 ~t) k+1 




k=0 \J<_ 

= s ("0*** 
Ar=0 |*_ 


(1-1 


■<*+ I) 


2 ( l) 7 - (A: +l) n _ t 


IL. 


.. (II 


Here (jfc+ l)„_ i= i%tl±^zi) = r(»+l) ^VL_ 

r(*+i) r(A+i) I* 

\ ("!)* — (~ l)*w(w— l)...(n— k 4- n 

\ n-k) |h 

(-«)(-n+ i )(- n +2)...(-n+jfc-l) (•• n)k 

\n = \n 

(14) yields ~ “ j 

Wx) ~ L .:,ir tet 


00 

2 


(-”)* vfc 
2 ** 


[ 


*=o (!L) 
(— n)(— »-H)(— w+2) 


(—«) (—«)(-«+ 1) , 

IL IL O I x 


IL IL 


**+ 


] 


= I n_ F (— h, 1; x) . 4 

From which it follows that L n (x) is a polynomial of degree n In 
x and that the coefficient of x n is (— 1)”. 

[C] Recurrence formulae for Laguerre Polynomials. The generalM 
function for Laguerre Polynomial is 

— Xt 

e 1 " 1 «(!-<)£ f by (13) . . . (I# 


I. Differentiating w.r.t. it gives 


x _ 


xt 


(l-o* 


- t e 1 —t =(1 — /) 2 

tt — O 


™ FJx) /"- J °° L n (x) t" 


”-l n=o !«_ 


Using (16), we have 


(l-o 


00 r /,A /n 00 L (x) t n ~ 

^ (i—o s — s ^ ; 

) n=0 l(L n=0 KiZL 1 


t k [ l+(fc+l) I+iL +L ( /c ±j) f a + .„ 

, (fc+1) (fc+2)...(fc+J) Jt ( (> J 

-= S ? ** where (k+\) - r (^+ 1 • 0 

*=0 /= 0 IL. IL Where (fc+l),—^-^ 

Equating the coefficients of t n on either side (coefficient of /* no 
R.H.S. being obtained by putting l=n—l t), we get 

4,(») oo 
l«_ ‘ *= 0 


£ Ln (*) t” 

»-o l«. 

-(1-0 2 -^Lf==0 

n=0 l(L 

Equating to zero the coefficient of / n , we find 

V Ly (x) , W*) 9 L n (x) L n —\ (.X) L w (*) . Ln- 1 (- y ) _Q 

' | n I n \n — \ \n-~2 I n \n — 1 


Lr.v s Lf 1 '" +(i-/) 2 i -LLLLl 

n=0 |(L n=0 I'lzl 


i.e. L n + i(x)+(x— 2n— 1) L n ( x)+n '■ L n -i (x)= 
II. Again differentiating (16) w.r.t. x we get 
—xt oo 


...(17) 


( ' ) e 7fT= (1 _r) 

\ 1 —l) n= 0 ;« 


(.V) I” 


(tr 




( t \ 00 I n (x) 00 Z/ n (x) 

(137) (1-0 2 — n; — i n =(l-l) 2 — [7 I" by (16) 

x 7 /z=0 I — 

OC) Ln(x) t n , Ln' (x) 

P r 1 S " | n '+( 1 "“ / ) 2 ' I n 

n— 0 i — /I—O * — 

Equating to zero the, coefficient of t n 9 we get 
Ln Ln -1 (^) , Ln - 1 (^) 


~ J* 
n=0 I — 

=0 


In - 1 


In-1 


=0 


(18) 


I.e. Ln[x)—n L'n-! (x)+n L n - 1 (a:)= 0 
III. Now differentiating (17) w.r.t. x, we find 
E'„ +1 (a:)-(a:— 2n— 1) L n ' (x)+L„ (x)+n 2 L' B - 1 (x)=0. 
Differentiating it again w.r.t. x, we have 
L'*« W+(^-2u-l) L„"(.v)+2L'„ (x)+n 2 L"n- 1 (x)=0 
Replacing n by n+1, this yields 

r„ +2 (x)+(jc-2u- 3) i' M1 W+(»+ 1) 2 Ln"(.x)+2L'n +1 (x)=0 (a) 
'hence from (18), 

L n '(x)=n {£'„_,(*) -£„_!(*)} 
or L' n+1 (x)=(n+l) {L' n (x)— L„(x)} (on replacing n by n+1) (&) 

I L"n+i(x)=(n+l) (L n " (x)— Ln' (x)} (on differentiating) (c) 
ipr L" n+2 (x)=(n+2) {Z," n+1 (x)— L'„ +1 (x)} on replacing n by h + 1) 
Thus we have from (a) 
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i.e. 




x t 

r n-1 ~i-t 

e 


dt 


(n+2) {L" n+1 (*)— Z,' B+1 (x)}+(x— 2«— 3) /."„+,(*)+ (n-4- II* / -i,i I Then Laguerre Polynomials being the solution of (22), its L.H.S. 

„ 1 becomes with the substitutions of (23), 

„ , , T-2L, n+i (A) — II | yt 

J 1} L n+ i (*) -"L'n+i (X) +(«+ 1 ? L n "(x)=0 
Eliminating L"„ +1 (x) and L'„ +1 by (6) and (c), we get 
x L " n (*)+n— *) L'n (x) +« L„(x )= o , l|i| 

e^uafion.^^ Sh ° WS ‘ hat ^ Ln (x) is a so,ution of L«g’"*r** 

Rodrigue^formlila) ^° r,nu * a for La S uerre Polynomial (Analog «f 
We have. 


which should be zero for the contour being closed and hence L.H.S, 
of (22) vanishes for 


(1 


-O- 1 e( l ~l^) x = 


0? Ln (X) t” 


by (13) 


«“StaS; r t lY ' tim« by Leibnitz theorem for 

** "7^ ‘ ~T=f^L„ (*)+£„*, (x) t+ ill 

since all terms upto the term contalnlM 
,n 1 vanish when differentiated n tiuiM 
Now ~ \ (\ _,w „ 1 —x—t —x 

*1/1 0 1-,J— (r _ 0 *- e i-, 

So that 

S — i— T ]=(1 — *) .""*= ^(*o * 

Similarly 




jet 

l—l 


■ ■ . (24) 


(25) 

(26) 


And in general 


Ho dt* [ (1 ~ ,)_1 * 1-/ ]= 7F 


Ho M (l ~ tr 6 ~ r - T ] = ^ (*• e-) 

Hence proceeding to the limit as t-+ 0, (20) yields 


dx n 1 


[E] Integral Property of Laguerre Polynomials. 

for K™ SS n „i S «'+< , -*>'+w-0 


So rhat 

/-n+1 


and 


y » =: 


xt 

l—t dt 

xt 


(]|) 

««» 


It means, for this value y is a solution of (22) and therefore we 
muy express L n (x) which is an already established solution of (22), as 
L n ( x)—Ay n (x) A being an arbitrary constant . 

Now for x=0, we get from (9) and (23), L n (0)=|«_ 

= ^r- X 2~xi by contour integration 

= 1 

So (25) gives for x=0, with the help of (26) and (27) 

Ln (0)=Ay n (0) i.e., |_n =A. 

Hence from (25), 

Ln (x)=\_ny„ (x) 

.. 

Now by contour integration, y„=coefficient of 1 ” in (l—t) -1 e 


■ (27) 


• (28) 
xt 

~\-t 


~ x ± oo 




1 ft n+1 xt 

7T^~(h~ dt 



Hence (l-/) -1 « = 2 y n t n = ? L n (x)~ . . . (29) 

n = 0 /i=0 l?L 

which is the generating function of Laguerre Polynomials. 

[F] Orthogonal Properties of Laguerre Polynomials. 

The Laguerre polynomials themselves do not form an ortho- 
normal set since the Laguerre equation is not self-adjoint. We, there- 
fore, introduce a function 

*.(*)= L n (x) ... (30) 

\ — 

nnd then will show that ^'s form an orthonormal set i.e. 

(X) tn (X) dx~ (°° e~ x - mix) Ln(x) dx= 5 m ,„ ... (3 1) 

o J 0 \m \n 


1 
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Over the interval 0<x<oc, when 5 fn , w =0 for m^n 

= 1 for m=n. 
d n 

Since L n x n e ~ x ) by (21), therefore, we have 

J oo , Cco d n 

e ~x x m (*) </a=> J X m eX -j~^( xn e ~ X ) dx 


■I 


oo d n , 

0 e ~ X) dX 


Integrating the R.H.S. by parts, we get 


I oo r d' l ~ l “lo 

e ~w x m (*) dx ~~ I X m x n e~ x 

-f 

I oo d n ~ x 

x j~^r( xn e ~*) dx 


i //»-i 

e •) ./♦ 


Jn-2 


=(-l) J w A- m ~ 2 ^=r(*" e ~") >1* 

J OO d n ~ m 

=0 if «>m. 

J oo 

e - * x n L w (x) dx=0 for m>n. 
o 

Now L m (x) being a polynomial of degree /w in a and L n (x) tlittl nf 
degree « in a, we have 

\°° e~* L m (x) L n (x) dx—0 if m^n. 

J o 

i.e. f°° e~ x ~ — ^ -- dx = 0 if m^n . , , (|f| 

Jo | m \_n 

In case m—n y then the term of degree n in L n (x) is ( — l)’ 1 x* f j 

•\ [°° e~ x {L n (x)} 2 dx—( — l) n f°° e~ a x n L n (a) dx 
Jo Jo 

J oo d n 

e x x n e* -^r(* n e~ x ) dx 

I oo d n 

# xn -j^r( x " e ~ x ) dx 
foo 

=(— 1)- M \n_ I x n e~ x dx (on integrating by parts n tlitM) 

J o 


foo , f°0 ,2 Lm (x) , ,2 L n (x) , «, 

J o &»<*) <f>n (x) ^-=J o e — • C ~\H dX ~*”" " 

Note. 0n (*) satisfies the equation * 

X n (x)+<f >„ ' (x)+(n+ 

(G] The associated Laguerre Polynomials and Functions. 

For positive integral n, Laguerre differential equation is 

xj' 2 +(l--x) 3 ' I +-v >’=0 where Ti=-^ and 

Differentiating it m times by Leibnitz theorem, we get 

xy m +l+ m c x y m +l + (l-*) .Vm+l+"C 1 y, n (-l) + «Jm-0 

or xj\ n+2 +(m— 1 — x) y, B +i+(n— m) y TO — 0 

Writing y n , = D m y — D m L n (a), for n>m, this can be expressed as 

x D- ( y m )+(m + 1 -x) D (y m )+(n—nt) y m =0 • • • ( 34 > 

From (34) it follows that 

.lm , _ 

y m —D m L n (x)=-^L„ (x)=L: (x) (say) . • • (35) 
is the solution of 

xy''+(m+\—x)y'+(n-m) y—0 • • -( 36 ) 

where m is an integer such that m>0. 

The polynomial Z,™ (x) introduced here is said to be the Associated 

Laguerre Polynomials of degree n—m . 

It may be shown that in terms of confluent bypergeometnc 
functions, 

(~l) m (| nV 
C (x)=- 1 


m | n — m 


or 


7 , 

m+1, x), n>nt ...(37) 
. . . (38) 


=(m+l)fr F(—n, m + 1, — x) 

d 

From Ln (x)=e* D n (xn e~*), 
we may infer that 

„ e x x-™ d n (e~* x r - +m ) ,, Q , 

L™ (x)=Z>" {e x D n (x n e~ x )}= r- • • • 


dx n 


-Xt 


or j°° e- xli e- xl > dx= l 

Combining (32) and (33) we have 


(Mi 


From e 1 — *=(1 —t) ? ~ , we may conclude that the 

n—0 la 

generating function for Associated Laguerre polynomials is 
xt 

( _ i r r e _1 ’ 3 '-(i-/) m+1 f C (x)“r~ . • • (40) 

/i=m I __ 

Note 1. The generalized Laguerre Polynomials are defined by 

L„ (x)= (-», m+7, x) ... (41) 

n v | | n 

whprft n is a oositive inteeer or zero. 


m 
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This is a solution of xy"+(m+\—x) y' +ny=0 

The ass °dated Laguerre equation (36) is not self-adjoint and 
hence does not form orthonormal system, but it can be made in fm 
multiplying the weighing function e~ x x m . We thus define the integral 

loo 

• . . (4K 

. . .(HI 


= f CC 

Jo 


m y pj rn ^ dx 


For q—l, where y„, m = e xu *<«-i >/2 j_m ^ 
known as associated Laguerre function is the solution of 


9~ 1 4 q 1 - 


4x 




xy" +2y' +^n 

which is obtained by putting 

y=e~ xl2 x v i.e. v=y e* 12 e {Q ~ 1)/2 in ... (4jk{ 

XV x ) v '+(n—q) v=0 (analogus to (36), v=L™ (*) 

we have . . . 

y n , m=e- K ' 2 x {m ~ x " 2 L™ (x) and y v , m -=e~ x ' 2 L™ (*) 

So that 7„ „= e ~ x x"-' l: (x) L" (x). x* dx ... (4T , 
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•ml L 3 (3x)=2t-( 6 — 36 x+36x 2 — 8 jc 3 )— 1 — 6x+6x 2 — ^-x 3 

12 

=2 3 (l-3x+|-x 2 — ^)-12 (l-2x+y) + 2.3(l-x)-l 


=2 3 L 3 (x)- 


2 2 |2 

1 12 


■Lt(x) +2 


3 I 3 

L x (x)-2°-7~=-L, (x) 


2 I 1 


= 12 s n 

m = 0 


3 2 3_m (— 1)’’ 


m I 3 —m 


, (x) 


4 1)”* 

— 2 I m | 4— «j 


Similarly L x (2x)= |4 2 

771 = 0 

We can thus generalize the result as 

n 2 n ~ m ( — \ y 
IL ^ . I m I n—m 

777 = 0 i — 1 






Z.„ (2x)= 


(x) 


Problem 43. Prove the following : 

(o ^:w=C(x) 

(») l; (x)-/i cw+ri;;, 1 (x)=o. 


Problem 42. Mow that U (2x)=| * 2 - 

w=0 |_^ ) o— m 

H'Aere L„ (x)=j-~ e* D n (x n e~ x ). 

We have £ 0 (x)=l 

Lj (x)=yy(l— x)=l— x 
Replacing x by 2x, 7,, (2x)=l-2x 

=2(1 -x)- 1=271, x -2°j==£ 0 (x) 
l 2 1 -"* (— l) m 

= f — m=0 T”l Z ' l m (X) 


F»-i (x), n • m 


Also, 71 2 (2x) = i-(2-8x+4x 2 )=l-4x+2x 2 =4^1-2x+ ) i 

12 12 _4(1 '* ) " 

“ 2 ‘ w- J TTfr w+ihr 1 " « 


= 12 S 


2 2 2 ~ ct (— 1)” 


— » T m I ? m ~^8-"»(x) 

m=0 | I l—m 


(i) We have Z,” (x)=D m L n (x) 

7)[l: (x)J=Z) m+1 L n (x)=C +1 (x) 

(it) L.H.S ,=7> m {e* 7)" (x» e-*)-n 7)- {e* Z)" 1 (x"" 1 «'*)} 

+n 7) m l (e“ 7)"- 1 (x n_1 «"*)} 
=7> ml {e* 7)" (x" e-»)+6«> Z)" +1 (x" e~ x )}-n D m ~ x {e* D* 1 (x^V*) 
+e x 0 * (x"- 1 e-")}+n Z) m l [e x D ^ 1 (* n_1 e"'*’)} 
= 7 )m- 1 ^ £)« e -*) 4 - e * /)» (— x" tr'+Hx"- 1 e - *)} 

— n 7> m_1 fe« 7)" _1 (x"" 1 e^l+e* 7)" (x"' 1 e^)}+« ZT™ -1 

{e« D"- 1 (x"-> c-*)} 

=n 7) m_1 {e x D n (x"- 1 e“*)}-n 7) m_1 {e x 7)" (x"" 1 e"®)} 

= 0 . 

Problem 44. Prove the following'. 

(0 L\ (x)= — 18+ 18x—3x 2 

(it) L\ (x)-I44 — 96x-\-l 2x 2 

(Hi) L\ (x)—24. 

Problem 45. Show that 7.” (2x)=| m+w ^2^ ^ ^ ^ ^ 7.™_ fc (x) 
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Problem 46. Prove the following : 

(o irw-cw-ir'w 

(«) ± cw=-cw. 1 

(m) «L™(x)==(2«+m-l) /^(^-(w+w—l) 

Problem 47. Establish ike completeness of Laguerre functions. 

We have considered the sequence of functions $ i9 (x), Wmii 
^( x) such that 

f W*) 0 for m^n 

J a 

Then we call the functions <f> k (x) y /c= 1 , 2, 3,. ..to form an orth* 
gonal sequence for the interval (a. b). 

In addition if J {^(x)}- </x= 1 for all values of n, then we call 

the functions as to form an orthonormal set. 

In case there is no integrable function ^(x) (^0) such that 

J f K*) dx= 0 for all values of n , 

then we say that the sequence is a complete orthogonal sequence. 
Problem 48. Find a series solution of 
00 xy'+(I+x) y'+y^O, Ans. L 0 (x)=£-» 

(it) xy”+(l+x)y'+2y=0 i Ans. y=e~ x Li(x)—e-*( 

(iii) xy”+(l+x) y'+-j y=0, Ans. y=e~* L\ (x) 

(iv) y''+{^+Yx~-j) y=0 ’ Ans -- y=e ~ x ' 2 xlr ~ L ° w= e H 

'unci 
+ C 

r 

. J o 


Problem 49. If a function f(x) defined in ( 0 , oo) is expressed as 
f(x)—C 0 L 0 (x)+Ci L 1 (x)+C 2 L 2 (x)+... • . . (/) 

Too 

e~* L k {x) f(x) dx 

-for k=0> /, 2 ,... 


then show that C k =- 


\y* [z*(*) 

Hint. Integrating over 0 to oo after multiplying (1) by L k (x ) and 


using orthogonal properties i.e. j e x L /n (x) L n (x) dx= 0, mf-n (It# 
result is obtained. 

Problem 50. Show that the Laguerre and Hermite Polynomials nr# 
related by 

-ll2/ 


2 ?m \m C'V) 
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ind H im+1 U)-(-D* 2- m+1 \m x L]l* (x 2 ) . 

K.9. RICCATFs DIFFERENTIAL EQUATION 

In general form it is x ^—ay+by 2 —cx n 


dy 


. .. 0 ) 

. . . ( 2 ) 


But the particular form ^+by 2 —cx m 

Ik commonly known as Riccati’s equation. 

Considering first (1) and changing the independent variable x to r 
by the transformation z=x° and dependent variable y to u by the 
I transformation y—uz, it becomes 


du b * c a 2 
-=■-+ — u z =— z “ 

dz ‘ a a 

which is of the form (2). 

Now considering (2) and making a substitution y~~ x 

X dh— u +bu 2 =cx” where m=n— 2 
dx 

which is of the form (1). 

There arise two cases: 

I. If n—2a, (7) can be integrated infinite series 
Put y=ux a in (1) which reduces to 
du 


... (3) 

it becomes 
... (4) 


I 


or x 


or 


x*n ~+bx 2a u 2 =cx n 
dx 

i-a ^.j t .bu 2 =cx n ~- a =c for n=2a 


dx 


dx' 


■■c—bu 2 


— L - r =x a - 1 dx 
-bir 


which is integrable as variables are separated. 

IL if is a positive integer, (7) is integrable infinite terms. 

Put y== A+-~ in (1) which reduces to 

y l .. x °n x n+l J yi 


cx” 


~aA+bA 2 +(n~ a+2bA) —+b — 2 - 

Choosing -4 such that -*<W-0 i-e-A^b so that the substitu- 


tion becomes and the reduced equatron is 

xp-(a+n) y. l +cy f=bx n 
ax 


.( 5 ) 
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which retains the form (1) except that a has been replaced l>v 
a-\-n\ b by c and c by b. 

d~U.fl 

Making a second substitution y x = -f — , the last equation f* 

c ytt 

duces to x < j^—(a+2n)y 2 +by 2 2 =cx n . . . (<t( 

Hence, making such k transformations we find, 

* ^—(a+kn) yk+cy~tc—bx n when k is odd ... (7) 

and x - (a + kn) y k +cy\=bx n when k is even . . . (H( 

In either case the equation is integrable in finite terms by I when 

, , . . n—2a .... 
n=2(a+kn) i e. if — is a positive integer. 

Now with the choice ,4=0; the first substitution j = — reduces (I) 

d yi 

to x -4r- — ( n—a ) y x +cy x 2 =bx n 


dx 

which is the same as (5) except that the sign of a is reversed. 

fi — d x n 

The second substitution y= + — yields 

c y 2 

a: j x t -(2n-a) y 2 +by 2 *=cx n 

Making such k transformations, we have 

„ dy k 


(«) 


dx 


and x 


dx 


-(kn—a) y k +cy k 2 =bx n when k is odd 
- — {kn— a) y k +by k 2 =cx n when k is even 


. .( 10 ) 

.. (II) 
. ( 12 ) 


In either case the equation is integrable in finite terms if 

r\n \ • T n-\-2a . ... 

n=2{kn—a) i.e . if is a positive integer. 

But since m—n—2 is the condition for integrability of (1), we havo 
tyi -f* 2 i 2 = 2k(m -f- 2 ) 

A’k 

Taking negative sign, m= — . 


2k— \ 

4(k — ') 


4k' 


and taking positive sign, m= ~2k—{~ 2 V 4- 1 when 

Hen tv Riccati's equation is integrable infinite terms if m= — 


4k 


2k ± I 

where k is zero or a positive integer The integration is carried by the 
substitution y =y x 4- = , where y x is supposed to be a known particular 
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Integral of the equation, whence the transformed equation becomes 

linear. 

In fact Riccati’s equation and its general form are particular cases 
of the equation ^==P+Qy+Ry 2 

where P, Q, R are functions of x, since the substitution 

i>= — ^ reduces it to the form 
R u dx 

$-0+^)s +FR -° 

which is integrable. 

corrolary. Relation between Riccati's and Bessel's Equations. 


dv 

Riccati’s equation is ^+by 2 =cx m 

which is non-linear first order equation. 
_ _ 1 dv . ,dy 1 d 2 v 

Patby= VTx so that b fa— 7 

then (13) becomes 
d 2 v 

~—bcvx m =0 

dx 2 

Taking bc=d 2 , this yields 

d^v 

dtf 


. • • (13) 


1 fdv\ 2 
v 2 \dx) 


a 2 x m v = 0 


. • • (14) 


.(15) 


when b and c have same sign (in case exponential functions occur 
in y) 


and 


d 2 v 

dx 2 


+a 2 x m v = 0 


(16) 


wtien b and c have opposite sign (in case circular functions occur in]y) 

"1 i 

Changing * to z by qz=x Q when ( sa y) 

The reduced equation is 

d 2 v n — ldv , 

bcv= 0 


ax 


dz 


(17) 


which is integrable in finite form if 
n 


1 mi 2A: dt 1 

2 m+ "2l±i = 2i±l 


i.e. if n is an odd integer (17) can be written as by putting m — l=2/>, 

...( 18 ) 

dz £ z dz 

which is integrable in a finite form when p is an integer. 
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dz 2 z- _ | r oo 

If we further reduce it by the substitution w=t \/ z , we find *ticre the constant C(a) is chosen such that I $(x—Z,)dx= 1 


«lcrval e g. an impulsive force acting for a short while is defined as 
L#-£) by Km c 


a-> 0 


dh 


+ z 


dt 


dz 2 T dz 


] *= 0 


or 


d-t 1 dt 


dz 2 + z dz 


+ 


(-be) 


,-(^y 


r=0 


which is clearly Bessel’s equation with solution 
t=A JMlt {z(—bc) ll2 }+B 

Problem 51. Solve -~=cos x—y sin x+y 2 

(XX 


Since y=sin x is a particular solution of the given equation, Wf 


therefore, havey^sin x 


1 dv 


Put j/=sinx+-| i.e. ^=cosx-^- ^ 


The reduced equation is 

dv . 

- +v sin x= 


dx 


-1 


which is linear in v and hence its integrating factor 
===£ { sin a: dx__ c —cos x 

Thus the solution is 


v. e 


cos x 


— f 


e~ cosx dx 


or 


V =A e cowc — e cos ;c J e“ cos A rfx 

i.e. y—sin x+ [ A e cosx -c C0S *J e“ cos **c] 


or 


1 


y — sm x 


= y 4 e cos X _ e cos v| c -C03X J x , 


810 THE DIRAC-DELTA FUNCTION WITH ITS FORM A I 
PROPERTIES 

Consider a function 5(a) which is zero everywhere except at x—% 

1 00 

-co d x ~ * ■ * * tI 


with 


8(r)=0 if f# 01 ,« 

= oo if r=0 J 

This is known as Dirac-delta function and used in mathemati«| 
physics wherever exist functions with non-zero values in very short 


,nd hence using the mean value theorem of integral calculus, we 

live 


f°° f(x)S(x-l)dx=f(Z). 

J -00 


Let us again consider a function 

Sa«= -^r» ~a<x<a 
=0 , I a | >a 


} 


... (3) 


Then, [°° 5„(x) dx= f S a (x) dx+ [ 5 0 (x) dx+ f°°S a (x)dx 

J— 00 J — 00 J -a Ja 

=0+ \_ a h dx + 0 ='h [a ~^~ a)] 


= 1 ... (4) 

I In case /( a) is integrable in the interval (—a, a), then from mean 

Lilue theorem, a) 8„(x) dx— ^/(x) dx=f(Qa); | 0 | < | 

Let us now define 8(x)=Lim 5 a (x) 
a-+ 0 

As such (3) and (4) yield 

8(x)=0, when x^O . . . (5) 


[°° 6 (x)</x= 

J -oo 


1 


..( 6 ) 


| which define Dirac-delta function. 
Further, since we have 


j°°/(x) 8 a (x) dx=~ a |_ oo /(a) dx=f(6a), \ 6 | < | 


I /. J(x) dx rfx=/(0) • 

which by change of variable, reduces to 

f°° fix) S(x-a) dx=f(a) 

J 00 

I or symbolically, /(a) 8(x— a)=/(a) 8(a— a) 
In case /(a) = a, (9) yields, x8x=0 
I In a similar manner we can show 
8(— x)—5x 


... (7) 
. . • (&) 


... (9) 
. . . ( 10 ) 


I 


S(ax)= —6 (a), «>0 


(11) 

.( 12 ) 
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8(a 2 — .v 2 )= ~ {8(x-a)+8(x+a)}, a>0 


. . .(HI 


Npw assuming that &'(*) i.e., differential of 8(x) existn *hI I 
regarding 8'(x) and 8'(x) both as ordinary functions in the rule I 
integrating by parts, we have 

f 00 fix) S'(x)dx= f" fix) 8(a) T° - f 00 fix) S(x ) ,/.« 

J— oo L J— oo J —oo 

— 0— /'(0) by (7) 

= --/'( 0) ...( 14 ) 

If S < ’ ,) (a) be the nth derivative of 5(x), then similarly we find M 
repeating this process n times, 

rC ° fix) 6<"> (a) </*=(- 1)” /<">(0) 


i: 


-oo ’ 


Problem 52. Show that the function S(x)= Lim Sin (^ 7Z ^ x ) r 


Dirac- delta function. 

Tim sin(2Ti€x) 
e->0 K * 
8(x)=0, when x^O. 


E->0 


nx 


We have S(x) = 


O') 


h h 


(H 


and r» S in(2^) fc _ 2 r°° si n (2»W. f0 

J —oo nx Jo TZx 


even. 


= 1 


0) 


It follows from (1) and (2) that the given function is Dirac-deibl 
function. 


8.11. RIEMANN-ZETA FUNCTION 

If s=o+ i t where a and t are real and if €>0, then the series 
oo 1 

«')- E ,-jr ... (|) 

is a uniformly convergent series of analytic functions in a domain |g 
which a>l-b€ and hence the series is an analytic function of » (g 
that domain. This function £(i) is called as Riemann-zeta-functlon , 

The generalized zeta function for a>l + € is defined as 


oo 

K(s, tf)= 2 


. .( 1 ) 


n=0 (« + «)* 

where a is a constant. 

If 0 I and arg (a+«)=0, then Z(s, 1)*»C(j). . , , (Jl 

The expression of a) as an infinite integral, when a> 1 f c ia 4 
arg jc== 0, is 
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v/ . 1 foo X s-1 e - attf J 

K(s ’ a) = rs\ 0 1 - e~® dx 


... (4) 


The expression of £(.?, a) as a contour integral is 

r(i-$) r(o +)(- z )*-! *>- 


£(*, a) = 


2 nl Jc 


dz 


| oo l — e~ z 

Riemann’s relation between £(.?) and £(l—,s) is 
2 1 T(s) £(s) cos (i$w)=w*t(l— s) 

Hermite’s formula for £( s , a) is 

X(s, a)=£<r 8 +~~rj + 2 (« 2 +>' 2 ) _is [ sin (s arctan-^| 

dy 

e l,n y—\ 

Uo, «)=*-« 

and £ — Us, a) ^ q =lbg r(a)-J log (2«) 

£'(<>)=-* log (2*) 

ADDITIONAL MISCELLANEOUS PROBLEMS 


(5) 

( 6 ) 


•(7) 
■ (8) 
• (9) 
( 10 ) 


Problem 53. Solve the equation x*y u -\ -xy' + {x 2 —n 2 ) y—0, n— constant , in the 

neighbourhood of the point x=0 . What are the singular points of the equation! 

( Bombay , 1965 ) 


Problem 54. Prove that if the functions Pi{x) are defined by the equation 

1 oo 

2 P t { x) t l 
1=0 


V l—2xt+t 2 

then Pi{x) is a polynomial of I th degree, satisfying the following relations : 

(а) y_j Plix) Pi' (x) ty 

(б) (/+/) P t +i (x)-{2l+l)x Pi(x)+lPi_ 1 (x)=0 ( Bombay , 79(55) 

Problem 55. Define Bessel functions and obtain the series solution of the Bessel 

differential equation for n=0 either by the use oj operators or otherwise. 

Show that £ (x)J +£ 7 _j(a)J 2 '=^ {Nagpur, 1965) 

Problem 56. What are Legendre Polynomials ? Show that 
(i) (m+1) P m+1 (x) = (2m+l)x P m {x)-rnP m _i(x) 

(//) {x 2 -l) P' m {x)=mx P m {x)-m P m -i(x), where P m {x)=^ Pm(x) 

(iii) TgmC x)=P2m{x) 

(/v) P 2 m+i( x )~ l* 2 m+i (■*) {Agra, 1965) 

Problem 57. Write the differential equation satisfied by BesseVs function of 
order n. 

Express the following Bessel functions in terms of trigonometric functions'. 

(i) Jirzix), (//) /-i /2 W; (///) J*, 2 W. (iv) /- 3 / 2 O*) 

{Agra, 1966, Vikram '67) 

Problem 58. The generating function of Legendre Polynomial is 

00 

T{w, s) = {l-~2 h^ + s 2 ) 1/2 = 2 s l Pi{w) 

1=0 
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Using this prove the foUowing properties of Legendre polynomials 
<0 J _j P»(w) P n (w) S mn 

('<) P n ( W ) 

m /J 0 {2l+1) Pl[w) =0 for w ^± 1 (Agra, 1967) 

/tonf r ° blem 59 ‘ Show ,hat 4x2 ~ 2 is a P 0, y norn ‘al solution of the differential cquu 
d 2 y dy 

dtf~ 2x ~Jc+ 2,ly=0 

Positive integer. (Vikram, 1967) 

• iven equation is Hermite differential equation and show that 

#2(*)=4Jr 2 -2. 

Problem 60. Show "that f 00 ( CO s xy) (cos xy') dx= L * S(y _ y) 

" tth y>0, y'>0 and Z(y-y') being the Dirac-deltas function. (Agra 196, 8 

Problem 61. The generating function for Bessel functions of integral orders h 

G(*,A)=e*/2(A-/ri) = f hnj n (x) 

(a) Show by direct substitution that G(x, h) satisfies the equation 

+ •* j~+ x 2 g- ( h ^y G =o 

use this result to show that J n (x) satisfies Bessel's differential equation 

(b) In the generating function, putting W e , show that 

cos (x sinQ)=J 0 (x)+2 ¥ J 2n (x) cos 2n6 
n=J 

Sin (x sin •)-* ¥ o j 2n+1 (x) si „ (2n+1) 9 . (Agra> m8) 

Problem 62. Solve by series integration, the equation 
{I ~ x2) %~ 2x %+^+D y=o 

where Xls on integer Discuss the nature of the solution for X=7, 2 (Vikram 1969) 
Problem 63. Write short note on Bessel's functions. ’ \v lkr Z 1969) 

Problem 64. Solve the equation ri/cram, 1969) 

O—x 2 ) — 2x •% +n(n+l) y—0 

&&KIZZZSZ2,™? " *•*<— «*<*». *« *... 

Problem 65. (a) Solve the equation in series ] 


* M* 

xt S- + x -7zr+{ x2 -±)y~o 

(b) Show that J _ 7 p n (x) p n (X) dx—0 unless m=n 


m, n being positive integers , 


2n~\~l 


if m=n 


(A gra , 1970 
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Problem 66. Obtain the solution of the Bessel's differential equation 
**Q; + x^+(x*-n*)y=0 

in the form of a power series. Discuss this solution in the neighbourhood of x=0. 

Show that ~[x n J n (x)]=x n J n ^(x) ( n=l,2,3 ) (Bombay, 1970) 

xf2(t—l/0 

Problem 67. (a) Show that Bessel functions defined by e 

oo 

— 2 J n (x) t n have the integral representation 

-00 

j n ( x )=~ [2* cos (x sin 0— ti6) ^0 (Agra, 1973) 

2* Jo 

(b) If a and (J are the roots of the equation Jo(x)=0, show that 

xJo (cue) Jo (PJC) dx=\ (a) (Agra, 1971) 

Problem 68. Explain the significance of spherical harmonics and discuss 
general properties of harmonic functions, (Agra, iv/ ) 

Problem 69. Prove that the polynomial solution P n (x) of the Legendre equation 

( l-x 2 ) ~j£—2x ^j~+n(n+l) y=0 

J 1 2 x 

P n ( x ) & m( x ) dx= 2n+l ° nm 

Show that this property allows for the expansion of an arbitrary function /(•*) 
into a series of Legendre polynomials provided that f(x) is sectionally continuo 

in — 7<x</ and is sectionally continuous in —1 <x< 1, (Agra, 1972) 

Problem 70. Prove that [/ 0 (*)] 2 +2[/i (*)] 2 +2[/ 2 (*)]*+ “1. ^gra, 1973) 

d n 

Problem 71. Prove that the function y =* • (x 2 — l) n 


satisfies Legendre's differential equation 

0~x 2) ffjr~ 2x £+n(n+l)y=0 

Hence obtain Rodrigue's formula for Legendre -polynomials P n ( x )» 

Using this formula prove that 

| x m P n (x) dx=0 for m<n. (Agra, 1973) 

Problem 72. Show l7ia/ J* x P n (x) P n -l(x) dx= ~~ (Agra, 1974) 

Problem 73. Express the electrostatic potential at a point P in space, due to two 
equal but opposite point charges such that the distance between them is small cow- 
pared to their distance from P, in terms of Legendre-poly nomials. (Agra, 19/ ; 

We know that the potential at a point P (x, y, z) distant r from O (origin), 
and p from z-axis such that OP makes an angle 0 with z-axis, due to a charge q at 
z=C is given by 

<l> (r, 0)— -j - — — , e being inductive capacity. 

4 Tie p 


Here p is given by 

p=(r 2 +£ 2 — 2r K cos 6) iy “ 


P 


■HO* 


■2— cos 0 



or 
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£ [ ^ cos (y cos2 3 on expanding by Bino 

mial theorem under assumption “ 2 --cos 0 | < i 

■~J 0 (f) •'<' 

~rr? b '‘”* po'^omial, me,. „ e 

normals, such that y 

^ (cos 0) = I, /», (cos 0) =C0S 0, 
p 2 (cos 6)=-i- (3 cos 2 a— i) = -L( 3 cos 29+i) 

P 3 (cos 6)=L(5 cos 2 9-3 cos e)~i-( 5 cos 39+3 cos 9) etc... 

In Ca f r>C we have on interchanging r and C 


I -1/2 


-f„f 0 P «^9)(^) n 


charge *+ TpoiaT at Pdue !,° a dipo,e consisfi ng of a point 

at i weT’frs ® - • 

_ <7 / 1 , x rC ,he po,entiaI af a distant point P is given by 

4^[y~r) 

q 1 r 00 , , \ n 

47re *7~L w ^ 0 (COS 0) (— ) -lj 

= 4^“r[ 1+ -r cos e+ (f) 2 (f- cos 2 9— L-)+...-i ] 

___ Qd cos 0 

47re ^2 neglecting higher order terms as d«/\ 
rob!em^74. For Bessel function J n (x), find out a and b , w/iere 

"5c ( x )~ a Jn-l {x)+b y n+ i (x) 

Hint. Compare with the recurrence relation 
Jn-l (*)-/»+ 1 (x)=2~J n (x). 


(Agra, 1975 ) 


Ans. 


i-A- • . 
2 Y 


Problem 7 5. So/ve Me differential equation 

(1 ~* 2) S -2* ^ +/(/+!) *= 0 

obtained absolution* mteger ' D,scuss the orthogonal properties of the functions 
P '« W “ 76. (., w/bmtt. ,, („ p, ov « th „ {At '° ' ,m ' ‘ m> 


J * eo * (nO-x sin Q) dO 

• hence show that J 0 ( X ) = — f 1 -* 75 xt 

* JoVl -f* 
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(b) Show that the recurrence relation 

Jn (x) = y (Jn-l (xWrrtt (*)] 

Wfcws directly from differentiation of 

j n (x) = — res Qt 0— x sin 9) dQ 
Hint. For (a): In a section it has been proved that 
Jn (x) = -L COS (n9— x sin 6) dO 

I Put9=0,/oW = y cos (x sin 9) d9 

! cos (x sin 9) do (being even function of 9) 

dt _ dt 
Now put sin 6 = 1 so that dG= cos o — *2 


(Roh ilk hand, 1976) 


L[ kI2 
" 7 C J 0 


Hence J 0 \*j- * j 0 Vl-t 2 " , •/ 

Problem 77. (a) Derive //ic Rodrigue's formula for the Legendre poynomi 

lb) Using Rodrigue's formula prove that 

1 1 v ^ (Rohilkhand, 1976) 

f x m P„ (x) dx—0 if m<n. K 

Hint. For (b): Using Rodrigue's formula, we have 

f 1 x» Pn (x) t/x= *" (-s)" ^ 2_1) ” dX 

On integrating R-H.S. by parts repeatedly, the first term always vanishes and 
wc are left with fi 

J x™ Pn <*) 2«|~ J-lW*/ 1 


2 f 1 

^ ~ J 0 


cos X/ 

VT^ 2 


dt. 






~~ 2 n 

Problem 78. Show that the coefficient of t» « t*e expansion a/ 

e i ( t - r 1 )*' 2 equals JL j™ cos (n f-x sin 4>) d* ^ Agra> 197 

Hint: The coefficient of t« in e‘‘ l-W is P„ (x) w-hieh is also equal to 
L f 71 cos (n^-x sin i) dt and hence the proposition. 

Problem 79. Show that two independent solutions of Bessel's differential, equation 

.» d 2 y +x dy_ +(x 2_„a) y=0; cannot be obtained by series integrate on method. 

,.£L JS*. -«««< ««*- » <*<«'“•' » >«* VJ " “ 6 

of zero order and z>0, show that 

[» «-* 7. W S-i ' 977) 

problem 80. D.fint esscciaudUtund,*- polynomials and pros, Hmr Oil oponn 
Illy condition. 

If p m (x) are the Associated Legendre' polynomials, show that 


- m 1 n—m m 

p (x) =(-/)” 


» +m P n (x) - 


{ Rohilkhand , 1977) 


CHAPTER 9 


FOURIER’S SERIES, INTEGRALS 
AND TRANSFORMS 




9.1. DEFINITION AND EXPANSION OF A FUNCTION OF a 

A Fourier series is a representation employed to express a pcriotU# 
function f(x ) defined in an interval say ( — a linear relation 
between the sines and cosines of the same period, viz. 
f(x)=a 0 +a 1 cos x-\-a 2 cos 2x+a 3 cos 3x4-. . .+0 n cos nx+. . . 

+b x sin x4~b 2 sin 2 x4-b 3 sin 3 x+-*-+£n sin nx] , , , 
oo oo 

= 0 o -f S a n cos nx+ 2 b n sin nx. . . (I) 

n = 1 n = l 

In order to determine the values of the coefficients a 0 , a w «ml 
Z? n , let us first integrate both the sides of (1) between the limltl 
—n and 7T, whence we get 

J* f(x) dx=a Q J* dx other integrals vanishing, 


i 


i.e. 


a ° = Tn\ 


fix)'- 


2ttJ — r. 


7T 1 00 r JZ 

f(v) dv - f — 2 cos HX J /(v) 


cos «v </v 


71 = 1 


1 oo r iv 

+ — 2 sin mat 1 f(v) sin nv dv 
71 ti=i J-w 


Also 

and 


.(4) 


replacing x by v to distinguish from f{x). 

Again multiplying both sides of (1) by cos nx and integrating 
between the limits — n and w, we get 

J* f{x) cos nx dx=a n J* cos 1 2 nx dx 

other integrals vanishing 

(1+cos 2 nx) dx =^. 2* 

tf n =— [ /(x) cos nx r/x = — [ /(v) cos dv. 

™ J — 7T TC J 

Further multiplying both sides of (1) by sin nx and integrating 
between the limits — and tc, we get as above 

1 f j: 

^ n = — I /(v) sin nv dv. 

71 J 7T 

Hence 
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• n u c n f /o'! jc known as Fourier' s series for fix) 

JZ'SXZSS ™ ~ for /«. 

Now (2) may also be written as 

/m-kI’ , ^'>‘*’+4 j, j>» “ s • ^ * ■ ■ ■ ® 

J which is valid for 

Deductions from (2) , . , 

(/) If f{x) be an odd function of x, i.e. if /( x) fi ). 

j" f(v)dv= 0. 
j™ cos nv /(v) dv=0 
j" sin nv f{v) dv=2 j* sin nv f(v) dv. 

I As such fix)=\ «n nx J* sin nv /(v) dv. 

(if) If /(a) be an even function of x, i.e.,f(—x)=f(x), 

I /(x)=JLJ^ /(V) dv+ \ n l t COS nx j* cos nvf(v) dv. ... (5) 

COROLLARY 1. To find a cosine series for fix) when let us 

assume that 

00 161 
/(x)=a 0 + 2 a„ cos nx. * " w 

1 41 71 = 0 

Integrating both sides from 0 to we have 

j" /(a) <fx= J* a» other integrals vanishing 

=a 0 1t - 

,-4-1* 

71 J 0 

th sides 

j” cos ha fix) dx=a„ 


Again multiplying both sides* of (6) by cos «a and integrating 
from 0 to 7t, we get 


cos 2 nx dx 

other integrals vanishing 

[* (1 -pcos 2nx) dx 
2 J o 


_ ^2-.7C. 


a„= — ( cos nv /(v) dv. 

71 J 0 


. . . ( 2 | 
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A 


Hence 

f(x)= 




dv+- 


oo 

S cos nx 

7Z= 1 


r 


cos nv f(v) dv 


(7) 


(Agra, 1961) 


corollary 2. To find a sine series for /( x) when 
Let us assume that 

o° 

f(x)— 2 b n sin nx. 

71=1 

Multiplying both sides by sin nx and integrating from 0 to n, 
j 0 f( x ) sin nx dx , other integrals vanishing 

• b n , 


we have 


71 

2 


i.e. 


bn=~ f” 

n Jo 


sin nv f(v) dv. 


4"/(v) 

J 0 


nv dv. 


2 00 

Hence f(x )= — I sinwx 

^ 7Z = 1 

Important Remark 

We generally take the Fourier series expansion 
(— 7r, 7 t) with period 2^, as 

a o 


(K) 


in the interval 


f(x)=-~ +0i cos x+b^ sin x)+. 


_?o 

2 


where 


and 


+(a n cos nx+b n sin nx) + . 

00 

t 2 (a n cos nx+b n sin nx) 

71=1 

a o = ~~ I" f{x) dx 

1 f™ 

a n ~~ 1 f(x) COS 
~ J — K 

bn= \ {_ rc 


nx dx 


sin nx dx 


In case the interval is (—/,/) with period 21, we have 
oo 


/(*)= ?+ 2 L 

Z 71 = 1 \ 

when a n = ; f(x) 


mix , , . • mix 

COS -y h^nSin — 


cos 


me* J 

-j-dx and 


■ff., 


mix 


/(x) sin 


•jZx 

[These are obtained by replacing x by — in (9) and (10)] 
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(9) 


(10) 

01 ) 


( 12 ) 


tl DIRICHLET S CONDITIONS 

\ function f(x) is said to satisfy the Dirichlet’s condition in any 
nicrval ( a , b) in which the function is defined, if it is subjected to 
ullicr of the conditions. 

(/) f(x) is bounded in ( a , b) i.e., there exists an upper bound M 
Mich that | f(x) |<Af for all the values of x in (a, b) and the interval 
b, b) can be divided into a finite number of open sub-intervals in 
pch of which the function f(x) is monotonic. 

(//') fix) has a finite number of points of infinite discontinuity in the 
lerval (a, b ), but when the arbitrary small neighbourhoods of these 
mts are excluded then f(x) remains bounded in the deleted interval 
(1 the interval can be divided into a finite number of open sub- 
icrvals in each of which f(x) is monotonic. Also the infinite integral 

b 

f(x) dx is to be absolutely convergent. 


Here below we clarify some terms used in these conditions: 
Monotonic Functions. A function f(x) defined in (a, b) is said to be 
Monotonically increasing if x u x 2 €_(a, b), x 2 > x x =>/( .v 2 )>flx 1 ) 

Prictly monotonically increasing if x { , x 2 G(a,b), x 2 > x l ^f(x 2 )>f(x l ) 
llonotonically decreasing if x l9 x 2 G(a, b), x 2 <x l ^>f(x 2 )^f(x l ) and 
Mrictly monotonically decreasing if .v,, x 2 €L(a,b), x 2 <x l =$f(x 2 )<f(x 3 ). 

If f(x) be monotonically increasing in [a, b], then for any point c 
Mich that a<c<b, f{c— 0) and f(c+ 0) both exist. 

Similarly, if f(x) be monotonically decreasing in [a, b] then for 
c<b,f(c— 0) and f(c+ 0) both exist. 

A function f(x) tends to the limit / as x->c i.e., Lim f(x ) = /, if for 

x->c 

i(cry €>0, there exists 8>0 such that | f(x)—l l<€. In case x is 
i(iy ppint of (a, b), then it satisfies the condition 0<| x— c |<8. 

Right handed and left handed limits. 

If. Lim f(x) and Lim f(x) 

x-+c+0 c-^(c— 0) 

When a function f(x) tends to / as x tends to c through values 
greater than c if for every €>0 there exists 5>0 such that 
| f(x)—l |<€ and x is any point of (a, b) satisfying the condition 
)• x<c+§, then we say that the right handed limit exists and write 
Jlc+0)= Lim /(x)=/. 

Similarly, when f(x) tends to / as x tends to c through values 
iinnller than c if to each €>0 there corresponds 5>0 such that 
x£(a, b)Ci(c- 5, c) =*/(*)£(/-€, /+€) 
llicn we say that the left handed limit exists and write 
f(c- 0)= Lim /(*)=/. 

0) 
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If/(c+0)=/(c— 0)=/ i.e., Lim /(*)= Lim / (x)=l, 

a->c+0 x->c — 0 

then we say that Lim f(x) exists at x—c. 
x-+c 

Ifcisa limit point of (a, b) then fix) is said to be continuous ui * 
if and only if Lim fix) exists and equals /(c) i.e,, if 

x->c 

Lim f(x)= Lim /(x)=/(c). 

*-*c+0 x-*c— 0 

A function /(a) is said to be continuous in an interval (a, b) if II I# 
continuous at every point of the interval. 

Discontinuities A function fix) is said to be discontinuous *1 | 
point x=c of its domain if fix) is not continuous at c. The till' 
continuity of fix) at c arises in either of the ways: 

(0 Lim /(a) exists but Lim fix)^fic) 

X-+C X-+C 

0*0 Lim /(a) does not exist. 

x-+c 

In first case the discontinuity is said to be of the first kind or • 
simple discontinuity while in the second case it is of the second kind 

Actually we classify the discontinuities of five types as follows: 

(1) Removable discontinuity. When /(c+0) and /(c— 0) both #• tot 
and are equal but differ from /(c) r\e.,/(c+0)==/(c— 0)^/(c). 

(2) Discontinuity of first kind or ordinary discontinuity. Wh#u 

/(c+0) and f(c— 0) both exist and are finite but have different valim 
while /(c) may or may not be equal to either of them. 

(3) Disconntinuity of the second kind. When either /(c+0) or/(c 0) 
or both do not exist. 

(4) Mixed discontinuity. When only, one of /(c+0) and fir 9) 
exists and the other does not exist. 

(5) Infinite discontinuity. When either of /(c+0) and /(c— 0) or flr) 

or both are infinite e g. if — 

' x 

/(0 + 0) = Lim /(0+/7) = Lim 4~ = 0 ° 

/i-M) /i->0 " 


1 1 ASSUMPTIONS FOR THE VALIDITY OF FOURIER’S 
SERIES EXPANSION, WITH ALLIED THEOREMS 
■ nr Fourier’s series expansion and the determination of Fourier's 
I ustants is valid under the following assumptions: 

(/) The expansion of /(a) in a series of sines and cosines of integral 
multiplies of a is possible in the given interval. 

(//) The given function /(a) is single-valued, continuous and in- 
arable in the given range. 

00 

I (Hi) The series a 0 +2 (a n cos nx+b n sin n x) is term by term inte- 

1 

Jinble i.e., the series is uniformly convergent in the interval 

I TC, 7C). 

A (lv) The given function /(a) given in the interval (— 7r, tc) satisfies 
Birichlet’s conditions so that the sum on the R.H.S. of (2) of §9.1, 
a limit as n-> oo and is equal to /(a) at any point x (—n<x<n) 9 
ft) being continuous and* it is equal to i [f(x+0)+fix— 0)] when 
Sere is an ordinary discontinuity at the point; also it is equal to 
mf(~ tc+0)+/(tc— 0)] at X=±7C when the limits /(tc— 0) and 
I 7c+0) exist. 

THEOREM 1. If a function fix) is bounded and integrable in [0, a], 
&•() and is monotonic in some interval [ 0 , c], c being positive and less 
ii/i a i.e., 0<c<a, then 


I lim [ a fix) s J^dx=fi+0) f°° dx where fi+0)=fi0+0). 

■ A*OOJ0 X ~ JO x 

Suppose that /(+0)=0 or without affecting the result, /(0)=0 and 
nkc a positive number h<c . 

I We have by second mean value theorem that if fix) is continuous 
M [a, a+h], derivable in (a, a+h) then there exists at least one 
•lumber 0 between 0 and 1 such that 

fia+h)-fia)=hf f (a+dh), o<6< 1 i.e., 0E(O, 1) 


Thus there exists h'£[ 0, h 


fix) 


sin nx 


dx=f( 0) 


, such that 


h r 


sin nx 


=m (*, - 


0 * 
sin nx 




dx since /(0)=0 


smnx dx 



sin v 

— — dv on putting nx=v 


/(0-0)=Lim /(0— /i)=Lim = 

h -> 0 h->0 / 

and /(0) = “=oo 

Hence fix) has an infinite discontinuity at x=0. 

Note. We denote by [ a , b) closed interval, [a, Z>] open interval , [//, h\ 
semi-closed i.e., closed on the left and open on the right and simllnilf 
[a, b] open on the left and closed on the right . 


f ^ sin a 

=f(h) I , dx (changing the variable v to a) 

J nh x 

...( 1 ) 

I Now [ °° - Sln — dx being convergent, there exists some k>0 such 
Jo x 

flihnt I [ dx |<t, for every />0. 

I Jo x 
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If”'* sin jr , I f nft sin x sin x , I , 

i.e. \\ , — - dx i= — — Jx- — — - * 

Also we have f(h)->o as /z-*(04-0) . . i (M 

from (1), (2) and (3) we conclude that given an €>0, there cxlili i 
8>0 such that 


/(x) dx<2k | m |<y for 0 <h^. 


If 

_ f fl /./ s sin nx , f 8 r , x sin wx , . f a „ x sin nx . 

But I /(X) <*X=J f{x) -y- <fX+J g /(x) -y- ./* 

where the second integral on the right tends to 0 as n -ui », ,i 
there exists a positive integer m such that for every n>m, wc h i 


sin nx , . ^ € , € - 

r *l<j-+ r i 


I 


ir„ /w si " 

__ , . (*'’ ... . sinnx , ,, . m f°° sin x , 

Hence Lun /(x) dx—f (+0) 1 — — dx 

n-+ co J # ^ 0 

In a general case replacing f(x) by (/(x)— /( 0)) we have 

Lim [/(x)— /(+0)] yy dx—0 

n-^co Jo A 

_ [ a sin nx . f na sin y , f 00 sin y . 

But j„— *=). — ^i. 

Hence Lim ['/(*)-;?? *-/<+0) f® ^ 

n~>oo Jo * Jo ^ 

Note. 77i? theorem is also true when o<a< n. 

THEOREM 2 . 7//(x) is bounded and integrate in (— *) 
monotonic in [— c, 0) a/irf (0, c) wAere c w some positive number Mil 
than n, then 

f(+0)+f(-0) 

2 

where /( + 0 ) =/(0+ 0) ant/ /( - 0 ) — I'l 

We have 

m 


1 00 

0n+ S a n = 
2 «=1 


1 


Qo'\- 


1, «-2n f-n /W*+lj:,/Wj i CO« n «* 




14-2 2 cos hx 
/ z=l 

in * 


} 


</x 


c/x (by sumnuHliMtl 


sin 
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"sj-, /w 


sin 


(m+|)* 


sin 


- * + sL' /w 


sin (m + yj 


dx 


sin 


2 ““ 2 
Replacing x by — x in the first integral on the right we have 

1 m l f* sin(m + y)x 

4 fl 0 + 2 a„=4 [ /(“*> ^—dx+ 

2 «= 1 2,1 J» 


X 

siny 


2jc 


t’ /(x) 

J 0 


sin 

r\ 3 1 * 


dx 


sin 




\: 


dx+ '. 2 
sin x 2?c 

r '* /v> % sin (2/w+l) x , . . „ x 

/(2x) — rfx (on replacing x by 2x) 

= 4 I A-°)+/(+0)] j # °° y- rfx as m-+<x> by theorem 1. 

If we take /(x) = l for every value of x, then we find 

1 j r* i ff 

-tt a 0 =w~ 1 1. dx—l and a n — — 1 cos nx dx— 0. 

2 J — re ^ J — 7r 

Hence we get 


* j- 


oo sin x 


00 X 


dx 


ie]° 


go sin x , w 

dx——r~ 

x 2 


So ,ha, -x-o*+ f ■ 4 — Aty-'O . 

2 /I*l l 

THEOREM 3. If fix) is bounded and integrable in [—n, *] and if it 
is possible to divide [— w, tz] into finite number of open sub-intervals , 
in each of which /(x) is monotonic , then 

la 0 + 2 (a n cos n£+b n sin nZ)=i[M-0)+f(Z > +0)\ 

n = 1 

for— 7C<g<7u 

=M/( 7C ~^)+/ (~7c+(9)/or 5=±7r. 

In order to prove it, let us first prove a lemma. 

Lemma. If fix) is bounded and integrable in every interval and is 
periodic with 2tc as its period , then j 7 " /(x) Jx^= J K /(a+x) dx, 
a being any number whatsoever . 

Putting a+x®^ # we have 
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f(y) <iy 
.. .(i) 


f(a+x)dx= j^/OO dy 

= \~ n Ay) dy+ (" Ay) dy + \ a+ * Ay) dy 

J a—n * J n 

Again putting y=z—2n, we have 

\z Mdy - i- + ” 

jl 7r /( a + x ) dx= dy 

Now we come to the main theorem. We have 

m i r j£ rn 

|a 0 + 2^ (a„ cos nZ,+b„ sin n^)= _ n A x ) dx+ 

— \ f(x) {cos nx cos n£+sin nx sin nt;} dx 
TC J — 7T 

= J-(" f(x)\l+2 2 cos n (x— 5) 1 dx 

2^J— 7T L n = 1 J 

=,— [* /(*+£) fl +2 2 cos nx 1 dx by Lemma 

2itJ- TC L n= 1 J 

..-If* sin_(wv+i%)£^ </* (by summation) 

llz] sin -J 

, . r /(*«) * 

sin— Jo sm "2 

-if" A-»+o^±^*+r4l 

2 iT Jo cin^ z Jo Sin -r- 


2 2 
(on replacing jc by — x in the first integral) 


1[ ,c/2 / (~2x+ 0 sin <" , +ft £- < fa+ L\ nl2 f(2x+Z) 

75 J 0 sin-=- J 0 

(on replacing x by 2 0 


sin (m+ j)x 
. x 

Sin^r- 


i a 0 + 2 (a n cos nt,+b n sin n5)=^- {/(5-0)+/(5+0) 
n=l 

foo sin x 


i: 


dx as m->oo by theorem I. 
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= ^{/(5-0)+/(5+0)}“ as in theorem 2. 

= 2 ' [ /(£ + 0) +/(£ — 0)] when m-*co. 

we can thus restate this results as follows: 

If fix) is bounded and integrable in [ — 7r, n] and if it is possible to 
divide [— tc, tc] into a finite number of open subintervals in each of 
which fix) is monotonic , then the Fourier series corresponding to fix) 
converges for every x and if S be the sum function of the series , then 
S(x)=h[f(x+0)+f(x— 0)] for every x in (— tc, tc) 

S(x ) = £[ /(tc - 0 ) +/( — tc + 0)] for every x=±tc 
and *S(x+2re)=5(x). 

Note 1. Here the relation £(x+2tc) =£(;*) f s very useful in determi- 
ning the value of the sum function at a point which does not lie In the 
interval [— tc, re] 

Note. 2. If x=£ be a point of continuity of /(x), then 

\ a 0 + 2 (a n cos nl+b n sin nl) = - ■ ^ + ^ ~ 

n~l 2 

Conclusively if /(x) satisfies the conditions of the theorem 3 in the 
interval [— tc, tc], then.the sum of the Fourier series corresponding to 
fix) is actually fix) at all such points x of [— tc, tc ],/( x) being conti- 
nuous and at points x, the points of discontinuity, the sum of the 
Fourier series is M/(*+0)+ /(x— 0)]. 

Note 3. Half range series. 

If /(x) satisfies the conditions of theorem 3 in [0, tc], then the sum 

of the sine series 2 b n sin nx where & n = — \ fix) sin nx dx is equal 

^ J o 

to J [ fix+0)+f(x—0)] at every point x s.t . 0<x<n and is zero 
when x—0 or tc. 

Define an odd function F(x) in [— tc, tc] which is identical with/(x) 
in [0, tc]. 

Thus, F(x)=f(x) in [0, tc] and F(x)= —F ( — x) = — /(— x) in [— tc, 0] 
so that F(x) satisfies the condition of* theorem 3 in [— tc, tc] provided 
fix) does so in [0, tc]. Hence the sum of the series 1 b n sin nx with 

b n =~ f F(x) sin nx dx is \ [i r (x+0)+i r (x--0)] 
n Jo 

=i[/C*'f 0)+/(x— 0)] at every point x in (0, tc) 
and this sum is=i[F(+0)+/ r (— 0)]=0 for Fodd at x=0 or tc. 
Similarly if fix) satisfies the conditions of theorem 3 in [0 % tc], then 

the sum of the series i tf 0 +2 a n cos nx where an*= — [ fix) cos nx 

TC Ja 
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dx is J [f(x+0)+f(x—0)] at every point x in ( 0 , tc) and is equal f# 
/(-f-0) for x=0 and f[n— 0) for x=n. 


Note. 4. Interval [0, 2^]. 

If f(x) satisfies the conditions of the theorem 3 in [0, 2n ] then ih$ 
sum of the series £ <z 0 +2(a n cos nx+b n sin x) where an 


= J 2 */(x) cos nx dx , bn == ~~~ j 2 f(x) sin nx dx , 

is i [f(x+0)+f(x—0)] at every point xin (0, 2n) 
and is J [/(2rc—0)+/( + 0)] at x=0 or 2it. 

Also it is periodic with period 2n. 

Writing x=y+n so that y varies in [ — *rc, tu] as x varies in [0, 2n), 
let us assume that f(x)=f(y+n)=F(y), whence F satisfies condition® 
of theorem 3 in [— w, tz], As such the sum of the series 
\ a 0 +2 (x n cos n y+$n sin ny) where 


a n 


[* F(y) cos ny dy and p n = \ * F(y) sin ny dy y 
K J — 7T J — ^ 


is \ [F(y + 0) + F(y - 0)] for —n<y<iz and 
is J [F(«— 0)+F(— rc+0)] at y=±.n, being periodic with period 2«. 
Changing the variable by the substitution x=y+n, we have 


a„=~ f 2 " Fix- it) cos n_ (x-w) </x= ( P* /(x) cos nx dx 
™ Jo J« 

B„= — P* F(x-«) sinn (x-w) </x= ^~^ - P* /(x) sin x </x 
n Jo 71 Jo 

and cos «>>=(— l) n cos nx and sin ny=(—\) n sin nx 
So that i [i r (^+0)+^ r 0 ; ~0)]=i[/(3 ; + 7C +0)4-/(^+^— 0)] 

■= M /M + 0)' +/(■ x ~ 0)1 

and J [F(7 c-0)+F(-7t+0)]=«/(27c-0)+/(+0)] 

Note 5. Interval [—1, 1], / being a real number . 

J/ /(*) satisfies the conditions of theorem 3 in [ — /, /], /Am /A* sum 

function of the series | Oo+S(a n cos +b n sin where 


I I r , . mzx j , ■ 1 [I a .sin mix. 

_ ; f(x) eos-j- dx and A n = J f(x) j — dx 

is i [f(x+0)+f(x-0)]for —l<x<l 

and is b[f(l—0)+f(—l+0)\for x=±/, being periodic with period 21. 
Putting y= and considering the function F(x) such that 

/(*)=/ (-£ )=F(y) 

so that y varies in [— «, w] as x varies in [— /, /], we can prove ths 
proposition. 
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Note 6. Interval [a, b] in general. 

oflh^rtef^ 63 ,hC COndition °f th *orem 3 in [a, b], then the sum 


i«o+2 ^ a» cos —^_ a +b n where a n - 


-±r 

/(x) cos~]^L dx f (x ) ^ ^L dx 

is \[f(x+0)+ f(x—0)] for a<x<b and is i [f{a+0)+f(b-0)] 
for x= a or b, being periodic with period b— a. 


w so that y varies 


The result is obvious by putting y— £ rcx 

jMr*: ^, var j es in h] y (the transformation is obtained from 

y~-Lx+M such that y=—n when x=a and when x~b % by 
determining the constants L, M). 7 

9.4. COMPLEX REPRESENTATION OF A FOURIER’S SERIES 

oo 

We have f(x)= 2 a n e in * /m 

n — oo • • • v / 

where fln = JL j ^/(*) e -m* dx and flr _ n== ^J^ /(jc) 

• • • ( 2 ) 

Here a n and n_ n are said to be conjugate imaginaries. 

In case we consider a function /(/) which is periodic with a period 

T = then we can write 

(0 

oo 

/(/)= S /(/) being defined in (— 00 , 00 ) ... (3) 

/i =— 00 


Where <o=-~ and /(/+ T)—f{t) 


... (4) 

Now R H.S. of (3) being real, the coefficient of the series on the 
R.H.S. of (3) must be such that no imaginary terms occur. 

Integrating (3) over 0 to T we have 


r 

n. J <//, 


‘2ic/« / ® 

( 2) 

V/i=— 00 




\ OO 

/ M — — OO 


... (5) 

(under the assumption that term by term integration is per- 
missible). 


m 
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=0 when nf 0 


— T when n = 0 


Vt r/« 

= -4— I” e in “* ; 

J 0 

mw L J, 

r 2 tt/o> 

T 2tt _ 

dt= — =r 

J 0 

<0 


tU<a 


I T l CT 

f(t) dt=a 0 T giving a 0 =~\ f(t) dt 
• o 1 Jo 

=/(0 (say) . . . ( 6 > 

where f(t) denotes the mean value of /(/). 

Now multiplying (3) by e~ inmi and integrating over 0 to T, we huv# 

1 /(0 e~ irtmi dt*=a n T , other terms being equal to zero, 
o 

This gives a n = j; J At) e~ inttt dt ... (7) 

1 f r 

Replacing h by ~rn m (7) we get u_ n = -^rj /(/) e inmt dt . . . (M) 

From (7) and (8) we conclude that u_ n =0n- . . . (V) 

In order to find the usual real form of the Fourier series, (3) mu 
be expressed as 

-1 oo 

f(t)= 2 tfn e inmi +a 0 + 2 a n 

n= — oo 

/ oo 

= X a-p e"^ n-i +a 0 + 2 a n e inmt 
n—oo n=l 


oo 


(on replacing n by — n in the first term) 

. . . ( 10 ) 


Gr/(0=tf 0 -b 2 (a n e {1lmi +a- n er*"**) dt 

n = 1 

00 00 

=a 0 + 2 (a n +a^ cos neat + 2 / ( a n —a- n ) sin mat 
n= 1 n«=l 

V e* w «»*=cos nco/+z sin mat ande _<nwi ==cos mat—i sin 
If we put a n +a^= <x„, / (a B -a_ n )=p„ and a 0 =2a„ 
then we find 


a oo 

/(0 == ~5 _ + 2 a n co» nto/+ 2 p n sin ntof 
z n— 1 «=1 


. (ID 


which is the same form as (1) of §9.1 and we can thus determine tht 
coefficients a. and p« as 
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1 f r 

a n = «n + ff-n = - jTj f (t) {e~ in “* + e inml } dt 

=y\ /(f)cos nut <tt ...(12) 

and p„=/ (a„-a_ n )=L j r / (/ ) , J, 

= y J V(t) -j dt V f’=-l 

2 f r 

=-yJ /(/) sin mat ...(13) 

The introduction of the term — term in (11) enables (12) to give 

general term a n applicable for a 0 as well. In either of the forms real 
or complex the constant term of Fourier series is always equal to the 
mean value of the function. 

Important Note. The students are advised to commit to memory 
the following two integrals: 

(/) je™ sin bx dx= — - i a s * n bx—b cos bx} 

e °» . b 

— -j— sin (bx— a), where r— V a 2 +b 2 and tan a= — • 

(//) \e an cos ^ 1 COS sin bx} 

gUX 

= -y— cos(fo— a), where r= \ f a 2 -\-b 2 , tan a=— . 

Problem 1. Obtain Fourier's series for the expansion of f(x)—x sin x 
in the interval — k<x<k. Hence deduce that 

~J=^2 + TJ~~ JJ+ jT - ’” (Vikram, 1969) 

Here x sin x is an even function of x and we have already shown 
that when — 7r<^<7r and/(*) is an even function of x, the Fourier’s 
series is 

If* 2 00 f* 

/(*)=— 1 /(v) dv-\ 2 cos nx I / (v) cos nv dv, 

77 Jo w n=l Jo 

where /(x)=x sin x ; /(r)=v sin v. 

Thus, 
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and P sin v cos nv dv-\ J’ v {sin (n+1) v— sin («— 1) v } dv 

Q _„ cosjn+l) v<* ,[ sin (n+1)) v 

«+l Jo + f~('«+l)* l 


(«+ 0 * 

f cos(n- l) v l" £ sin (n-1) v 

f n-l L ~l J 


-if _ cos (n+ 1 ) ^ , _ cos (n— 1) ir 1 

*L «+l + J 


__ i r * cos m tc cos mt “I , . 

L - n+l n-i j> n beiD 8 an integer. 

Hence x sin x=l~ — " cos nn cos nx 
n n = 1 n 2 -l 
Corresponding to u=l, we have 


| v sin v cos v<fr=|j v si 


sin 2v dv 
v cos 2v 




Hence 



jesin x«=l— — [ 

* l 

* it oo 

— -t~ cos x+ 2 

- 4 n=l 

cos me cos nx "1 

n*-l J 

= 1 — 2^- 

cos x cos 2x 

cos 3 jc cos 4* 

4 + 1.3 ' 

2.4 + 3.5 

Putting x=tt/ 2, we get 



= 'V^> wc gci 

T ==l ~ 2 [-'h + 3T~"5?7 +•••] 


or 


1 


+ 


1 


1 


4 2 " r 1.3 3.5 " r 5.7 

Problem 2. Find a series of sines and cosines of multiples of x, whic 
wul represent x+x 2 in the interval —n<x<n. (Agra, 196 1 

Deduce that — ¥±=1 +-^-+^+ ... (Agra> I961 


We have 


x+x*==-~-j ^ (v+v 2 ) dv+~ 2 cos nx J_ (v+v 2 ) cos nv dv 

1 co r* 

+ — 2 sin nx 1 _ (v+v 2 ) sin nv dv. 
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f 


f* , . j s V sin nv , J cos nv 

J-, < v+v > cos " v dv= [—ir- ]_*+[— 

C v 2 sin nv ?» _ 2 f> vsin nv 

l n j— * J — 7u n 

_|"C cosnv7* , t sin nv 7* “1 

= - 2 L£— 7H-. + bH-J 


47t cos n7u 


i 


j f* / , «\ • j S vsinnv)' sin nv 1* 

and ] _ n (v+v*) stn nv Jv= j — 

— \ | +2 [ v cos nv dv 

l n i_7T J_7T 


2* cos me 


Hence the series is 

1 27C 8 00 

3 n=1 


cos nx cos me 


n 6 


00 

-2 2 
n=l 


sin nx cos me 


7e 2 r cos 

— r +4 L— i 


cos x cos 2x 
2 ' + 


cos 3x 


2 2 


- + 


-*[-* 


3=* 

x . sin 2x 


•] 


n 


sin 3x 






2 3 

=-“ — 4 ^cos x — "^sT" cos 2x +-^r cos 3x+... ^ 

+2 (sin x—\ sin 2x+J sin 3x...). 

Second part. We have 

x+x*=^ 4^cos x— -j-cos 2x+-^- cos 3x+...J 

+2 [sin x— J sin 2x+i sin 3x+...]. 
At extremum n and — the sum of series 
=/(*)=* {/( — 7C =0)+/(+7r— 0] 

=J [ — 7c+7e 2 +7e+7e 2 ]=7e 2 . 

Putting x=7e in the above series, we have 

/(*)=k*«^+ 4 [l + -^r+-p-+...] 

77-2 1 1 

-g- = 1 + 2T + -3T+... 

.t oo 

— . FT 


or 


or 


7C" 

T 


- “ 4- 

n — 1 
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Pr ' >blem 3. Find the series of sines and cosines of multiples ot . 
which represents f{x) in the interval -*<*<*, where V 

f(x)=0, when —n<x^O, 

, when 0<x<n 
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and hence deduce 


7U* 


32 + ~J2 + — 


00 


Let /(*)— 0 O + 2 ( a n cos nx+b n sin nx) 9 


n=l 


where 


f(x) dx= Jr[r f{x) dx+ \[n f{x) dx ] 
_ 1 r Ttx 2 y TZ* 

2* L 8 Jo “ 16 * 


~ f f(x) dx cos nx 

^ CL ^ C ° S nX d * + 


j ^ fix) cos nx dx J 


4 ^tD —cos «u]=0 for n even 
1 


Similarly b n — — ^ — liLlL. 

4 n 


2n 2 


for n odd. 


so f<x\=TL_ , v r (-D n -i (-i)"7c . -] 

16 + nZi L 4m 5 C<?S nx 4n s,n 

* ~ ^ ,( 1 7T . \ 7Z 

4 ~ 16 + [~T C0S X+ T Sln * )~ 42~ Sm 2x 


.3* c “ 3 *+ 4X 


sin 3 a 


Now/M-i- [/(->= )+ /(»j]_l(o+|-)_-^. 


So ^)-|-^ + |(l + 4- + i + ...) 


or 


" =l + irH-Tr+... 


8 


Problem 4. Find Fourier's series for fix) in the interval (— n, n) 
where f x )=it-\-x when —v:<x<0, 
fix)=n—x when 0<x <n. 


I 


Hint. Here a 0 — — , a n =0 for n eveD 


= — — for n odd, 

717I 2 


b n = 0 . 


So /W = y" + “'(cosx+-^ 5 cos 3*+-^- cos 5x+... ^ 


Problem 5. Obtain the Fourier series for a function f{x) 9 where 
f(x)=cos x for 0<x<7c 

f(x)= — cos x for —7 c<x<0. 

Let /(x)=a 0 +2 (a n cos nx+b n sin nx). 


i 


a °=-&\- J( x) dx=0 - 


1 f r 

a n = — ~f( x ) cos nx dx= 0, 

7t J — 71 

sin dx =l fn”-\) H +(-!)“] 


=0 for n odd 
8 n 


for n even. 


rc (n 2 — 1) 

g p 2 A *1 

/(■*)=—[ y-j-sin 2*+-yy s ' n * x — r 


oo 


1 


Problem 6. Find the value of S — g- using Fourier series. 




/I =00 

Let x 2 = 2 (a„ cos nx+bn sin nx) 9 

n=l 


a 0 


1 f w » 2 

= 2^|-/* = T- 


I tuul 


1 r* 

^n = -— 

7T J —7z 


x 2 cos nx dx~( — l) n 


— 0. 


Hence x 2 = 4 £ j 


» l l “1 

cos x — 2 $ cos 2X+-JJC0S 3x+...J 


3 2 


' 


= ^- 4 n±,-L,±_, } X A 1 

3 u 1* + 2 a + 3 2 + -"5“ 2 2 “ 4» -J 
V2 2 ) n 2 ~ 3 


7C 2 .<5 1 

—~i — 4 2 ^-+4 

J n= l n 


rr 2 J 

-2S4 

n 2 


J 


309 
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or 


00 1 

2 2 4-=— 
/i=l ^ 3 

® j__*v 
»=l n 2 ~ 6 


k(l-v)dv 


I 


Problem 7. Prove that 2 —I-— = T’ MJ '”£ Fourier's sir u 


phjribr’s sbribs, integrals and transforms 

I 1 11 

kv dv+ 

0 

-A £+* 

- 2 2 + _ 

W 2 W 2 M 2 

~8 + 2 2 + 8~4 


811 


I; 2 

/v- 


v 2 1‘ 

2 Ji, t 


n=i (2 h 7) 2 8 

L.H.S._|, + i + i 1+ ... 

11 1 , 1 1 1 00 1 

- i»+ 3 2+ 5 2+-+Y*+-45+...— 2 *^^ 

_ 2 — L g ~L _?L* 

= |n * 4 H=1 « a,= 4 „Z 1 « 2 ~ 4 • 6 ~ 8 


n=l 


I 


[ °° 1 7C 2 1 

since 2 -^= — by Problem 6. J 


mil [ ^(v) cos ^-y-dv 
Jo « 

I " 2 , MZV , , [ l , ,, v WTV , 

A:v cos -p- av + I k(l— v) co$ — j—dv 

0 * J 1,2 « 

kl t . «7tv 7 1 '* A:/H wcv 7 " 2 , , / f . mtv 7* 

nxl I So «*i l So «*£ / 5* 

kl C . wcv 7 1 kl 2 l nwv 7 ‘ 

~W VSm 7 L nvi 008 / 1, 

A:/ 2 T nn , ~\ 

^COSy-lJ- 


fc/ 2 . nn 

= 2^r sm ~2~ +• 


A:/ 2 . nit kl 2 

- — sin— 4- — sin 
wt 2 


2nit ' 


Problem 8. Using Fourier's series prove that 
® I it* 
n=l n*~ 90 

fa) Proto lem^fi ^ unct * on -^W = **~27c 2 .x 2 and proceed similarly «• 

Problem 9. Find a function of x which is equal to kx, when x Hu 
between 0 and 112 and is k (l—x) when x lies between lie and l. 

Given that f(x)=.kx when 0<x<//2, 
f(x)=k (l-x) when //2<x</. 

We know that, when 0<y><7t, 

f(y)= — ( /(«) du+ ^ 2 cos ny f cos nuf(u) du. 

J ft == 1 Jo 

Putting P- y when 0 <*</, and u f. e ., A- * *, 
we get 

/ (tHI; / (t>+7J, J' /(t>» -=r *• 

This may be expressed as 

«*>= y \ 1 <Hv) dv+2 2 cos [' 7t( v ) cos <™dv, 

Jo n= 1 i Jo / 

r { ri/2 p 

W’) </v-= #v) Jv+ ^(v) </v 

J0 Jo Jj/2 


HI 
HK 

nit 


kP r 

“1*^ L 


2 cos 




-COS /|7t 


-0 


2 J 


Hence if n is of the form 4m +2. 
u * 1 kP , 2 » 4 *7* \ 

to) “T-T+T,i 1 “ ! 7(-w) 

kl 


kP r 

-^s[_ cos «"-<«• 

4A:Z 2 

ffor n*=4m+2 and 0 
for other value* of * 


,2tt2 




I 


8 kl ® 1 mex 

r- 2 — jCOS — r 

TC * «=i 7 


*/ 8A:/r 1 2 ^jc 

a -: — —| — cos — r~ +-,2 cos 


t~^lt 2 ~r + i 2 ^-7—^102 - r 

j (when n=4m+2, where m=0, 1, 2, ... ; n«= 2, 6, 10...]. 

j Problem 10. If f(x)—x for 

f(x)=n—x for 

j impress this function by a sine series and also by a cosine series. 
I (/) To Express as a Sine Series. We know that 
2 00 f* 

f(x )= — 2 sin tcjc 1 /(v) sin nv dv 
n n= i Jo 

I Here 

i \\ m 


6 itx 


1 Itosx 
cos- 


] 


I sin nr dv 


Now 


812 


MATHEMATICAL rMWtt 


f*' 1 

= 1 V SI 

Jo 

-[ 


sin nv dv-\- 


sin nv dv 


cos nv sm 


n 

n fjiz 

2^ C0S ~2~ 

2 . rnz 

“T sin -7T * 

n> O 


I',, 

n„ v -i»/* r cos nv sin nv > 

+L-<™-v) — — — ,-| (i 


uribr’s sbries, integrals and transforms 
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n 


\ .. nn tz nn 1 . 

^ Sm ~+^r cos ^~+^ sm 2 


ki 

rrrz 


f rroblem 11. i'/Vuf cl series of sines of multiples of x which represents 
It In the interval (0, tc). Hence deduce that 


u ft \ 4 v* 1 . nn 

Hence f(x)=— 2 — s sm — — sin nx 

n /i=i 71 2 

= ir[ sin * — |? sin 3x+-p sin 5x— ... J 
00 To Express as a Cosine Series. We know that 

l ft 2 00 r* 

/(*)— — I /( v ) S cos wx I /(v) cos nv rfv. 

n Jo 7r «=l Jo 

fw fw'2 fir 

Now I /(v) Jv = I V dv+ \ (n— v) dv 

Jo Jo J tu/2 


1 =1+ ?+T 2+ " 

Draw graph of the function. 

00 

Let x=a 0 + 2 a n cos nx. 


1 

2 


/i=l 

’* , « *1 
x dx—~ 

° for cosine series 

x cos nx dx=0 for n even 

«= — 4/(nn 2 )for odd.J 


II 

H % 

r+i 

v*H 

Ttv 

1* V* V? 

3n* 

»• 

Jo 1 

L 2. 

U/2 8 + 2 ' 

8 - 

1 

| cos nv/(v) J 

'V/2 

v cos nv dv+ 
0 

\ («— v) cos nv dv 

J*/2 


-I’^r +1 

>cos nv 
[ n< 

7 »/a 7U 

Jo + n 

{sin nv\ 
l 3*/2 






f" v sin nv 

COS «**!' 

• 




L n + 

«* J 

»/* 1 

7U . «7U 1 / HTU \ 

n . «7U 

-T Mn T 

, n . nn cos nn 

+ r~Sin— — r— * 

2n 2 tr 





. 1 

rm 



1 nr 


Hence the coefficients of cosines of even multiples are zero. 
Now x=^-— ^-j\cosx+-jcos 3x-f...J- 
Putting x=0, we have 

°“T“4[ 1+ p- + ? + -] 

-2 111 

= 1 + •• 




1 +cos mu— 2 cos 


htc 7 

2J 


+^ cos 


8 — ' 3 2 ^ 5 2 ^7* 

Graph. In the interval (0, tc), the line y=x gives the curves 
represented by the series. Hence f(x) represented by the above 

( •cries contains cosine terms only. So this is an even function ana 
therefore the curve is symmetrical about the axis of y along which 
f(x) is plotted. 2tz is the period of the series, hence the portion 
between n to — tc, repeats indefinitely on both the sides and the 
lum is continuous for all values of x. 


4 

= if n is of the form 4m+2 and is zero for 

n 

values of n. 

Hence the cosine series when n is of the form 4m+2 is 

00 


m2 


/i=1 


~ 4 7U fa 


cos 2x+^-cos 6 x+... 


by putting n=2, 6, in, #♦» 


I 



Infact the graph of the sum of n terns of Fourier series foi 
f(x) approximates to the graph of /(*) the greater the value of n 


A 

'iivaii * 


UI4 aiuribr’s sbribs, integrals and transforms 815 

mathematical piivmi* 

is, the closer is the approximation Retaining ,,ntn thr„ , . a '* lues of *. the series represented between (-*, «) repeats indefinitely 

Fourier series i.e. lnin ® upto three terms of lh| I in both the directions. The Doints +tc. 4-3^. ..are Doints of di«^ru,»i- 

v=— *> cos x , cos 3x cos 5x 1 

y 2 4 £ r* ^ 3* — 153- + -] 

the graph is as shown below : 




hi both the directions. The points ±w, ±3^,.. a re points of disconti- 
nuity. 

Pro-blem 13. Find the Fourier series for the periodic function fix) 
irftned by /(*)= — « ij —n<x<0 

f(x)=x if 0<x<n, 

7C 3 111 

Hence prove that ^-=^+^ 7 + 37 + — 

Plot the graph for the series. 

00 

Let /(x)=a 0 2 ( a n cos nx+a n sin nx) 

n— 1 


Fig. 9.2. 


Problem 12 Find the series of sines of multiples of x which rent* 
sentsx in the interval *>*>0. Show by a graph the mture of the urZ 

Here 


x= 2 b n sin nx, 

n=\ 


where 


— r 

71 Jo 


sin nx dx [f or sine series] 

x sin nx dx 
2 T cos nx , sin 

w L n 


sin nx “]* 

« 2 J. 


2 1 2 

—T ,7t v COSOT= ~ 7r ( ~ ,)n 


c=2 £sir 


_ sln *_ii|?i. + j sin 3 ;e+ ] 

Hie sum is discontinuous at x=n. 

Graph. The curve is symmetrical about the origin. For unrestricted! 

y=f(x) 



Here a 0 - 


*27t 
' 2n 


— t: 

o 

—n 

n 

T" 


Ax) dx 
— 7C dx+ 


1 f° 

Aod 


J.’ 1 *] 

i: 


cos nx dx+ \ x cos nx dx 


] 


[cos nn— 11=*0 if n is even 
—2 

and = — t if n is odd. 
7 in- 


i 


— ^ nX dX+ 


j" x sin nx dx J 


=~-[l— 2 cos me] = — — for n even 
n n 


and 


■ — for n odd. 
n p 


v 7t 2 2 cos 3x 2 cos 5x 

^)=_ T — - COS*— -35 -50- 


+ 3 sin x- 


sin 2x . 3 sin 3x sin 4x 


1 


One discontinuity occurs at x=0. 

Hence /( 0)= — ^-since/(0 + )«=0 and/(0")««— w. 

Putting x=0 in the series, we have 

/(0)= -t~v[t i+ 1 5+ T* + - ] = — T* 

„ W* 1 1 1 , 

Hence ~ 
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Graph. Discontinuities occur at x=±n as follows : 

y=f(x) 



Problem 14. Find a series of sines and cosines of multiples of M 


which will represent 
um of the serie , 

We have f{x) 


2 sinhn 

sum of the series for x— ±7c, 
n 


e x in the interval — n<x<n. Find 


00 


2 sin/rt 


e* = a 0 + 2 ( a n cos nx+b n sin nx) 


n = 1 


. . (I) 


Here 


2 0 = f f(x) dx=~ f o ^ 7 dx 
2n J — w ' 2^ J -it 2 sin/nr 

2sin/iTrL J • 


4 sin/*7t 


1 f w 

£« = I /(*) cos n X dx , H> 1 

TC J — 7t 

1 [" 

2 sin h n ‘J - 

[ 


1 


* ^ C ° S dx ~2 s'mh 7t 

ex 

l+ri 


2 (cos nx+n sin nx) J 


(e*~ e"*) cos mt 2 sin A rc cos nx cos nx _ ( — 1)~ a»| 

“ (l+n a )-2 sin/j it ~ (l+n 2 )-2 smh 1 + n 2 — 1+n 2 

Similarly b.~ \ fix) sin »x-fSEn Jl. *" ,in "* * 

“ ! ” x) ]la-TOTf • 1 1'.- 

(-n)(-l) n (<?«- * *) 

=-<-»■ -rV >1 

Substituting the value* of a 0 , a nt b n from (2), (3), (4) in (1) wi §•• 


M 


FOURIBR’S SERIES, INTEGRALS AND TRANSFORMS 

n p* 00 /_1\rk 

/■(*)=: —4 — =4+ S ■■■ , ~ (cos nx-n sin wx) 

J T cir.Ii tp 2 r (f=1 1+7T v 

n( — D n+1 _ 

2 ■ ■ - — ; — sin nx 
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n= 1 
(— l) n cos nx 
\ + n* 


n = 1 


l+« 2 


14 rpr cos *+ 


1 


+ 


1 + 1 * 


sm x— 


1+2 2 


sin 2x+ 


1 + 3* 
3 


*cos 3x+ 
sin 3x 


•) 


] 


1 + 3 2 

when —«<*<« 

Now when x=±w, the sum of the series —i [ /(— w+0)+/( n — 0)] 

-if ” g->+ -Ji , 

* |_2 sin h 7r 2 sinh rc 

c01 *” 

Problem 15. Fj/u/ n Fourier's series of f (x) in the interval [— /, /] 
where 

f(x)=J f° r — J 

X* , / . / 

=t~ /or ~t < x< t 


-Ff 0r 


l 




end draw the graph of the function represented by the series . 

Since the function f(x) has the same value for positive and negative 
values of x in [—/, /], it therefore follows that the function /(x) is 
even and so the Fourier's series for / (x) will be purely a cosine 
series i.e . 


00 

f(x)—a 0 + 2 a n cos 

n—l 


nnx 

/ 


1 C l 1 f 1 / 2 x 2 If 1 / FI 

whcrc ^ T \ a Ax) dx= T j # T &+ tL7* = 24/+I 


£ 

6 


-4 ilL 2 f* . mtx . 2 f ,/2 x 2 nnx , 2 

and a n =—j-\ f(x) cos — ^ — ax=-^-j j—cos —j-dx-\ — j- 

I 1 l nnx , 21 T tin 2 tin *1 

— -cos — j— dx——, a— s- cos — sm I 

u, 4 l nW L 2 mt 2 J 

. _ . / , 21 ® 1 / 

" 6 + w* n 2 \ C 


COS — 


2 /J7C 

sm -y- 

/I7T 2 


) 


OTJC 
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Clearly the shape of the curve between and ■, I j 

is given by y= — which represents a straight line parallel to the axil 
of x at a distance —■ from x axis. 


Also the shape of the curve between (— ^ is given byy - 


1/4, 


-4 -J/2 




112 


I 


I 

or x 2 =ly which represents ii 
parabola whose latus rectum 
is / and the axis of tlir 
parabola is j>-axis. Hence (lit 
shape of curve is as shown in 
Fig. 9.5. 

Note. If the values of x are 
not restricted between ( — /, I) 
then the part of the curve from 


O 

Fig. 9 5. 

I to l will be repeated indefinitely in both directions . 

Problem 16. If the function defined by y—x 2 from 0 to ~ and by 

y—0 from -j to tc be represented by a series of sines of multiples 
of x , show that the coefficient of sin nx is 


(Ar-~) 

\ nn s 2n ) 


nn 2 

cos —-\ J- 

2 1 n 1 


sin 


nn 


TC/|° 


To what value does the series converge at the point x=~ ? 

Sketch the graph of the function represented by the series for 
values of x not restricted to lie between 0 and n ; and also indicate the 
graph of the cosine series which represents the same function in the 
interval 0 to tc. 


We have /(x)=x 2 for 0<x<~ 

=0 for ~ <x<n. 

For a purely sine series in (0, x), the function must be odd III 
(— 7 t, x) so that f(x) in (— x, 0) is defined such that /(— x)= — f(x) In 
the form 

y=—x 2 for — ^-<x<0 
for — x<x< — " 


=0 
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00 


and then f(x) = E b n sin nx, where 
« = 1 


II 

3 |n> 

f(x) sin nx 

J 0 

2 f*/ 2 

dx=±\ * 2 

Jo 

1 sin 

nx dx 



__2f7 

cos nx n 

y 12 

fir 12 



* Lv 

*x 2 

n 

)o 

+ Jo 

2 

r 2 

IP c 

{ 2xsin/?x N 


2 r 

7U 

4 n 

cos *2~ 

+ \ n 2 

). ■ 

~« 2 J, 

J2_ 

TC 2 

- cos — 

, tc sin n 7i/2 

, 2 

( cos , 

7Z 

_ 4/7 

cos 2 

1 n 2 

1 ;r 

V « 


i nx 


-2x dx 


= 2 J_ 
x L 4w 

~~ ( x, n 3 


„„„ m K • «7t 2 ip r 

cos -y +~2 sm-y- + — ;cos 


im 2 UK 

cos-^- + sin— — 


2 

TC?/ 3 


_-Tl 

n 3 J 


2 r n‘ — 2 
which is the required coefficient of sin nx. 

Had we supposed y=x 2 in^— -y, and j>=0 in x, , 

the lorm of the Fourier's series would haveb een purely a cosine series. 

Now, the sum of the series at x=~ is = -i[/(x+0)+/(x-0)] 




V 



The shape of the curve between ^ — tc, — j and 71 j is given 
by y= 0 i.e. 9 x— axis. 

The shape of the curve between ^ 0, ~ ^ is given by y=x~ which 
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is a parabola whose latus rectum is unity and axis is the y-axis. Aim 
thc sha P e of the curv « between (~y, oj is given by y=— x 2 which 

is a similar parabola as in ^0, yj except that it has its concavity 

towards negative y-axis. The shape is as shown in Fig. 9 6. 

The period of Fourier’s series for /(*) being 2n, the part of th« 
Erections 1 * between l -7 '. n ) is repeated indefinitely in both lit* 

% pUT ? y se " e * i n (-*• °) ‘ hc function fix) must 
be uch that/( x)—f(x) i.e., f{x) m f— n, 0) is defined such that, 

y«=x 2 for y <x<0 
=*=0for 



Fl*. 9.7 

As such the only difference here will be between (— y , o) whet* 
the shape of the curve will be a parabola given by y™x* with Its 

concavity towards the positive end of y-axis. The shape is as shown 

in Fig. 9.7. 

9.5 PARSEVAL’S IDENTITY FOR FOURIER SERIES 
If the Fourier series for fix) converges unifotmly in (-/, l), then 

7 L { ^ x) > 2 dx = y^+ 2 («»*+ V ) 

where a 0 , a n , b n are Fourier's constants. 

We h.ve/M~& + f („,cos =i- + fc, »„ JO* ) . . . 

Multiplying both sides of (1) by f(x) and integrating term by term 
from — / to /, we get 


|_ t ^/( x ) 2 } x A*) ^*+^2 j [ j /(*) cos ~~Y~~dx 

+K | /(*) sin — — rfx j 

a t o° ^ 

s = s ~ 2 ~l+l ^ ( fl n 2 +^n 2 )» by using Fourier coefficient so that 

n=l 

| ( /(*) dx=l o 0 , f{x) cos ~~ dx=l a n and 

| ( f{x)§Wv ^Y~ dx=t bn. 

t£ ( {/W> 2 ^=-y-+2(fl n *+b B 2 ) ...(2) 

corollary. Riemann s theorem. An important consequence of 
Parseval s identity is Riemann’s theorem i.e.. 

Lira [ f( x ) sin ^-dx= 0, Lim f /(x) 

n+coi-i / 


cos — j-dx=0 ... (3) 


1 f» 


and 


— 


b„=— 

7U 


9.6. FOURIER’S INTEGRAL 

If f( x ) satisfies the Dirichlet’s conditions in — and 

1 00 * 
_ 0Q d( x ) dx converges I.e., is integrable in —oo<x<oo, then we 

have the Fourier series expansion for /(x) as 
00 00 

f(x)=a Q + 2 a n cos /ix+ 2 b n sin nx, . (1) 

«=1 /i=l v 

where \j(x)dx, 

fix) cos nx Jx, ^ _ ( 2 ) 

fix) sin nx dx. 

, ™? function of x may be developed into a trigonometric series 
for all values of x between x=—e and x=c by putting 

i t 

*=— x 9 where z=—n when x =— c 
an( * z=7r when x=c, 

i.e., /(x)=/^ z j 

Then the series (1) may be developed in terms of z as 

•^( tT z ) =a «+ a i cos z+a 2 cos 2 z+a 3 cos 3z-f... 

+^i sin z+b t sin 2z+b 3 sin 3z+... ... (3) 


7T 

— TT 
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where 

1 

°® - 2 ^ 

IV' 

(7) 

| dz. 


1 

an--- 

V( 

>■) 

( cos nz dz , 

and 


V( 

S'-') 

1 sin wz </z. 


( 4 ) 


Now if we replace z by —x, then (3) becomes 
/(x)=« 0 + a i cos — + cos - -| -a 3 cos-— 

c c c 

+ &! sin ~~+b 2 sin +Z > 3 sin ^^- 4 . 

c c c 

Its coefficients being the same as those of (3) is therefore valid 
Irom x=c to x=c, where 


(« 


a °~^\- c f(x) ■ T dx =~h L f(x) dx 


when z=—x,dz=*~ dx 
c c 


and 


1 

“ 2 c 

L /( ° dt 

(say) 


1 

'c 

f(x) COS 
-c 

nnx 

c 

•— dx 
c 

1 

~ c , 

f(t) cos 

— C 

nnt 

c 

dt 

I 

II 

/(a) sin 

— C 

/27TX 

c 

*-dx 

c 

^ 1 
* * . 

fit) sin 

— C 

mt du 

c 

v if we 

substitute 

the 

values 


. . (ftl 


* 11 me V<UUCJ> UI IDC 

b 29 b 3 ... given by ( 6 ) in (5), then we get 
^ X ^~~fc\ r( 0 *fr+~j /(f) cos ~~dt 


+ 


1 f r,.\ 2nt 2-xx , 

— l /(/) cos — — cos dx+... 

c J -e C C 




dt 


2nt . 2nx , , 

sin sin dt + t * 4 

c c 


[ /( 0 [" Y +cos cos ~ +cos-?^ cos + 

c J-« L ^ c c c c ~ 


+sin4sm^+sin^ism^ + 

c c c c ‘ 


> 
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-H>[H 


71 / 7 TJC 

cos — cos f-sin 

c c 


TCt . tzx\ 

in — sin > 

c c 3 


2 it/ 2^x . . 2rcl . 2rtx 

cos — — — cos — - — hsin sin — — 


i 




= “ | /(/)J^y+C0S ^(x—t)+cos^j-(x—t)+.-^dt 
=4| C /( x )£ 1+2 cos ~(x—t)+2 cos ~~{x—t)+... J dt 
= '2^L /W [7 cos ^-{x-t)+ 2- cos ^(*-0 


+ 7 cos ( 7T~) (x ~ ,)+ 7 cos '7' (x-,) 


+ F cos (~7~) ( X ~ , )+---J * 

since 2 cos $= cos ^+cos ( —0) 

cos H?) ( *~ 0+ " 

+ 7 cos (-"V) (x-r)+ 7 cos (“7 ) ( ' x ~ t ^ 

^ ,Tt (x— 0+“ COS — (x— 1)+~— cos — (x—t) 


+ 7 cos C 


n tm 
+ ••• + — cos— ■ 


(X-0+-] 

=4^-f /(I) r Lim s “ COS 

J-c L«->oo r——n c J 

j-n £ 

If c becomes indefinitely large /.c. as c->oo, — ->co, we have 


* 


00 1 

Lim 2 — — cos 

c ->00 r =— 00 C I 7Z 


r foo 

- 7 — (x— 0=1 ( 

c/ 71 : v J -00 


cos 1 / (x — 0 


(by the definition of integral as the limit of a sum). 

Hence /(x)=tt— f f(t) dt [ cos u (x—t) du . ... (7) 

^ 7 ? j —00 J —00 

This double integral is known as Fourier's Integral and holds if x is 
a point of continuity of /(x). 


Aliter. We have /(x)= ~ + 2 cos ---y* + £n sin ” ^ 


... ( 8 ) 
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where «n=| j [f(u) cos~^-du and b n ~ * r jV/(«) sin du 

so that •• •(•) 

a„ cos —j | -b n sin — j - =»— j ^ f(u) cos (u—x) dx 

“ d t— a-jl/M * 

(8) gives 

f( x )=Yl f_, du+ 7 |_ { /(«) cos — (u—yfcdu . . . (10) 

Assuming that | /(«) | du converges, the first term on R.H.N 
of (10) approaches zero as /-»■ oo and hence (10) yields 

f (x)= Lim -^2 J>0 cos -(«-*) dx ...(||) 

Putting -j- — At 9 (ll) can be written as 


00 


/(*) — Lim 2 At F (n At) 
A'-* o /i=i 


••( 12 ) 
. .. (13) 


where F (0— — J^^/j^r) cos t (u—x) du 
Thus (12) gives 

/(*)= [ F (t) dt=~ [ dt [°° f(u) cos t (u—x) du 
Jo 71 J© J — oo 

'ich is Fourier’s Integral formula. 

Note. The complex form of Fourier's integral is 

fix)= ^j-oo dt /(«) e-“ u du 

1 foo foo 

= 2^j- oo )_«/(“) e “ < ““ U) dudt • • • (13) 


. ..( 14 ) 


9.7. DIFFERENT FORMS OF FOURIER’S INTEGRALS 
Fourier’s Integral is 

f(x)= ^f\~oo C ° S U du . . . (1) 

** ere j _qo cos u (*“■*) du= j ^ cos u (x—t) dt 

foo 

+ | cos u (x—t) dt 
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du . 


.( 2 ) 


Say /=/!+/, ^ 

Replacing u by — u in l lt we get 

J o foo 

cos u (x—t) du= 1 cos u (x—t) du=l t . 
oo Jo 

1 00 foo 

cos u (x—t) du= 2 1 cos u (x—t) 

-00 Jo 

Therefore (1) becomes 

/(x)= L- f 00 /(f) dt f 00 cos u ( x-t ) du. 

71 J —00 J o 

Now as the limits of integration in (2) do not involve the variables 
u or t, the order of integration may be changed, t.e. 

f(x) = — f°° du [°° f(t) cos u (x—t) dt. ... (3) 

71 Jo J —oo 

(Agra, 1964) 

If f(x) be an odd function of x 9 i.e. f(—x)=—f(x) 9 then 

f °° f(t) cos u (x—t) dt= f f(t) cos u (x—t) dt 
J — oo J —oo 

+ J /(f) cos u (x—t) dt. 

Replacing f by — t, we have 

[ /(f) cos u (x—t) dt= — 

J— oo 


/(— f) cos u (x+f) dt 


f(t) cos u (x+f) dt 


V /(-f)=-/(f). 


1 00 

f(t) cos u (x—t) dt 
-oo 

r= — f 00 f(t) cos u(x+t) dt+ [°°/(/)cos u (x—t) dt 
Jo Jo 

1 00 

/(f) [cos u (x—t)— cos u (x+f)] dt 
o 

1 00 

f(t) sin ux sin ut. dt 
o 

Substituting it in (3), we^et 

/( jc)= — f °° du 1 °° f(t) sin ut sin ux dt. a • • (4) 

71 Jo Jo 

Changing the order of integration this may be written as 

f(x)=—~ [°° f(t) dt [°° sin ut sin ux du. ... (5) 

71 Jo Jo 

Again if f(x) be au even function of (x ) 9 i.e . 9 f(—x)—f(x) 9 we 
have 
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/(-o-/ in 


i oo ro 

/(/) cos m (*-/) /(l) cos « ( x—t ) A 

— J —oo 

foo 

+ f(t) cos u (x—t) Jt , 

J 0 

Repeating * by — t in the second integral, we get 

t oo ro 

fit) cos u {x—t) dt= — fi-t) cos u (x+t) dt+ 

— CO J 00 

foo 

fit) cos u {x—t) dt 
j o 

J oo Coo 

fit) cos u (x+0 dt+ fit) cos u ix—t) dt 
o Jo 

foo 

= I f(t) [cos u (x+/)+cos uix—t)] dt 

Jo 

J oo 

fit) cos ut cos u x dt 

0 

Its substitution in (3) yields, 

/(x)=~ | du | °° fit) cos ut cos ux dt 
2 foo foo 

~ ^ Jv) dt J cos ut cos ux du (On changing the ortUr 

of integration) 

Problem 17. Show that the sum function of the Integral formula li 
i [ fix + 0) +/(x — 0)] corresponding to the function f{x) in the intcmil 
0<x<l. 

By Weierstrass test, since | [ °° f{u) cos t ix—u) du 

I J -00 

< I fiu) | du (which converges), the integral | °° /(«) cos /(* If) 
J —00 J —oo 

du converges absolutely and uniformly for all values of t. Thus by 
reversing the order of integration, we have, 

1 f l , foo i foo 

1 , dt f(u) cos t (x—u) du= — fiu) du 

75 J r=0 J u——co v }u = — oo 

[ cos t(x — u) I It 

J/=o 


(«) 


_1_ 

TC 

TC 


00 f(u) ™ L l J u ~ x) du 
m=-oo n—x 

p , ^ f(x+p) ~~ p -dp when u=x+p 


=i [ f (* + 0) + fix — 0)] when /-* oo by theorem 3 of § 9.3. 


i 
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Problem 18. Show thaA^ C °/. U f e~ x , x>0. 

Jo u 1 2 

Putting f(x)=e~ x in the Fourier’s Integral form (6) of § 9.7, 
we have 

/v 2 f 00 , f 00 , 2 foo 

ix) —e~ x = — I du\ e x cos ut cos ux dt= — 1 cos ux du 
Jo Jo 71 Jo 


cos ux du 


2 fo 

~ 71 Jo 

2 f oo cos ux , 
= — “Vi; — o— du 

ttJo 1 + tr 


r_r!_ 

L i+w 2 


foo 

J o 


e~ l cos ut dt 


£-(— cos ut+u sin ut) 


r 


i 

{ oo du t 

7 - — — = “ 
o 


°o cos ux , rz 
i~r — du= ~ e~ 

o l+tt* 2 


9 8. A REMARK ON CONVERGENCE OF FOURIER S SERIES 
The Fourier constants in real form by (12) and (13) of § 9.4 are 

2 CT 2 [T 

a w=~j r J fit) cos nut dt and ,3 n = — j fit) sin nut dt ... (1) 

It is plausible from (1) that a n and must diminish indefinitely as 
n increases since the more rapid is the fluctuation in sign of cos nut 
and sin nut, the more complete is the canceling of the various 
elements of integrals (1) which are known as Riemann-Lebesgue 
theorem. Stokes has formulated rather definite results, according to 
which if fit) satisfies Dirichlet’s conditions under the careful vigilence 
whether in particular cases discontinuities of fit) or its derivatives 
are introduced at the terminal points of the various segments, then 
(z) if fit) has a finite number of isolated discontinuities in a period 

the coefficient converge to zero ultimately, like the sequence 



. • • (2) 


iii) if /(/) is everywhere continuous while its first derivative / (f) 
possesses a finite number okisolated discontinuities then the coefficients 
converge like the sequence 



. . . (3) 


iiii) if f{t) and f it) are continuous but the second derivative f"it) 
is discontinuous at isolated points, the coefficient converge like the 
sequence 



1 

33 > 


1 


• • • ( 4 > 
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(tv) if in general, f(t) and its derivatives upto (n— 1) order m. 
continuous bat nth derivative in a period has a finite number 
isolated discontinuities, the coefficients converge like the sequence 

f 1 ? , 1 1 1 

4 m n+1 5 ’ ’ 3«+i M »+i •••(») 

The alsove statements can be demonstrated as follows: 

Integrating by parts, we have from (1), 

P«= /(0 sin ^° 8 Y 

+MI f ' {t) cos fmt dt v r= ^r • • • <•> 

The first term on R.H.S. of (6) vanishes in either case (/) there are nm 
points of discontinuity of/(r) in the range from r=0 to t=T (//) theta 
is no discontinuity of /(/) at /=0 or T. In case there is a discontinuity, 

there exist an upper limit A/(sav) to the coefficient of — for all a 

n 

The second term on R.H.S. of (6) vanishes as n-H.oo due to fluctus 

tions of cos not. Hence in comparable with Mjn. 

When there is no discontinuity in f(t), we have 

1 f T 

/'(*) cos not dt , . , (J) 

Integrating again by parts, we find, 

Pn = 


P f '(t) sin /7<i >/ H 

r * f 

L *<*> J 

!o J 


i sin not dt 


<•> 


If f'(t) has discontinuities, take M as the upper limit of the corlth 
cientof-^ as discussed above, then is comparable with A //«•, 
since second term on (8) vanishes due to fluctuations of sin not. 

ments areverv useful°anH r8enCe of ar ^? urier series, the above slut* 
ments are very useful and so one should see initially how well m 
how poorly the series will converge. y 

Differentiation of a Fourier series makes the convergence pooi.i 
e ntegration increases its rate of convergence. Conclusively If » 

Fourier series has been differentiated until it converges as — , it ll 

no further differentiable. 

^ H y SI i" AL APPLICAT IONS OF FOURIER’S SERIES 
Fourier Series involving Phase Angles 
Bv (11) of § 9.4 we have 


/(/)= f- + 


00 

2 


oo 

cos 2 J3 n sin ntat 

*= 1 


• (I) 
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2 r T 2 [T 

where a n = — I f(t) cos m*t dt , p n = — AO sin n <*i dt and 
2 J 0 J 0 

(period) ...(2) 

<0 

Let a n cos mo/+(3 n sin no>t=y n cos («co/ — <f> n ) 9 being the phase 

angles. 

=y n cos neat cos <f > n + sin nut sin </> n ... (3) 

Equating coefficients of cos n<*t and sin ruot on either side of (3), 
we get 

<*«=Y» cos <f> n and p n =*Yn sin <f> n ... (4> 

which give y»= and ^»=tan- 1 -^- ... (5) 

Hence the series (1) takes the form 

f(t)=^&+ 2 T» cos (not-<j> n ) ... (6) 

* n=l 


or /W=y- 1- 2 ^ Y« s>n (ntof+-^ — <f>„ ^ ... (7) 

[2] Effective Values and the Average of a Product. 

When dealing with the problems in electrical-circuit theory and in 
the theory of mechanical vibrations, we require to find the root mean 
aquare or effective value of a periodic function. In terms of complex 
Fourier-series expansion, a periodic function /(/) is given byj 

00 0 71 

/(/)= 2 a n e inmt where T== (period) . . . (8) 

11 — 00 w 


The root-mean square or effective value of the function say f e over 
a period T is given by 


/*s=yJ o r AO* 


00 


00 

2 

On 

2 

=-oo 

m=— oo 

00 

00 


2 

2 

<Jn < 

= -00 

m=— oo 



a m dt 


1 00 

«= — 00 m= 


$ r 2 

=—00 Jo 


2*/a> 




.(9) 


But 


r2TT/<0 

Jo 


gip I 


(on carrying tertn by term integration) 

r • • • (10) 


[ giPmt "H2 7T /co 

-j I =0 for integral m^O 


2* 




J 
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which follows that all the integrals in (9) vanish excppt those l.» 
m——n. 

] 9? oo 


(9) reduces to f 2 E=- 


2 fl,S.,r= 2 fl„<7_„...( II) 

* it=-co n=— 00 

Regarding a_„ as the conjugate of a„, the quantity in summation of 
R.H.S. of tllj is the square of the magnitude of a n . Also the sumum 
tion over negative values of n yields the same result as summation 
over positive values of n. Thus (11) reduces to 

00 

f°E=2 | a n \ z +a 0 2 where a 0 corresponds n—0 . . . (|J) 

Again, to find the average value over a product of two periods 
functions with the same period T (say), let us assume two function h 
00 
2 

z— —oo 
00 
2 

m = — oo 


/,« = 


a n e 




and f a ( /)= 2 b„, . 

m = — oo 

Then average of the product 

— “jp j o dt 


with T 




(ID 


1 

f r r 2 ? 

oo 

-i 


|| 2 a n e inmt 

2 b m e i,n 

\dt 


Jo L/Z= — oo 

M— — OO 

J 

1 

oo oo 

f T 


T 

" 2 °n b m 

gUn+m) m t 

dt (on 

n 

= —oo m = — oo 

J 0 


interchanging 

^ the order of integration, and summation) 

a n b - „ [evaluated just as in (11)] ... (14) 

[i] Thermal State. Let us first consider the Fourier's problem of tht 
permanent state of temperatures in a thin rectangular nlaV It 
breadth u and of infinite length, whose faces are impervious to hca! 
Suppose we have to find the temperature at any point ofthe olais 
assuming that the two long edges of the plate are kept it the constant 

TlZT?U T°' that ° nC oft ^ e short edges say the base of the p hill 
is kept at the temperature unity and that the temperatures of the points 
m the plate decrease indefinitely as we recede from the base ' ? * < 

We know from the Analytical Theory of heat that the 'chan <re ,,f 

%T^ n % diSeicat points of a so " id K * s tS £ 


du 

dt 


\dx 2 ^dy^dz* / 


t r .9P rcse , nts .^ c time, u the temperature at anv noint (x v *\ 
of the solid and a is a constant. ^ ^ ^ > y * *) 
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In case of permanent state of temperatures in a thin rectangular 
plate this reduces to 


0=a 2 ( 


ex 2 


CTM \ 

*y)' 


l.e. taking the base of the plate as x-axis and one end of the base 
ns origin, the temperature u of any point is given b' 


0 2 W 

Sx 2 


d 2 u 

dy 2 


0, 


(15) 


provided, w— 0 when x~0. ...(16) w= 0 when x=tt, . . . (17) 

w=0 when >>= oo, ...(18) u=l when y=0 ...(19) 

Let us suppose that u—A* y+ * x is a solution of (15); then we have 

ffijj ?) 2 u 

~=Ap\e<™+** and ~=A<x\e««W. 

dx 2 r dy 2 

Substituting these values in (15), we get 

a 2 + p 2 =0 or p = ±;Za. 

Thus we get u—Ae*?^***, where A and a are two constants, 
l.e. u—^c^ve 1 ** and u—Ae* v e~~ i0LX . 

Adding, 2 u=Ae* x (e** y -\-e~ i0lx ) 

= Ae* v . 2 cos ax. 


u=Ae 0ty cos ax. . . . (20) 

This solution may also be adjusted in the form 

u=Be* y sin ax. ... (21) 

The solution (21) satisfies the conditions 

u—0 when x=0, u= 0 when x=tc, a being an integer. 

Also u— 0, when >>=oo, a being negative. 

Hence u may be expressed as a sum of terms of the form Ce~ ny sin 
nx, n being a positive integer, which satisfies the conditions (16), 
(17) and (18). 

u=C x e~ v sin x+C 2 e~ 2y sin 2x+C 3 e~ 3v sin 3x+ . . . (22) 

Again to satisfy the condition (19), if we put y — 0 in (15), we get 
u=rC x sin x+C 2 sin 2x+C 3 sin 3x+... . . . (23) 

It the series on R.H S. of (23) be developed to represent unity the 
condition (19) is satisfied. For this we have to find the suitable values 
for the coefficients C lt C 2 , C 3 ...etc. 

Consider the Fourier’s series defined by/(x)=l for all values of x 
lying between 0 and tc. 


Her e/(x)=C 2 sin x+C 2 sin 2x+C 3 sin 3x+..., 

2 [ n 

where C n =~ j sin nx dx, Y /(*)== 1; also /(x) is an odd function 
of x as /( — x) ==°—/(x). 
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and 


= 0 if n is even 
if n is odd. 

TC 


Hence 

oo 

/(*)= 2 C n sin nx 

n=l 


2 00 2 

= — | — sin nx, when n is odd and zero when n is cvm 

i _ 4 f~ sin * . sin 3x . sin 5* . "| 

7u L 1 3 ^ 5 n being odd wlililt 

C - C ” C - order that lh. 

Substituting values of constants given by C n =~ (n being odd) In 

(22), ^the required solution to give the temperature at any point ll 

u = T t <rV sin x +i e ~ ,y sin 3x+*<r 5 » sin 5*+...]. • • . (J4) 

Note. Similarly we can find the potential function at any point of a 
. thm re ct<Mgular conducting sheet of breadth n through which an 

electric current flows, supposing that the two long edges are keel it 

potential zero and one short edge at potential unity. 8 ‘ # 

Deductions. 

(0 If the temperature of the base of the plate be a given function 
of x > while the other conditions remain unaltered. 

We have already shown that 
00 

/(*)= 2 C n sin nx, 

n=\ 

where C n =^~ J f(v) sin nv dv . 

Thus we have form (22) 

If”' sin "* j/(v) sin nv *]• . . . <ai) 

J!t tiZTl thC V emperature of the base as unity and the bre.dlii 
oi tne plate as n, we have prove that 

4 

[e-v sin x+ie -*v sin 3x+ie -» sin 5y+ y . . . ( J|) 

In order to sum the series on R.H.S., let us consider 
log ( 1 + 2 )= ^-^*+Jz»-^ 4 +...when | z | < 1 
and log(l-z) z-fc*-*z»-i*_ ...when | z | < 1. 

.Wtlog(l+z)-log(l-z)]=z+il + ^- + ... wIl e n | z | <1. 

. . . an 
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Now z being a complex quantity, may be expressed as 
z=r (cos 0+/ sin 0). 

Then, 

l°g (1+2)= log [1+r (cos 0+z sin 8)] 

= — log [(1+r cos 0) 2 +r 2 sin 2 0]+i tan -1 r- f - - * n ^ r 
2 l+rcos0 

[v log (X+iY)=~ log (X 2 +Y*)+i tan -1 -Lj 

= 4- log [l+2r cos 0+r 2 ]+i tan" 1 , ^ si - n 9 ■. • 

2 1+r cos 0 

Similarly, 


r sin 0 


log (1 2 )= log [l-2r cos 0+r 2 ] — / tan" 1 

2 1 — r cos 0 

i D°S (1+z)— log (1— z)\ 

IS Ina l+^ r c °s 0+r 2 C r sin 0 _ x r sin 0 71 
2 L 1— 2r cos 0+r 2 \ an l+rcos0^ an 1— r cos 0^ J 

1 T 1 i_ l+2r cos 0+r 2 , 2r sin 01 

2 Lt ° S ~T^2 r cos 0+r 2 +,tan -T^rJ 


[• 


tan -1 a+tan” 1 6= tan -1 


Hence from (27), we have 

cos 6+r 2 


1 1 l+2r cos 6+r 2 , . , , 2r sin 01 

yLT log 1^2rcos0+r 2 +* tan J 

=r (cos 0+i sin e) +^ (c°s 6+i sin 0) 2 + 

=r (cos 0+i sin 9)+ r - (cos 3e + i sin - 36 > + ,,, 
Equating real and imaginary parts, we get 


1 . l+2rcos0+r 2 

4 g l-2r cos 0+r 2 = 

, 1 . . 2r sin 6 

andytan^-j— 


0 . r 3 cos 30 r 6 cos 50 , 
:rcos 0+ ^ ^ + .. 


=r sin 0+ 


r 3 sin 30 r 5 cos 50 


3 * 5 

(28) and (29) are valid for all values of 0 provided r < 1. 
Also e~ v is less than one if y is positive. 

Hence replacing r by e~ y , (29) gives 


,(28) 

(29) 


1 


£-3y g-5y | 

sin x -{ — — sin 3x+-j- sin 5*+... — — 


tan 


_i 2e~ v sin x 
1-e- 2 * 


— ~^r tan 


= tan 


_! 2 sin * 
e y —e~ y 
_j sin x 
sin/*>> 
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Substituting the value of this series in (18), we get 

2 , sin x 


u~~ 


tan 


-l . 


sin h y 


(30) 


For Isothermal lines, w^-constant 


i.e. 


tan~ 


or 


sin x 
sin h y 
sin x 


-a (say) 


= tan- 


an 


Again 

log 


sinA y 

14-2 r cos 8+r 2 
1— 2r cos 0 + r 2 ~~4 


\ log 


e v +e~ 


(31) 


l+2e~ v cos x+e~ 2v 
l—2e~ v cos x-\-e~ 2v 

replacing r by e~ v and 0 by i 


= f log 


+ COS X 


e*+er 


-cos X 


= 7 log 


COS/l J-f COS X 

cos/z y — cos x 


For the lines of flow, 

1 f 

7 log 


or 


cos/z >>-fcos x 
cos/z y — cos x 

cos h j>-f cos x 


cos/z y 
cos/z y+cosx 


=b (a constant) 


=e ir &. 


. (32) 


-cos X 

J^since u l — 4 cos h y—co sx 

the isothermal lines are the lines of flow of the existing problem and 
conversely the lines of flow are the isothermal lines of the present 


is the solution for the problem If 


problem. J 


[4] Transverse Vibrations of a String 

We now consider the problem of the transverse vibrations of stretched 
string fastened at the ends. Suppose that the string is initially distorted 
into some given curve and then allowed to swing . Let the length of the 
string be l and the equation of the curve to which the string is distorted 
initially be y~f{x) with reference to the position of equilibrium of the 
string as x-axis and one of the ends of the origin . 


In acoustics, such vibrations are given by 


d 2 y 3 2 y 

' dt 2 ~ dx 2 ’ 

. . . (3D 

We have to get an expression for y . which is 
equation (33) subject to the conditions 

the solution of tin* 

v=0 when x— 0. 

. . . (31) 

=0 when x— /, 

. . . (35) 

y—f{x) when /=0, 

. . . (3ft) 
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and =0 when /=-0. . . . (37) 

Let y=Ae* x+ * 1 be the solution of (33), 

~-=A 2 Pe** + v and =Act z e' lx+ » t . 
or dx 2 

Substituting these values in (33), we get 

1 3 2 =W, 

giving P = 

y=Ae ax ± aact . . . (38) 

is a solution of (33). 

Here if we replace a by -fa/ and —a i in succession 
y== Ae( x ± ta ) a/ , 
y—Ae~^ x ^ at ^ a, ‘. 

Adding and then dividing by 2, we have 

y=A cos a (x±at). . . . (39) 

This may further be expressed as 

y— B sin a (x± at). • . (40) 

From (38), 

y=A cos a (x+at)=A {cos ax cot aa:— sin ax sin ccat} 
and y—A cos a (x— at)— A (cos ax cos aal-f sin ax sin a at). 

Writing y successively equal to half the sum and difference of these 
values, we can write 

y=A cos ax cos ccat, 
y=A sin ax sin ccat. 

Similarly from (40), 

y=B sin ax cos ccat, 
y=B cos ax sin an/. 

Out of these four values of y , if we take 
y~B sin ax cos ccat , 

it is obvious that this satisfies the conditions (34) and (37) and this 

• /;7T 

may be made to satisfy (35) by putting a=-y when n is any integer. 


Hence we can express 


oo 


M IX 


2 b n sin — t — cos 


meat 


71 = 1 


7IX 


i.e y=*b x sin -y— cos 


7T at 


l 


+b 2 sin 


2tcx 


/ 


cos 


sin — j — cos 


2 nat 
l 

3nat 
l H 


. * • (41) 
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The relation (41) satisfies the conditions (34), (35) and (37) In 
order that this may satisfy the condition (11) also, let us put t- o' in 
(41), whence we get 

,,_a c * 7ZX , i . 2kx , 3nx 

y—b± sin ~+A a sin — ^ \-b 3 sin + ( 42 ) 

If we can however develop /(x) into a series of the form (42) 
then a comparison will give the values of the coefficients b u L b[ 
etc which when substituted in (41), will give a solution of the partial 
differential equation (33) under the conditions mentioned above. 

Now consider the Fourier’s series defined by 

f( x )=b i sin -~-+b 2 sin ~~+b 3 sin 
for all values of x lying between 0 and /. 

Then b„= yj /(x) si 


) sin dx 


2 f‘ . . «7tv , 

= 7 j () /(v) si n -j-dv 


. (replacing x by v in order to discriminate). 

Substituting this value of b n in 


00 

v y r • WKX narzt 

y— 2 j b n sin — — cos 


/ ws / 

the completejolution of the differential equation (8) may be given «| 

'nnv 


v nnat 

- j ^ sin — - — cos 

1 //=i / 


Kcit r 1 „ 


sin 


dv. 




Deduction If the shape of the curve into which the string ll 
distorted be given by y=f(x)=b sin-^-, then 


Thus 


■ [ /(V) si 
J 0 


r, s , . wiv 

f{v)~b sin — 


nnv , 

sin — i—dv=b 


•j: 

=4i:( 

[ 


• 2 W7CV J 

sin- ~j — dv 


Hence the solution (43) reduces to 


t 2«7TV \ _ 

1— cos— j — J dv 

l . 2«7tvT / 

2^ “"—J.-'T 


V — h cm mx n7Zat 

>— osin cos — j — 


Note. For more applications see the next chapter. 


. ( 44 ) 


9.10. THE FOURIER TRANSFORMS 

[pi *« Uritr T ? ,ne .Transforms. They can be subdivided in two namalv 
lim’f m " 1 ' 0,,r " r sl " “ d «* Fi»''e Fo“ rie, sL “S 


I 


I 
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[tfi] The Infinite Fourier sine Transform of a function F(x) of x 
such that 0<x< oc is denoted by f s (n), n being a positive integer and 
is defined as 

f s (n)= f 00 F(x) sin nx dx . . . (1) 

J 0 

Here F(x) is called as the Inverse Fourier sine transform of f s (n) and 
defined as 

F(x)=* ^ I °° f s (n) sin nx dx ... (2) 

“Jo 

Thus if f 3 (n)=f s 1 F(x% then F ( x)=fr x [ /,(«)] ... (3) 

where /is the symbol for Fourier transform and f~ x for its inverse. 

Problem 19. Find the sine transform of e~*. 

We have 

/«(«)= | e~ x sin nx — -(—sin nx — n cos «a:)J 00 = y-p—- 

Problem 20. Find the inverse sine transform of e~ Xn . 

We have f~ x [e~ Xn ]= |°° e~ Xn sin nx dn= 

(—A sin nx—x 

2 x 

“ 7C A2 + X 2 * 

[a 2 ] The Finite Fourier sine transform of a function F(x) of a: such 
that 0 <x<l is denote? by f s (n), n being a positive integer pnd is 
defined as 

fs («)= j 7 F (x) sin ~ ~ dx ... (4) 

In case /= tc, this becomes 

/(/i)=|o F( x ) sin nx dx ... (5) 

and the inversion formula is 

F(x)=^~ 2 f s {n) sin nx ... (6) 

71 «= i 

whence a n is the coefficient of sin nx in the expansion of F(x) in a 
sine series and is given by 

2 [ n 

a n =— I F(x) sin nx dx 
n Jo 

= !-//(«) by (5) ...(7) 

Problem 21. Find the Fourier sine transform of F (x)=x such that 
0<x<2. 
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•2 

We have f s {n)— F(x) sin — — dx V 1=2 in the existing case, 


= I x sin — — — dx 
Jo x 


■— COS - — 12 *c> * 

2 f- 2 727CX- , 

[_*• ^ J 0 +J 0 ~^ cos ~2~® x ( on migrating by partu) 


/ I7TX 


[ 


WTC 

“2 

-2x n~x 4 . otx 

"mT - cos ~~ 2 ~ +„'^~ sm — 2“ 


7 — - 

Jo nx 


- COS OT. 


[B] Fourier Cosine Transforms. They can also be subdivided info 
two namely Infinite and finite cosine transforms. 

[bj The Infinite Fourier Cosine Transform of F (x) for 0<*<oo, It 
defined as 

fc 00= J F (x) cos nx dx, n being a positive integer. . . . (H) 

Here the function F (x) is called as the Inverse cosine transform of 
f c (n) and is defined as 

F ( x )—^- \y («) cos nx dx 

Thus if f c («)=/, [/■' (*)], then F {x)=f~ 1 [f e («)] . . . ( 10 ) 

Problem 22. Find the cosine transform of x n e~ am . 

f ^ a f oo 

we have e~ ax cos nx dx=* , ■ T and f c (n)= x n e~ a * cos n% 

Jo a~-j-n J 0 

Differentiating the first relation n times w.r.t. V we find 

\JH cos ^(/*+l) tan -1 ~ j 

l!i cos j(n-f-l) tan -1 —-? 

Hence f c («)= 

Problem 23. Find f~ x {e~ Xn } 

We have/ 7 1 { e~ Xn }= |°° e~ Xn cos nx dfi= 


dx 


by usual method. 


z>— X.n 


A-+* 2 

(— A cos nx+x sin nx) | 


Jo A 2 +x 2 
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[/i„] The Finite Fourier cosine transform of F(x) for 0<.v</ is 
defined as 


/(«)=[ F (x) 

J 0 

when /=tt, this becomes 


wzx , 
cos — -j— dx 


f c (n)= [ F(x) cos nx dx 

J o 


and the inversion formula is 


1 2 00 

F(x)=— f c (0) + — t fc (") cos nx 


when f c (0)= f* F{x) dx 

J 0 


( 11 ) 

• ( 12 ) 

(13) 

(14) 


Also h n the coefficient of cos nx in the expansion of F(x) in a cosine 
series is given by 

— ■■ [ F(x) cos nx dx—~f c («) by (12) ...(15) 

71 Jo 71 

Problem 24. Find the finite Fourier cosine transform of x. 


We have 


* cos nx dx 


fc 00= J* 

J" — s i?- * "1 _ J_ f sin nx dx (on integrating by parts) 

L n Jo n Jo 

1 _T c os nx 

~ ~n L -n J 0 

=~r {(- l) n — l), «=l, 2, 3, 

But if n=0, f c (0)= j x —~Y' 

Note. On the next page are tabulated some useful Fourier sine and 
cosine transforms in a concise form. 

[C] The Complex Fourier Transforms. 

The Complex Fourier Transform of a function F(x) for — oo 
<x<co, is defined as 


/(«)= [°° F(x) e ln * dx 
J -CO 


where e inx is said to be the Kernel of the transform. 

1 Too 

The inversion formula is F(x)=--\ f(n) e~ in * dn 

27cJ —oo 

Problem 25. Find the Fourier Complex Transform of 

I </ 

<1 


.(16) 

. ( 17 ) 


FYx)= ¥ * 2 ’ I x I 
{) 10, \x\ 


Infinite Fourier Sine Transforms Finite Fourier Sine transforms 

Un) = IT F[X} Sin nx dX ' F[X) = T S,n X dn AW- f* Fix) Sin n X J X , F( X ) = ± £ f,{n) sin nx 


o 

o 

c 


5 

Ik 

R 

r 

* 


1 ^ 
i ? gh 

. t 3 


t I*"- 


I 




* Sr r 

K I 


1 T 
i T 


*< 

i B li c 


J II 

% = 


o 

% 

t< 


I o « CL * 

^o^ R U 


■1} 


— X 


V 

X 

^ V 

KS 

V tf 
® * 

X li 


X fc 


£ 

'x 


X 


I! 

S 

x 

5 

a 


N 

I 

.9 !■ 

"1 


1 


I 



Infinite Fourier Cosine Transforms I Finite Fourier Cosine Transforms 


r 

8 h] 
+ 1 


'x 

fir 


■8 

X 

R 


X 

fir 


X 

R 




X, 

.X 

X 


X, 

E 


jL 

^R 


R 

5 


to 

IM* 

0^0 

II II II 


to 

cs 

7 

R 

ri 

"tT ° 

« II 
a r 

trt 


to 

Cvf 

7 

R 


to 

rf 


R 

C* 


fH N 

I ^ 

c II 


_R 

VO 

+ 

8 


r< 

% 

R 


5 

Ik 

R 


8 

+ 


r o 

II 

' R 


1 * * 
ti O O 


' ” R <M 
« — ~ <n „ s; 

to .R rr rr- 


to » 

<N <*> 

8 

' 11 7 

R I 


T-« K t <T> 


IT* 

to 

IT rT << 


c i—. 


R R 

© *5 


x 

fir 


<N U 

V * 

x V 

V d 

o n 

*-H ^ ^ X 

I 


3 

c 


1 — 1 



« R 

R 

Hr 

R 

+ 

r , 

| 

r ^ 

> |H 

1 + 

'a 


"el™ 

“bI" 



§J« 

a 


'r 

I* 


Tr I is 

h+ l 





X. 

fe. 


R 


V 

d. 

V 

o 


8 


6 

JG 

< 9 i 


R 

V « 

V 0 - H |<s 

x* o d 2 


r, i 


A 

s* 

a 

• Cl 

. y-* 

A 

H 
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We have /(«)= f ( l-x 2 ) e in » dx= f ( l-x 2 ) -^-(i — 

J -i L m in 

| x e inx dx J (on integrating by part*) 


=0+ 11 
m 

1" xe inx “l 1 

2 f 1 c <»* 

dx 

L in J— i 

(inf L 

2 re 

in +e~ in ]+ 

7^ T e in * “l 1 

_2_ 

-n Ae 

« 2 L in J— ! = 

n 2 

4 

, 4 

4 

( n cos i 

= " o 1 

n 2 

cos n 4 — tt 
n 6 

sin n— — — ^ 
n 3 


irr 


Problem 26. Find the Complex Fourier transform of e~l xl and thru 
invert it. > 

foo 7 

e -\x\ £ in x dx = 

-00 


We have 


/(*)= f°° 

J-C 


«-r . 

J-00 


e (l+<n)« 


- f°° £T (1 

Jo 


Cl- in)* J S 


1 


1 


l + in 'l— in = 1 +w 2 
So that the inversion formula gives, 


F(«) 


_ l roo 


1 fOO e -inx 

dx — — | — ■ — r, dx which may It* 

^J-ool + n- 


2n J — ool+n 2 

integrated by contour Integration. 

Note. Several other Complex Fourier Transforms have been tabulate 
on page 843. 

[D] Parseval’s Identity for Fourier Integrals. 


It is stated as 


roo 

J-oo 


F( X ) r- dx 


J_ foo 

2tc J -00 


l/t«)i 2 dn 


(III 


where f(n) is the Fourier transform of F(x). 
Problem 27. Find the Fourier transform of 

F(x)=V’ 

W 10, I x | >a 
Hence or otherwise evaluate 


f oo sin‘ 
Jo n‘ 


sin 2 nx 


dx. 


We have /(«)= F(x) e~ tn ‘ dx =|“ 1 e~ inm dx 

p g-inx "lo 

L--in 


2 sin na 


for n=£0 




x 

ST 


•3 


x 

a l 

II 


X 


X 

iC 


-c> 

V 


o . ^ 

Al I 

' ' ei 
— 

— <3 


s: 

<3 


s 


53 

> 

<3 


£ 


+ 

h 

> 


V 

a 

V 


n 

V 

V 


X 

+ 

Ts 


V v 

x x 


x 

I O 


V 


C3 

A 


■s: 

r/i 

o 


X 

I 

V 

> 


V A 


C 

4 - 

3 


«! 

+ 

^3 

Q 




+ fc 


X\ c 
+ & 


* * 





- X 



A 


3 

I 


a o 

V A 

x X 
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For n= 0, /(«). 


2 Lim 

n^O 


sin na 
n 


=2 Lim — 

n-*0 * 




£ na— n z c?+ J=2a 

Now using Parse val’s identity, we find 

[“ 1 2 ^= v (°° 4Si f ^ when n#0 
J-a 2TC J —OO n 

00 4 sin 2 na , f "T 

"L'l 


^ jr 

i 


-dn 


=2a 


oo sin 2 , 7ijc 
— — ax = -^— 

/i^ 2 


]E] Relation between the Fourier Transform of the Derivatives of • 
Function. 

If f(n) be the Fourier transform of F(jc), then we have to express 
the Fourier transform of the function in terms of f(n ). 

We have by the definition of Fourier-transform, 


/ 

So that 


t d m F~] foo d m F 

~d^j=\ -aod^ £inX dx =f m W (“y) 




/ m («)= | 

-I 

r» 


oo d m F 
-oo dx m 




oo d m ~ 1 F 

-oo ^ c< ”* ~dX™ =ir ^ on i nte S rat ‘ D 8 by part*) 


Too d m ~ 1 F d m ~ 1 F 

j x m-i d' nx dx, under the assumption r+0 

as I x | -♦<*» 

= —inf m ~\n) by (19) . . . (20) 

d^F 

Repeating the same process under the assumption ->0 

as | x | -*oo, r=l, 2, 3, ...(*» I) 
we get after (m— 1) operations, f m (n)=*(—in) m f(n) ... (21) 

which follows that the Fourier transform of * s ( — * n ) m t * nies l ^0 


d r F 


A) whm 


Fourier transform of F(x) subject to the condition that 

I x | -*oo, for r=7, 2, 3,...(m-7). 

By similar procedure we can find a relation between the sine anil 
cosine Fourier transforms of the derivatives of a function, such as 


fc m (n) 


■r 


oo d m F 


cos nx dx 


dx 1 

+n 

= — a n _ x +/i/ s «- 1 (n) 


1 ° 


-D 


cos nx 


r 


_ dx m ~ x 

00 Jm-lp „ 

dx™- 1 sin nx d# 9 integrating by parti 

. . . ( 22 ) 
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Under the assumptions, 

dm ~ lf r\ , d^-'F 

as x-+co and j — x -►«„_! as x-+0. 

I co d m F 

- sin nx dx 

= -n f™- 1 (n) 


(23) 


(22) and (23) yield, 

/c w («)=-«n-x-n 2 f™~* (it) ... (24> 
Repeating the procedure f c m ( n ) may be expressed as the sum of 
<x' s and either f c (n) or f e '(n) or //(;*)• f e (n) will occur when x is 
odd and in that case we can write a 0 +n f s (n) in place of f c '(n). We 
thus have 

m — 1 

/<>(«)=- 2 (— l)'a. m _ 2r _ 1 n 2r +(-l) m tiffin) ...(25) 
r=0 
m 

and f 2m+1 («)=— S ( — l) r a 2m-2r w 2r +(— 1)™ «- OT+1 //«) ...(26) 
r=0 

Similar procedure with the help of (22) and (23), will yield 

f» m (n)=na„_ 2 — n 2 jC~"(n) . . . (27) 

m 

f s 2m (n)= - 2 (- iy n 2 ^ 1 a 2 „- 2r + (- l) ra+1 n- m f s {n ) . . . (28) 

r=l 
m 

and / s 2m+1 (n)= - 2 (— 1)' n 2 ^ 1 oc 2 „_ 2 m + (-1)™+ 2 yr (#|) 

r=l 

. . . (29) 

Note 1. The following results are easily deducible 

roo d 2 F , 

cos nx dx- 


dx 2 

oo d*F 


» i: 

« i: 

..... rood 2 F . 
(/,,) ] 0 T*" 1 

(/v) f° 

Jo 

Co 
(V) 

J 0 


cos nx dx= n x f c [ri) , 


= ~ M2/c( " ) l A „ dF d *F n 
> Wh£n x- 0 ’ dx 2 ~0 

. . . (30) 

1 


oo d*F 

dx* 


sin nx dx=n 2 f s (n) 
sin nx dx=n 4 f s (n) 


y when x—0, F^~~=0 


J 


0° dF . , 0 foo 

■r— sm nx dx=— \ F sin nx dx = 
ot ct Jo 


¥ 

0/ 


...(31) 
. • . (32) 


Note 2. /« case the transforms are finite , then consider 

J TC 0/r r “lit (*K 

F(x) sm — n J F(x) cos nxdx , mte- 

grating by parts 

= -nf c (n) ...(33) 

under the assumption that F(o) and F(n) both are finite. 
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Similarly, cos nx dx =|~F(x) cos wxj* + n F(x) 

sin nx </i 

=(-iy m-m+n fM . . . ( .n, 

Assuming that F(x)^-0 at x=n and at x=0, (34) reduces to 


I 


* dF 


-5— cos nx dx—n f s (n) 


0 dx 


. . . (33) 


and (33) reduces to 


f* d‘-F . r* 

Jo dx* J # 


'* dF_ 
dx 


cos nx dx 


=„[(_l)r.+i fXw)+f(0)]-n* f s (n) by (34) . , . (3(.) 
If F(0)—F(~)—0, then (36) yields, 

r« c°-f 


i: 


--3- sin nx dx=—n 2 f s (n) 


(37) 


Similarly (34) yields 

d-F 

Jo ~dx r cos ”xdx=(- l) n F'(-K)-F'(0)-n 2 f c (n) 
d-F 

In case — — - vanishes at x=0 and at x=n, it is easy to see that 


. . (38) 


(31) gives 


r 


8*F . 

sin nx dx 

ox* 


dF d 3 F 
dx ’ 


— I 


sin nx dx—n 4 fjn) 


and when vanish at x=0 and at x=n, (38) gives 


I. 


n d-F 

g— cos nx dx=—n 2 f e (n ) 


f 7C 

So that J - Aj- ' i cos nx dx=n 4 f c ( n ) 
he function 1 
= 0, 0<X< 7C, 


• (39) 

. (40) 
.(41) 


Problem 28. Determine the function F such that 

d 2 F d 2 F 
dx 2 + dy 2 ' 

with the boundary condition F=0 when x=0 and x=7c 

— 0 when y=0 

=7^ (const.) when y—n. 

F being given to be zero when x=0 and x=n 9 we have to use the 
finite sine transform i.e. /(«)=j F(x) sin nx dx 
Applying it to the given differential equation we have 


* dfF_ 

dx- 


P 1 

Jo 8 


sin nx dx+ 


i: 


d 2 F 
dy J 


sin nx dx=* 0 


courier’s series, integrals and transforms 
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with the condition, / =0 when y =0 and /=» | F 0 sin nx dx 

J 0 

when y= n 

I TT 02 F 

sin nx dx=—n 2 f 

0 V' X 


/+ i!Z„o where -*f 


dy * 


or 


a 2 / 


dy- Jo dy 


'* 3 -F . 

-T- sin nx dx 


dy z 


-n 2 f= 0. 


Its general solution is f—A sin/t ny 


But 


sin nx dx when y=n 


i: 

r r cos«x i 77 A , 

=F 0 — I =0 when n is even 

L n Jo 


= — 2 F 0 /n when n is odd. 

So that considering the two solutions for / we conclude /= 0 
when n is even 


and 


/ 


2 f 

— - cosec h 7J7C sin h ny when n is odd. 
n 


Hence the inversion formula will give on replacing n by 2m+l, 

F= -^-- 2 [Im+Xy 1 cosec/i (2m + l) n sin/i (2m+I) y 
71 m=~- 0 


sin (2/w+l) jc 

[F] Multiple Fourier Transforms. 

If F(x, y) be a function of two variables x and y, then assuming it 
to be the function of x only, its fourier transform ^ (n 9 y) is given by 

I oo 

F(x 9 y) e in * dx ... (42) 

-00 

Now if /(«, /) be the Fourier complex transform of <£(«, y) which is 
regarded as function of y only then 


{ oo 

f(n, y) e tl,J dy ... (43) 

oo 

These two results when combined, give 

f(n 9 /)= f °° [°° f(x 9 y) e l lnx+ly) dx dy ... (44) 

J-oo J -oo 

and the inversion formula is 

1 f oo foo 

/(*,>0=^r] ^ J _ oo /(«, l) er* (»■♦*) dn dl ... 45) 


Note 1. The result may be generalized for any number of variables . 
Note 2. In case the Fourier transforms are finite such that F(x , y) is 
a function of two independent variables x 9 y where and 

O^y^n, then the sine transform af F(x 9 y) is given by 
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/,(«, 0=| [ F( x > y) sin nx sin ly dx dy 

Jo J 0 

and the inversion formula is 

4 oo oo 

F(x, y )=— r 2 S /,(«, l) sin nx sin ly 

/=i 


. . . (4ft) 

• - • (4/1 


[G] Convolution or Faltung Theorem for Fourier Transforms. 

If F(x) and G(x) are two functions such that — oo<x<oo then theta 
Faltung or Convolution F*G is defined as 


1 00 

F(n) G{x—n) dn 

-oo 


. . . (4») 


It is worth noting that the Fourier Transform of the Convolution 
of F{x) and G(x) is the product of their Fourier transforms i.e. 

f[F*G]=f[F]f[G) ...(49) 

1 00 

H(x ) e~ in * dx by definition 

-oo 


J oo Too 

F(x) e~ in * dx 
-00 J -oo 


G(x) e~ inx dx 


=f[F].f[G]. 

[H] Evaluation of Integrals with the help of Fourier Invembi 
Theorem. 


Let L 


i-r 


e~ ax cos nx dx and h 


r oo 


e“°® sin nx dx. 


Integrating by parts, we have 


'■-[-4 


e“ 0flr cos nx 


“loo foo 

~ a Jo 


e~ ax sin nx dx 


J a a 


Similarly / 2 *= — h 
These give on solving Ii=—g 


a 2 +n 2 an( ^ I* a 2 +n 2 
Thus taking F(x)=e ~ atB , its sine and cosine Fourier transforms ai 

anc * res P ectivcl y> so ^at ^e * nvers i° n formula gives 


2 + / 2 2 


cos nx dn 


. . . (30) 

... (31) 


2 foo 

e ~ ax = — I - 
tu J 0 a 

and e~ ax ~-~ J-s-t — 5 sin nx dn 
tc J 0 a 2 +n 2 

1 00 cos nx j 7u , f 00 n sin nx , tz 

. ?+7? *-a r and ]„ !e+nr Jn ~T """ ' ' ■ < 511 

9.11. APPLICATIONS OF FOURIER TRANSFORMS TO BOUN 
DARY VALUE PROBLEMS 

Problem 29. Find the finite Fourier sine and cosine transform of 


I 


Fourier’s seribs, integrals and transforms 
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d*U 


where U is a function of x and t for 0<x<l, t>0. 
We have/, ^ ~ j = j ~ sin t fHj- dx, by definition 

Vrr/ ■ n-Kx~\ m f 1 .., mzx , 

=(_^» 0 sm — | -j I U(x, I)cos — dx. 


=0-j /JLW—jMV} 

a V mzx 
— cos 

cx 




integrating by parti 

... a) 

i 


kx , r TT/ A s mx~y 

J dx=[U(x, t) cos — 

mz f 1 rr/ x . mzx , 
+ -j ] U(x, t) sin — j— dx 


= u(l y t) cos mz—U{0, t)+jfs{U} 


... ( 2 ) 


7)TT 

Replacing U by in (1), we get 


f W l U\ mz C dU\ 

Js id*r-T f ‘i ajj 

=- j [u(/, t) cos ms— (7(0, f)+y /.{£/}] by (2) 


— - n ~ U(l, t) cos wz+'j U(0, t)-n * -jrf.{U} 


mz 


7)TJ 

Again replacing U by ^ in (2) we find 


/ rg *JL] du ('. o cos 8U (0, t) mz cat/? 

Jc L8x- dx cosn dx + /■'•{ dxl 


au (/. t) 

dx 


COS nn- 


8U (0, t) , mz , ja U\ 
dx 

d u (0, t) n 2 n* 

— —jr-foiU} b y (!) 


dx 


Problem 30. Solve x- 


du d 2 u 


dt “ dx 2 


, x>0, t>0 subject to the conditions 


U(0, 0=0, V(X, 0)=^’ and U(x, t ) is bounded. 

Taking the Foufier sine transform of both sides of the given 
equation, we get 


r 


oo 0*7 

dt 


sin nx dx 


-r 


oo d 2 U 
dx 2 


sin nxdx 


( 1 ) 


I oo 

U(x, t) sin nx dx by u=u(n , /), we have 
du foo dU(x,t) . ^ foo 02 u . , . _ 

dT = J« ai Sln ^=J 0 sm dx b y (V 

r ■ wi 00 , f 00 au , . . . 

=J^sin njc +n I cos nx — djr, on integrating by parts. 


850 


= 0 n £ 


“‘«*«oiwaiicAL physics 


cos nx L / 1' +n sin nx.U dx 


l J’ un der the assump- 

►0 as 

..( 2 ) 


f . dU 

tl0n> dx as x ~ >QO 


« U(o, t) rP u , under the assumption U->0 as * * oo 
Now U [n, /)=J °° U(x> t) sin nx dx g . ves 

u{n,o)=\ U(x, o) sin nx dx= f 1 ( s j n nx d , 

Jo J 0 l s,n nx dx by the condi 


-f cos nx T _ 1 —cos n 
•- n J„ n ~~~ 


tion for U(x, o) 
... (3) 

Usmg the condition U(o, /)= 0, (2) yields * = or du _ _ f 

Integrating log u=*— n a t4-\n<, a a u ■ u ” 

u=Ae-n’t . ’ ein g constant of integration 

Initially when /=0, «(«, r)=„(„ 0)== l^cosn 

n uy (3); so that 




1— cos n 


Hence «(„, /)=L_£21f 
n 

Applying the inversion formula for Fourier «• 

Hve U(x a 2 f 00 o r lnC tran sform, we 

ave U(x, t)~~ «(n, ,) sin nx dx~~ f 00 I —cos n 

Jo "Jo ~ 

vhich gives the required solution „ . sin nx dx 

mature at any point * at anyTme^t aSd " 35 1,16 tem ' 

Problem 31. Use finite Fourier transforms to solve 

U(o f/K ,)=*, ^ ^ o^Xo 

rZnzTr in : e T eta,ion ofthe probl ™- 

ifferential equation, w^have" 0 transform of both sides of the given 

(l) 

Denoting by u**u(n, , )= f* U( . 

Mo u (**0sia nxdx, 

find f frc02 


•OUKIER’s series, integrals and transforms 
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r. a c/> r * at/. . u 

=1 sin «a — w I cos nx cfx, integrating by parts 

—0—n f r 

J o 


dU A 

cos nx x— dx 

ox 


U(o, t)=U(* t, t)=0 

= — n j^cos nx.U(x, /)J — n 2 j sin nx.U{x, t) dx 

= —n i u, since the first integral vanishes for U(o, t) = U(n, t)- 
Its solution L, u=Ae~ n2 ‘ A being constant of integration. 


= 0 . 


•f: 

-*[- 


Now from (2), u{n, o)= | U(x , o) sin nx dx = J 2x sin nx dx 

V U(x, o)= 2x 

2 f w / 

— 1 cos nx dx , 
n Jo 


cos nx~ l 71 

x + 

* . : Jo ^ 


cos n~ 


When 

A=- 


t—0 

2tz 
n 


2k 


2 r . “|* 2tc 

•it’— sin nx =— — * 

L J) n 


COS /I7C 


w= — — cos ot applied to n — Ae n t gives 


u~ — 


cos nK 
2 k 


n 


■ cos nK e 


—rPt 


Applying the inversion formula for finite Fourier sine transform, 
we have 

oo 


U(x, 0= — 2 ( cos nK e n ~ l \i 
n n=l\ n J 


tsm nx. 

For physical interpretation, U(x , /) may be regarded as the 
temperature at any point a - at an instant of time t in a solid bounded 
by the planes a= 0 and x=k. The boundary conditions U( 0, /)=0 
and U(K i t)— 0 give the zero temperature at the ends while U(x , 0) 
=2a represents that the initial temperature is a function of a. 

Problem. 32. Determine the displacements Y(x , t) in a horizontal 
string stretched from the origin to the point (tt, 0) when the motion is 
due to the weight of the string alone. The string may be taken to be 
initially at rest in the position Y=0. 

Taking the axes of reference 
as shown in Fig. 9.8, -and the 
string being released from the 
rest in position 7=0, the boun- 
dary value problem is 

31- “ S 

where 0 <x<tc, />0 

/i 2 = - 


tension 


linear density 
dary conditions. 


with the boun- 



Fig. 9.8 
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y=o= 


dY 

dt 


when 1=0 and 7=0 when jc=0 or 


• • ( 2 ! 


Taking finite Fourier sine transform of both aides „f (1)> wt 


[ w a 2 v . 

Jo ~sF sln nxdx 

Suppose that y(n, t)= [ * 

Jo 


=fl2 r d2 Y ■ , r* 

Jo 0.x 2 sin nx dx ~h2 I si 

Jo 


sin nx dS 


(3) 


e Py 

dt 2 


Y(x, t) sin nx dx, then 
l+(— l) n+1 - 


a ! n 2 y+ g [ l ±( J) n+ [ J by (3?) Qf § p J() [£] 
= —a*n 2 y+g 


(4) 


dy 


With transformed conditions (2) ny^-o whea 
(4) may be written as dt 

(ZF+ ‘* V) wh e re Ds l. 

Its complementary f„„ c ,i„„ j, ^ +B „„ * 

Md " in,egral is f [ ‘ 

So the complete integral of (4) is 

y~A cos nal+B sin j 

*"• dt = ~ Ana sin nat+Bna cos not 

Applying the conditions, y=0=^ , A 

’ y dt when ,== °. we get 

A H 2 n r [ Jand 5=0 

Hence the solution of (4) i s 

a 2 n 3 £ J (1 — cos ant.) 

Using the inversion formula, we find 

2 00 g p 

11 „=i a 2 n 3 [_ J (1— cos nat) sin 


2 g oo 
2 


7Cfl «=l 


1 —(— !)" 


(1 cos wa/) sin tza: 


^8 *(tt— 

7rfl2 /i=l 2 ^ cos ” a( ) sin if we apply 




— *) 
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Problem 33. Let V(x, y) denote the electrostatic potential in a region 
bounded by the planes x=0, x=n and y=0 in which there is a uniform 

distribution of space charge of density If the planes x—0 and 

y=0 are kept at potential zero , the plane x—k at an other fixed 
potential V=1 and V is finite as y— oo, then determine V. 

We know that the electrostatic potential function V ( x 9 y) satisfies 
Poisson's equation which is 


V 2 F=— 4^ p or 


d 2 V d 2 V 


dx 2 T dy 2 
= —4np in two dimensions. 

Here p = , the volume den- 

47C • 


sity of charge. 

. d 2 v t e 2 v 


*=—h where 



°) 


•• dx 2 ^ dy 2 

0<X<n f y> 0 ... (1) 

with the boundary conditions 
V(o,y)= 0, V(tz 9 y)—l for y>o 
and V(x, o)= 0 for o<x<n Fig. 9.9 

also V(x, y) is finite for y>o , ... (2) 

Taking the finite Fourier sine transform of both sides of (1), 
we get 


r 


d 2 V 

dx 2 


sin nx dx-\- 


r 


»0 2 F 

dy 2 


sin nx dx= 


lo Si 


sin nx dx 


. 0 ) 


( 4 ) 


Assuming that v= [ V sin nx dx , (3) gives 

J o 

d 2 v 

~ n2v +d^ = <-^ n ~ h f‘W 

since F=0 at x=0 and F=1 at x=n so that v=0 when y=0 and x 
is finite. 

The complete integral of (4) is 

v=Ae~ n y +Be n y '* ! 

But v is finite for y-> oo, 


—n* 

B=0 


Also when y=0 v=0 


A = 


n( — \) n —hf s {1} 


Hence the solution of (4) is 

„__^ {l)-a(-ir 

nr v 

Using the inversion formula, we find 

„ 2 <*> hfs {!}-„(- 1)« ^ 
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ADDITIONAL MISCELLANEOUS PROBLEMS 


0< '<£"- rZZ^izrfVrS l,) »' 

— 6<f<6 m 3? ' ^ thefunction °f Period 12 defined as follow! in the inUrv.d 

(t)=0for — <5<r^ — 5 
= t+3for — J</<0 
=3—t for 0<t^3 
— 0 for 5<r<(5 
Plot the function. 

Pre-Mem 38. Using Fourier cosine integral, show that for x>0. 


* = 2k fo 

K Jo 


00 COS ux 


dx . 


u*+b* 4 



t,0<t<2 

0 , 2<t<4 


(A) 5Vo/<? the Fourier Integral theorem. Show that if 

* ( * ) =V5f{-00 AO 4/, /W(0=^?y ^ 4' (x) «•*< dt 

Obtain f(t) for thefunction g(x) defined by 

g(x)=0,x<0 {Bombay, mi) 

=J, x>0 

Problem 40. Expand the periodic function 

f(x\= f~~ 7 f° r - n <x<0 

W L lforO<x<n 

in Fourier series. (Agra, 196S) 

nrrult'f^i *V ? b l am f Fourier series expansion of the periodic function f(t) the 
given byf(t)=t ‘{T-^f the ^ orm °f which within the first period i.c., for 0<t<STl$ 

Obtain the form of the Fourier coefficients for large n to order (ff)‘ 

fun%™™J 2 - Obtain the Fourier series expansions of the following periodic 
i.e.0<ti<T-' W>tl Pe "° d T Qnd having the following forms during the first period 

(i) f(t)—sin~ 


(«>/(0-(-£) 

which one has the more rapidly convergent expansion. (Agra, 196ft) 

Problem 43. Discuss briefly the role of Fourier's series in mathematical Physic I. 

# ( Vikram, {196V) 

, P r0tI, * c ® 44. (a) State the conditions under which a function can be expanded in 
the form of a Fourier series. 

(b) Express the following function in a Fourier series 

F (x)=x+x*; -*<*<*. {Agra, 1969) 


Fourier’s series, integrals and transforms 
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Problem 45. {a) State the Diri chief conditions for the Fourier expansion of a 
periodic function . From the Fourier series obtain the Fourier Integral formula 

f(x)=- f 00 f°° /<«) cos [a (g-.r)] dt, dx (-oo<x<oo) 

™ J 0 J —00 

(b) Let f(Z)=J forO<l<l 
and m=0 for 1>1 

Use the above formula to show that 

f QO sin x cos « 5 , whcn 5==; ( Bombay , 1970) 

J » a 4 

Problem 46. (a) Find the Fourier-cosine-series for the function f(x)=x in the 
range 0<x<n* 

( b ) Using the Fourier- sine-integral evaluate 1°°^- — dx. {Agra, 1971) 

J o 

Problem 47. If V is the Temperature at time t and k the diffusivity of the 
material, find V from the partial differential equation — 9 x ^ >7 * 


With the boundary condition V-=V 0 for x=0, t>Q 

V~0 for t—0, x>0 

[ Ans. F=K„[/-| e-^^sin «*■—•] 

Problem 48. Determine ihe solution of the equation "" 00< ^' Y< ^ o0, 

yP 0 satisfying the conditions 

(/) V and its partial derivatives tend to zero as x -> ±90 

( ii ) V—F(x),^—=0 when y—0 
cy 


[ Ans. V (x, y)= ~ fM cos ( n-y ) <C inI dn ] 


Problem 49. Solve the wave equation 


9 2 y 1 * 2 y 


dx 2 


c 2 dt* 


~ for a stretched string fixed 


by 


a rigfll supports at the ends x~0 and *=/ if at t—0,^—0 and y (x, t) yoM* 

(Agra, 1974) 

Problem 50. Find the Fourier transform of the Gaussian Probability function: 

f(x) — Ne * X< *{N, a are constant*). {Agra, 1974) 


THE LAPLACE TRANSFORMS 


10.1. INTRODUCTION 

The Laplace transform which is a part of the new-growing topic 
known as operational calculus is easily and effectively applicable to 
the boundary value problems of differential equations arising in 
physics, mathematics and engineering. The subject was mainly origi- 
nated in the work of Heaviside who found it useful to solve the equa- 
tion of electro-magnetic theory in the end of nineteenth century. 

10.2. DEFINITION OF THE INTEGRAL TRANSFORM 

All such transforms as Laplace transform, Fourier-transfornl and 
Hankel transform are included in the term Integral transform and we 
define it as follows: 

If there is a known function K(cl, x) of two variables a and x such 
that the integral 

00 K (a, x) F(x) dx ... (1) 

0 

ts convergent , then the integral (I) is termed as the Integral transform 
of the function F(x) and is denoted by F(x) or T{F(x)} i.e. 

F(x)^T{F(x)}= 1°° *■(«, x) F(x) dx ... (2) 

J 0 

The function /T(a, x) introduced here is sometimes known as the 
Kernel of the transformation and a is a parameter (real or complex) 
independent of x. 

10 3. DEDUCTION OF THE DEFINITION OF THE LAPLACE 
TRANSFORM FROM THAT OF THE INTEGRAL TRANS- 
FORM 

In §10.2 we have defined the Integral transform of F{x) as 

T{F(x)} = [°° K(ol, x) F(x) dx . . . (1) 

J 0 

where AT(a, x) is the Kernel of the transformation. 

If we take the Kernel, 

£(a,.c)=K(s, 0=0 for /<0 7 

= e~ 9t for t>o\ 

then the transform 

T{F(x)} = j°° e-“ F(t) dt for />0 



I'llB LAPLACB TRANSFORMS 

li known as the Laplace transform . 
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10.4. DEFINITION OF THE LAPLACE TRANSFORM 
If Fit) be a function of / defined for all positive values of t (i*. t> 0), 

. . i r f 1 /'ti- 


ll J C* - , \ 

dicn the Laplace transform of F(t) denoted by L{F(t)} or F (s) or 
f(.t) is defined by the expression 


... ( 1 ) 


L{F(t)}=F(s)=f(s) = £° F (t) dt 
where j is a parameter (real or complex). 

If the integral f°° e~ st F(t) dt converges for some value of s, then 
r* ^ _ c 1 7 / cot /1 frt otherwise it docs not 


, (he Laplace transform of F(f) is said to exist, otherwise it does not 
I exist. 


* X 1 St 

Problem 1. Find the Laplace transform of the following functions: 

if) F (t)—1 


. .( 1 ) 


(ii) F(t)=t 

(Hi) F(t)=t n , n=0, 1, 2, 3, 

By definition of Laplace transform, we have 

i{f(0}=| C ° e~ st F 0) dt , 

(/) when F(t)= 1,(1) becomes 

(ii) when F(f)=r, (1) gives 
L{/}=|°° e~ st .t dt 

= [ ^ J j 00- ! 00 dt ' ( integrating by partS ^ 


-°+ }(%-'* 

(iii) when F(t)=t n , the transform (1) reduces to 


fOO 


t n dt 


f c 

£{*"}= 

Jo 

P*-* t n J°° [ A | 00 e-*t. r-i dt, (integrating by parts). 


intecrating by parts) 
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n(n— 1) (« — 2) f® , 

= j‘3 j ( e ‘ • t" dt (repealing the process of ini# 

gration by parts, whence first intcgml 
vanishes for both the limits) 


I 


3.2.1 foo t o , 

~ s n j e st . t dt where / c = l 

7 -&■«»<>•« ®!£Uo 

Problem 2. Find the Laplace transform ofe at . 

Here F(t)—e al 

Hence by definition of Laplace transform, we have 

Z.{e“‘}=[ C ° e~ 3 ‘ ■ e at dt 

J 0 


I 


-r. 

-[■ 


e~is-a)t dt 
e -(s-a)1 “joQ 


s—a 


'{s—a)J 0 


y s>a for which the integral convergri, 


otherwise it diverges for s ii 

Problem 3. Find the Laplace transform of sin at and cos at. 

We have, by definition of Laplace transform 

L{F(t)*~ f e -st F(t) dt 

Jo 

when /**(/) = sin at , then 

L{sin at}--= j e ~ st sin at dt 

J o 

[ e -,t , . *ioc 

s sin at— a cos at) J 


I 


H 


e ax sin bx dx=^-^ ( a sin bx-b cos 


bx) J 




a 

~s*^~a 2 

Again when F(t)=cos at, then 

L{ cos at) — I e~ st cos at dt) 

J o 

r / i 

(~~ s cos at + a s * n a/ ) I 


1 Jo 

£*•* cos bx dx= ~^ (a cos bx+ b sin A*)l ! 


the Laplace transforms 
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$>0 


s 2 +a 2 ’ 

Problem 4. Find the Laplace transform of sink at and cosh at. 
We have, by definition of Laplace transform 

Too 


. foe 

L{sinh at } =* l 
Jo 


e~ st sinh at dt 


foo 

I e ~ si {e at — 

=$ Q°° e~ st -e ai 
=4 r — — 1 bv Problem 2 

2 [_s— a J+a J J 


“) dt 

-ir 


] 


=-~ — n » *>l a 

s z — a- 


foo 

and Z{cosh at } =1 e~ st cosh at dt 

J 0 


=i j* e ~~ st (e at +e~~ at ) at 

-*[ 7 = T + 7^] b >' ProMtm2 

Problem 5. Find the Laplace transform of the following functions: 
(/) F(t)=t sin at 
(ii) F(t)=t cos at 

By definition, the Laplace transform of a function F(t) is given by 
£{F(/)}= j°° e~ s, F(t) dt 

(0 when F(t)—t sin at, we have 

foo 

L{t sin at} -= J e~ st *t sin at dt 


-[ 


s 2 +a 2 


( — s sin at— a cos 
i co e~ st 


-I 


0 s 2 +a 


j- ( —s sin at— a cos at) dt 


[on integrating by parts, treating t as first function and 
e~ st sin at as the second function and using the result 


I e ax sin bx dx =-« -tt* ( a sin bx—b cos bx), while 
J a^+b 1 . 

the first integral vanishes for both the limits] 

T j °° e~ li sin at dt H — i ! e ~ st cos ai ^ 
r Jo *+<t Jo 


s 2 +a 
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by Problem 3 for * 

2 as ^ 

~~(s 2 +a*y> 9 5>a 

(ii) when F(t)=t cos at, we have 

L{t cos 00= I °° «“**•/ cos at dt 

J o 

JDn R.H.S., integrating by parts treating t as first function and 
e 8 cos at as second function and using the result / e am cos bx dx 

~ d lj r b 2 C0S ^ x ~bb sin bx), while the first integral vanishes for 
both the limits, we are left with 

L{t cos at}= f e~ st cos at dt— 'prr — 5 f °° e~ st sin at dt 

s ~rU~ Jo S“+a 2 Jo 

(as in (/)) 

*jrp5r by Problem 3 for s>0 

S 2 — 0 2 

B "(« , +d*)* ’ s>a 

Problem 6. Find the Laplact transform of t a , w/icre 0 w positive but 
not necessarily an integer. 

Hint: Proceed just like in Problem 1 (m) and get the result 
^>0 since if 0 is not an integer, then | 0 is not defined. 

Problem 7 . Find the Laplace transform of e~ a * 

Ans. — ^ — (replace 0 by— 0 in Problem 2 ) 

~T& 

Problem 8. Find the Laplace transform of the following functions. 

(0 L(t)=e at sin bt Ans. bj{(s-a) 2 +b 2 } 

HO F(t)=e a> cos bt. Ans. (s-a)l{(s-af+b 2 } 

f 00 

Hint. Lie** sin bt}= e - H .e at sin bt dt 

J 0 

foo , 

= I e~ u ~ a)t sin bt dt 

J o 

[ e -i 8 -a)t r 7 “loo 

( TZ fl) » + y sin bt ~ b cos bt \i 

= (s-a) 2 +6 2 etC ' 

Note. results so far derived alongwith a few more can be tabu - 
lated as following : 
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m I 

L{F(t)}=f(s)=F(s) 

1 

l jSy S>0 

t 

Its 2 , s>0 

t n , n—0, 1 , 2... 

\n_/ s n+ 1 orT(n+l)ls n+l , $>0 

t a , a>0 but not neces- 
sarily an integer 

r(a+Ij/i»+s a>0 

gdtj g at 

1 . 1 ^ 

s— a 9 a 

sin at 

a/(s 2 -{- a 2 ), s>0 

cos at 

sl(s 2 +d l ),s>0 

sink at 

al(s 2 —a 2 ), s>0 

cosh at 

sl(s 2 —a 2 ), i>0 

t sin at 

2as/(i*+a»)2, s >0 

t cos at 

( s 2 —a 2 )/(s 2 -\-a 2 ) 2 

e mt sin bt 

6/{(i-a5 2 +6*} 

e at cos bt 

(j-fl)/{(5--0) 2 -f6 2 } 

tn~l e at § 


Jo(at) and tJo(at) 

1 1 {s 2 -\-o 2 'f i and sj(s 2 -ya 2 ) 3/2 


10 . 5 . FUNCTIONS OF EXPONENTIAL ORDER 

A function F(t) is said to be the function of exponential order m as 
/-* co, when for a given positive integer N , there exists real constants 
M >0 and m such that 
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I er*' F (t) l <Af 
° r M ■„ ^ F ^ \<M e mt for t>N 

k of exponential 

/)W< 


Lira c-”»./2= Lim 
'-*<» /+oo 



Problem 9. a 0l „ that function t>[=F(t)] i< r 

Take m as son* feed po sitive Ba|ue> ^ « '-»• 

[ <*M / MS * 1 ^3 


Lim (*-"•' , 3 > =Lim 

z-voo t-+<x> e”>‘ 

3/ 2 


= Lim 


/->oo w <? 


>w< 



w.r.t. i by £ Hospital’s rule) 
(by Z,’ Hospitals-’ rule) 


= Lim 


= 0 . 


t-*Q 0 m3 <?”“ 


( 


) 


This M„ ws .ha, | for a| , f>() 

Nole. //ere the iioi T- °’ 3ny dxed positive value of m 

Tro W e m Tlrrr 

»/*/ « AO-V fs of exponential 

Lta e"!.;;: Vue, we have 

e ^(0~Lim e~"“ er J 
/-*oo 

— Lim e r (* 2 ~-w) 

/->*oo ' 

^ 00 f or all values of m. 

Weuce it '^^j^^jhle (o find a number M such that 

Tto ' bS 8iV “ " «* of esponeniiai or*/" ° f '"' 


I III! LAPLACE TRANSFORMS 


863 


Problem 11. •SVzmv //zaf the function F(t)~t n for n*=l, 2 , J,... /j 0 / 
exponential order as t-> oo. 

Hint. Repeated application of L' Hospital's rule gives 

t I IT 

Lim e~ mt .t n = Lim — r= Lim 1= =0 

/-* oo t->oo e t -> oo m n e mt 

and so t n =0(e mt ) 9 t-+co etc... 

Problem 12. S/mw that the function F(t)—e t 2 /5 wo* o/ exponential 
order as f-»oo. 

Note 2. Actually, functions of exponential order do not grow in abso- 
lute value more rapidly than Me mt as t increases but in practice there 
is no such restriction since M and m may be as large as we desire. For 
example the bounded functions like sin at or cos at are of exponential 
order. 

10.6. PIECEWISE OR SECTIONAL CONTINUITY 

Given a closed interval [a, b] a function F(t) is called piecewise conti- 
nuous or sectionally continuous in [a, b], i.e. a^t^b, if the interval 
can be divided into a finite number of sub-intervals such that in each of 
these sub intervals , the function remains continuous and possesses finite 
right and left hand limits. 

In other words, the function F(t) is sectionally or piecewise conti- 
nuous in the closed interval [a, 6], if the closed interval [ a , b] can be 
divided into a finite number of sub-intervals d such that 

(!) F(t) is continuous in the open interval c<t<d , 

(//) F(t ) approaches a limit as / approaches each end-point within 
interval i.e. 

Lim F(t) and Lim F(t) both exist. 

0 /-*c— 0 

For example, referring to the Fig. 10.1 it is evident that the func- 



Flg. 10.1 
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tion F(t) is continuous in the open intervals (a, t x ), (/ lf t t ), (t 2 , t,' 
etc., i.e. a<t<t x \ t x <t<t 2 \ t 2 <t<t 3 etc, 

The right hand and left hand limits at t, exist and are given by 
Lim F(r 1 +€)=F(r 1 +0)=F(/ 1 +) 

c ->0 

and Lim F(t x —Q=F(t x —0)=F(t x —) 

e ->0 

where € is positive. 

Similar is the case for points t 2 , t 3 and f 4 . 

10.7. A FUNCTION OF CLASS A 

If a function F(t) is sectionally continuous over every finite interval 
in the range 0 and is of exponential order as f-*oo, then the func- 
tion is termed as ‘ a function of class A’. 


10.8. SUFFICIENT CONDITIONS FOR THE EXISTENCE OF 
LAPLACE TRANSFORMS 

lf a function F(t) is piecewise or sectionally continuous in every finite 
interval O^t^N and is of exponential order m for f>N then its 
Laplace transform L{F{t)} i.e.f(s ) exists for all s>m. 


or 


If a function F(t) is of class A , then the Laplace transform of Fit) 
i.e., L{F(r)} exists. 

or 

If a function F{t) is sectionally continuous on every finite interval in 
the range t^O and satisfies the condition 
| F(t) | < Me mt 

for all t^O and for some constants m and M, then L{F(t)} i.e. f(s) 
exists for all s>m. 

We have, for any positive integer N, 

L{F(t)}= f °° e-’t F(t) dt 

J 0 

= JT e ~ st dt+ \^ e ~‘* dt 

=/ i +h (say) ... (1) 

Since F(/) is sectionally continuous in every finite interval O^t^N, 
it therefore, follows that the integral f exists. 

Also F(t) being of exponential order m for />JV , / 2 exists, since 

f0 ° | F(t) | dt 


1 h l=| e- s ‘ F(t) dt |< 


e-* | F(t) | dt 


‘J 


0 

00 e-»t Me mt dt as is of exponen- 
e .me at tial order m an£) %Q 

| F(t) | ^Me mt 
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! 00 . 


m U M dt 


. ,T |<_JL for S>m. (Here R.H.S.-^O s->oo) 

•• I '2 1^5— m 

corollary 1. From (1), it therefore follows that L{F(t)} exists for 
s>m ■ f00 

If the function F(t) is real valued in L{F(t)}=^ F(t) dt= ^ 5) 

tive constants , 

then f°° F(t) dt is convergent (absolutely) for m>m„, * being a 

Jo 

complex number . 

Supposing, s—m+in , we have 

1 e-‘* F(t) 1=1 e~ (ra+,n) * F(t) l 

Jr"* | F(t) | V 1 r* I =1 for every t>N 

, . , . f 00 e -(m-m 0 )t dt is convergent, then 

Hence, if the integral J # e 

f" € -.i F(t) dt for m> m 0 , is absolutely convergent ... (3) 

J 0 

COKOLU,™ 2. «TO)-JW-r FW “ f ° r ‘ 

greater than same fitted value s, ofs. h proposi- 

corollary 1 . if we replace r». by .. arrd » by * then P 
tion follows. 

COROLLARV 3. If the function F(t) is of class A and WO)-*)- 
then lim f(s )= 0 

.2,5sE,T»ir,^.ss ~ “ ~ 

Also F(t) being of exponential order m, we have 

\ F(t) 1 for t>N 

Let us assume that Af=Max. {M x , M 2 ) 

^ p- Mar. { m , a) 

“ T h»*. lftr)l<Me"f»t'>» 


-tfOO 
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r * <» j “ .« e -^„ * 


A/ 


?~F 


. ■?>/> 


Here 


M 


s-p 


*■0 as s-> oo. 


Hence lim f °° F(t) dt =0 

J-> 00 Jo 

*' e - Lim /(j)=0. 

*->oo . . . (4) 

Note. The conditions mentioned in this article for tu* • *. 

Laplace transforms are only sufficient hn* ™/ f th cxistcnse of 
from the following exampfe: DOt nccessar y as * evident 

Let F(0=~==r~* 

very findelnterv^lTn'the^an^^V^for 1 SeCtionaIly continuous in 
F(r)-+oo as /-M). 

ai * 1 ‘ -J S * ntegrable f rom 0 to any positive value N, 

Also t / is of exponential order, since 

■ rS'io wSJ/C*! for aU <>o with and 

. follows :" 16 UPl,,C ' ' ra,1Sf0rm of r “ «*• .lid may be e ,a taled 

W0}-i(r..)=JV. r>« at for r>o, 

" 2 L c_ “’ O0 -Ir'Mr,* 

Again put s 1 > 2 x=y so that s 1 / 2 dx=dy 

” ^-^}=2^4°° e -^dy, s>0 

J 0 


-2s-‘». J V IT 


V J* 


<? •>’V^==j- v / jc 


= / \/ ~J~ f or s > 0 , even if r 1 ,2 ->- oo as /-»-0 

’• the Laplace transform of r 1 ' 2 exists even ;r r 

onally continuous. xists even “ tbe function is not 


i an 


Aliter, the integral i/a j, „^ n , 

s J # e ‘ dt, s>0 can be evaluated by i 


i substitution Vst =x ie 2 . . 

V7 “^7=- <** whence we have 
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... (5) 

Problem i3. Show that the Laplace transform of the function 
F(t)=g y 0>n>—I 

exists , although it is not a function of the class A . 

Here the function F(t)=t n is not sectionally continuous and so is 
not of the class A , in every finite interval in the range t> 0, since 
t n —>0 as /— >0 for 0>n> — 1 
Hence the function has infinite discontinuity at /=0 


by U Hospital rule 


Also, Lim \e~ nt F(i)} = Lim ( ■— \ 
t-* oot J t->oo / 

= Lim 

wkjo V me J 


2 .n-2 


ri z t 


= Um *» 


I /I 

= Lim — = by repeated application 

/-*oo m n e mt 0 f £’ Hospital rule 
=0 

which follows that F(t)=t n is of exponential order. 

[Or this may be argued thus, / n ->0 as t -> oo so that t n is of expo- 
nential order with M—\ and m= 0, for, t n <Me mt J. 

Moreover, the function t n (0 >n> — 1) is integrable from 0 to any 
positive number N. 

Further, L{F(t)}= J°°e“ a *. * n dt Put st=x 

-i y-m —7 

-My-* 

r(n+l) 

= • —4 5 — by the definition of gamma function. 

Hence the Laplace transform of t n exists even if it is not a func- 
tion of the class A . 


10.9. SOME PROPERTIES OF LAPLACE TRANSFORMS 
[A] Linearity Property 

A Laplace transform L{F(t)} is said to be linear if for every pair of 
function F 1 (t) and F 2 ( t ) and for every pair of constants C x and C 2 , 
we have 

L{C 1 F 1 (0+C # F 2 (r)}=C 1 L{F 1 (/)}+C 2 L{F 2 (0} 

- c 1 / 4 w + c t / t ( f ) 
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peanfly ' 1 °" d f ‘ ,s> «'<’ transforms of f M) and ^ (/) fa 

W.ha 

and L{F^t)}=f t ( s ) = f°V»< p 2 (t) dt 

J 0 

So that L{ Cl F M }^c ifl{ s) = [°° e - s « c F(t ,, „ 

W J„ 6 C i F A‘) dt=C 1 L{F 1 (t)} 

a " d L ( C ^(0} = C 2 f 2 (s)^ \°°e->t c F (t\ m „ 

> j # * C 2 F 2 (t) dt=C 2 L{F 2 (t)} 




f °° _ 

J# e (CiFi(t)+C 2 F 2 (t)} dt by definition 
o ^+f°°C 2 F 2 (/) dt 

J 0 


i{^c,F, w) ,£ Ci( ^ (2) 


»W,“ blem ' 14 nillpplac' Transform of w i(+ J 


v , w _ 
fjjf , t? ~ 4 008 31+3 sin 4/) 

(\ >+ 6 ^ , >-4£{cos 3/}+3£{sin 4i} 


,/ 1 \ >,rr ✓ z ' {s,n4r} 
■ 4 M + «(-£)-,(^ )+Jfes) 


"iwl™**" <0r Shi '""8» p '«PMy 

° J S’ tyf'jT ' fe O®*™, 

^ d)}—f(s), then / £{^4 £’(/)}=/(j— ^ com P^ ex number /,<?., if 
Given. f 00 


Gwen, mO}=\y«F it) di= f(s) 

l{e at F(t)}=^ g-,t d( 

=\y<-a> t p (t) dt 

= /, F{ fi dt b y putting u=s~a 
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=/(«) 

= As- a) 

Problem 15. Find the Laplace transform of e~ u sin 3t. 
We have £{sin 3/}= i 2~ ^ 

•** L ^ U S,D 3/}== (i+2j i 4 r 9 = s 2 +4r+13 ' 

[C] Second Translation (or Shifting) Property 

If L{F(t)}=f(s) and (?(/)= CF(/-a), t>a 

10 , t<a 

Then £{G(f)}=<r“* f(s). 

We have £{G(/)}= f°V“ G{t)dt 

J 0 

=J fl e-«G{t) <*+ J°V“ G(t) dt 

= J e -,< 0 *//+ F(f— a) 
f 00 

= I e~ st F(t— a) dt 

J (V 


• (3) 


_ I e -s(u+a)f ( u j d u , taking u=t—a i.e. du=dt. 

J o 

when t=a, u = 0 and when t= oo, u=co. 
foo 

=e~ sa I e~ 8U F(u) du 

i o 

=er*°/(s) . • • (4) 

Problem 16. Find the Laplace transform of F(t) t where 

.. . 2n 

“ T 


j cos ( *- j ) 

F«=H V il 


2n 


We have, £{F(l)} = [°V 3t F(t) dt 

J 0 
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V £{£«-/( s), then L(F(a)} = ~ '-/(— ) 

mhn ° m»)-fy. FM d ,l M 
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• • . (5) 


0 

= j°°e~ su,a F(u)^ 

1 foo 

= _j o e-pu F(u)du 

I foo 

= ^j o e~*» F(u)du 


-f(p) 


(on replacing / by at) 

by taking at=u 

where p=~. 

a 

(replacing u by t) 




2 -1 " ' 7 - ^ 

5>0 

1 ;-?/5 * 


We have, L{cos /}= 

J 2 +l 


£{C0S 5/} = . - __ 

0 ' ^ 

l (/>>/—./(<*), then L{F'(t)\ — «, /> \ *’ vAy 7,y c ^ ass A for r^O 
In general if L{F(t)\-fl^J As) ~ F{0) - ’ 

£{/7,n> ('»=*"/(*) F , f) (0) 

==sn f(s)~S n ~ 1 /■(0)_ iS n-2 rv/m . 

Since L{F(t)} =f(s) ^ J°V“ /•(,)* '" * (0 )-^0) 

tegratmg by parts L -t Jr. /( ) *» ln * 

=0~F(0 )+sf( s ) 

=sf(s)-F(0) 

A 7%S t » tk * rCSUlt (6) ’ we have • • -< 6 > 

W) = J F{F'(/)} ~F'(0) 
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=s{sf(s)-F(0)}-F'(0) by (6) 

=s 2 /(s)-i F(0)-F'(0) ...(7> 

Similarly L{F"\t)}=s l f(s)-s 2 F(0)-s F'(0)-F"(0) . . .(8) 

Generalizing it, we find 

L{F {n \t)}=s» f(s) - s^FiO) - s*-*F'(0 ) . . . - sF^*>(fi) *} 

=5 n 

Problem 18. Find the Laplace transform of F'(t) when F(t)=e 3i 
Given F(/)=e«, .\ F(0)=1 and F(/)= 3 e 3 * 

As such L{e* t }=sL{e 3t }— 1 by (6) above 


n —1 

f(s )- S "- 1 -' F (f) (0) 

r= 0 r 






(9) 


Aliter. L{F'(t)}=L { 3 e 3 *}=3L{e 3< }= 


s — 3 


[F] Derivatives of Laplace Transforms 

If the function F(t) is sectionally continuous for t>0 and if L{F{t)} 
=f(s), then f'(s)=L{ — t F(t)} 

We have f(s)= [°°e _at F(t) dt. 

J o 

Differentiating either side w.r.t. ‘s’ we get x 
f'(s)= |°°(-0 e~ st F (t)dt= F{t)} dt 

=L{~t F(t)} ° ... .(10) 


In general if F(t) is sectionally continuous for t>0 and if 
L{F(t)}=f(s), then 

f {n) (s)=L{(-t)» F(t)} 
d n 

where f (n) (s)= f(s) for all integral values of r. 

We may state it as 


.(ID 


L{ t n F{t))=(-\Y f” (s)=(-l)» 

Problem 19. Find the Laplace transform of t 3 e*. 

Since £(£*}=/(.?) = — - — 

L{fV}=(-l) 3 -^(— !— ) =(-i) 8 = -~ 1)f ~f ( ~ 3) 

v ds 3 \ s—a J ' {s— l) 4 


. • .( 12 ) 


[G] Laplace Transform of Integrals 


(0 If L{F(t)}=f{s), then L F(u) du\^ = ^~ 


f(s) 


•(13) 
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Let G{t) = f F(u) du 

J o 

Then G’(t)= -~\ ['/(«) du~\=F(t) and G( 0)= f° F(u) du= 0. 

A 1 • . J0 J •*<> 

Applying the property [£], we -have 

L{G\t))=sL{G(t)}-G(0) 

i.e. L{F(t)}=sL{G(t )}~ 0 or /(*)=*£ £J' F(m) du j 
i.e. F( U ) du j = ^~ 

00 IfL{F(t)}=f(s) then L ]-[*/(*) du . .(i 4 ) 

Let G(t) so that F(t)—tG(t) 

•• L{F{t)}=L{tG(t)} (on taking Laplace transform) 

=(— l)-^-L{G(r)} by property [F] 


i.e. ~f(s)=~ L {G(t)} 

Integrating both sides with regard to s, we get 
~\j(s)ds=L{G(t)} 

i-e., L{G(t)} = V° f(u) du, on the assumption that Lim Z,{<j(.y)}->0. 
J * s-+o o 

Problem 20. Find the Laplace transform of f °° -~ n * dt. 

* In/ 


We have L{sin =/(.?) (say) 


!!■ 

1 

foo 

It 5 “ 

J. « 2 +l‘ 

H 

tan -1 «J a 


1 

K*+l 


=cot 1 s v tan~ 1 J+cot~ 1 ^= 


7C 

y 


=tan~ 


Hence by (13) of proper 


i 

s 


[H] Periodic Functions 

If F\t) is a periodic function with period T>0, so that 
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[ T tr« F(t) dt 

_)j> 

' l-e- sr 


...( 13 ) 


F(t+T)=F(t), then L{F(t)) 

We have L{F(f)}= 1°°*"“ F{t) dt 

JO r3 T 

= j' e~‘* F(t) dt+ \l e-‘ *+ lr Fitjdt+ ~ 

00 r(n+l)r „ . - 

_ s I e~‘* F(f) dt 

,f » p"„‘,r„ + »r, .he» F(„ + »n -m V n«+n-w» <**"<> 

Thus, 

L{F(I)}= * [ r e -,( “ +nr) F(u) du 

rt=oJo 

or L{F(I)}= £ e- 3u F(«) dW- 

= ^ 1+e -.r +e - 2 * r +-.. )\] tr‘ u F{u) du 

= ,—L^ f T e-'«F(u)du V -iTJ5r 

= ( 1 _V‘r)-' = l+e-* r +c-** r +- when > e ’ r 1 <l 

[ T e-* F{t) dt 

(replacing u by t) 

Problem 21. Find the Laplace transform of F(t) when F(t) is a 
periodic function with period 2 *, such that 

r a C\ ^ ^ tt 


C sin I, 0<t<^ 

F(t)— ^ 0, 

We have L{F(t)}== -yr^= 2 »»j e ~ si F W) dt 

<r- *. .*+ t‘V». o. *] 

1_ e“ i1,s LJ n J 



- 1 _ e -3irsl_ S 2+l V Jo 

f * . , . _fL-(asinbx-bcoshx) 

•; 1 e a * sin bx dx= su w 


e« 8 -fl 

\ — tT*** J 2 +l 

' ! 1+e 


n-e—HT+^r 1+ 5 * 

i 


1 V 
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[I] Initial Value Theorem 

If L{F(t)}=f( s) then Lint F(t)= Lim sf(s) 

s-y<x> • • .( 16 ) 

by p,„p„, y [£ , 

u - J, *-“F’ms/( S )~ m 

Taking the limit as^->oo, 

— F (0)+0 v Lim e~ at =0 
_ . *y->oo 

=Lim F(t) 
t-+o 

oblem 12 - Verify the i„it iaI value theorem for the function 
F(t)=e~ 3t 

' • f( s )=L{F(t)) = L{e~ at } — 1 

Now Lim F(t)}= Li m J+ 3 
‘-* 0 t-yo 

and Lim j/(i)=Li m -£ i 

*-*■«> j->oo J +3 • 

Hence Lim F(t)= Um sf(s) 

r ~* u s-+ oo 

fJ] Final- Vaiue Theorem 

™-/ W , u. m % m fI7) 

e ave by p rop ^ 

**• Jo e ~ ,tF ^dt=s A s)-F(o) 

Taking the limit as j->0, 

^0 Jo C ** F ^ dt= Lim */(*)-F(o) 

s~>0 

" ’M-no)+ Lip, fV« /•<„,, 

s~>u J o 

=F(o)+ \7( e ^)nt)d t 

=F i°)+ J o °° 1 F\t)dt 
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=F(o)+£ F(t) 

=F(o)+ Lim F(t)-F(o) 

/-> 00 

= Lim F(t). 
t-> oo 

Problem 23. Verify the Final-value theorem for the function 
F(t)=e~ 2t . 

We have F(t)=e~ 2t so that f(s)—L{F(t)}^L{e~ 2t }=j~-^ 

Lim F(r)— Lim e” 2i =0 
/->oo t-+0 

§ 

and Lim sf(s)= Lim ——=0 
s+0 t->0 s ~r 2 


Hence Lim F(t)= 
/-> oo 


Lim sf(s ). 

5->00 


[K] Behaviour of f(s) as s->0 and s-> oo 

We have L{F(/)}=/(s)= f°° e-‘ F(t) A 

J 0 

1 00 

F(t)dt 

foo 

and when s-+ oo, Lim f(s) =■ I 0«F(f) <//=0 
5— >00 J 0 

[L] Relationship with Fourier Transform 
Let us define a function F(t) such that 

Then f[F(t)]= J 


.(18) 

.(19) 


e-‘ f{t) ,t> 0 

JK ) , t<0 


F(/) dt 


by definition of complex 
Fourier transform 

= f° e int o dt+ f °° e in * er xi f(t) dt 
J -co Jo 


foo 


= I e~ { *~ tn)t f(t) dt 


foo 


Hence 


= 1 e ~ 8t fO) d* by taking x—in=s 
Jo 

=L{f(t)} by definition of Laplace transform 
f[F(t)]=L{m) 


( 20 ) 
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10.10 SOME METHODS FOR FINDING LAPLACE TRANS- 
FORMS 

(1] Direct method. This is based on the definition of Laplace trans- 
forms given in § 10.4, e.g. 

L{(/ 2 + 1 ) 2 } = Lf / 4 + 2I 2 +.1 } = L{/ 4 } + 2 L{/ 2 } + L{ 1 ) 

= f 00 e~“ t*‘dt+2 f 00 e~ st -t 2 dt+ f 00 e~ u \ dt 

Jo Jo Jo 

|_2 i 24+45 2 +i* 

• TV A w 

S 6 


I ^ 

= ^+2* 


.( 1 ) 


s 3 s s° 

[2] Series-expansion method. If the function F(t) is expressible as a 
Power series e.g. 

00 

F(t)=a 0 +a 1 t+a 2 t 2 +...= 2 a n t n 

n—0 

then the Laplace transform of F(t) is obtained by taking Laplace 
transforms of each term in the series e.g. 


L{sin V t } = L{V t 


— (Vt )» , (V<) 5 (Vi) 7 


I 3 


1 1 


■+...} 


± L{f*'*} + ( y-L{t 8 ,! }-jy- L{F*} + . 

15/2 


5/2 j 1 7/2 


9/2 


|3 s 5,2 " 1 ~|5 s 7 / 2 |7s* /2 ' r 

.vin l , jl/ j_v j/_l y. 

2s*' 2 L 2 2 s + |2^2 2 s/ J 3 ^2 2 ^ / 


-VjL[ e -2ls 1 

- 2 s >, J- 


12 

e~i s \/ tc 


] 


2j a/2 


( 2 ) 


[3] Method of differential equations. If a differential equation satis- 
fied by the function F(t) can be determined, then its Laplace trans- 
form may be evaluated by using the properties of Laplace trans- 
forms e.g . 

if F(t)= sin V t then F'(t) == * cosV t 

2 y/ t 

and F'(/)=^ — ^^-cos ^ * ~ 27 sin ^ 1 J = 2? I - 

i.e. 4tF'(t)+2F'(t) + F(t) =0 _ ... (3) 

which is clearly satisfied by F(r)=sin V t 

Assuming that L{F(r)} =L{sin V t }=f(s), tfe have on using the 
properties [E] and [F] of § 10.9, 

L{4t F\t)}=4L{FF n {t)} 

= -4 Uf f(s)—sF(o)—F (o)] 
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= _8s/(s)-4s 2 /'(*)-4F(o) 

L{2F'{t)}=2L{F'(t)}=2[sf(s)—F(o)] 

=2sf(s)—2F(o) 

and ZWD-JW ^ 

... Taking Laplace transform of (%« 

&/$+ (i-i) Vw-» fw_sm v 

/'(*) i-6* L_2- 

or TVf == “45 2- _ 4S 2 2s 

Integrating with regard to ‘s’, we find 

log /W-log C-jt -floe *. C bains of m.ag.at.o 


=log- 


i.e 


/(*)= 


Ce _1,4 s 


;3/2 

1/4- 


-1* 


.(4) 


aonlv the limits of initial-value theorem i.e. 

Now to determine C, apply me 
when /-> 0, s-»-oo. j'jyj V«” 

For I small, sin V VT so that L{Vt}=^T=^- 

and for s large, /(s)=p7 r as e 

L{F(l)}=/(s) gives for 1-^0, s-*°o. 


V ^ 


2s 3/2 ; 


C . ^ V 71 

'■pi* te • C_ 2 


„ , v re <r m * . 

Hence /($)= — 


... (5) 


Hence t This 

JlTTba^KS^ 

function w.r.t. a parameter, e.g. it 

F(0=/ sin at then we have to find L{t sin a ) 

Consider L{cos e cos at d s 2 + a- 

Differentiating w.r.t-. a, we get 


da 


i: 


e~ at cos at dt 


da Vs^-r c / 


. — 2 as 

.e. I e-** (-< sin at) dt =-^r +a rf 

J ° . 

, . , +2as 

or -\rL{t sm at} ($ 4 -j-a 2 ) 2 


( 6 ) 
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10 11. THE LAPLACE TRANSFORMS OF SOME SPECIAL 
’ FUNCTIONS 

[1] The Gamma function. Euler’s Gamma function is defined as 
Tn= j°° e~ m x" _1 dx, n> 0. 

Its important properties have already been discussed in chapter on 
Beta and Gamma functions, but a few of them are mentioned here. 

r(n+l)=«IVj for n>0 and Tn for n<0 

r(n+l)=|n for positive integral values of n. 

r « r ( 1 -”>=^’ 0< " <1 ’ n=VT 


For large n, r(n + l)~ V 2 nn n n e~ n (Stirling formula) 

Now we have L {t n } = f°° e-* t n dt 

J 0 

u j t du 
Put st^ui.e. and dt=-y- 

1 foo 

W=7« + rJ o 


r(n+l)_ 


oti+i 


... (i) 

(by the definition of Gamma function) 

... ( 2 ) 


If we now put «= — 4, 

[2] Bessel Functions. Bessel function of order n is defined as 


4(0= 


1 


>r(n+7)*. *“ 2(2n+2) + 2.4 (2n+2) (2n+4) 5 

which satis p ^ressels’ differential equation 

/(0+7 yV) + ( 1 — 77 -) *0=° 
or t" 4'(0+* 4'(0+(' 2 ~h 2 ) J n(0=0 

Some important properties are: 

/_«)=(- D n 4(0, n being positive integral 

y n ( J ) ) j n being modified Bessel function of order n. 

4 +1 (0 =-7- M 0 -Jn- i(0 

4-i(0 which becomes /'o(0=— 4 (0 for n=0 


00 

2 4(0 *" 

n=— 00 


known as generating function for the Bessel functions. 
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4(0 is called Bessel function of order zero and has for 
sion 


4(0=1 



t* r 

2 2 .4* ~ 2 2 *4 2 -6 2 


its expan- 


-• L{Ut)}=L{l}-L \^r\+L 

_J_ 11 , Lj 

~ s 2V ^ 2 2 .4 2 s* 


2V/+24 {s* 

IV 1,2 _ 1 

s / “V ,s 2 +l • • • (3) 

Similarly L{4 (/)}== 1 -*/ V^+I ... (4) 

Aliter. J„(t) satisfies the equation 
t 'J\(t)+J 0 \t)+tJ 0 (t)=o 
/. mj 0 "(t)}+L{J 0 '(t)}+L{tJ 0 (t)}^0 

Taking L{4(0}=/(0 and using properties [£] and [£] of § 10.9. 

- ^ {s 2 Ks)-sF X o)-F'(o)}+{sf(s)-F(o)}~ jf- /(,)=() 



where F(t)=J 0 (t) gives F{o)—\ and F\o)= 0 
—2sf(s)—s l f\s)+ 1 +s/C0- 1 -/'(r)=0 
or */(0+(* 2 +D/'(0=0 
• /'(■?> —S 1 t 2s 

f(s) S 2 +1 2 V+t 

Integrating with regard to V 

l°g/( s )=— J log (s 2 +l)+log C, C being constant of integration 


m- 


V ^*+1 

Applying initial value theorem, we*have 

Lim sf(s)= Lim F(t) 
s-*- oo /->0 


i.e. Lim — ===== Lim J 0 (/) which gives C=1 
s->oo VJ 2 +1 /->0 

Hence 7(0=^^ W* (0)=-== 
Now using the change of scale property, we have 


so that 


L {J 0 f( ^—) where f(s)=L {J 0 (r)}= 

a \<*s yj 2 + 1 
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Hence 


L{J 9 (at)}= 


1 


... (5) 


V r'+n 2 

Further to deduce L {t J 0 (at)), using the property [F] of §10.9, 

weget ,, <// 1 \ * 

( s 2 +n 2 )*/* 

... ( 6 ) 

... (7) 


L {t J a (*)>—£ (L (4 ~)- 


Similarly L {t J x (/)}■— 

[3] The error function and its complement 

Th t error function of a variable / denoted by er ( ) r x 


defined as 


erf (0— — 7=1 e X dx-~ E r (t) 

yn Jo 


and the complement of the error function denoted by erf C (t) is- 
defined by 


erf C (0=1 -erf (0=1- 


V 


M' 

7C J 0 


Jx= 


V 


7C J < 


*dx. 


It is notable that 

Lim erf (0=0 and Lim erf (0=1- 
Thus erf ' e~ x2 dx= J # [ 1-X + | 2_ 


“I3 + - 


dx 


9 r / 3 

-M' - 


,5/2 ,7/2 


2 r ,3/2 , 5 '2 . I 7 / 8 , I 

••• L ^ erf v ' >* yi 5 L i£' ? r + 72~ 7 i2 r "j 


5 12 7 12 


-jl r- 

V 71 L 


1 


T3/2 


1 1 


T5/2 T7/2 r9/2 

-7572-+^-- ,•« +-J 


j»/* 2 s 5 ' 2 


+ 




1.3 1 

2.4 s 7 ' 2 

1 


1.3.5 1 


2.4.6 a*'* 




— 5 3/2 S J s Vs+1 

14] The sine, cosine and exponential integrals 
1 J f* sin x 

The sine integral is defined as S t (0— j # — 7. 


(*> 


dx 


and the cosine integral is defined as C, 


7« (0-1* 

JO 


COS X 


dx 


! oo e~* , 

t ~x~ X 
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we 


-r.i- 


x' 
I 3 


=/- 


{St (0 }=f^ t - 

1 


3 12^512 7 II 


3 12. 

3 


\ x 12 +12 

12 

X* > , 

“] T +- l dx 


t 1 

- ? | 7_ + - 


5 ,7 ? 

5_ 7 |2 + ‘"i 


. 1 .12 1 

17 

5.12 7*- 7 12 

*■ a* 


+ ..)<** 


' ** 3 |2 a 

1 r ljs (i/O 3 (l/Q 5 (l/Q 7 

: «L 1 3 + 5 7 


+ 




,-L 

s s 


Similarly L { C, (0}=-^ log (i 2 -f 1) 


.(9) 

( 10 ) 


and Z, {£,(/)} =L 


ir-? 


Jx; Put x=/>> i.e. =-^- 
* 7 

(on logarithmic differentiation) 


foo 

-m, — * 

foo c foo e _<v 7 

=J e ~y~^y \ ^ ^ definition of Laplace transform 

-hw: 


e -(>+,)t Jt 


f°°l 1 , 

J 1 F a+3' dy 


</y, by changing the order of 
integration 


foo l f 1 1 -] 1 r -jo 

■J, I.T ” t+y f y= ~s L' 08 ^-l 08 (I+J ’ ) J 1 

-K-K7+' )r 


= y l°g(a+l) 


...( 11 ) 


[5J Heaviside unit function or unit step function 

Unit step function is defined as 
f 0, t<a 
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=jv,o„ + j 


= — e~ a 


. . . ( 12 ) 


[6] Bir&c-delta function or unit impulse function 

A function 8 (r) such that 

Lim F» (r)=$(r) where Ft (f ) = ^ 


e->-0 


foo 

and 1 Ft (f) dt= 1 
Jo 

With the properties: 

(/)(*) [°° 8(f) dt= 1 

Jo 

1 00 

8 (0 G (t) = G (0) for any continuous function G (t) 
o 

foo 

(Hi) § (t—a) G (t) dt — G (a) for any continuous function G (0 

J o 

js called as unit impulse function or Dirac-delta function. 

foo 


We have 


L f M= [* 

J o 


e st Lim F* (/) dt ^vhich is not defined since 


«->0 


Lim Ft (/) does not exist and hence it is useful to consider $ (/)= Lim 
»->0 e->0 

F % (/) to be such that L {8 (/)}=1. . . . (13) 

Also L {Ft (/)} = j” er« Ft (/) dt= j‘ er*K^dt+ J^V“.0. dt 

1 f* 1 —e~* $ 

= e~ st dt= l - ...(14) 

€ Jo 

[7] Null functions. A null function N ( t ) for all />0 is defined as 

ft 

N (x) dx—0 


since 


r. 

e.g. if F{t)=^ l o ’ oth , er ^. se> then it is a null function, si 

jo dx — 0 for all />0. As such the Laplace transform of a 

null function is zero i.e. L {N (/)}=0 . . . (15) 


10.12. EVALUATION OF INTEGRALS WITH THE HELP OF 
LAPLACE TRANSFORMS 
By definition, we have 

L{F(t)} = j® <r*‘ F (/) dt=f(s) . . . (1) 

Assuming that the integral is convergent and proceeding to the limit 
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s->0, this reduces to 
foo 


j: 


f (o dt-m 


... ( 2 ) 


( 1 ) and (2) are sometimes used to evaluate integrals. 
Problem 24. Evaluate the following integrals 


foo 

(a) I e~ x sin t dt 

J o 


<*) 

(e) 


Jo (0 dt 

e~ % erf y/1 dt. 


(a) We have L {sin t}- 


s 2 +\ 


L {t l sin /}=(— l) 2 {sin /} by Prop. [F] of §10.9 


So that 


d 2 f 1 \ d f -2s \ 

ds*\s *+ 1 rrfA^+l)*/"' 


2 (l^ 2 ) 

(i+j 2 ) 3 


Putting 5=1, we find j 00 e~‘ t 2 sin t dt=j6 ^ 1 
(b) We have L {J„(0} = — — by (3) of §10.1 1 

V5 2 +l 

foo 1 

i.e. e~’*J 0 (0*— 7=f 

Jo v*y 2 +l 

Proceeding to the limit as s-+ 0, we get 

Too 


I' 


J 0 «)dt= 1. 


(c) We have, L {erf V <)= 


1 


5 VH-1 


by (8) of §10.11 


f 00 , 1 

i.e. I e~ $t erf y t dt ■» > . .. — -. 

Jo jV^+1 

Proceeding to the limit 1, we find 


f,-'erfV< 


10.13. LAPLACE TRANSFORM OF THE UaPLACE TRANS- 
FORM 

We have L {F(/)} = f er st F (t) dt=f(s ) 
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.*• L [L{F(t)}]=L [ J® r* F(t) dt ] 
i.e. L { /(■?)}= j°° e~ r> </s|°° e~ ,( F (l) dt 


.( 1 ) 


Here the area of integration being the whole positive quadrant, we 
can change the order of integration and hence we get 


L[L{F(t)}]= 


f oo 

j 

0 

00 


fo 

\t)dt 

Jo 

'{t)dt. [ 


e~ $ ds 

e ~* (t+v) “|oo 

t+p 


-r 


Jo ‘+P 


( 2 ) 


10.14. THE INVERSE LAPLACE TRANSFORM 

If f(s) be the Laplace transform of a function F{t) i.e. L {F(t)}=f(s) 
then F(t) is said to be an Inverse Laplace transform of f(s) and 
written as 

F{f)=L~ x { /(*)} ...(1) 

Here Zr 1 is known as the Inverse Laplace transformation operator 

e.g. if L then e 2t —L~ 1 

Uniqueness of Inverse Laplace transform. 

If N (/) be a null function then L {N (t)}=0 
and L{F(t)}=f(s) 

:. L {F (t)+N(t)}=L{F(t)}+L{N (/)} 

=f(s) 

So that Lr 1 {f(s)}=F(t) 
and also Zr 1 {f(s)}=F(t)+N (f). 

Showing that we can have two different functions with the same 
Laplace transform and hence the inverse Laplace transform of a 
furction is not unique. It is, however, unique if we do not allow null 
function which in general, does not arise in cases of physical interest. 
This result is known as LercKs theorem Which states: 

If F (t) is sectionally continuous function in every finite interval 
and is of exponential order for t <N such that L {F (?)}=/($) 
then the inverse Laplace transform of f(s) i.e. Lr 1 {f(s)} — F(t) is 
unique . 

Conclusively, a given function / (s) cannot have more than one 
inverse transform F (/) that is continuous for each positive t. But a 
function / (j) may not have a continuous inverse transform e,g. the 
Laplace transform of sr 1 e~ kt is the step function which is disconti- 
nuous. 

Note. Some inverse transforms can be tabulated as follows : 
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As) 

L-i {/(*)}= 

As) 

L _1 {/(*)}= F«) 

f. s>0 

1 

2s/(s 2 +a 2 ) 2 

t sin at la 

T*’ s>0 

t 

(s 2 -a 2 )l(s 2 +a 2 ) 

t cos at 

jn+l > n= 0> 1,2,3,... 

t»l | n_ 

ll{(s—a) 2 +b 2 } 

e at sin btfb 

H(s-a) 

l/(s 2 +a 2 ) t s>0 

e at 

sin at 

a 

(s—a)l{(s—a) 2 +b 2 } 

l/x/s^+a 2 

e at cos bt 

J 0 (at) 

s/(s 2 +a 2 ), s>0 

cos at 

s/{s 2 +a 2 ) sli 

t Jo (at) 

l/(s 2 — a 2 ),s> | a | 

sinh at 

a 

ll(s-a) n 

t n-l e at 

• n>0 

sl{s 2 -a 2 ), s> | a | 

cosh at 




10.15. SOME PROPERTIES OF INVERSE LAPLACE TRANS- 
FORM 

[A] Linearity Property 

If the Laplace transform of F x (i) and F 2 (t) bef x {s) andffs) respecti- 
vely and C l9 C 2 are constants then 

•••(!) 

By Prop. (A] of§ 10.9, we have 

L{C l F l ( t)+C t F 2 (t ) } = CMFM + C 2 L{F t (t) } = C 1 F 1 (s) + CJfs) 

c 1 f 1 (i)+c 2 f 2 (/)=l- 1 {c 1 m+cj^s)} 
i.e. L- 1 {C 1 f 1 (s)+C i Us)}=C 1 F 1 (t)+C t F 2 (t)=C 1 L~ 1 {f 1 (s)} u ft .. 

+ C.L- 1 {f ,(*)} 

x t 2 (s-a) , 8-6* , 24-30\/7 

i (. s-aY+b 2 


Problem 25. Find Lr 

-a) 


16s a +9 


8 — 6 * 


£-1 

l{s-a)*+b t ~ r 16s*+9 
=2Zr 1 ^ 


24-30\/ ^ iS 2(*-a) ? 
+ s* 5 l(s-a?+s*S 


s—a 


(s—ay*+b % 


],± L -r\ \ \_i l -A— L- 

5 + 2 l * 2 +9/16 5 8 I7+9/16 

+24i "'{7}- 30L '‘{Fir 


885 


MATHEMATICAL PHYSICS 


1 3/3 3/ r 3 z 5 / 2 

=2fc 0 ' cos bt+-j sin — — •— cos-^-+24 j-y -30 

=2e at cos bt + 4" sin — — cos^- + 4f 3 ^L=t 512 

2 4 8 4 y'u 

[B] First Translation (or Shifting) Property 

If Lr 1 {f{s)} = F(t), then L~ 1 {f(s-a)}=e ai F(t). 
r oo 

We have, f(s)= I e~ st F(t) dt=L{F(t)} 

J o 

f 00 f 00 

.\ f(s— a)— I e~ {s ~ a)t F(t ) dt— I e~ st . e at F(t) dt 
= L{e at F(t)} 

i.e. L~ l { fs—aj)—e at F(t) . . . (2) 

(2) may also be expressed as 

L~'{f(s-a)} ... (3) 

Which follows that the substitution of s—a for s in the transform 
corresponds to the multiplication of the object function F(t) by the 
function e ai . 

We may illustrate it as follows: 

I m 

V — L{t m ), where m= 1, 2,.. .and $>0 


I m 

/. 7 — =t-— r —L{t m e at }> s>a 
(s—a) m + l 1 * 

Also, V /-{cos bt}=^~ 

Problem 26. Find (a) Zr 1 {y 2j +5 } {s*+6i+2J \ 


(«) We havc ^{vAs 


2 , 1 
= V2 L " ( s + 5 / 2 ) 1 !* 


V 2 




1 


r 1 /* 


r 1 ' 2 "VS" 


-,-I/t e -3(/2 


(« W ' haV ' ^‘{ v+fa+25 l-Hfr+W?} 

' (s+3)>+4 ! 

,sin 4/ 
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[C] Second Translation (or Shifting) Property 

JfL~ 1 {f(s)}=F(t), then Lr 1 {e-<"f(s)}~<F(t-a), t>a 

|0 , t<a ... (4) 

Let e~ as f(s)=L{G(t)}, then Lr l {e~ a ‘ f(s)}=Gt= fF{t—a), t>a 

\ 0 , t <a 

So that L{G(t)}—\ C °e~ ,t G(t)dt= [ e~ st . o. dt-\-\ e~ H . 

Jo Jo Ja 

^ F{i~a) dt 

= f°° e~ at F(t—a) dt Put t—a=u so that dt=du 

= j°°£~*<u+a) F{u) //w=e -as j e~ su F(u) du 

I CO 

e~ at F(t) dt , on replacing u by /. 
o 

=e~ aB L{F(t)}=e~ a8 f(s) 

G{t)=Lr 1 {e' a3 f(s)} 

Note. In terms of Heaviside unit step function G(t) can be expres- 
sed as 

F{t-d). U(t-a). 1 ? ° 


Problem 27. Find Lr 1 


1 ff e ~ tv, l 3 ? 

t s 2 +9 


f * e- 2 *" 3 \ 

1 ^+9 / 


cos 3 1 


cos 

0 


,/ 2 n \ 2rc 

3\ 1 3 ) ’ {> 3 


t<- 


2n 


cos 3/, t> 


2* 


2* 

. /< T 


■=cos 3/. 

[D] Change of Scale Property 

IfL~'{f(s)}=F(t), then Lr 1 { f{as)}=\ , a>0 ... (5) 

V /(•?) = J e~ $t F(t) dt, f(as) — ^ C °e~ a,t F(t ) dt 

/fu 

Put at—u so that <*=» — 
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(on replacing u by t ) 

Problem 28. Z/Zr{^‘} ,findL~'^} , a>0 

. . t -i J g l/ * ? cos 2 V I . r _ 1 f e~ 1,< * 1_ cos 2 \/ tjc 

Is 1 !* l~ Vi rT ’" l(ci) 1 ' 2 J = c \Znijc 

jg-i/c* ^ j cos 2\/ tjc 

\ s lri 5~Vl 


01 vt l 1 


Putting c= — , we find 
a 




\/ c~ V rcf 

cos 2\/ of 
V Wf 




[E] Inverse Laplace Transform of Derivatives £ 

If L~>{f(s)} = F(t),then L~\ /<">(*)} =^ff" {-£/(4 

= ( — l)"f n F(f) ...(6) 

By Prop. [F] of § 10.9, we have 

L{r"F(/)}=(-l)» /«•>(,), /. t n F{t) = Zr*{( — 1 ) " / (B, (s)} =(— 1 


or Lr l {/<’*»(i)}=(-l)» /«F(r)=(-lj- 
=(—!)- /»F(f)=(-l)" 


(-l) 2n 

( _l)2n 


F(t) v (-1) 2 "=1 


{>>! 


Problem 29. F/tj</ Zr 1 


c °nsider ^ j = ( 5 2 +a 2 ) 2 , e ‘ (s 2 +fl 2 ) 2 = _ "2 Ts(s 2 +a r ) 

L_1 [w^) T l = _iL_1 

_ / sin a< . r _, / 1 \ sin at 

2 a V a 

[F] Multiplication by s n 

If L-\ f(s)} — F(t) and F(o)=0, then L~ 1 {sf(s)} = F'(t) 

By Prop. [E\ of §10.9, L{F'(t)}=sf(s)—F(o)=sf(s) V F(o)=0 


(7) 
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••• F'(/) = L- 1 {j/(5)}. 

In case F(0)#0, then L~'{sf K s)-F(0)}=F'(t) 
or = F'(f)+ Z,- x {F(0)} = F' U)+ F(0)S(r) 

where 6(f) is the Dirac-delta function. 

I’roblem 30. F,nd L- j .Hen L~' [pijpj ■ - f . s,n 

Weha ™- i "!’- (^1-4(1'“"') 

or L ~‘ [ 7 V 1 7 | = y cos '+ sin 

t,r L ~' (' 005 '+ sin 0 

“ r t_1 l(?TT?]“ i "1(?iTr] _ T ( ' cos,+si ” 0 

=sin /— i(/ cos /+sin f)=£(sin t—t cos t) 

[G] Division by Powers of s 

If L~'{f{s)}=F(t), then (/) L- 1 j=J‘ F(«) du . . .(8) 

(it) L- 1 J’ FM dudv . . .(9) 

(/) Let (7(i)=| F(u) du=L~ 1 then G’(t)=F(t), G{o )= 0 

••• L{G'(r)}=j£{G(f)}-G(0)=*Z.{G(f)} 

=f(s) V L- 1 £ =G(r) yields sL{G(t)}=f(s). . 

Hence using the Prop. [G] of § 10.9, 

L{G(/)}= or Zr 1 ^^L|=G(/)=J‘ F(«) </«. 

(//) Let G(f) = J j F(u) du dv = Zr 1 ^ j then f 2 L{G(t)}=f(s) 

Also G'(/)= [‘ F(n) du, G"(t) = F(t) and G{o) =G\o)=0 

Jo * 

so that Z.{G*(/)}=j* L{G(t)}—s G{o)-G\o)=*& Z.{G(f)}=/(a) 

L{G(/)=, or Zr 1 j=G(r) = J‘ J* F(«) dv 

This may be written as Z, _1 ^^^-j = | | F(t)(dt) 2 ...(10) 

or in general j=| j ...| F(t). (dt) n 


. . .(ID 
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Problem 31. Find Lr 


{/*>*+ j)] 

•' L 1 {‘j 2 +T t% " L ~ X [j(?TT)] == I 0 sin U(Ju= = l ~ 



COS t 


and hence L~ 


> ?_ 


f <■- 


cos u)du—t — sin t. 


^ 2 (S 2 +1)5 

[H] The Convolution Theorem or the Convolution Property 

If L~ 1 {f(s)}=F(t) and Lr'{g(s)}=G{t), then 

L~'{f(s ) g(s)}= [ F(u) G(t-u) du—F*G . . .(12) 

Jo 

where F*G is known as Convolution or Faltung of F and G and this 
convolution is commutative i.e. F*G—G*F. 

The result (12) follows from f(s) g(s)=L £ |‘f(h) G(t-u)du . . .(13) 

which may be proved as below: 

V f(s)=L{F(t)} and g(s)=L{G(f)} 

:.f(s). g(s)—L{F(t).L{G(t)} 

foo Too 

= J 0 e ~ su>F (w) dw j e~ ,v G(v) dv 


4 


_[«[» 
Jo Jo 


e -t(w+v) F(w) G(v) dw dv 


= J J<t«<«’+*>F(hO G(v) dw dv 

R 


. . .(14) 


where R represents the positive quadrant of the plane over which 
the double integration extends. 

In order to transform the double integration from the region R 
(w, v) to another region 5(x, y) y let us make the substitutions 

w=y, v=x — y 




Fig. 10.2 

whose mappings are shown in Fig. 10.2. 
When w=0, y—0, w=oo, y=oo 



i 
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and when v — 0, x— y=0, v=oo, (x—y)= co 
The Jacobian of the transformation is 


8(w, v) _ 


d(x, y) 


dw 

dw 


~dx 

~dy~ 

_ o l j 

?v 

8v 

1 -1 1 

dx 

dy 



= — 1 giving dw dv—dx dv. 


Thus (14) transforms to 

f(s) g(s) = || e~’ x F(y) G(x-y) dx dy 

s 

=| Q °e -s ® Q* F(y) G(x-y) dy 

= j°V sf Q < F(u) G(t-*) du ~^dt (on replacing the 

ables y by u ancf x by t ). 

=l£ I* F(«) G(r-U) <7«| = F{F*G} 

Hence Ir'lfts) g(s)}= [ F(«) G(t-u) du=F*G 

Jo , 

Now to show that the operation F* G is commutative, we have 

F * <j = J‘ F(u)G(t-u) du= J* F(t-z) G(z) dz, when /-u=z 


van- 


i 


= G(z) F(t-z) dz—G*F. 


(15) 


Thus this theorem may be restated as . 

If f(s) and g(s) are the transforms of two functions F0) and Git) 
that are sectionally continuous on each interval . 

transform of the convolution F(t)* G{t) exists and it is f(s) g\ )• 

e.g. if F(t)=' and G(t)=e at satisfy these conditions, then 

/-i SJ —]=t* e at =[ ue a "~ u) du=e at f ue~ au du 

\s 2 s— a 5 Jo Jo 

=4 («“* — a/— 1). 
a 2 

corollary. If f(s)=L{F(t)}, theni j F(u) du ^ v== | o 

° F{u)du ... (16) 

By convolution theorem, 

L{ [* (f-u) F(u) dv}=L{t) L{F(t)} 

J 0 

*■ F L+) 


./(*) 


L{t}=~ and L{I\t)}=As) 
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Hence by (9). 

[‘ (*-») m du=L~' P F(v)dudv 

u- u° C^jJoJo 

which may also be expressed as 

[ [ F(t) (dt) 2 — f (f-u) F(u) du ...(17) 

Jo J 0 Jo 

ot h> general £ £ £ f(,) (*)•-£ F(„) * 

...( 18 ) 

Problem 32. Using the convolution theorem, evaluate 

L ~' i'?5+7j r 1 

v L " 

L ~ r ] = | 0 ( w<r “) ( f ~ M ) du “J o (ut—u 2 )er a du 

=£~ (ut—u 2 ) +| (t—2u) e~ u du, integrating by parts 

=■0 + (r-2u) e~ u du =|^ — (/—2m) e~ u J —2 J* e~ u du 

=ter*+t- 2 =fe-'+r+2<r‘-2 

=*('+2) e~*+t- 2. 

10.16. EVALUATION OF SOME INTEGRALS BY INVERSE 
LAPLACE TRANSFORMS 

fl] The Beta Function. Which is defined as 

f{m, n) = | x™- 1 (1 — X)**- 1 dx for m> 0, n>0. 

The result P(m, n) | x™- 1 (1— x) n ~ x dx can be exhi- 

bited by the help of inverse Laplace transform as shown below. 

Let G(t) = f x™- 1 (t—x)”- 1 dx 
J o 

By convolution theorem, 


L{G(t)}=L{n~ ^-Lir- 1 } 


Ym Yn YmYn 


••• W-i- 

„ j; 


x m -\t-xy-' dx 


TmT n 

T(m+/») 


... ( 1 ) 
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Putting 1=1, this reduces to 


f 1 sin 2fn ~ l 6 cos 2n " J 6 d6 = 

J o 


Problem 33. Show that 


... (2) 

YmYn 


2Y{m+n) 
= ~P(m, n). 


YmYn 


Y(m+n) 


We have p(m, n)= J x m ~ x (l—*)” -1 dx= 

Putting x=sin 2 0, this gives 

P(tm, n)=2 | sin 2 ™ -1 0 cos 2n_1 0 Jn YmYn 


i dd= 


Y(m+n) 

C* 12 YmYn 1 

fe. j o sin 2 " 1 " 1 0 cos 2 "” 1 0 ^0 == 2]^^^) ==: ‘y'P( w » w ) 

[2] Evaluation of J* J 0 (u) J 0 (t— w)du .* 

Let G(t) =j‘ J 0 {u) J 0 (t-u) du 
By convolution theorem, 

L{G(t)}=L{J 0 (t)}-L{J 0 (t)} = 


V^+i Vs-+i Jl! + 1 

So that G(0-Zr* 

i.e. [ J 0 (u) J 0 (t—u) du — sin t 

J 0 

| Evaluation of -i- e i,w (1- w 2 )“ 1;2 dw 


1 


1 


Vs 2 +1 V s+i * V s—i 

by convolution theorem 


and L{J 0 (t)}= 


1 


Vs 2 +1 


v L "1vS?l 


p IT 1 12 e~ iu (t-u)~ ln e«<-u ) 

Jo V~n V* 


(3) 


=— f* e iU ~- u> IT 1 ' 2 (t—u)~ 112 du 

71 JO 

= J-( e itll ~ 2v) v- 1,2 (l —v)~ 1/2 dv by putting u—vt 

* Jo 
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= “1^ e<tw (I—**'*) 112 dw by putting 1— 2v—w 

1 f 1 

Hence — j ^ e itv > (l-w 2 )- 1 ' 2 dw=J 0 (t) ... (4) 


{4] Evaluation of 


V 


jjvt 

TZ Jo 


*+X 2 


dx. 


then by convolution theorem, 


V*t 


l- 1 \ — =LLr h 

lws+ 1 S Jo 


V TZU 


du 


Hence 


=-Tr[ V e ** du by putting V u =* i.e. ~^du=2dx 

V « JO . y/ u 

=erf *1 t 

hr\t 

cos tx 2 dx, then taking Laplace transform. 


V * Jo 

Problem 34. Show that 
' oo 


(5) 


Let (?(/)= 
L{G(t)} = 


00 Too f CO fOO 

e~ ,f dt I cos tx 2 dx= 1 dx I e~ ,( cos tx 2 d£ 
dx-^-^dx 


If we put x*=s tan fi or x— V s V tan 6, then we get 

d6 


L{G(t)}= 


_1 rw't dd 1 f»'2 

/ s Jo Vtan 6 2^/ s J 0 s * n 


e cos +1 ' 2 e c/e 


2 Vs J 0 V tan 0 2 -^/ * j 0 

1 rir$ 

2ri by Problem 33 - 

% / — 0 — using r«r(l— n) =-^ — , 0<n<l 
2 v s 2 sin 7c ° ' sm n k 

4 

\ . WT^WT 

2 \/ j 2 4-y/ j 


Using inverse transform. 


m =r 

J 0 


V2 h \ !__}= * V~2 . rl !!_ 

l \ / n 4 \/ 


cos / a: 2 </x=ZLY_A. I- 2 . 

4 V 
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Putting t= 1, we get 
foo 


J” COS X~ dx = V-*H = i JjL- 

Problem 35. Show that f 00 e~ x2 dx=\-\/ n 

J 0 

l ake G(t)= J°° e~i x fojo that 

L{G(t)} = [°° s ~^-=\ “7= tan- 1 -^=T=-~ 
Jo •*+* Lv s v s Jo 2 V $ 


Taking inverse, 


Putting t 


G(t) = [° 

J 0 

foo 

= L 

J 0 


>-'* 2 dx =4 


/-I /2 


= 


2 

V ^ . 
2 


— i \/ 71 *“ 1/2 


10.17. SOME METHODS FOR FINDING INVERSE LAPLACE 
TRANSFORM 
{ 1 1 Partial Fraction-method 

N(s) 

Consider a rational fraction where N(s) and D(s) are poly- 
nomials in s with no common factor and the degree of N(s ) is lower 
than degree of 

Let •••<» 

J its inverse Laplace transform can be determined whenever the 
elementary factors of D(s) are known. 

(/) Taking first the case when D(s ) has no repeated factors, we can 
write 

D(«s) = (5 a 1 ) (5- cl % )...(s— a n ) 

where all oc r '* are distinct and coefficient of s n being assumed unity 
without any loss of generality. Here D(s) has been taken as a polyno- 
mial of degree n so that r=l, 2, 3 ,.../*. 

By theory of partial fractions, we have 

m m 


D{s) (s - a,) ( s- a*) . . . (s - a„) 
A\ . | , 4, 


s — a x 5 — a 2 


+... + 


S— a r 


+ ...+ 


J— a» 


V 2tc ,_ 1/t 


Multiplying both sides by (s— a r ) and taking the limit as s-*a r , 
we have 

N(s)-{s— a r ) 

D{s) 


A r = Lim 

5->«r 
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I 


=A r (a r ) • Lim ^ by L* Hospital’s rule 

F-kA \S) 


s->ct r 


NM 




~jy («r) 

ry~L N(S) N( aj) 

Thus f(s) = -. - ■■ = jrr — p-r 5 ,+ 

v D(s) Z>'(«x) 


N( a r) 


D'iO (S—z r ) 


+ ...+ 


iV(a n ) 


n 

= 2 


jV(«r) L 


£'( a n) (« — «») 

... ( 2 ) 


,1, />'(<*,) 5-a r 

where T>'( a r)=(s— a i) (*— 1 **).••(*— <*r-x) (s— a r+1 )...($— a n ) at s=a r . 

If f(t) be the inverse Laplace transform of f(s), then II 

m-L-' {%$-] -[ i ”$] 9 


_ £ M<L e «r' 


(3) 


which is known as Heaviside Expansion formula . 

(//) Now taking the case when D(s) has repeated linear factors, wc 


can write 


/(«)= 


N(s) 


m 


(4) 


D(s) (s—ol)"* 1 

where <f>(s) is the quotient of polynomials N(s) and the one obtained 
by removing the factor (s — «)* +1 from D(s). Then, we have 

<Ks) -Aq , A i L L A r ^ 




(*-*)' 


S — OL 


(*—«)* 




(S-«) 


A„ 


-g(s) 


(s— a) n+A 

where g(s) denotes the sum of partial fractions corresponding to the 
other factors of D(s). 

Multiplying both sides by (s— a) n+1 we get 
<f>{s)=A 0 (s— a) n +/ti(5 — a) n - 1 + ...-f^ r (^— a) n “ r +...+ 

A n +g(s) (J— a)"* 1 

Taking the limit as s-+x y A n =<f>(<x) and so we have on differentiat- 
ing both sides (n — r) times w.r.t. s , 

■p-' 1 («)-|n-r .4, i.e. 

Hence from (4) 


* 


n —r 


ft \ n f in ~ T> ( a ) 

f(s)= 2 r — 


r=0 


n—r 


(s—<x) r 


+g(s) 


... (5) 

(oc)=^(a) 


r» 


i 


A 


THE LAPLACH TRANSFORMS 


897 


Taking the inverse transform, we have 

n £<«-') (a) re" rf A 

W-L- M/(5)}= 2 —|^+ g (0 

r—u 


, . . ( 6 ) 


by using the relations L{e*‘ i 7 (r)}=/(i-A) and L{r' +, }=r(r+l) 

Also here, L“ 1 {g(5)}=<j ? (0 

Applying Leibnitz theorem for differentiation of product of two 
functions, (6) can be written as 

F(t) * {s)e,t i- +G(0 ■ * • (7) 

(iii) Taking the case when D(s> has non-repeated quadratic factors 
of the form (s— a) 2 +p 2 , j> 0 and a, p being real numbers, then we 
can write 

M Mfr) _ Xs) - A,s+A t ( ) ...(8) 

(5) “ ~D{ i) (s-*)*+F (s-«)‘+p 2+ ^ 
where g(s) denotes the sum of partial fractions corresponding to the 
other factors of D(s) and A lt A 2 are real constants. Then we have 
pc + ?(3)= Lim p)= (a + i$)A 1 +A t =X+ '$> (say) 

i.e., (oiAt+AJ+ipA^tt+ifz, P <j> t being real and imaginary 

parts of 

Equating real and imaginary parts, 

^2 


^ l =aA 1 +A t and giving /l,=y and 

Thus (8) reduces to 

W J_ (s— cQ^+P^. 

p‘ - 

Taking the inverse transform, we have 


,, ^ 1 IJ-ajPal-P?! , tQl 


F(t) — Lr 1 { f(s)}= ~ (4>Z cos pr+& sin fir) e» t +G(f) 


. . .( 10 ) 


where G(t)=L '{&( ■'■)}• 

(rv) Lastly taking the case when £>(.s) has the square of a quadratic 
function of the form {(j-a) 2 -f p 2 } 2 , then we can write. 

N(s) _ #s) = A x s+A. 

f{s) 


D(s) 


{(j-a) 2 +p 2 } 2 (J— a) 2 +p 2 

+ ff +g(s) ...0» 

{(s— #)“+p-}* 

where G(j) denotes the sum of partial fractions corresponding to the 
other factors of D(s) and A u A 2 , A s , A t are real constants. 

have 

{( J -a) 2 +p 2 }+(/l3^+^4)+8(-0 «^-«) 2 +P 2 }; 

So that ^(a+/p)= Lim ^)-i<.(«+/p)+^4-4i+¥* W 
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Giving A z <x+A^j> i and which yield 

A 3 = ^ and A i =j(P^l— 

Also f(s)=A 1 [(5-a) J +p J ]+2(/4iS+/l 2 )(i— a) + — [g(j) {(s— a)* 

+ P 2 }] 

so that <£'(*+iP)=2f'P [A! (a +/p)+^ 2 ]=^ 1 '+/^ J ' (say) 
giving — 2p 2 Ai-fa' and 2ocp ^j+2p A 2 =^<j> 2 ' 

which yield and A^^—^-L. 

Hence (11) reduce to 

rtri&rJL (~~&‘ y ~HW+ a ^/) , 1 ( ^+P^ L — a^ 2 ) , ^ 

' W 2p 2 (s- a) s +p 2 P P[(J~a) 2 +p z ] 2 

. • .( 12 ) 

Taking inverse Laplace transform, we get 

F(f)=L" 1 {f(s)} = ^ 2 e*‘[ | | {sin (p/+<J<)-|J/ cos ((*/+*)} 

_-p{lf (<*+»?)! cos (pf+« |Q>l ... (13) 

where | #x+/p) | = t/^+ta* and | ^'( a +/p) 1 = V ^i' 2 +&'*> 
giving 


<}'=tan _1 -^ and <)/=tan~ , , 

9i 9i 

As a generalization if /)(s) has (/z+1) power of the quadratic 
factors {(s— a) 2 -fp 2 } then corresponding term in F{t) will be of the 
form t r e * *sin (3/ and t f e* % cos p/ where r— 0, 1, 2 
Problem 36. F//irf //ic inverse Laplace transform of the following 
functions 

l ,..v 3*+/ 

(") 




(0 


Off) 


(*+l) (5—2) ’ 
/ 


(s-2) (s+2) 2 ’ 

1 


(rv) 


1 


(s-iX^+yy ’ 

4s 

(s-2)(s*+4) ' 

1 


"’"“^■(TFiiMrwii 3(7=2) 

••• L-{/(5)}= lle-*-e»]. 

u /•/ \ 3$ 4-1 3s+l -W(j) 

(«) Here /($)=, 1 = — =— — 


(say) 


'(s-l)(s 2 +l) ( s -\)( s +i)(s-i) D(s) 

Then 1V(J)=3$-|-1, D(s)=s 3 — s 2 +s— 1 so that D\s)=3s 2 — 2s+l 
and zeros 0 ^ = 1, a 2 =f, a 3 =— i 
Using Heaviside’s expansion formula, we have 


L- 1 •{/(*))- **- 


AT (/) 




1HB LAPLACE TRANSFORMS 


899 


4e f 


3/+1 


e «+ =j / +J 

' OL+W * 


2 -(2+20 ‘ 1 -2+2/ 

= 2e‘— jj /+ 1 ) 0-0 , (3/-1) (l+i) 

2(1+0 (1-0 e + 2(iwxr+T) c 

=2e*-i(/+2)e«+i(/_2)<r« 

= 2e* - J( e « - c -«) — (c“ + e~“) 

=2e f — sin /— 2 cos /. 

(iff) Here f(s )~- — ~ 

(5—2) (s+2) 2 

, The term in the inverse transform off{s) corresponding to {s-2) is 
16 ** and corrcs Ponding to (,+ 2f we have «*)=(,- 2)-» which 

jields. «-2)— | ud «»)— gig, jiekb ^ 

•0 that by (5) of § 10.17, 

f(— 2) ^ (— 2)fe^ 2< 

l_L Ijl + ~ ‘ 


L 1 {/(5)}= ~e 2, + 

16 


0 10 


= T6^-T6 — 

4s 


4 


(/v) Here/(#)= - - 

(5— 2)(++4) 

The term in the inverse transform corresponding to (s— 2 ) is e u 
and corresponding to s’+ 4 we have #5)=^ , which yields ^ (2/)=2 
(1 — 0 so that its real and imaginary parts are ^=2, ^ 2 = — 2. 

Also comparing with (9) of § 10.17, we have a=0and p-2 

Henre Tr 1 / = r -i^ 2$ , 4 


Hence L“ 1 {/(5-)}=e^+iL'" 1 ^ 


s 2 +4 ^+4 


1 


=e 2( +M— 2 cos 2r+2 sin 2/] 

=e 2< + (sin 2/— cos 2/)=e 2, + v / 2 sin^2/— • 
1 2] Series Expansion Method 

If /(5) has a series expansion in inverse powers of s such as 


fls). *- + -§ +-S.+... 


(14) 


r 


lien under suitable conditions, we can invert term by term to find 


^(O^ao+a.r- 


a 2 t 2 




.. . ( 15 ) 
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Problem 37. Find L 1 | 

We have Zr 1 ]=L' 1 [7( 1- T'+[T? - 1+7*+ "’)} 

III L_1 W + - 


=i-i+ 


(! 2)" (I _3) 2 


+ ... 


. (2V0 2 u (2V0* -iVO 6 +- 

= 1 22 — +22.42 2 2 -4 2 -6- 

=/„( 2v<r 

T31 Method of Differential Equations 

By solving differential equations, the inverse Laplace transforms 
of some functions can be found as is evident from the following 

Problem. 

Problem 38. Find L 


1 


Let y(s)=e - V * and l{ 7(f) } =y(s)' 
So that L" 1 ! y(s)} ==L " 1 { e ~^ S 


Also 


dy 

ds 


■=/ s 


e~\ 3 . d*y 

- — and -=5— 

2 V* ds 


e~~ V 3 ^ e V • 


As 


4s*' 2 


4sy'= 


e~V 3 +- 


'V 


=y-2y' 


...d) 


V * 

4sy"+2y'-y=0 _ 

which is the differential equation satisfied by ^=e V^ ^ 

Now y=L{7} gives j'=L{-fI) and 7 ‘ * * 

so <h.t }-£{<■>"+:<« 

Thus (1) reduces to . 

4L{f 2 7 1 +2f7'}+2I{-f7}-.L{7}-0 , 

or L{4/ 2 7'+(6f— 1) 7}=0 or 4f 2 7 1 +(6f-l) 5 L - 

1 e 4r 2 1) 7=0 which gives on separating the variables, 


or 


+-+- «#-» “ tt + (' 5‘ 4t* 

-(-TT-+)‘" 


jy . 6f— 
y 


jy 

y 
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Integrating, log y= -—-J* log f ^-+log C, C being a constant 

of integration 

e -1 / 4 * C 

y=C- -^- or ... (2) 


^3/2 


V t 

(e- 




} 2V1 


Now L{tY}=- . -=- 

ds ^ 

Applying the final value Theorem, i.e. when f-*oo, $->(), we have 
from (2) 


tY=~~- e~ llAi - 
V * 


so that L{f7}->l| ~ j=CV* / Vi 


and L{tY} = 


e-y/s 


2V: 


2\/jT 


, whence -L 


1 


V s 2y/ 

C— ? 

2>/T 

»-l /4< 


— gives 


Hence the solution of (1) is Y= 7^-3 * e _1/ 

2.\ it “ 

r.e. Zr 1 {<?~ VTj = f*' 2 . 

1 4] Method of Differentiation with Respect to a Parameter 
This method is illustrated with the help of following Problem. 


Problem 39. Find L 


i^+a 2 ) 2 ' 2 ! 


1 


We have L{J 0 (af)}= 

Differentiating w.r.t. the parameter V we get 

da 


L{J„(at)}~ d da [y?+?] or L \ da J ° (at) j (s 2 +a 2 )*' 2 
or L{t J 0 '{at)}— ( j2+a 2)s,2 i e Z/1 [“(V+a 2 j 2 ' r l = ~~a J ° ^ 


= - J^at) J 0 \x)=-J i(x) 


10.18. APPLICATIONS OF LAPLACE TRANSFORMS TO 
DIFFERENTIAL EQUATIONS 

The Laplace transforms can be successfully applied to solve 
(/) ordinary differential equations with constant coefficients such as 
d~y dv 

-j?r+a -~+by=F(t), a , b being constants. 
at 6 at 

(it) ordinary differential equations with variable coefficients such as 

'• 3+ 2 
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(iii) simultaneous ordinary differential equations such as 
d 2 y dy 

„„ '"rfT =i ‘ w and dt 2 

a, b, c, d being constants. 

(iv) partial differential equations such as 

1 2 y 

dt* 


, h dx _ F (i) r dy , &x , d—=F 2 {t)\ 
+ fc T i J and c ~Tr + dt 2 +d dt K ’ 


_ ~+a-^r+y=F(x,t) 

(v) integral equations i.e. the equation containing a dependent 
variable under an integral sign, such as 

K(/)=F(/) + P K(u, t) Y{u) du, a, b being constants or functions 

of/. 

Here F(t) and the Kernal K(u, t) are known and F(t) i# to be deter- 
mined. 

We explain these applications with the help of following problems. 
Problem 40. Solve x" (t)+4x\t)+4x(i)=4e- 2t \ x(0)=-l, x\0)=4 
verify that your solution satisfies the differential equation and the 
boundary conditions. 

Let !{*(/)} =/(*) 

Then L{x'(f)}=s/(s)-F(0) where F(0)=*(0)=-1 
=i/(i) + l 

and £{*'(/)} =s 2 /(s)-s F(0)-F'(0), where F(0)=*(0)= 

and F'(0)=*'(0)= 4 

=s*f{s)+s — 4 

Taking Laplace transform of the given equation, we get 
L{x' (/)} + 4L{x’(t)} + 4L{x(t)} = 4L{e- 2 *} 


1 


...(») 
... ( 2 ) 

...(3) 


or s*/(s)4-s— 4+4 s/(j)+4 +4 /(j)=-^2 ' by ^ ani * ^ 

4 4 s _ 

or (s 2 +4s+4)f(s)= -^2 ~ s i e - /( s >= (i+2f (s+2) 2 

s=(s+2)— 2 


+ 


1 


(s+2) 3 ' (s+2) 2 s+2 

Taking inverse Laplace transform of both sides, we find 

L~‘(f(s))-4L- 1 1 (s + 2) > } + 2L ‘‘ s+2 | 

.. «- » - H U*)H 

==2 (— l) 2, (-1) 2 / 2 e _2 *+2(— 1)( — 1) te~ u - <r«=e- 2 *(2/ 2 +2 /-l) 
Hence the required solution is 

x(/)=<r 2 ‘ (2/ 2 +2/-l) • • • C4) ] 
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Now to verify the result, we have from (4) 
x> (0— —2e~ 2t (2/ 2 +2/-l)+<r 2< (4/+2)=<r 2 ‘(-4/ 2 -4/+ 2+4/+ 2) 
=4e~- f (-/ 2 +l) . . . (5) 

and x’(t)=-8e- 2t [ - / 2 + 1 ] + 4e' 2 <( - 2/) = 8<r- < (/ 2 -/-l) 

So that x"(t) + 4jc'(/)+4.v(/) = 8e~ 2t (r 2 — /— f)+ I6e~"*(-t 2 +1) 

+4e-*(2/ 2 +2/~l) 

=4e- 2 ‘ [2/ 2 -2/-2-4/ 2 +4+2/ 2 +2/-l]=4e- 2 ‘ ... (6) 

which is the same as given and hence the result is verified. 

Again from (4), we have x(0)— — 1 and from (5), jc'( 0)=4 
which clearly satisfy the boundary conditions. 

Problem 41. Solve the differential equation ty\t)+y'(t)-\- ty(t)*= 0. 
Under the condition that y(0)=I and y(t) is bounded. 

Let £{></)}=/ (s) so that L~\f(s)}=y(t) . . (1) 

Now L{y'(t)}—sf(s)— F(0), where F(0)=y(G)= 1 

-*/(*)- 1 • • ( 2 ) 
and L{y’(t)}=s z f{s)— s F(0)— F\0) where F(0)=>(0)=1 
and F’(0)=y'(0)—k (const.) say 

—s 2 f(s)—s—k. 

Taking Laplace transform of the given equation, 
L{ty\t)}+L{y\t)}+L{ty(t)}=0 

or ~- d d3 L{ y "(t)} + L{y'(t)}- J- L{y{t)}=0 

0T ~ -ff { s *f(s)-s-k}+sf(s)-l- {/(j )}=0 by (1) and (2) 

or -2s/(s)-5 2 /'(j)-f- 1 + s/(s)- 1 — /'(s)=0 
or — (s 2 +i)/'(s)=0 

f'(s) s 1 2s 

° /(*) i‘+l 2 ‘ s 2 + l 

Integrating, log /(s)= log (s 2 + l)+log C, C being a 
constant of integration 

/W -vS+T 

Taking inverse Laplace transform, we have 
L->{/(i)}=--CL- 1 [-^=j or y{t)=C J 0 (t) 

Initially when /=0, y(t)=y( 0)=1, so that 1=C/ 0 (0)=C 

7 0 (0) = L 

Hence the required solution is y(t)=J 0 (t). 

Problem 42 . Solve X*+Y' +3X=15e~ i 

Y'-4X’+3Y=I5 sin 2t. 
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Subject to X(0)=35, X\0)=-48 , Y{0)=27 Y'(0)= -55. 

Let L{X}=x and L{Y}=y so that L~^{x}=X and L~ 1 {y}=Y. 

Also L{X'}=s L{X}-X{0)=sx-35; L{X'}=5 2 L{A'}-jZ(0)-Z'(0) 

=5 2 x— 355+48 

and L{ Y’}=sL{ Y}-Y(0)=sy-27; L{Y"}=s-L{Y}-sY(0 ) - T'(0) 

=5^-275+55 

Taking Laplace transforms of the given equations, we have 

5 2 x-355+48+5j’-27+3x=+ 7 

s-r 1 

30 

and s 2 y-21s+55-4(sx-35)+3y=-^ :i 
or (5*+3)x+5j— ^355— 21 + ^=0 

and -45x+(5 2 +3) 275-195+ ~j)=0 


Solving 


~s 


( ™-m+-gpr)+<?+» ( 35 *- 2 >+ -£r) 


4 ,( 35.-2!+^ ) -Me+3 (27.-195+-^) 


l 


So that * = 


1 


s A +\0s 2 +9 


(- 


275 2 +1955- 


305 


5 2 +4 


(j s +3) 2 + 4s 2 
+35i 3 -21s* 


15j 2 


++?T + ,05 *-“+ TTi] 

[(3 55 s — 485*+ 3005 — 63 ) 


( 5 * + 1 )(s 3 + 9) (5 + 1 )(5* + 4) 

(5+ 1 )(5 2 +4) - 305(5+ 1 ) + 1 5(5- + 3)(5 2 +4)] 


355*— 48s 2 -3005-63 


15(5 2 + 3) 


(5*+ 1)(5* + 9) * (5 + 1)(5 2 + l)(5*+9) 


305 


2655-15 [ 155- 369 | 3 


(5 2 +l)(5 2 + 4)(5 2 + 9) 
15 5-1 9 5-1 


8(5 2 +l) 


8(5 2 + 9) 5 + 1 


8 

10s 


s*+l 8 
25 


+ 


s 2 +9 

6s 


30s 


45 


s*+l 5* + 9 5+1 s*+4 


(s 2 +l) 1 s*+4 8(5* +9) 

(by resolving into partial fractions) 

f -£rr. •••(!) 
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30s 


60 


Similarly >’= s * +9 s t +l " 5 +l " r 5 2 +4 

Taking inverse Laplace transforms of (1) and (2) we get 
.. sin 3/ 

L- l {x}=X=3 0 cos /— 45- 


.( 2 ) 


+ 3e”*+2cos 2 1 


= 30 cos t — 15 sin 3f+3e *4*2 cos 2 1 


and L~ 1 {y}=Y=30 cos 3/— 60 sin t- 3‘ *+ 


2 sin It 


— 30 cos 3/— 60 sin t— 3e *+sm 2/ 

which are the required solutions. 

Problem 43. Find the solution of -J^r - \fT =xt sat,s fy ,n S ,he 

7\V 

conditions V= ~^r = 0 when t — 0. 

oi 

Let L{V}=v so that L" 1 (v} = F, then 

L ^-pl|= s 2 L(F}-5P(0)-l / '(0)=^v-0-0=5 2 v 1 taking t 
principal variable 


as 


m- 


and L {~d wr 

variable. 

Also L{xt}= 


d 1 


dx 1 


5" 


L{vy- 


dfv 
dx 2 ’ 


taking x as the secondary 


/. Taking Laplace transform of the given equation, we have 

d J~ — 5 2 v— ~ i.e. ( D'-s -) v= + where D=~ 

Its complementary function is C 5 e‘ x +C 2 e 
!>-— i 2 =0 gives I>=±5 

xis- i r i ( jly t 1 -— 

and particular integral = =1~rj_ 1 — + 2 ) J 5 2 


( 1 ) 


,’.1 


The complete integral of (1) is 
v=C 1 e“ + <? 2 


... ( 2 ) 


Now F=0 gives L{P}=v=0 for all values of x, therefore C x 0, 
otherwise v-*oo as 


As such (2) reduces to v=C 2 e s * — 
But when x=0, v— 0 .‘.C 2 =0 

Hence (3) becomes v= — jr 


... ( 3 ) 
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Taking inverse Laplace transform of bolh sides, we find 


•HI " 


xr 


xt 3 


which is the 


required solution. 

soluon™ 44 Solve the following integral equation and verify your 


F ^J+2\‘ F(t- x)e -u dx 
f abng 1 ap,ace ‘^nsform of both sides, we get 
£{^(')}=£{l}+2z|j' F(t~x) e~ 2 * dx j 

Assuming L{F(t)}~ f(s) so that L{J}= l_ 

s 


and L 


e~-‘>dx= 


orf 1 


{}; Ay-*) 

/(*) 

)/(.>= i 


/ (s) 
s+ 2 ’ 
l + 2f(s) 
■i s+2 


the last equation becomes. 


s+2j 


“ i+2 M-t or /M=J-.i± 2 „A + 2_ 

* S S S ^ S 2 


( 

Taking inverse I.aplaoe transform of bolh sides, we find ' '' 

required solution. ! ! j “• «<)- >+2f which isihe 

In order to verify the splneion. pultio 

A<>-l+2f/e. 

R.H^ of the given equation=! -f-2 P { J -f-2(f — x))e~ la dx 
~ 1 +2 [[ e~-‘ dx+2i f' e-te *_ 2 f>* , 

Hence the sotulion^eri^ 


we 


tion. Since vanous problems used ° f tran formed func- 

formulated in the shape of ofdm^r 2 P h ysics are mathematically 
.nvolving one or mSe MWn differcntial equatio"? 

boundary conditions fitting the Dhv«.™f ct . 1 , 0ns . t0 8 e ther with initial or 

sssz “ * — J&Sssr'sa , Kr„ u v s 
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Problem 45. A particle of mass 3 gms moves on the x-axis and is 
attracted towards a fixed point in its path with a force whose numerical 
value is I2x. Assuming that the particle is initially at rest at x-^5, 
determine the position of the particle at any time t , {a) when there Is 
no other force , ( b ) when there is a damping force whose numerical 
value is 6 times the instantaneous velocity. 


(a) Let P be the particle and O 
the fixed point. Since the particle 
is attracted towards 0, therefore 
when the particle is on the right of 



Fig. 10.3 


X 


O i.e. in the direction OP then the net force is — \2x (being in the 


direction of PO) and similarly when the particle is moving along 


PO, the force being in the direction of OP i.e. again —12a*. Hence 
applying Newton’s second law of motion i.e . mass x acceleration 

• d 3 x 

=actmg force, the equation of motion is 3 — 12.v 


or 


<£x 

dt* 


+ 4x=0 


(1) 


Let L{) c}=C so that Z, _1 {5}=^ 

.'. d -t5-]=J 2 £{-y}— sx(0)— x'( 0) where x(0)=5 and x'(0)==0 
l j (boundary conditions) 

=s 2 5— 5s 

Taking Laplace transform of (1), we therefore get 
s 2 £— 5j-i-45=0 or (s’ +4) £=5s or 5=“^ 

.-. £-!{£}= 5 L -1 i.e. x=5 cos It, which gives the position 

of the particle. 

(b) In this case the equation of motion becomes 


(Fx 


dt 2 


, „ , dx . 

\2x—6 -j i.e. 


d 2 x , dx 

*r+ 2 H7+ 4x - 


( 2 ) 


with the initial conditions x(0)=5, x'(0)=0 
Taking Laplace transform of (2), L +2L j +4L{x} =0 

or s%— 5s+2(s£— 5)+4£=0 when L{x}=Z, 
or (s 2 +2s+4) £=5s+10 or 


Lr l {^}=x=5c~ 2t which is the required solution. 

Problem 46. An inductor of H henrys and a capacitor of C farads 
are in series with a generator of E volts. At t=0 the charge on the 
capacitor and current in the circuit are zero • Find the charge on the 
capacitor at any time t>0 if E—E 0 , a constant. 
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If Q be the instantaneous charge and I the current at any time t. 

then 1= dJ ... (1) 

Now voltage drop across the inductor=/7 ~f~ H ~~ by (1) 

Voltage drop across the capacitor=^-and the voltage drop across 

the generator =— voltage rise=— E. 

Thus, according to Kirchoff’s law, the algebraic sum of voltage 
drops (potential drops) around any closed circuit being zero, the 
equation determining Q is 


d 2 Q 
, it* 




-£=■0 or 


d 2 Q , Q 


... ( 2 ) 


dt‘ ~ HC ~ H 

with the initial (boundary) conditions 2(0) =0, /(0)=0, 2 (0) =0 and 
E=E 0 for i>0 

Assuming that L{Q}=q, we have 


i.e. s' 


L^^s tL { Q }-sQ(0)-Q’(0)^q-0-0^q 

Laplace transform of (2) gives L 

"^wc^iis 01 { si+ wc) q 


U£Q 
l dt 2 


+Hc L M = - f L{1} 


Hs 


or q—- 


EolH 


( j2+ wc) 


or q- 


E„C CE 0 s 


hi CE [— - - ) 

- i c ' j s j. | * 

HC l + HC) 
Taking inverse Laplace transform, we have 


Q=L~ 1 {q}=C E„ 




vW 


Vhc. 

which gives the required charge on the capacitor. 

Problem 47. A beam which is clamped at its ends x=0 and x—l 
carries a uniform load w per unit length. Show that deflection at any 

WX 2 (/ 

point is Y(x)— — TakI — » where E is Young's modulus of elasticity for 


24EI 

the beam and I is the moment of Inertia of a cross-section of the beam 
about the axis . 

The transverse deflection Y(x) at any point x is given by the 
differential equation 
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...( 1 ) 


x-° 


-V* 


X-/ 


Fig. 10.4 


with the initial condition, j'(0)=0, 
y'(0)=0 and y(l)~®, y'(l)*=®--- y 

Assuming that 

L{Y}=y i.e. L-\rf=Y, we have 

L \^']=s i L{Y}s 3 Y(0)-s 2 Y'(0)-sY\0)- Y- (0). 

' y_o— 0— iCi— C 2 under the assumption that r'(0)-C x 

t y ,/, (0)=c 2 . 

a • Taking Laplace transform of (1), we have Q Q ^ 

AdfYl” L {\}i.e.,s*y-sC 1 -C i =- TIT oTy~- a + S <+ Els -, 
l dx l ) El 

Taking inverse Laplace transform, we n 

-.*> a-o u X L/ i 


Cyx 2 cy a 


WA 


( 2 ) 


. . • (3) 

* 

... (4) 


Y=L 1 {y}=C 1 -2"+ c *. |3_+ £1 |4_ 2 6 2AE1 ' 

Applying the initial condition that V(x)— 0 w en 
=0 when x=/, (2) gives 

c p c,/ 3 

0= T + 6 + 24 El 

, /! u’J3 

and r=C,x+^Y' +®' 8 ' V ' S °“ C ‘ ,+ "T + 6fT 

Solving (3) and (4); ami C.—g, which when ,nb St i- 

tuted in (2) give ,, 

r _wlV h/x ^ 1 = i !*L [r— Vx-Yx^^eT' 

s/'-ssj/.tss ~ /-* t* «* 

at any time t>0. • , v an( j at 

U. U(x , 0 he the temperature oObe ““^Xoniion.l beat 

conduction equation gives 

opL__L d P x >o, t > o ... CD 

dx- ' k dt' 

where k is the diffusivity defined by 

where k is the thermal conductivrty. C 
the specific heat and ? t ne 
density. The boundary conditions are 
(i) U(x, 0)=0, (ii) m t) — U 0 (given, 
and (iif) U is bounded i.e., 


't 
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have 


Assuming that L{U(x , t)}=u(x, s)} i.e. L~ l {u(x, sjl —U(x, t), we 

* 


L 0)==su and L [L{£/}]= 


d*u 

dx* 


Taking Laplace transform of (1) 
d 2 u 

d7 l ~~ 


1 d 2 u 5 

T" or ®-T“"° 


with boundary condition u(o, s)—L{U(o, t)}=U 0 L{ 1}= 
and u=u(x , s) is required to be bounded. 


V. 


.( 2 ) 

.( 3 ) 


The solution of (2) is u(x, s)—C 1 e x ^ S > k +C 2 e x Vsfk . . # (4) 

In order that u be bounded (finite) as x-*co, we must choose C x = 0 
otherwise the temperature will be infinite when x->oo. 

Thus (4) reduces to u(x, j)=C 2 e ~ x ^ s ^ k 

But from (3) u(x, s)= — when x—0, therefore C 2 = ~ 
s s 

Hence the solution of (2) is u(x, ■*)=“ e ~ 


Taking inverse Laplace transform, we find 


KV*/ e- )fi duj 


U( X ,t^ir oe rfC^ v __ 

which gives the required temperature. 

Problem 49. An infinitely long string having one end at x=0 is 
initially at rest on the x-axis. The end x—G undergoes a periodic trans- 
verse displacement given by A 0 sin c ot, t>0. Find the displacement of 
any point on the string at any time t. 

Let Y(x , t) be the transverse displacement of the string at any point 

x and at any time /. Then the 



transverse 

by 


displacement is given 


d 2 Y 

8?-* >0 -' >0 




where a 2 = 


... ( 1 ) 

T being the cons- 


tant tension in the string and p 
the constant linear density. The 
boundary conditions are 


dl 


(i) Y(x , u)=--0, (//) ( x f o)=0 , (Hi) Y(o, r)==A 0 sin cot, and (iv) the 
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difiplacement is bounded i.e., | Y(x , t) \ <M. 

Assuming that L{Y(x , t))^y(x, s) i.e., L~'{Y(x, s)}=Y(x, t ) we have 

L =s*L{Y}-sY(x , d)- d ~ ( x , o)—s 2 y—o—o 

.’. Taking Laplace transform of (1), we get 




„ 2 d*y . d y A 

s-y=a 2 -j-g i.e., T=0 

J dx 2 dx 2 a 2 

with the boundary condition Y(o, t)~L{Y(o, t)}=L{A 0 sin <*>/} 

= 9 and y(x, s) is bounded. 

S 2 + <* v 


( 2 ) 

... (3) 

The solution of (2) is y(x, s)=Ci ei s * la +C 2 e~ sxla ... (4) 

But y(x, s) being bounded when x-*oo, C ± =^0 otherwise the dis- 
placement will be infinite when x-+co. 

(4) reduces to y(x , s)=C 2 e~ $ *i a 

Applying (3), we find C 2 therefore the solution of (2) is 

S O/" 


y{X, s): 


A 0 (0 


c-3Z la 


’S 2 + CO 2 

Taking inverse Laplace transform, we get 
v( t)zs= \ A o sin <*(t-xla), t>x/a 
1 N , t<x!a 

which shows that a point of the string is at rest until t=*x/a and there 
after it undergoes motion identical with that of the end x=0 but lags 
behind it in time by the amount x/a. 

10 20. THE COMPLEX INVERSION FORMULA OR INVERSION 
THEOREM 

If L{F(t)}=f(s), where F(t) has a continuous derivative and is of 
exponential order , then 


F(t)= [ Y+/ °° e* 1 f(s) ds, t>0. 
J Y -Zoo 


( 1 ) 


\ 


In the previous chapter we have introduced that if <j)(t) be a func* 

! 00 

<f>(t) dt is abso 

CO 

lutely convergent, then the Fourier’s integral is 
1 (* oo foo 

0(r)= — 1 dx I <f»{u) cos x(t— u) du 
n Ja J —CO 


. . • ( 2 ) 
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But cos x(t—u) being an even function of x and sin x(t— u) an odd 
function of x 9 we can express (2) as 

^( 0 = 2 ^ J ^ dx | (f>{u ) cos x(t—u) du 

f i r oo r oo 

and 0= — I dx I <f>(u ) sin x(t— u) du 

2 k J -oo J -co 

1 foo Too 

or <f>(t)=:—-\ dx <f> (u) [cos xt cos .rw+sin xt sin xu\ du 

IK J —00 J —00 



.(3) 


1 foo foo 

and 0= 2 ^ J ^ " x J ^ ^ '( M ) [sin xt cos xu— cos xt sin xu] du 

...( 4 ) 

Multiplying (4) by / and adding to (3) we get 
If 00 foo 

dx I $ (u) [(cos xt cos x«+sin xt sin xu)+i 

j —oo J —oo 

/(sin xt cos xu— cos r xt sin xu)] du 

1 foo foo 

=: ~2k] _qo J oo ^ ^ ^ C0S s * n **) ( cos sin *w)] 

1 f 00 . foo 

— I dx I $ (w). e ,a! * du 
2k J-oo J -co 

foo 

I ^ (w) e~ <:CM du 
J -oo 


1 T 00 

J -c 


2k J _oo 


e<*t j x 


Assuming that <$> (t)=e~ yt F(t)fort>0 and ^(/)=0 for /<0 so 
that the Integral theorem is also satisfied, we have for />0 

e~ Yt F (/)=-i— - f e i9t dx f e~ Yu F (u) e~™ u du, y> t 

2k J -oq J —oo 

1 foo foo 

= « — I e i9t dx\ e -iY+tx) u f (u) d u 

2k J —oo J -co 

e~ yt F(t)= f e ixt dx f(r+ix) 9 put y+ix—s so that ds 

£K J —CO 


= idx 


1 fy+*oo p-rt fy+<oo 

e (a " y) * /($) *= cy-T- ^ 

J y-iOO 2 ki J 7 _j00 


iKi 

1 f y+<oo 
i.e. F (t)— e 3t f(s) ds. 

2KI } y-iO0 

Aliter. By Cauchy V integral formula, mentioned in chapter on 
complex variables, we have 


'<*>=! W} 


m d Z 

C z — s 
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Assuming that f(z) is regular on ^he right of x = y and distorting 
the contour C and integrating from ^ 
y+/co to y— /oo, then to the right 
of y- /oo to y+/oo and back to 
y+/co, we get, 

f(s)=z . l j r i °°f(z)dz 

/( 2n [ L 


(5) 


J y r+i CO Z 3 

1 Cr+<o of(z)dz 
" 2tc/ J 7 _ i0 o 5-z 

Now since y must be smaller than 
the real part of s i.e. y <R{s) and 
assuming that L 1 { /($)}— -F(/ ), we 
get on taking Laplace transform 
of (5), 

1 f y+*oo 



Fig. 10.7 




]t e A dt 


s — z 


if R(s)>R(z) 


1 fT+<00 

J ^ f(s) e st ds (on replacing z by s) 


2 Ki 

=sum of residues of e $t f(s) at the poles of/(j) 

= S (residues of e st f(s) at poles of f(s)) ... (6) 

This gives the use of residue theorem in finding Inverse Laplace 
Transform. 

Note. Referred to Fig. 10.8, if ore 

BDEFA-Y and 



r= V R~—rf then 

i r 

F (t)== Lim ^ 

R->CO Zl ' 1 J 

or F(/)— Lim 

R->oo 


V+iT 


e"f(s)ds 


Fig. 10.8 

and known as Bromwich Contour. 


-s ir 

where C is the contour of Fig. 10.8 

1 


Problem. 50. Evaluate L ~ ^ ^ t j by residue- method. 
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, C 1 ) 1 fY+<00 

We have Zr 1 < . , . - . - 7 — ^ > =-x — r 1 

i(s+l)(s-2)M 2m J r -iOo 

1 




^ V- . -/ ^ jr— tOO (^+1) (S—2) 2 

1 f* g 1 * 

- 2 ^ / c ( , + 1) ( ,- 2 )2 -= sum of residues of (j+1) 
at poles s—~ 1 (simple pole) and s= 2 (pole of order 2). 

But residue of ,—ttw — a/ $=1 is Lim (s+l)/i(s) where 

(i+l)(s- 2 r f->_i 


/«= 


(4+1) (.v-2) 2 ’ 


(s-2) 2 


= 9 Le " 


and residue of at s= 2 (order two) 

, . 1 d T “1 


Lim 

s ->2 


M-[> 


- 2) 2 


— Lim e »t = — t e n — - c u 

(s+l)* C 3 ,e 9 

Hence £ 1 (i +i)U H *-*+ 4 ^- 4 ^. 


Ar 




d 2 X 


Problem 51. Solve the following differential equation -^- r -+A 2 A'=0. 


Given equation is 


d 2 X 

d t 2 


+X 2 2f=0 


...( 1 ) 


Assuming L {A' (r)}=x (s), X (0)=c, and A"(0)=c 2 , we have 
L | ^~j=s 2 ^{Xj-sXm-X'iO^x-s^-e,. 

taking Laplace transform of (1), we find 
L +A 2 L {X }— 0 i.e. s ! x—sc l —c i +\ i x = 0 or (.r’+A 2 )* 

=iCx+c* 


or .v = 


£j__^ Jf2 £t 'ft 

sei+Cz JCj+Cg 2 A 2 A 


a 2 +A2 “ (s+iA) (s-fh) J+/A " r s — (A 

j4» A 2 i j /c« j j Cj /Cj 

— 1 V where ^1=4-+^ and A 9 =-~ — - 

lA ^ 


J+/A j-JA 2 ~ r A 

Applying Laplace inversion theorem, we get 

r r +*oo 


>+*00 




— fT ds=A l I l +A 2 r t (say) 


„ A.f UJ 

2 ni J y—{oo J+iA UJ " r 2 ~; J T _ioo i— /A 

I f >+<oo e at 

Here ''- 15 - J ^- T+a *-p»« »+ ft-s 

1 rv-Ho o e (^-<A) < _ lf 1 r+<o o g s« 
2ni j T -»oo 5 6 2ni)y- i co S 
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e st e st 

=*e~ iX (Residue of at S= Q)=e~ iXt Lim S. -~-=e~ iXt 
A S-*0 A 

Similarly I 2 --=e iXt . 

Hence X—A x e~ iXt +A 2 e iXt which is the required soJution. 

Problem 52. An infinitely long circular cylinder of unit radius has a 
• oust ant initial temperature U 0 - At t= 0, a temperature of (PC is 
applied to the surface and is maintained . Find the temperature at any 
point of the cylinder at any time t. 

Take any point P of the cylinder. Taking r-axis along the axis of 
l lie cylinder and x 9 y axes as shown in Fig. 

10.9, let (r, <f>, z) be the cylindrical coordi- 
nates of P. Now the axis of z being coinci- 
dent with the axis of the cylinder, the tem- 
perature is independent of <f> and z and as 
Mich it may be taken as U (r, /). 

The temperature at any point of the 
cylinder is given by 


w /a 2 

dt V it 


d 2 u 

dr + r 


> 


<r<l 



l dU' 

dr 

... (1) 

with the boundary conditions (i) U (1, /)=0, 

(//) (J (/*, o)=U 0 and (iii) the temperature 
II finite (bounded) i.e. | U (r, t) | <M. Fi 8* 10 9 

dU d 2 U t \ dlf 
The equation (1) is equivalent to -gj- = ~r' r g r 

1 dU dU 

where t is to be replaced by kt since d(kt) 

Assuming that L{U (r, t)}—u (r, s) 9 we have 

it nd L^f^-sL{U}-U{r,o)==su-V 0 


( 2 ) 


taking Laplace transform of (2), we ge( 

d~U 1 du . (Pu 1 du rr 

su(r,s)-Uo= i.e. J— Cf. 


. . . (3) 


r dr • dr 2 ^ r dr 

with the boundary condition, u (1, s)=0 and u (r, s) is bounded. 
In order to find the general solution of (3), let us take two steps. 
First step. The complimentary function of (3) is given by 

-(«*)=<) Y ? 1 


d 2 u 1 du A cPu 
_^JLjrL—su=Oor — 


1 du 


dr 2 


dr 


dr 2 


r dr 


or AfL i _L jALifiiSY) 2 «== 0, which is modified Bessel’s equation 
dr 2 r dr 

of order zero and may also be expressed as 
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1 

rf-M 


(/Vi) 2 


+ 0 

d’u 

Ar 

,1 

du 

UI • 

+ /» 

dp 
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1 1 du 


-u — 0 or 


\J sr~p. 


(I'll 


1 


du 


r 


d (f v sr) 2 iy/ sr d (i\/ sr) 

+«= 0 , 


Being Bessel equation of zero order, its solution is 

u ~ a o Jo ( p ) i-e. u ( r , s)=a 0 J„ (i\/ sr), a 0 being arbitrary constant 

and this is the complementary function of (3). 

Second step. The particular integral of (3) is given by 
d 2 u I du 

HF+'r dr su ~~ u o- 

As discussed in the Chapter of differential equations, its reduced 
equation on changing the independent variable r to z by the substi- 
tution, 


dJu n 

+Qi u=X x where 0, - y 


— j e * r ds dr— | -—=.<//• —2 \ r, becomes 

Q -s X 

r*rx“~"“ d v 

\ dx ) r \ dx ) 


<Pu 


— — U„.r 

* 

■" ^ z 2 —sru= — I!,, r or (D- —sr) u= — U 0 s where D= 

Particular integral = 3ls. L — ■— t 1 = 
D 2 —rs s | rs J 


d_ 

dz 

s 


HeDce the complete integral of (3) is 


u (r, s)=a 0 J 0 (i\' sr) + 


Ido 


Initially when r=l, u (r, s)=u (1, i)=0 gives a 0 = - — 

sJo (r'V s) 

Thus u (r, j)= 3b. - ■ 

s S Jo (i\/s) 

Now using complex inversion formula, we find 

V (r, ‘)=U 0 -^ f +t *>Jl M‘y*r) ds yi-JlL, ... (5 ) 
2 1 J y-* 00 s J 0 (r\/ s) l s I 


Here -L [ y+<0 ° J. (jVsr) 
2ni J y _,oo s j t (/y ' s ) 


ds~ sum of residues of 


e ** Jp (i\/ sr) 

sJo (*V s) 

at the poles given by J 0 (f\A)=0 
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Now /oOV s) has simple poles at the points where 
i\/ s= A,, A 2 , A 3j . . . A ri ,. . . and a/ 

=A„ where zz=l, 2, 3,. and a/ s=0 

/.c. 5= — A n 2 where n = 1, 2, 3 * ... n and or ,y=0 

_ . . ~ 7 (rv/ sr) n * r v / 0 (i\/sr' 

Residue of v at s-0 is — Lnn {s-o). 

5 J 0 (iV s > s—^0 s J 0 (/ v s) 

e° J 0 (o) 


Jo ( o ) 


nnd Residue of — — - - S 1 ^ at s—~ A n 2 is 

s Jo ( W s ) 


i • / j •% »>\ e si J, (7 \ sr\ 

— Lim (5+A„“). — — ' 

s Jo (iV s) 


Lim Lim -t± . V . 

5 s-*-X n 2 Jo (i vs) 


-p~\ 2/ ^ 


Lim 


s->— X n 2 Jo 0a/ $) 

e~ x n 2t JAKr) t • 1 




i i 


_ e-V < Jr,(V) -2A W 

— a,,* y 0 ' (A„) 

_ 2e- ? -" 2f J 0 (X n r) 

A,, ^ i (A n ) 

Hence (5) yields. 


Lim 7 - 

5->-x n 2 /o' (' \A) 07 2 \/ j) 


2V $ 2/V* 

v 7/ (a)= — (A) 


(differentiating num 

and denom. w.r.t.s) 
/= — i 


2An 


^ r r „ L ? 2 e- x » 2 0 „(X n r)^_ nrr ® e U'JoiKr) 

( ’ A n J 1 (\ n ) l~ 2U '„l t KJi On) 

Replacing t by kt, the required solution is 

CO p kfk^n 1 O i*j 

U{r,t)=2V 0 2 x j ikK — 

ADDITIONAL MISCELLANEOUS PROBLEMS 

d 2 x 

i -o>^= 

dx 


Problem 53. S<?/v>£ +o 2 x=co 5 cor, t>0, subject to the initial conditions 
dt~ 


x=x 0 and -~=Jf i when t=0. 


>1 


Ans. x— x 0 cos cor+^x 


sin or 


dx\ 


2oi 

dx 2 _ 


sin wr- 


Problem. 54. Ao/ve 3 ~p~ +2xi+ =7, r>0 cmc/ ^ T - +4-^^-j-5,v2=0, 

jtet to the initial conditions jcx— 0=x 2 w/ic/i r^O. 
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Ans. x i = ^~-j' e 1 — f$ e 61,11 and x 2 *~(e t —e w/* 1 ). 

Problem 55. A constant electromotive force E is applied at t—Q to an electrical 
circuit consisting of an inductance L\ resistance R and capacitance C in series. The 
initial values of the current 4 and the charge (q) on the capacitor are 0 • Find the 
current. 

Hint: The current is given by L -f /?i4~ —E where =/. 

£ 

Ans. i= -r-e at sin to/ if a> 2 >0 
toL 

== ^ te~ at if to 2 =0 
£ 

~~kL e at ^ - 2 <0 where to 2 

Problem 56. SWv* BesseVs equation + 2= ^* 

Ans. z=J n (u). 

Problem 57. *S/iow that the solution of-^ +a 2 y=F(t) subject to the initial 

dt 1 




where a=~ and o> 2 =^ _ 


conditions y^O—y' when t—0 , w >>= — [* F («) sin fl ( t—u ) du. 

a Jo 

Problem 58. A particle of mass m can perform small oscillations about a position 
of equilibrium under a restoring force mn 2 times the displacement. It is started from 
rest by a constant force Fq which acts for a time T and then ceases. Show that the 
amplitude of the subsequent oscillation is ( 2 Fo/mn 2 ) sin {nTj2). 

Problem 59. If L n be the Laguerre Polynomial given by Ln (x) =-^--^- n (e _aj Jc n ) 

then show L {L n (*)}= 

Problem 60. Prove the following: 

(/) L | jsinh /j =log j~, (//} /.j J* J 0 (y.) J 0 (t-y) . 




2 2 F (1—2 k. H— li) 4* {t—2kp.—\f). 

k-^0 

Problem 61. (a) Find the Laplace transforms of the functions e~ at , cos (bt+a), 

(t 2 +l) 

( b ) Solve by means of Laplace transforms 

z*F2z'+ f y dt=t ; z”+2z'+y=sin 2t ; z (0)=—l, z'(0)=l (Bombay, 1965) 
Jo 

Problem. 62. (a) Define Laplace transform of a function f(t ) , obtain the Laplace 

transforms for (i) t n , (ii) e~ at , ( iii ) sin to/, (iv) te~ at , (v) f /(/) dt. 

j o 

d^x dx 

( b ) Solve the following differential equation:^- r7r +4——--\-13 x=0 

at z at 

using Laplace transforms, given that x—3 and =6 when t~0* 


( Bombay , 1970) 


CHAPTER 11 


HANKEL TRANSFORMS 


11.1. INTRODUCTION 

In §7.5 [5], we have mentioned the form ol Laplace s equa 10 


V 2 F 


_ d 2 V 


dx 2 


0 2 F j)*K 

~df + dz 2 


(i) 


This can be transformed to cylindrical coordinates ^ 

using the transformation x=u cos <j>,y=v sin z=z so that u x 

y 

and tan — 


du y . » ^ 

Giving -g- = — = s m <t>> ^ 

\ ^ 


il^and-f^^ 

u dy u 


dV 

dx 


dV d u 

du dx 


dVjrf 

d<f> dx 


OV J. A 

- ■ I I COS ?> + 

— a.< jv T a* ' a. ? 


dV dz 
dz dx 


i.e. 


dV 

d 

d . 
9x " 


_0F, 

a 


ECOS * 


(~ 5 4 ) 

sin <f> 


and 


8 2 K 

0 X 2 




,, 0 2 K 2 sin <f> cos <f> <?V_ , 

= COS*<f> -gjjj U 


IT - 

0K 

du 

sin $ 0jl\ 

- “« J 

2 sin ^ cos 0F 

dudfj) ^ M 2 ^ 

sin-> jgK , sin 2 ^ 2PV 


d 2 V d 2 v 
similarly ■^■=sin 2 ^-^*-- 


+- 

2 sin <f> cos <l> d^V_ 

' iu dudtf} 


U 0« + w 2 W 

2 sin <1> cos ^ 

— « 2 


cos J ^ cos 2 ^ 8 2 F 


so that V 2 K= 


0 2 K 1 0F j 

'• l "i" u du 


1 d*V yF 0 

S" + 0z 2 


n 2 0^" 

... ( 2 ) 


0U 2 ' H 0M ' M 2 <¥' 

is the cylindrical form of (1). 

In order to solve it by the method of separation of variables 

. • nn r A. T/ T TfT\ 7 


discussed in §7.5, we put F=U<I>Z 
where U=“U{u), Z=Z(z) 


( 3 ) 
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we have. 


^ ^z w - d ' r - ®Z d ‘ u *' v - 

?« a u ’ du 2 a « 2 ’ df 


0 2 Z 

— £/<£> — 

oz 

Their substitution in (2) yields. 



•z |T- + ' f ®z+ l vz 8 !» 

du- 1 u cu u* dfi 

+ V&-0 

... (4) 

Dividing throughout by U <I> Z, we find 


1 (JPU , 1 l U \ 1_ 0^ 1 

U \ du 2 r u du J ' u 1 <t> d<f >- Z 


...(5) 


The first three terms being independent of z, so must also be the last 

?*z 

CZ, C being a constant. ... (6) 


i.e 


3z s 


Again the first two and the last terms in (5) being independent of <f>, 
so must also be the third one and hence D being a constant 


As such (5) becomes 
0 2 t/ 


dU 


du 2 

if we put C<=£ 2 , D- 


u *^ +u ~du +( d +Cu 2 )U=^0 


0 2 Z 


... ( 8 ) 

0 2 O> 


-«*, (6) and (7) become — — —k 2 Z and „ ,, 

(jZ" C(p" 

•==— ri £ whose solutions are Z=A l e ks + B i e~ ks and ®—A 2 cos ruf> -\ B 2 
sin n<f> respectively. 

and (8) reduces to u 2 +w +(k 2 u-—n 2 ) U=0 


With v=to, this becomes, v 2 '|~ r + v‘-~ - +(v 2 — n 2 ) U= 0 


-(9) 


which is Bessel’s differential equation of order n and its solutions 
arc known as cylindrical functions or Bessel’s functions of order /?. 

Hence if J u (v) be a Bessel function of order /7, then the solution of 
Laplace’s equation is V=U$>Z=J n (ku) e^ in< ^ e~^ kz . . . (10) 

which is known as a Cylindrical Harmonic and this harmonic is 
symmetrical about r-axis if n=0. 

In §8,4 we have already discussed the Bessel’s equation in the form 
d 2 y , 1 dy . ( ;r \ 

which is the same form as (9). 

Its solution is y=AJ n (x) + BJ- n (x) . . .(12) 

A , B being arbitrary constants; and J n (x) is known as Bessels func~ 
tion of first kind of order n given by 
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Jn( A) = 


QO % / X \ n+tr 

- jMi) 

j r r(n+r— 1) 


. . .(13) 


oo ( y \- f ‘ +2r 

•tml ./.„(^)= 2 ( )) r l ~2 ) 

r—0 

| r^r(— n+r— l) 

llli'h that /„(*)=( -l)V„(x) • ' i 14) 

I lie series on the right of (12) is absolutely convergent for all values 
•if v. In case n is an integer, the second independent solution ot UU 
tun v be shown to be 


I 0\i(*)=-y cosec [7_ n (x)— e~ inv Jn{x)\ * * 

Ivherc G n (x) is known as Bessel function of the second kind of Older n. 
In this case the general solution of (11) is 

y=AJ n (x)+BG n {x) • • , ( ‘ 6) 

Also, we have the recurrence relations for Bessel’s functions of the 
Hist kind 


IIIM MUU 

xJ n ’ = nJ n — xJ u +i ~xJ nJ n 
2J n J n + 1 

2/7t/ n = : x{«/ w — i*T *A»+i} 

. • -07) 

. • .08) 

• ..(19) 

{X ”•/»») =* X~ n Jn+ 1 

. • -(20) 

dx ( X ’‘ J J = XnJ »-L 

. • .(21) 

Here (21) provides the definite integral 


| X n J n ^(x) dx^= £ X n J n (x) = {^ T */n(H'), 

V 

o 

hj 

to 

If we put ;/=l and make the substitutions 
Integral on the left of (22), we find 

x=4r, {A=?a in the 

[ a rJ^dr^jJM) 

Jo ^ 

. . .(23) 

which is frequently used in the application of 
transforms to special functions. 

the theory of Hankel 

Also we may write 


J* r%llr)dr= r 2 [r^W] dr= 

[t « w 1 


— |J“ rVl(Er) dr 

Now putting on the right of (22), n = 2, x—fy 9 [i=^a and using (19) 
■with 7i=l, we may find J r 9 J Q {^r)dr^~^2J Q (^a) 

+(^~ ^) 7i(?a) ] • • m 
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Subtracting (24) from (23) multiplied by a 2 , we find 
i; r(a 2 —r i )J 0 (£r)dr= J 0 (&) 

A few more integrals involving Bessel functions may be referred t« 

[° O e-“*/ 0 (^')</jc=(c*+5 2 )- 1 ' 2 . . .(26! 

J 0 

[ <X> e- a *J l (&)dx=-l-~ g - a .... . 

Jo 5 V(a 2 +e) 

J ™xe—J 0 (Zx)dx=a(a i +?)-*'* 

J 1 °° x e- ar Ulx)dx= Z(a ! + ?f a > 2 

JO * 

^Further if n is half an odd integer we have 


r, * 

L | J_2 2 < 


Jn 2« r(w+i) 
which gives for n—\ and n = — \ 

Jiit(x)=l ^ Sin a: and J_„ ! (x)= J 


2\n+\y I 2 2 2 (»+l) (n+2). 


J 


7TX 


COS X 


11.2. DEFINITION OF INFINITE HANKEL TRANSFORM 
If J n (px) be the Bessel function of the first kind of order n, theij 
the Hankel transform of a function /(x), (0<x< oo) denoted by 


f(p) is defined as 

f(p)= f°°/(*) .xJ n (px)c!x 

J 0 


(I) 


Here xJ n {px) is the Kernel of the transformation as referred in 

§ 10 . 2 . 

We sometimes write (1) as 


~ f oo 

#{/(*)} =/(p)== J /(*)• xj n (px)dx 


. . ( 2 ) 


Problem 1. Taking xJ Q (px) as the Kernel of the transformation , find 
the Hankel transform of the following functions: 

:i, o<\<a , «=0 


(0 


0 /(*)= (»0/(x)=<r ,M ’, (iii) /(x)= 


x>a 


M = 0 


, C a 2 — x 2 , o<x 
0 , *>„ 


o<x<a , n — 0 
, «=0 


I 
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(fi)/(p)= 


hankel transforms 

(/) we have #{ /(*)}= ApHJ/IT ‘ xJ « ipx)dx = 

°e-*J 0 {px)dx =(a 2 +/r*/ 2 by (26) of §11.1. 
y-'xUpxVx- (28) of §11.1. 

Aliter. /(/>)= .x/ 0 (px)dx=[-^- e~*.xJ 0 (px) ] # 

+1 [“e-o* -{.r J 0 (px)}dx (or integrating by parts) 

a Jo 

— 0 + -j ■j C °s* m {J t (px)+xJ,'(px)}dx 

But we have xJ n '(x)=nJ n (x)—xJ^ ,{x) hy (t^) §* ^ 1 

writing x=0 and replacing x by px, we get J 0 (xp) WJ. 

f(p)= Lj CO e- ax J 0 (px)dx — ^| o e ~ ax xJi(px) pdx 




4- to ---7^t£kS 3 by (26) and (27) of §1U 


= a(a t +p 2 ) 1 ' t a ' (a 2 +p 2 ) 8 
a 


V-+P 2 )*' 2 


(iii) H{ f(x)} ~f(p) - 


+ 


°7(X). xJ u (px)dx=\ a 1 .xJ 0 (px)ix 
o Jo 


r °°0. xJ Q (px)dx= d x (ap) by (23) of §11-1 


(iv) H{ Ax)}=/(p)= f°7(*)*- ACiwV**-! (fl2 x '^ xJ ^ px)dX 

J# + J* 0. xJ 0 (px) dx 


I 


App- 


let 


J / 0 (P a > by (25) of §11-1. 

J P U 

Note. On t> e next page we have tabulated some useful Hankel 
transforms. 


H.3. INVERSE FORMULA FOR HANKEL TRANSFORM 

IfJ(p) be the Hankel transform of the function f(r).for -oo<x<a>, 

i.e., f(p)= (°° f(r). rJJpr) dr ' ' ' (1 * 

J —00 

Then f(r)= f°°7p)- P J Ap r ) d P 

J© . e+j 

is said to be the inversion formula for the Hankel transform fip) and 

we may write f(r)—H~* { f(p )} 


<3 

“h 

ct 

ft 
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in terms of confluent hyper- 

geometric function. 
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In chapter 9, we have introduced that if/(s) be the complex Fourier 

~ foo 

transform of f(x) in — oo<a<co, i.e.,f(s)= I fix). e isx dx 

J —oo 

„ 1 foo - 

Then we have/(x)~ l /(j) e isx dx . 

In §9.10 [F] dealing with multiple Fourier transform, we have 
considered the functions of two variables such as 


— foo foo 

f(s t t)~ I J f(x 9 y) e t{sx+tv) dx dy 

j X I X f(s 9 t) e i{sm+tv) ds dt 
J —00 J — 00 


1 

thcn/(.Y, >•)= ~r=i 


. . .(4) 

■ • -(5) 

If we put x—r cos 8, y=r sin 8, s=p cos a, t=p sin a, then (4) and 
(5; transform to f(p, a)= j r dr [ fir, B) . , rg) 

Jo Jo 

I r go 

Hnd/(r, 6)=— 2 j pdp^ ftp, a) (? \ 

Taking /(r, 6)-f(r) e~ int , (6) reduces to 

ftp, «) = \ ™ f(r) r dr f" Jtr^+Pr (9—)} ^ 

Jo Jo 

If we now make a substitution, </>—«. — 0 ~ , then it becomes 


'ftp, a)= j 00 f(r) r drj e '{ n (^+ 7 '/2— «)+/>rcos (^-f rc /2 )} ^ 

= J°°/(r) r dr. e in ("/2-« ) |' ir e i(n^-pr » in 

= f” 3 M r dr. 2n e in ( n l2~*)j n ( pr ) J, 

J 0 

1 f 2 * i(n<f>-pr sin<£) 


2n 


1“ 


J„ (pr) 

=2* e in <"/2-«) f 00 fr). r J n (pr) dr 

J o 


d4> 


=2 x e ®W2-«)/(i) ...(8) 

Again taking /(ry9) =/(r) , and using (8), (7) yields 

f(r) e~ ,ne — 2 I \^ p dp ] (: 2n e ‘" (n/2_a) 7 (p) 

e ~i pr cos (0 — »■) 
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M°° Pf(P) dpV ^W>'/2-«)-prcos(0-«)}^ a 
>7T Jo Jo 


2tt 


Putting ^=0— a-| — — , this becomes 

T2 yr 


f (r) e~ in 9 = f 00 pf (p) dp [** <,«{"(* -8) ~/>r cos (n/2-+) ^ 

Jo Jo 

’ pf(p)dp f~'" 9 f * e'W-P'-sin't-)} 

J 0 


i- e - f (r)* 


1 

2tc 

1 

2^ 


P f(P ) dp. 2* /* Or) <//> 


= f^° /* o) p dn o^) dp 

J 0 


which is the required inversion formula. 
Problem 2. FiW H- 1 { p 2 er flp } w/ze/z «=/. 

We have //- 1 {p 2 e~™}= [C ° 


p 2 e~ a *. p J t (px) dp 
0 P x 


11.4. PARSEVAL S THEOREM FOR HANKEL TRANSFORMS 

Iff(p) and g(p) be respectively the Hankel transform of f(x) and g(x) 

then J^°x f(x) g(x) dx=\^ p f (p) g(p) dp. ... (1) 

foo ~ ~ foo ~ foo 

We have I pf(p) g (p) dp= I pf(p) dp\ x g(x) J n (px) dx 

~ C 00 

(on substituting g (p)= g(x) x J n (px) dx, n> — }) 

J 0 

=j: * g(x) dx | J pf(p) Jn (px) dx 

(changing the order of integration) 

= f°° * g(*)f (x) dx by §1 1.3. 

J 0 

11.5. LINEARITY PROPERTY 

Iff(x) and g(x) are two functions and C\, C 2 two constants, then 

H {Cif (x)+C t g(x)}=C 1 H {f (x)}+C 2 H { g(x)} ... (1) 

We have H {C x f(x)+C 2 *(*)}={” {CJ(x)+C t g(x)}.x J n (p x ) dx 

= Cj !°°/(x). X J n (px) dx + C 2 j* g(x). X J„ (px) dx 

^C l H{f(x)}+C i H{g(x)}. 

This result can be extended to any number of functions. 


Hum n TRANSFORMS 


927 


M HANKEL TRANSFORM OF THE DERIVATIVES OF A 
FUNCTION 

II /.» ( P ) be the Hankel transform of order n of the function 

MO i.e. 

I., (p)= I x f (x) J n (px ) dx, then the Hankel transform o(-i^ is 
J o dx 

/*' (p)— \y J n (px) dx . . . ( 1 ) 

-[*/(*) J n J“ / (x)~ {X J n (px)} dx ... (2) 

(on integrating by parts) 

*=~ j n f(x){J n (px)+x J n ' (px)} dx ... ( 3 ) 

under the assumption that x /(x)->0 an x-*0 or x->oo 

■=- \ f(x) {(1 — pi) J„ (px)} dx- [ °°pxf(x) Jn-fpx) dx 
J 0 Jo 

(V xJ n (px)=px J n (px)—n J„ (px) by (17) of §11.1) 
-(»-l)j*/W Jn (px) dx-pf n ^(p) 


=(«-l)/— />/„_, (p) (say). . .4 where /= f °° f(x) J n (px) dx 

J 0 

The recurrence relation, 

2 n 

Jn-I (-*) — Jn (x)+J n+1 (x) = 0 gives 

J n -i (px)— J n ( px)+J n+1 (px )= 0 on replacing x by px 
i.e. 2 n J n (x)=px Jn. x (x)+px J n+l (x ) 

•hat 2n I=2n £°/(x) J n (px) dx=p^\f‘ x f(x) (px) 

4K \ \ C °xf(x)J n+l (px) dx 1 


=P fn-l (p)+pfn+ 1 (p) ... (5) 

Hence (5) reduces to 

fn (p)= 2n Pfnr-l (p)+- 2r r Pf”+l(P)—pfn-lP 



iliich gives the required Hankel transfoxm of — ^ 

dx 
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Replacing n by (n 1) and (w+1) in succession (6) yields, 

7' «-! (p)= -p\_ 2(„ : !)' 7.-2 (p) 2(11-1 ) 7* O’) ] 

and /„+i (/>)=—/£ 2(n+l) O’) 2(n + l) -^” +2 O’)] 


y 


I 


Using these results and replacing / by / ' in (6) we find 

n— 1 ~ 


] 


fn ( P ) = ^ f'n-X (jP) 2 n ^ n+2 ^ 

“ t[£F" £t A „,] 


. (7l 


corollary. Putting n=l, 2, 3 successively in (6) we have 

fi (p)~-pfoU>) 

3 


I 


fi O0=- P [4^7 (j o) -i f 3 (p) ] 

7' (/>)= - P [jy 7aiP)-if* 00 ] 


d 2 f 


11.7. HANKEL TRANSFORMS OF ~ 


d 2 f 

dx 2 


x 


df 

dx 


.(HI 
.(«) 
(I HI 

aid 


d 2 f 1 df 

o 

n- 

dx 2 r x dx 

~ X 2 

We have //{ = 

foo d 

= Jo d 

Assuming that xf(x )~> 0 as 


[cedfr 

]()</*[_ 


f 00 x ( dlf 

, 1 df 

Jo V dx 2 

1 xdx 


f UNDER CERTAIN CONDITIONS 


-j: 


oo d£ d 

dx dx 


{ x J n (j>x)} dx. 


= — p|/(y). xj n '(px)^ —^f(x)-~^^xJ n '{px) jtfr 
=P J4 A*) 


xf(x)-+ 0 as x~>0 or 


1 


or 
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Rut J n (p. x) satisfies Bessel's differential equation i.e. 

JK40+04)y-°- 

df( x df Jn{x) ) r ( 1 T*')*' Jn( - x)=0 

< )r y AXP*)]=-( P i -~7}^i J r>(P x )> 

on replacing x by px 

or J^ [xJn'(pxjl = -( /» 2 -y)yA(px) 

As such (1) reduces to 

1 "(S 1+ v if)- xUpx)ix 

~ -o: 

" !r(Sr + T 3E r 

= -P 2 |°°/(a-). xJ n (px)dx 

**7.0>) by §11.6 

where /„(/>) is the Hankel transform of order n of/(x). 
corollary 1. If we put «=0 in (2), we get 

L" * { 7 ? +1 % ) J MV*- -MM 

where f 0 (p) is the Hankel Transform of Zeroeth order. 
corollary 2. If we put «= 1 in (2), we find 


( 2 ) 


(3) 


fco/rf 2 

Jo U 


•(*/ + : l c_i 


i.x 2 ^ x dx x 2 


^X^X)' 


-pVfp) 


1 


® J/ 


. * s 


p f(p> 

~ f 00 

where /(/>)= xf(x)J t (px)dx. 

J 0 


(4) 

(5) 


Problem 3. Find IF 
We have 

H 


m 

im 


when f = and /z= /. 

J x 


°° X d jtf(px)dx=-pUp) by (8) of §1 1.6. 
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= -p^ CO xf{x)J 0 (j>x)dx=-p^ e tx J 0 {px)dx—j^f 3,2 
c, 7 : f') 

Problem 4. Find 7/C jjr \ when /=/ (X t). 

We have j=j°° a: d ^f J n {px)dn = ^ J“x/(x, t)JJpx)dx 


- J/(p. »■ 

Problem 5. Evaluate J x ^o(P x )^ x ^ 

when f (x)=e~ ttir . 

We have by (3) of §11.7, 

\? X {U + T d ^)^.px)c!x^-p^up) 

.foo , , . , — fl/? a 

= ^ c~ ax J 0 (px)dx = ^ • 

118. APPLICATIONS TO BOUNDARY VALUE PROBLEMS 

Whenever there is symmetry about an axis in a problem, then the 
use of polar coordinates is advised. Using Hankel transform a 
variable ranging from 0 to 00 can be excluded. 

Problem 6. Find the potential V(r, z) of a field due to aflat circular 
disc of unit radius with centre at origin and axis along z-axis, sat is- 

fying the differential tquation + ■jpr == 0> 0<r<oo, z^O 

and the boundary conditions : 

( i ) V=V 0 when z=0 9 0^r<l 

dV 

(ii) tt" =0 z=0, r>7. 

dz 

Taking the Hankel transform of the given equations for n=0, 
we have 

foo/0 2 P 1 ?K\ T/ u f °° 3 2 P n « 

J. (|?- + T 5r) 'W*~ ] t -jfT. upr)dr 


or 


-fV = where V =J 

d 2 v 


’OO 


V.rUpr)dr 


...( 1 ) 


i e. 9 tt- -p 2 P=0 whose solution is V (p, z)=*/fe +pt -yBe vs 
9 dz- 

... ( 2 ) 

Now since P->0 as z->oo and so P-»0asz-*oo, therefore A=Q. 
As such (2) reduces to V(p , z)=Be~ p% . 
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Hut B being independent of z may be taken as B(p) i e . function 
of p alone. 

V{p, z) ~B(p)e~ vz 
Applying inversion formula, 

f 00 

1 '( r , z) = 1 B(p)e~ pc . pJfp r)dp 
J 0 

Applying the conditions when z=0, 

y= f P . B(p)J 0 (pr)dp— P 0 , 0^r< 1 

J 0 


. . (3) 


(4) 


11 ml 


-p 2 B(p)J 0 (pr)dp^O,r> 1 


i.e. 


(£u -J 

\' X ’p 2 B:p)JJl>r)d;> - 0, /->1 
J 0 


. .(5) 


Comparing (4) and (5) with the integrals 

7w 
2 


7 0 (/?r)~ - dp = ~ , 0 ^ r < 1 a n d 
0 P 


fee . 

1 J {) {pr) sin pdp*=- 0, r>0 respectively, then we find 


Hence the required solution is 

n^H 


00 sin n 

^ J 0 (pr)dp. 


Problem 7. The magnetic potential V for a circular disc of radius 
a and strength co, magnetised parallel to its axis , satisfying 
Ixiplace's equation is equal to 2n co on the disc itself and vanishes at 
exterior points in the plane of the disc. Show that at the point (r, z), 


2> 


foo 

0 , V— 2 ttco 1 e^Jffp^Jfipc^dp. 

J 0 


The magnetic potential V satisfies the Laplace’s equation 

a 2 p 1 sv t d 2 v „ „ 
aTT+y 0 T+ 0^ =o ’ o<r<00 

With the boundary condition 

P=2^co, 0 <r<a, z=0 and P-0, r>j, z=0. 
Hankel transform of (1) for n = 0 gives 

1 00/ 0 ? P 1 0P\ , v . foo d 2 V 

0 fr) rJ ° (pr)dr+ \ a IF* rJ o(P r )dr=0. 

~ d 2 V ~ foo 

or — /> 2 F4- ^=0 where F =J V. rJ 0 (j>r)dr 


( 2 ) 
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= | fl 2-rtco. rJ n (pr)dr+0=2™ | f{ rJ Y (pr)dr 


2noia 


Jj(pa) 


Solution of (2) is V = Ae** +• Ber*' 
But F-s-0 as z->-oo 


• 0 ) 
• (4) 


A = 0 and so (4) reduces to V—Be tz 

... (5) 


From (3) and (5), we have £ V J 


_ 2« ofl , , . 

-B= — — A (pa) 


Hence F= 


•A (P°) er vz 


Applying inversion formula we find 

Too 


V(r, z)= 2-oia f 01 " e~ vt J„ (pr) J x (pr) dp. 
J 0 


f(P 


H! r 


fir) Jn (Pi r) dr 


w here pi is a positive root of the transcendental equation J n (p,a)^0 

... ( 2 ) 

Also at any point in ( 0 , a) where f (x) is continuous, we have 


f{r) - a' 2 J iPi) {J^J)Y 


(3) 


Note 1. For the sake of convenience the upper limit a is generally 
converted to unity (1) by suitable transformation. 

Note 2c All the roots of J n (\i)=0 are real and Unrepeated ( except 
\—0) It is more convenient to take the sum over all the positive roots 
A*. As such when n—0 , (3) can be easily transformed by substitution 

— . In case a=I y the equation is automatically reduced to 
do (Pi) = °- 

Note 3. When n=0 and a=*I, then J 0 ' ( x)= — (x) 
so that the inversion formula (J) becomes 

/OWX/W-p 


..(4) 
. . (5) 


where p, are roots of J 0 (pi)=0 ■ . . (6) 

Note 4. If f(r) is represented by generalized Fourier — Bessel series 

f(r)= 2 Ci J n ( Pi r), 0 < r < a ... (7) 

i 

then the coefficient Ci is given by 

Q— f “ rf(r) J n (ps) dr 

J 0 


* 


119. FINITE HANKEL TRANSFORMS 

lff(r) be a function satisfying DirichleVs conditions (given in 
§9.2) in the interval (0, a), then its finite Hankel transform is 
defined as 


... 0) 


d ' J nU (Pi 0 ) 

= JJAPil 2 f( Pi ) 

a : [ Jn +I (p-f^ a [ y »(^ a )] 

2 ~ ... Jn (pd) 

1 1 '-nee /(r)=— 2 / (p ,) 
a i 


M~)J 


In case a - 1, this becomes 
f (r) — 2 ~f(Pi) 


Jn (pd) 


, using (4) . . . (8) 


(9) 


( 10 ) 


I 


, *<(,.) 

Summations being taken over J n (p-) — 0. 

Note 5. / (r) is the inverse Hankel transform of f (/>>). 

Note 6. r J n (p,r) is the Kernel of the transform. 

Another forms of Hankel Transform 

(1] When, the range of variation does not include the origin i.e. 

I(r) satisfies Dirichlets’ condition in then the finite 

Hankel transform is defined as 

f(Pi)—^ rf(rfj„ (p,r) Y n ( p ( a ) — Y n (pd) A (p t a) ~fr • • • (H) 

where Y n is the Bessel function of order n of second kind and /?» is 
a root of the equation 

Jn (PiO) Y n ( Pib)-J % ( Pib ) Yn (Pid)= 0 . . . (12) 

Also then at each point of ( a , b) where f (r) is continuous we have 
the inversion formula 

2/V J l (Pid) f (pd 

f (r)= 2 Jn{p^)Yn(Pib)-Jn( Pi b)Y n (Pi(i) 

1 Jn (Pib) J n ^P id) L 

...(13) 

where the summation extends over all the positive roots of (12). 

[2] If/(r) satisfies Dirichiets* conditions in the closed interval 
(0, 1] i.e. 0<r<l, and its finite Hankel transform is defined as 

/(/>*)=[ r f ( r ) J n (ps) dr • • . ( 1 4) 

J o 
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in which p* is a root of the transcendental equation 

P K (p)+hJ n (p) = 0 ...(15) 

then at each point of [0, 1] where / (r) is continuous, we have the 
inversion formula 


1 


fir )- 2 2 ejM. 


Jn ( pr ) 


p A 2 +p ' 2 -* 2 /„* (P) 

where the summation extends over all the positive roots of (15). 
If n— 0, (16) reduces to 

rM _, v P 2 7_(p)_ A(pr) • 

„ k +p j, (p) 

and (15) reduces to A J„ (p)=-p/i (p) (p) = —>4 (p) . . 

Also using (15), (16) may be written as 


...(16) 


f(r)=2 I 


f(p )__ 

n2_ „2 


•4. (pr) 


77 1+ P A 2 J\ (p) 


A 2 


or 


/ ( r )— 2 2 


/(P) 


l+< 


n 2 — « 

"P" 


P 1 

Jn (pr) 
J'n (P) 


(17) 

( 18 ) 

.(19) 

. ( 20 ) 


l 


where the summation extends over all the roots of the equation 

p •/; (p) • 


Jn (P)~ — 


...( 21 ) 


l 


Evidently if /z ->oo, then (20) and (21) reduce to (3) and (2) where 
0=1 and hence we may conclude that (3) and (2) are limiting case of 
(20) and (21) respectively. 

Problem 8. Find Hn {/*”} taking r J n (pr) as the Kernel of trans form, 

V A" J n (.r) J=A" J n _ t (x) 

.'. J A" Jn-l (a) </a=£ A" J n (a) J =b n Jn (A), H>0 

Y x n J n (x)->0 as x->0 

Replacing n by (w+1), J a m+1 J n (x) dx—b nVl J n+l ( b ) 

! ° a"* 1 \ f J 

r n . r J n (pr) Jr= — — J n + 1 (P fl )l 
o P 
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.-. 1 -M« { r" Jn +i (<*p)= y 00 for «“!• 

y (ocjc) 

Problem 9. FiW /Ac Hankel transform of -yy , taking xJ n (px ) as 
the Kernel of the transform. 

y„(<x a) and /„(px) being the solutions of Bessel’s equation, we have 
\*-^J n (ocx) + X ^ /„(ax)+(a 2 x 2 -n 2 ) y„(aA) = 0 . . . (D 

A 2 Jn{px) + x J n {px) + (p 2 A 2 — n 2 ) •/„ (pa) = 0 ... (2) 

Multiplying (1) by J n (P x ), (2) by / n ( a *) an ^ subtracting, we get 
(oc-’-p 8 ) A J„(«a) / n (px)=j£x | J,l*x)j x J n {px)-J n (px) 


dx 


W«*) ]] 


Integrating with regard to x from 0 to 1 and using J n (p) 0, 
we find 


(a 2 — p 2 ) j a J n ( ax) J„(px ) dx=p J n { «) J„'(p) 

J , fjfi x J ~ ,px] >p> 

Note. For n=0, using (p) = -7 0 '(p), this yields 


S 7 0 (aA) ] = P_ 


i A(«) j 


a 4 — p* 


-Ji (p). 


Here below we tabulate a few of finite Hankel transforms. 


/(*)=4 

/ 

JC n 


c 

A*-* 2 

frixaf 

/r(a«) 

/o(g-y) 
/o(' a) 


niPi x ) 


n 

ft(pt) = f° /(a) 7„(px) dx 

J 0 

>-l 

a — y n +i ( Pi c) 

Pi 

0 

— Ji(pa) 

Pi 

0 

~r JiiP i<*) 

Pr 

>-l 

-P^Jn'iP*) 
o--p - 

0 

(T — 
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Problem 10. Find f(x) if H { /(*)}==-—- Jiipci), p being positive 
root of Jfpa). 

Inversion formula gives f(x)=~ 2 ftp) r/^r~\v 

j \J n {pu)\“ 

where summation extends over all positive roots of J n {pa). 

■ f( X \— 2 ; i Mpa) Jq(px) 2 ; c J t (pa) JJpx) 

a i P {J»(p<*)y a 7 p {Jiipa)}- 

v y,/(x)=-y I (x) 

2 v _c JJpx) 

7 •/(M 

11.10. FINITE HANKEL TRANSFORM OF , p being root of 

dx B 

J»(p)=0. 

H " [IH.I- * A(pX) <^=[ /(*)'* ■«A*)] o 

-jo /(*) J x {xJn{px)} dx 

= - j o /(*) f t xJ n (px)} dx ... (1) 

V •Z«(p)=0 for x=l and x J n (px)=0 for x=0. 
Now we have the recurrence relations 
2 J n '(x)=J a _ l (.v)— 7„ + ,(x) and 2 n JJx) = x[J„ -i(*) +/» + x ( x)] 
which on replacing x by px, become 

4' (px)=>} [J^fpx) — J nn (px)] and J n (px)=* P f n [Jn.-i{px)+J n + 1 (px)\ 

Substituting them in Jr {x JJpx)}=xp J n '(px)+J n (j>x) we get 

j- (x J„ (px)}=j [J«- l (px)—J nn (px)]-\- P ~ [J n -i(px)+J n +i(px)] 

= 2n x Jn ~ l 0 7 *)— («~ D 

So that (1) yields 

H, ‘ \fx\ = 2^\ 0 [ " _1) - v f{x) J n+L-(n+Dx f(x) y„_,] dx 

= Yn [( " -1) {/>-("+!) H -i {/)] • • • (2) 

where H n {/} denotes the Hankel transform of order n . 

Note. For n = l, (2) yields H l = H 0 {/(*)} 


. . . (3) 


hankel transforms 
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...( 1 ) 


1 df 

11.11. FINITE HANKEL TRANSFORM OF j- 2 +~ 

Case I. When p is a root of J n {p) =0 . 

We have H. jj/ + J %\-\, fi\ J ^ x)dx 

-J‘ * •«**> *+£ £ AO-*) * 

- h '¥i&\ + Vjx wdx 

J./* « 

In result (2) of § 11.11, replacing/ by we get 

-■ {££}-£!>-» M 

Now replacing x by px in the recurrence relation 
2 n J n (x ) =-x [J n — j(^) + *^n+ 1 (^-)] 

we have Jn(px)-~ [J n -ii x )+^n+i(px)]. 

So that \ ffjnipx) dx= J* & •g[/ n - 1 (x)+7„«(p.T)] r/.v 

=£l„ *£ J ”-' {PX) dX+ 2n\[ x f K J ^(Px)dx 

“If*- 1 \fx\ +Hn+1 

With the help of (2) and (3); (1) yields, 

£M[ {£}] 


• (3) 


Case II. When p is a root of p J„'(p)+ h /„(/>)= 0 
Taking n= 0, (5) becomes p J 0 '(p)+hJ 0 (p)—0 


• (4) 

.(5) 

• < 6 ) 


wc 


-«M£^£W 

“K % * ijpx) dx+ \,, fx' jjp ' ) * 

-[£ * ■'•<**) 1 -j, s t2 x <fc+ j. f x J ‘ ,J,x)dx 

-[IL, 1*. S (W ’ + f/ 7 

-[aL-w’’ 7-7 ’ £ * 


dx 

Joipx) dx 
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-[sL ]; +/■ i: /w- s I 

{* J 0 '(px)}dx 

= [fl i J o(j>)-PftWo'(p)+P j * f(x) • {xpJ" a (px) +J 0 '{px)}dx 

But J 0 (x) being the solution of Bessel’s equation 
d 2 v dv 

X* + £+xy=0, we have 

x 7 0 "(x)+/ 0 '(x)+.\' y o (.r)-0. 
placing x by px, px J„\px)+J 0 '(px)=—px J 0 (px) 

P 2 f xf(x) J 0 (px) dx by (6) 

J 0 

+/!/(i) } jo(j>) ~ pt //o{/(x)} 




= \jfx +hf(x) \j nip) - pi H ° {f(x)} 


If boundary condition be such that c ~-\-hf(x)=^0 when x— 1, then 
we get H 0 f x }=-P* H,{ Ax)} • • • (8) 


• •(7) 


Case III. When p is a root of J n (pa) Y n (pb)- J n (pb) Y n (pa)=0 
Integrating by parts, the following, we have 


• (9) 


x [J n (px) Y n (bp)-J n 


M, 

dx 2 + 


J _df\ 

x dx J 


dx 


Ubp) 7„(x/>)](- 

= -/> lx /(x) [ JAxp) Y n (bp)—J„(bp) Y n '(xp)]+P J* xf{x)~ 
[J n ’(xp) Y n (bp)—J n (bp) Y n '(xp)Hf(x)[J n '(xp) Y n (bp) -J n (bp) 


It is easy to show that 

Jn'(pa) Y n (bp)-Y n \ap) JJpb)-± 

With the help of (11), (10) yields, 


7„'(xp)]j dx ... (10) 

...(H) 


H n 


or 


{£f+f I }-f. (£-*■ 

Yn{xp)] dx 

AS "• <'<*» - <,2) 
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Note 1. If boundary condition is such that /(a)=0=/(fr), then (/-') 

yields 

"" (rfx 2 + x dx x 2 j 
Note 2. If n=0 then (13) reduces to 

i, hie h is the same as (8). 

d 2 f 1 df n 2 rivt 

II 12. FINITE HANKEL TRANSFORM OF di r + ~ 5x “x* W ’ 

p being a root of J n (p&) = ®- 

We have > „ , , , „ -i 

v x y„(px) dx 

-j; Qx J JW dx+\] %Mpx)dx-n 2 j] i /(x)/ n (px)^ 

=[^'* -j 0 J x Jx {X UPX)) dX + lo Tx 

J«(PX) dX-x'[ 1 Ax)Jn(px)dX 

= - J° ^ {px 7„'(px) t-/„(P*)} <**+ j # J x J *(PA dx—tr 

I/(x) j n (jpx) dx v 7 „(pa )=0 

= — ^ j* • x Jn(px) dx—n 2 “ /(*) Jn(px) j* 

= — p£/(x) X /„'(px)J^ +/> | o A x Y^f x {* 7n'(p^)} dx—n- 

(° — /(x) 7„(px) dx 
Jo X 

— —pa f(a) J„'(ap)+Ib f” /(x)-{px J„’(p.v)+/»'(p*)} dx-ri 1 

J° 

\° — /(x) J n (px) dx 
Jo X 


But 7„(x) being the solution of Bessel's equation, 

*&+*%+*-*>-*■ 
we have x* J„"(x)+x /«'(*) -H* 2- ”") J n (x) 0 
Replacing x by px, this gives 
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P~X* J n " (px)+px J' n (px)+{p-x*-ri-) J n (px )= 0 
i.e.,px J n " (px)+J n ' (px)=px (^~~, — 1 J J„ (px) 

■ ■ Hn x ~£r~ 5^*)}= -/>«/(«) Jn ' (a p )+ p\ a /w 

{^(^r-l) Mpx) } dx-n* J‘ ~f{x) J n (px) dx 

— - paf(a) J n ' (ap) —p- J f(x) x J„ (px) dx 

= —pa f(a) J n ' (, ap)-p * H n { f(x)} . . . ( 1 ) 

Note 1. If a=l, (1) becomes 

Hn 1% +T d £ - £ f(x) J » (P)~P : {/(*)} 

... ( 2 ) 

Note 2. It hen n—0, (2) reduces to 

{ dx 1 ~x dx \ ~ P^^ da (P)~PW» {/(*)} 

-=pf(l) Ji (p)-p- H 0 [f(x)} v y» , 0>)=-y i (p) ... (3) 

ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 11. Find the Finite Hank el transform ^(p) where 

2i+n~tn 

. . 2 i + n ~ m n 

We have //„ {^(p)}=--j=.^— J ?»+! (l-p)»-»-i J n (pa)d?. 

If we expand Bessel function J n (pp) in ascending powers of p? and integrate 
term by term, we get 


H n U( ?)}=* +n ~ m ® [\ n+ in-^n-i_. (-«* 

• ww ' r(«-ii ),* 0 J o P u p) 2 »+*» jT: 


l) 5 (pp) n+2 * 




2 n+2s |jr_r(n+ i+jf) 

1 00 nn+2., r 1 (—U*dt 

~~ T(m~n) 2™+** J 0 -O'* * J^r'tn+j+Tf’ where ?2==/ 

=P n ~ m .J^ (p). 


00 

= 2 


( — lV s />™+ 2 * pn~n 


J=0 2 w+2s r(m+j-f-l) |5_ 

Problem 12. Find the finite Hankel transform of — 4~( r , where 

r dr \ dr J r 


V=0 when r=0 and V=V 1 when r=/. 
1 d 


We have 


3 2 K 1 dV n 2 V 

+ T dr 


=/W (say) 


/• agA /j 2 k_ 

\ 3r / r dr 2 r r dr r 1 
Hence using (2) of § 11.12, we have * 

H{f(r)}=—p fW Jn (p)—p 2 H n {/(r)} when f(r)—V and /(0)=0, /(l)=--K, 
= ~PVlJn (p)-p*H n V 

Problem 13. Solve ^ + = 0<r<i 9 t>0 
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dV 

where >— — \-hV— 0, when r—1 , f >0 aw*/ V=1 when t—0 t 0^r<l; h, k 

dr 

being constants 


-r. 


Assuming that K= I VrJ<>(pr)dr 


...(!> 


where /? is a root of p Jq ( p) +h / 0 (p) — 0 ... (2) 

und multiplying the given equation by rj 0 ( pr) and then integrating with regard 
to r from 0 to 1 , we have 

n/d*V , 1 SK\ _ , . , 1 f 1 dV 1 dV 

J»(lr* + T 3r“) r/(l ( pr) dr= T J 0 17 r/ ° {pr)dr= k=Tt ’ 

f={jf r/ » (pr) ( {pr) > r p + \]™ j °’ (pr) dr 

r dv i 1 r 1 dv 

Vl7 rj ^\- P ) n r~^Jo'(pr)dr 

-|p-] r= ,-/>[| yJo'(pr) |*-[* v\jf (pr)-fpr /„'(;>)}<*•] 


1 dV 
k 


Jn (p) 

= Jn(p ) 


dV 


dr 


r=x -p\.V]r=\Jo{p)-P % ^ VrJ 0 (pr) dr V/ 0 (pr) satisfies 

Bessel’s equation. 

~ /o [~Jr~+ hV ] r ^ 1 ~^ 2 V *.* pJ o' ( p)=-hJ 0 (p) 


= -p*V 


dV 


i.e., ^f~=—kp 2 V where rJ o (pr) dr-=~- ~ when /=0, 


.*. Its solution is V= * kp2t 


J\ ( P ) 

P 

V=1 when r=0, (Xr<l 


Applying inversion formula, we find 

i/_ot ~ k P 2t P J i (P) Jn ( pr ) 

p h 2 +p* Jq 2 (p) 

where summation extends over all positive roots of (2). 

Problem 14. Solve ~~=f (Krai, t>0 

dr 2 ^ r dr k dt 

where f=fo when r~f t~>0 andf—0 when t—0 , 0<r<7. 

Hint. Take f(p)~ f f.rJo ( pr) dr , p being root of Jo ( P)= 0 and proceed like 
J o 

in Problem 13. 

Aos./=2 / 0 1 ■ 

P PJ\ ( P) 

Problem 15. Viscous fluid is contained between two infinitely long concentric 
circular cylinders of radii a and b. The inner cylinder is kept at rest and outer cylinder 
suddenly starts rotating with uniform angular velocity o. Find the velocity v of the 
fluid if the equation of motion is 

d 2 v , 1 dv v 1 3v n 

dr 2 r dr r 2 v dt 

v being Kinematic viscosity. 

Hint. Take/ 2 (/>) = j f(r), r B\ ( pr) y dr,[b>a where 
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Bi ( pr)=Ji ( pr ) Yi ( pa) — Y x (pr)J x ( pa ), (/>/•) being Bessel’s function of 

second kind of order one, and p is a positive root of 

J\(pb) Y x ( pa ) — Yi ( pb)J x {pa). 

Multiplying the given equation by rBi ( pr ) and integrate vv.r.t. V from a io b 
with boundary conditions v=b ( o when r^=6 

v^O when r=a 
v— 0 when /=0. 

Ans. v=t Z Js \ pa) ~J lHpt}) Jl ( *») * ( /*> ( /"■)• 

Problem 16. If #c and P are /Ae roo/5 0 / //jc equation / 0 ( x) — 0 , show that 

| o x / 0 («*) /o (P*) = Jl 2 («) {Agra, 1971) 





< IIAPTER 12 


•DIFFUSION, WAVE AND 
i I APLACE;S EQUATIONS 


12.1. INTRODUCTION 

In 7.5, dealing with special types of differential equations we have 
ulrcady mentioned diffusion equation (or Fourier equation of heat 
How), Laolaces equations as particular cases of steady-state heat flow 
•tftd wave equations in one, two and three dimensions along with the 
l wo methods of solutions namely (i) method of separation of variables 
ji nd (//) D' Alembert’s method. Now in subsequent chapters namely, 
Kih, 9th, 10th and 1 1th chapters we have discussed various methods 
of solution which may be successfully applied to solve different types 
of equations encountered in physics, mechanics and applied mathe- 
matics In the present chapter we shall try to make a systematic study 
of one, two and three dimensional diffusion, Laplace’s and wave 
equations with boundary values problems while a few of them have 
been already solved by the methods of transforms. 

12 2 DIFFUSION EQUATION OR FOURIER EQUATION OF 
HEAT FLOW (Agra, 1974) 

Assuming that the temperature at any point (x, y , z) of a solid at time 
t is u(x 9 y , z, t) 9 the thermal conductivity of the solid is K 9 the density 
of the solid is p and specific heat is a, the heat equation 

where h 7 = — ==£ (say), k being known as diffusivity, is said to he 

pa 

the equation of diffusion or the Fourier equation of heat flow. 

We know that heat flows from points at higher temperature to 
the points at lower temperature and the rate of decrease of temperature 
at any point varies with the direction. In other words ihe amount of 
heat say A H crossing an element of surface AS in A t seconds is 
proportional to the greatest rate of decrease of toe temperature u i.e. 


AH=K &S &t\ d -£ 


... ( 2 ) 



If ”v be the velocity of heat flow given by 


v — — K grad u«»— Jf -V« 


• • . (3) 
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Here u(x, y, z, t) is the temperature of the 
solid at (x, y, z) at an instant of time t and 
K the thermal conductivity of the solid is a 
positive constant in cal./cm— sec °C units. 

Let S be the surface of an arbitrary volume 
V of the solid. Then the total flux of heat 
flow across S per unit time is given by 


MI 


(- KS7u).ndS ...(4) 


of temperature with the increase of x so that is positive and heat 

flows towards negative x from points of higher temperature to those 
of lower temperature, thereby rendering the flux to be negative. 

Now applying Gauss's divergence theorem according to which if V 
be the volume bounded by a dosed surface S and A be a vector func- 
tion of position with continuous derivative, we have the quantity of 
heat entering S per unit time as 


f J(K Va) n dS= j J j V.(*V«) dV 
s J v 


... ( 5 ) 


i.e., 

V s s 

Taking volume element dv= dx dy dz, the heat contained in 


.( 6 ) 


V= 


II I 


apu dV. 


! 


The time rate of increase of heat is given by 


8_ 

dt 


dV 


japw dV= 

V V 

Equating R.H.S’s of (5) and (7), we find 


in- 




( 7 ) 


... ( 8 ) 


But V being arbitrary and the integrand being assumed to be conti- 
nuous the relation (8) will be identically zero for every point if 

a P f?=V (KVu) 


or 


dt 

V.V«=/i 2 V 2 k=A:V 2 m where h 2 =k=-- 
dt op ao 
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d 2 u d 2 u d 2 u 1 du 1 du 

~W r+ ~df r+ ~dz 2 ' == T dt = W Jt 

I his is three dimensional diffusion equation. 


t v/kullary 1. If the temperature within a substance be assumed to 
hr independent of z i.e., there being no heat flow in direction of z, 

then (9) reduces to =h 2 (-fjr+ : |pr j ... (10) 

which is known as two dimensional diffusion equation or the 
equation for two dimensional flow parallel to x—y plane. 

_ _ du du _ . cu . , d 2 u 

corgi T * p y2. Putting = 0 in (9) we get y-r 

...( 11 ) 

which is the equation for the one-dimensional flow of heat along a 
bar. 


corollary 3. For steady-state heat flow, u is independent of time 
du 


If , — 0 and hence (9) reduces to 


V 2 w= 


d 2 u t d 2 u , d 2 u 


-0 


dx 2 ' dy 2 ‘ 9 z 2 

which is known as three-dimensional Laplace's equation . 


. , . ( 12 ) 


12.3. ONE-DIMENSIONAL DIFFUSION EQUATION 


du 

dt~ 


d 2 u 
'dx 2 


=k 


8 2 n 

d\ 2 


o 

| A] Independent derivation of ^ 

at 



Consider one-dimensional flow of electricity in a long insulated 
cable and specify the current i and voltage E at any time in the cable 
by x-coordinate and time-variable t. 

The potential drop E in & line-element 8x of length at any point x 

in given by — §E=iR$x+Ldx ~ . . . (1) 

ot 

where R and L are respectively resistance and inductance per unit 
length. 


If C and G be respectively capacitance to eaith and conductance 
per unit length, then we have 

dF 

~8/==<7£8x+C8x ... (2) 

dt 

Rewriting (1) and (4), ~+Ri+L ... (3) 
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|j+G£+C f-0 


Differentiating (3) w.r.t. x and ( 4 ) w.r.t. t we have 

d-H 


and 


~W +K dx +L dxdt 
d'i , r BE VE 
dxbi" vc ~dt +C ~t 0 
d-i 


Eliminating from (5) and (6) we get 

3-E rr d 2 E r dE 8/ 

0 • 

Again eliminating from (4) and (7) we find 

V^^CL^HCR+GL) ^+RGE 
Differentiation of (3) w.r.t. and (4) w.r.t. x yields 


(7) 


..( 8 ) 


and 


&E , ^ o 

~dW +R dt + dt 2 

dn a £ r 

a^+ G g7^ c 0x9r 


=0 


Elimination of -4— and TZ57 f rom (3)> (9) a °d (10) gives 


d 2 E 


dx 


dxdt 


<»~CL™+<CR+GLll + Xm 

(7) and (11) follow that E and i satisfy a second order 
differential equation 


&U _ c r d~U 

dx 2 ' 0 1* 


-(CR+LG)-^ + RGu 


. . ( 12 ) 


which is known as telegraphy equation. _ 1 

If the leakage to the ground is small then G—O—L and hence (12) 


reduces to 


d^u rK du_ 1_ _9m 

dx- dt ~ k dt 

which is one-dimensional diffusion equation. 


where 


[S] Solution of -0f-=h 2 ■ -g- or u t =h 2 u xa: . 

The solution of this equation by the method of separation of 
variables has already been discussed in §7.5. Here below we discuss 
the solution in different conditions. 

[ftj (Both the ends of a bar at temperature zero). 

If both the ends of a bar of length l are at temperature zero and the 
initial temperature is to be prescribed function F(x) in the bar , then 
find the temperature at a subsequent time t . 
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One dimensional heat equation is -~ 


... (1) 


we have to find a function u(x 9 t) satisfying (1) with the boundary 
conditions u (0, t)=u(l 9 0=0, f> 0, / being the length of bar. . . . (2) 
and w(.x, 0 )=F(x), 0 <x<l ... (3) 

In order to apply the method of separation of variables, let us 
assume that 

w( -v, /)— X(x) T{t) % X and T being respectively the functions of 

.v and t alone 


dht 


So that ~ ~X ~ and ^- 2 
et dt 3.x 2 

Their substitution in (1) gives 

L d l* _ J_ ^1 
x dx 2 h L r dt 


J'X 
dx - 


(4) 


being separated and hence we can write ~ Wf~ “ — ^ 


The L.H.S. and R.H.S. of (4) are constants because of variables 

1 d 2 X __ 1 dT 
dt 

(constant of separation). 

Here-rr f ~ = — A 2 i.e., ** * ^x 2 A'=0 gives X—A cos hx-\ B sin Aa 
X dx 2 ’ dx- b 

. . .(5) 

and ie ’~f +**T=0 gives T=Ce X-h-t . . .(6) 

In view of condition (2) i.e. 9 u => 0 at x=0, or (5) givts 4—0 and A 
be chosen such that sin A/-0 i.e. 9 A==-^-, n being an integer. 


Hence the solution (1) i.e. 9 u=AT takes the form 
_/» D . nr. 

u^4B sin-y-x e~ — j~ 1 
Summing over for all values of n 9 this becomes 

00 , n7Z ^ _n 2 rt 2 /j 2 . 

u(x, t)= sin(— y e i ‘ 

Applying condition (3) i.e., u{x, 0)=F(x) at /— 0 we have 
n?z 

F(x)— 2 Z?,» sin— i x for 0<x</ 

n= 1 1 


So 


that Bn— -y J F(x) sin dx 

which is obtained by multiplying (9) by sin 
ting from x—0 to x—l. 


. .( 7) 

. .( 8 ) 

. .( 9 ) 
.( 10 ) 


n~x 


and then integra- 
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Hence the required solution is 

o oo n 2 n*h z 

/> 


u(x, t)= ~ 2 

1 n = l 


1 sin-^— x | F(u) sin ~~u du . . .(11) 


Deduction: (Insulated faces) 

If instead of the ends of a bar of length l having kept at temperature 
zero , they are impervious to heat and the initial temperature is the 
prescribed function F(x) in the bar y then to find the temperature at a 
subsequent time t y we have the boundary conditions 
du 

=0 at x=0 or / for all t . . .(12) 


dx 

u(x, 0 )=F(x), 0 <x<l 
Then the solution follows from (5) as 
u=A cos Ax -\~B sin Ax 


• -(13) 


which in view of (12) requires B = 0 and sin Ax=0 i.e., ^=~, n--= 0, 
1,2,3... 

So that the general solution of the one-dimensional diffusion 
equation will be of the form 

«- nV-/i2 


«(x, f)=^o+ 2 A n e ~ cos 

n=l i 

where B 0 corresponds- to n=t). 


•( 14 ) 


n~x 


By (13), this yields, F(x)=u(x, 0)=B„+ 2 A n cos. 

n= ) / 

from which we can easily find the coefficients 


. . .( 15 ) 

...(16) 
. . .07) 

/ The temperature in a slab having initial temperature Fix) 
and the j aces x—0, x=~ thermally insulated is given by 
co 

u ( x > t)—B 0 -\- 2 B u e— n 2 h 2 t cos nx. 
n=l 


A.- 4J| FWcosEi* 
and B 0 =i A 0 


where 


cos nx dx 


<-ij> _ 

and B 0 =±A 0 = L£ F(x) 


. . .(18) 
• • -(19) 


dx 


• -( 20 ) 


Note b The temperature in a slab having initial temperature Fix) 
and the faces x—0, x=l thermally insulated is given by , 


»(*,<> -4f‘ 5(,)*+ 4? 

Jo l n==l 


COS 


•i 


n tcx 

/ 


m 


n~x 


dx 


• . .( 21 ) 


DIFFUSION, WAVE AND LAPLACB’S EQUATIONS 


949 


IM (One end of a bar at temperature u 0 and other at zero temperature). 

// a bar of length l is at temperature v 0 such that one of its ends x=0 
iv kept at zero temperature and the other end x= / is kept at tempera- 
ture u n , then find the temperature at any point x of the bar at an 
Instant of time t>0. 


or 

A rod of length l and thermal conductivity hi 2 is maintained at a 
uniform temperature v 0 . At t=0 the end x=0 is suddenly cooled to 
0 C by application of ice and the end x=/ is heated to the temperature 
u„ by applying steam, the rod being insulated along its length so 
that no heat can transfer from the sides. Find the temperature of the 
rod at any point at any time. 


The equation is 0 <x<l, t>0 . . .(1) 

With boundary conditions t/(0, 0=0, u(l, t)=u 0 for all / . . .(2) 

• md u(x, 0)=v 0 . . .(3) 

Let the solution of(l) be u(x, t)=X(x)T(t) . . .(4) 


where X is a function of x alone and T is a function of t alone. 

Substituting from (4)-^ =X -^-and =T , in (1) we 
dt dt ox 2 dx- 


~X ~dX l ~~ J?T Ht w ^ ere var ^ a ^ es are separated and hence terms 
as either side are constants. 

Now there arise three possibilities : 


[1] =0, -^—=0 whence the solution is X=Ax+B y T=C 

. . .(5) 

d“X dT 

12] =A 2 .v, —j—z=h ? K 2 T, the solution being X=Ae Xn + Be~ x *, 

T—Ceh iX2 t . . .(6) 

d 1 X dT 

[3] = — A 2 x, — j- =e— /j 2 A 2 r, the solution being X=A cos Ax 

+ B sin Ax, C=e-h 2X2 t . ... (7) 

The combined solution in any of the three cases is u = XT. But 
u=XT increases indefinitely with time t so possibility [2] is ruled out 
since then 0 as t-+co. Conclusively the possibilities [1] and [3] 
determine the solution of (1) in the form 

u(x y t)=us(x)+u T (x, t) . . .(8) 

where us(x) is the temperature distribution after a long interval 
of time when there exists steady state of temperature and ut(x , t) is 
the transient effects which die down when the time passes. 
Consequently there exists uniform temperature after one end x=0 
being kept at zero temperature and the end x=/ at u=u 0 so that 
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iy s (x)=-y x, whence (8) yields w(x, t)= ~x+ur(x, t) . . .(9) 

with boundary conditions ut(0, /)=r0=t/r(/, t) by (2) . . .(10) 

and ut{ 0)^=v o — ^ x by (3) . . .(11) 

Hence the possibility [3] i.e. 9 the solution (7) reduces to 

ut(x, t)=(A cosAx :-f 2? sin Ax) e— >?h 2 t 2 . . .(12) 

whence in view of (2), this requires A — 0 and sin A/=0 A= , w 

being an integer. 

We thus obtain a solution 

oo n z x 2 li 2 f ^ 

ut(x. I)— I B n e ~ sin-^-x ...(13) 

n— 1 / 

In view of (11), this gives ut{x , 0) = v 0 ~° x— ~ B u sin-^ x. 

7 « = 1 7 

A B,= ~j (v 0 = -y-A' )sin~ x rfx 

2 

=— [v„— (— 1)" (v 0 — 1 / 0 )] (on integrating by parts) 
Hence the general solution of (1) with the help of (9) and (13) is 

«(*, *)=-r 2-' K— (-D"(».-«o)]e _i r' ~x 

• • .(14) 

w hich gives temperature at any point x of the bar at any time r>0. 

Note. If we set v {) =0, then (14) takes the form 
„ 2\ oo \ «W 

u(x, 0= / [x+ ~ 2 — —( — l) n — 1 sin "jX . . .(15) 

7 71 n= 1 « 7 

[/> 3 ] (Temperature in an infinite bar) 

If an infinite bar of small cross.-section is insulated such that there 
is no transfer of heat at the surface and the temperature of the bar at 
t = 0 is given by an arbitrary function F(x) of x (taking the bar along 
x-axis). then find the temperature of the rod at any point of the bar at 
any time t. 

The boundary value problem is =/r . . .(1) 

ct ex" 

With initial condition, w'x. 0 )=F(x), — oo<x<oc . . .(2) 

Let the solution be u(x , 0= ^007X0 . . .(3) 

i /i\ • 1 1 dT ,,, , 

w hence (1) gives - ^ ^ = -X- (say) . . .(4) 

Then the solution of (l) is 

ti(x, t) — XT=(A cos \x \-B sin Xx) e-h° X: t 


. . .( 5 ) 
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Here the arbitrary constants A and B being periodic may be 

.."nas 213(A), B=B(X) and due to the linearity and homogen.ty 

of the heat equation we may write 

„ u ,)=( C ° M (r I, X) rfX = [V/< 2A2 '[/1(X) cosXx+BtX) sin (Xx)]dX 

v ’ Jo Jo ...(6) 

The condition (2) claims that 

u(x, 0)==F(*)= | [4(A) cos Ax + F(A) sin Ax] d A 

In view of Fourier’s integrals we have 

if 00 F((x) cos (pX) dy and B{ X)« ’ j ' F(y) sin (X|0 dy 

V TC J — 00 

that « (.v, o) = 4-j7[f-oo F (fX) C ° S A {X ^ S 


•0 


As such (6) takes the form 


u(x, t)=- 


F(y) cos X (x a) e h x 1 dp J 


d X 


— X 


F([x) 


(i: 


e -h'X 2 t cos x (x— {*) 


. .(7) 


But we know that 


si 


— *- M 

e ~ x ~ cos 2h x dx~\ 2 


V /JT _7 Y 

So that | cos A (*-!*) rfA=r e \Vty/7 J 

* __ . 0 


2A\ 


4/i-: 


Hence i7) gives 
as i \ / > - - ~ 


ih\ ■ J 


f 


"it 


. . (8) 


\ ■ 1 -i 

which gives the recu^rec temperature at any poir. at a 

Problem 1 5o/w [* " u <> '' on u ■ 0 or l 

Taking u x i )== V (XI 7 ■ solut or ■ t ” r eouatiori is 

X—A cos X .y B sir. > 7 " C e oy *12.3 {/> ; 

with boundarv conditions, u ( 0 , /}=-w u’> u’— b a: '° u ’■ 1 
Hence puttinc h = 1 in (.81 of S12.3 tf»,l the required solution is 

« x- x " 2 * iS • 

u(x, /)== 2 5,. sin — e r- 

n=\ ‘ 


Problem 2. Solve ^ =h l l i under the boundary conditions 
ot dx~ 
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e=(o >/ )=e(/, t)=o, t>o ...(I) 

and 6(x, 0)—x, 0<x<l, ... (2) 

/ being the length of the bar. 

Proceeding just like in §12.3 [6J, we get the required solution on 
putting 0 (x, 0)=F(x)=x in (8) of §12.3 [ftj, 

* (x, /)=-* B n sin - " - e-" 2 "* * 2 / /2 f 
n—1 1 

_ 2 f/ , . x-rt X , 2 r / . /nr , 

F„= — J F(x) sin — j — dx=-j - j x sin — x dx 


where 


21 
UK 
21 
fl7 

- 2 / 


COS 72TC 


mz 


when n is odd 
when n is even 


Hence 6 (x, ?)= e 1x2 h2 f l 12 sin ~ — i e -2 2 n*h 2 tll- 

x+J e-3 2 * 2 /i 2 /// 2 si n ~ Xm . . J 


f Problem 3. Fz>zz/ Me temperature u (x, t) in a bar of length /, perfec- 
tly insulated , a/ztf wAcu? e/7<& arc kept at temperature zero while 
the initial temperature is given by 

C x, Ocxclj 2 


The boundary value problem is 4— =A 2 

ct 3x- 

With conditions u (0, /)=« (/, t)~0 and u (x, 0)= 
><x<//2 


f .Y, 0< 


-<X<1. 


Hence by (8) of §12.3 [hj the required solution is 

co v 

u (x, 0=2 B n F(x) sin 


»=1 




where 5„ F(x) sin - — j *— dx=~j x sin -p- ; 

<**+[/, (/- 

J ,» 


\ . /J7TX , 

x) sin — ; — dx 
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II 


4/ wz 

sin 


7I 2 TC 2 


r 4/ 


for /z=l, 5, 9, . . 


2 I nW 

^ 0 for h=2, 4, 6, ... 

-=rf«»-i.7 .n... 


Hence the solution is 

«(*> 0=-^-[-jr sin T 'f- e~ h2n ' ,!I ' 3 V sin 


+ J 


Note. Had we considered the case of slab with its ends x=0 and 
n**l maintained at temperature zero and initial temperature being 

F(x\ — $ o<x<lj 2 
W l oJj2<x<l\2 
then we should have 

„ 2 f J r/ x . n 7r x 1 2T 0 f l . n 7c x 

B n = — J F(x) sm — -j — dx= — I sin — j — 

4F 0 . 2 m r 
= — -sin 2 — 
n 7r 4 

and the solution would be 

/ 4F 0 y 1 . « 727^ n 2 TC~h 2 tll 2 _ • 71 7 C X 

u (x, /) = — 2 — sin 2 — c n n 1/1 sin — ; 

" n=l " 4 / 

O 0 9 

Problem 4. So/r<? °“ =/i 2 f “ , 0<x<~,t<0, under the bound- 
ot ox - 

ary conditions 

u x ( 0 , /)=0=Wa ( w > 0 and u x ( x , 0)=sin x 
By (14) of §12.3 [6J, we have 


00 


^-n 2 n 2 h 2 t/l 2 w h ere 


zz (x , /) — Fq-I-S A n cos “ . 

71 = 1 1 

F 0 =-^- and /=tt 


= ~Ar- =s cos ux c 

2 n=l 


where 


and A 


•=4j 


sin x cos nx r/x= 


( o, when n is 

1_ 

^(4m 2 — 1) 


odd 

when 


71 = 2/71 


sin x z/x= 


1 
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Hence the required solution is 
2 4 00 

u (. x , 0= — ~ ~ 2 (4m 2 - 1)“' e- 4 "™’ 1 cos 2w.v. 

* m*l 

Problem 5. The face x— 0 of a slab is maintained at temperature 
zero and heat is supplied at constant rate at the face x= so that 
du 

dx w " en X== - 7Z - lj the initial temperature is zero , show that 


(- 1 )' 


u(x, /)=fx*+2 

j— i O-i)- 


sin (j- ±) xe 


-(y— *) 2 / 


where the unit of time is so chosen that k~l. 

Taking u ( x , I) as the temperature of the slab, the boundary value 
problem is " =-%£- . 0<x<n, t>0. . . . (1) 


with condition 


and 


u(0, t)--= 0 
u(x, 0 )= 0 

it (it, t)=n 


... ( 2 ) 
... (3) 
... (4) 


Applying the method of separation of variables, the solutions of 
the given equation are (/) u-<=(Ae yx - Be — * ,x )e k ~ l 
(if) u—A l -\-B l x 

(Hi) u—(A 2 cos B sin ~x)e~ r 1 
according as the constant of variation is A- or —A . 

Here (/) is inadmissible as k->oo when t-+ cc. 

(//) alone is inadequate to give the temple. e solution ard hence] 
the complete solution is given by (if) and 07 / 1 jointly 

* € - /)=m.s (x) ; ri . . (5)1 

v* here us (x) is the temperature distribution atiei a long period oi 
time when the slab has reached the* steady state of the temperature 
distribution and Ur (.v, t) denotes the transient effects which die 
down with the passage of time 


From (if) C 7 s 4, B v x 
and from (iif) Ut f.v. :)=(A 2 cosa.v B 2 sii, A.v) e~ v?t 

Applying (2). (6) gives A x = 0 and bv (4), ,6i gives >=7?, 
so that Us-- ‘Ax 

Thus with the help of (7) and t8i. (5) reduces to 
u(.v, t)=\LX-r(A s cos Ax-f.B 2 sin Ax) e~ y ~‘ 

Applying (2), i.c. u(o, /) = 0. w^e get A 2 —'t 0 

r 1 

Applying (4), i.e. fx= ^ u(r., / ). 

we have (u- L A B> cos 


■ ( 6 ) 

. . . [7) 

... ( 8 ) 

• . . (9) 
. . ( 10 ) 
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Ir, 


cos A7:=0 giving ^=( 27 — 1 )— i.e. \=j—— ... (11) 


As such ur(x , t)=Bj sin (j—l)x.e(J * |2 t where we have set 
li B v Summing over all j, the general solution is 


oo 


Urix, t)= 1 Bj sin (j~i)x e 

y=i 

lienee from (5) 


— ( y—i) 2 / 


( 12 ) 


(13) 


u(x, r)={Jtx+ 1 Bj sin (y~£) a e ^ -^ t 

oc 

Applying the condition (3), 0 = t ux-f 2 Bj sin ( j—\)x 

y- 1 

00 2 f r - 

Ir [xx— I Bj sin ( 7 — i)x so that Bj~ - ( -^x) sin(y i)x rfx 

7=1 “ Jy 

_2a (— IV 


Hence (13) reduces to 

(“V 


w(x, r)=[xx+- 


7=1 


(y-iV 


sin (y i) x e 


w (y—i)* 

-(7— 5) 2 * 


which is the required relation. 


12 4 TWO-DIMENSIONAL DIFFUSION EQUATION 


/.c. 



/ 6 2 u 

V 8x 4 


0 2 u \ 

g y‘‘ / 


Consider a thin rectangular plate whose surface is impervious to 
heat flow and which has an arbitrary function of temperature F(x, }') ot 
l 0. Its four edges say x=0 , x~a, y—0 , y=b are kept at zero 
temperature. We have to determine the subsequent temperature at o 
point of the plate as r increases 

The boundary value problem is ==/t 2 ^ . . . (D 


Subject to the conditions for all r, (/) u{0,)\ 0, (//) u(a,y\ /)=0. 

(Hi) w(a\ 0 y r)=0, (rv) w(x, 6,0=0 and the initial condition (v) 
lf(x\ y, 0)= F(x, y) 


In order to apply the method of separation of variables, let us 
assume that 

u(x,y,t)=X(x) Y(y)T(t) ...(2) 

where X is a function of x alone, Y is a function of y alone and T is 
a function of t alone. From (2) we have. 


du 


-=XY 


dT 

d; 


d'u 

CX- 


— YT 


d-X 

dx 


and 


_ v-riH 

W~ W 
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Substituting them in ( 1 ), we find 
1 dT 1 

dx ' 1 


after dividing by XYT ... (3) 


h 2 T dt X dx 2 ' Y dy 
In (3), the variables being separated, we can assume 


JL , a . J_ 

X dx 2 1 ’ Y 


d-Y >2 , 1 

ly-~ -*» and It 7, 




so that 


A 2 =A* +A 


(4) 


The general solutions of (4) are 

X=A cos \ x+B sin A t x ; 7=C cos A 2 y+D sin A 2 j ; 

T—E e- xV,it ... (5) * 

So that with the help of (5), (2) gives the solution of (1) in the I 
form w(x, y, t)=(A cos A, x ]- B sin x) (C cos A„j - r D sin A 2 >') I 

... ( 6 ) 

In view of condition (i), 0=«(o, y, t)=A(C cos \y+D sin A 2 .y) 
e — ^ giving .4=0. 

In view of condition (n), we claim sin A, x=0 i.e. A, = — , m 

a 

being an integer. 

Similarly applying conditions (Hi) and (fv) to ( 6 ), we get C== 0 
and A 2 ==-^— , n being an integer. As such (5) takes the form 

Umn (x, y, t)~B mn e~~ x ™n h 2 t sin x sin y, where 

a b 


A 2 =A 2 =ry(—+*L\ 
mn \ a 2 b z ) 


Summing over all the possible values of m and n, the general 
solution is 


•(7) 


00 

u(x,y,t)= 1 B mn e 
m, n=\ 

where B mn are arbitrary constants to be determined by the condi- 
tion (v) 


_->4n h 2 t • WTT . 777T 

sin x sin — 7 — v 

a b 


i.e. F(x, y)=u(x, y, o)= °1 B mn sin — x sin ~y 
m, n=l a b 


(8) 


Multiplying both sides of ( 8 ) by sin -- x sin— y dx dy and 

a b 

integrating with regard to x from 0 to a and with regard to v from 
0 to b we get on using orthogonality properties of the sines, 

Bmn ~~ab\ 0 L s ' n x sin ~y~ y dx dy ... (9) 

which gives the arbitrary constants of ( 7 ). 
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Problem 6 . A rectangular plate bounded by the lines x==0, y—0, 
, a y== i, has an initial distribution of temperature given by 

f[\, y)^Bsin — sin The edges are maintained at zero 

irmperature and the plane faces are impervious to heat . Find the 
irmperatrue at any point at any time. 

By (7) of §12.4, the general solution is 


(<)) of § 12,4. 


B*n 


So that B n =B. 


WJ, W =1 

, . 4 

’mn — 

ab 

4B | 

\ a 1 

ab . 

1 0 j 

45 ( 

>a i 

= ab J 

1 0 ' 


sin 


m 


— x sin - 7 ^ v dx dy by 
a b 

dx dy 


cv tzv m7zx . n~v 

t Sin b Sm IT Sm ~b 

. 7TX . Tcy 

F(x, y)=B sm— sm -g- 


h . tcx m~x j 

2 a a 

k . r:y . nny , 
sm - 7 - sm , dy= 
a b b 


I®* for /i=2, 3, 4,. . . 
U/t. for «=!• 


Also A“ x 




Hence the solution is 


U ( X , J, l) = £ n 


—\ 2 h 2 t 
£ A mn n 1 


. 7TX . 

sin — sm 
a 


y 

b 



Kx . 

sin sin 

a 


Tzy 

~b~' 


Problem 7. A semidnfinite plate having widths has its faces in- 
sulated The semi-infinite edges are kept at 0°C while the infinite 
edge is maintained at 100°C. Assuming that the initial temperature is 
It' C> find the temperature at any point at any time. 

Taking the diffusivity i.e. A 2 = 1, A y 
the boundary value problem is 


du _ d 2 u , d 2 u 
dt ' 3x 2 ^ dy 2 

with conditions (i) u ( o , y, t)—0 9 
(//) w( 7 c, y, 0 = 0 , («0 w(x, y, o)= 0 ; 
(rv) w(x, o, 0=100 and 
(v) | u(x , y, 0 I 
where 0 <x<tc, j>0, t>0. 

Taking Laplace transform of (1) 
and assuming L{u(x, y 9 0}=^( A »> ; > 0» 


T 



Fig. 12.2. 
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We have 


dW . d 2 U 


■£— T +~g— r —sU by using condition (iii) 


1 

HYSICI 

• • (2) I 

rW i« * 


But the finite Fourier sine transform of a function F(x), 0<x</i» 
defined as 

n " TYKX 

fs (*)— J F (x) sin -j- dx. n being an integer . • . (3) 

Multiplying (2) by sin nx and integrating from 0 to n 9 we get 


] 0 Sm dx + 


Setting U 


-r 


f* vu . . r* 

1 Sln n X dx= \ 

Jo J o 

U sin nx dx, this becomes 


sU sin nx dx 


ri l U- \rnU(n, y , s ) cos n n-\-nU(p , y , s)~ 


d 2 U 


dy 2 


sU ... (4) 


But from the Laplace transforms of conditions (/) and (i7) wc have 
U(o , y, ^=0, U( re, y 9 5)=0 


(4) reduces to 


d 2 U 
dy 2 


(n*+s) U~0 


.. (5) 

... ( 6 ) 

By condition (v), U being bounded, as y-+ co, we have A =0, so 

yy/ « 2 +s 


Its solution is U=A e yVn * +s +B e ~ y ^' ni+s 


that (6) yields, U~Be 
Applying condition (/v), 
100 


U 


(«, o , s)=[ 

J 0 


100 

s 


(“) 


sin - 

In (7) if we put j==0, we get with the help of (8), 

i- 

Hence 2/=-*®®- e ~yV*+* . 

s n 

Applying Fourier sine inversion formula, we find 

-yV n 2 +s 


(7) 

(8) 


o-±f 11° 

“»-l ' 
Now we have 


so that 
Thus 


( 1— cos m \ 

\ » ) 

^ e~ y ^~ | = 
y V s+n 2 | _ 


L- 1 


-1 


sin nx 

y 

2 V nt* 

y „ 


(9) 


4 1 


■77 


4/ 




2 \/ 7C/ 3 

}z=[f — Z ==e ~y 2 l^v e -n 2 vjy 

i J« 2V n v* 
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=3 - /— [ e (P 2 + n ~y 2 J4p 2 ) dp where p z =J^— 

V n ] yl2V t 4v 

Hence taking the inverse Laplace transform of (9) term by term, 
wc get 

400 °o / 1 —cos rm\ 

u(Xy y> 0=^“ - l ^ J Sin A7A 

/f =1 x 

f 00 - (/> 2 + n 2 y 2 /Ap 2 ) j 

\yl2VT- (tp - 


12.5. THREE-DIMENSIONAL DIFFUSION EQUATION 

d 2 u d 2 u . 0 2 m 1 0u 


Wc have 


0.y 2 ‘ r ay 2+ 0z 2_ I 2 ' 0< 


• 0 ) 


where u=u{x, y 9 z 9 t). 

Let, u{x 9 y , z,f)=Af(x)y(>OZ(z):r(/) ... (2) 

where A', Y\ Z. T being respectively the functions of x, y 9 z, / alone. 


From (2) we have 


du 

a 7 


—XYZ--~ 

~ XrZ dt’ 


d*u 

dx 2 


YZT 


d~\ 


dx 2 


$ 2 W 

By 2 


= XZTpt and ^ =XYT^ 
dy 2 0z 2 c/z 2 


Their substitution in (1) yields 

1 <***’ L L 

k*- 1J flv 2 rr 


X ’ r >» dy* 


x 2 Z 
dz 2 


1 

7?-r 


JT 

dt 


Now taking 


= — A 2 (say) as variables are separable. 
d 2 Z 


1 JL *1 = 

X d 2 x l ’ Y dv 2 


-A 2 


dz 2 ~ 


so that A 1 2 +A 2 2 +A 3 2 =A 2 , we get the solutions 

X=A 2 cos A 1 a+^ 1 sinA 1 A=fl cos (A^+axO 
Similarly Y —b cos (A 2 A+ax 2 ), cos (A 3 x+oca 3 ) and 
j—de ~~ a2 ^ 2/ r=^“‘( x i 2 + x 2 2 4-x 3 2 )x 2 / 

Hence for all values of t , the general solution of (11) is 

OO co oo 

w (*? )’? -j 2/ 2) 2. ,4 A 1 A 2 A 3 (^i^"f* a ^i) 

Xi=0 X2=^0 X3— 0 

cos (A 2 ^-|-ocA 2 ) cos (A 3 .Y+ax 3 )e _//2 ( Xi2+x2 2 +X32 7 


12.6. LAPLACE S EQUATION 

In §12.2 (cor 3) we have already derived the Cartesian form of three 
dimensional Laplace's equation as a particular case of steady heat 
flow in the form. 
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In cylindrical coordinates, (r, 6, z), it is as shown in §11.1, 

Y 72 — 02u 1 1 3 2 M 3 2 u 

V U ~dr 2+ r dr + r 2 d0 2 + dz~ 

and in Polar spherical coordinates (r, 0, <j>), it is as shown in 
dru . 2 dti 1 3 2 w cot 0 8u 

w 

1 


v 2 «=^+— 

3r ' r 

+ 


Be 2 + 

3 2 m 


r 

0 


r 2 sin 2 0 d<f>~ 

Two-dimensional Cartesian form of Laplace’s equation is 
d ht 3 *u 

3.x 2 + 3y 2 ~ 


. ( 2 ) 

§ 8 . 1 , 

• (3) 

. (4) 


Taking u as independent of z, the two-dimensional Laplace-equa* 
tion in cylindrical coordinates is given by 


0 2 k 1 Bu 1 3 2 m 


3x 2 


dr + > 


c0 2 


= 0 


... (5) | 


and in Polar coordinates (r, 0) it resumes the same form as (5). 

d“u 

One-dimensional Laplace's equation . . . (6) 

Its solution being easy and straight has no points of worth consi- 
deration and hence We shall consider only two and three dimensional 
Laplace equations. 


12.7. TWO DIMENSIONAL LAPLACE S EQUATION (STEADY 
FLOW OF HEAT) 

[^4] Solution of two-dimensional Laplaee-equation in Cartesian 
coordinates 


We have 


d 2 u d 2 u 
dx* + dy* 


=o. 


.( 1 ) 


(taking temperature as independent of time). 


This can be solved either by the method of separation of variables 
or by the application of integral transforms as is evident from the 
following problems. 

Problem 8. Determine the steady state temperature distribution in a 
thin plate bounded by the lines x=0 , x=/, y^O and y— oo, assuming 
that heat cannot escape from either surface of the plate y the edges 
x—0 and x=l being kept at a temperature zero and also the lower 
edge y=0 is kept at temperature F(x) and the edge y=-~ oo at tempe- 
rature zero. 


The boundary value problem is 


dfu 

dx 2 


+ 


d 2 u 

dy t 


=o 


. . . (i) 
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variables arc separated 


ii 1 ^X a • , . 

Herc x i. ^=- A " a? +A *-° gives 

X=A cos Ax+2? sin Ax • • • (3) 

and y ~~=X 2 i.e. ^-f-A 2 y=0 gives Y^Ce^+De-*” 

... (4) 

As such a solution of (1) is 

a(x, y)=XY=(A cos A x+B sin Ax) (Ce+ Xy +De~ Xy ) ... (5) 

Applying condition (/v) we have C=0 and applying (z) A=0, so 
that (5) takes the form 

u(x , y)=B sin \x.e~ Xy ... (6) 

But condition (ii) yields, sin A /=0 

Le. A=^y , n being an integer. 

Hence for all distinct n 9 the general solution of (1) is 
nn 

u(x, >0= 2 B n sin -~r~ e~ nirv l l ... (7) 

n = 0 

which gives the required temperature in the thin plate, where 

2? n =“ [ F(x) sin -dx and F(x)=w(x, oo) = 2 sin^-y • 
t J o • n = o 1 

Problem 9. Temperature distribution in a finite plate. 

Find the steady state temperature distribution of a thin rectangular 
plate bounded by the lines x=0, x=/, y=0, y=b assuming that the 
edges x=0, x=/ and y—0 are maintained at temperature zero while 
the edge y—b is maintained at temperature F(x). 
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0 d 2 u 

The boundary value Problem is -f -rrr = 0 


..(i) 


dx 2 ‘ dy 2 

with the conditions (f) m( 0, y)=0, ( ii ) u(l, >>)=0, (iii) u (x, 0) and 
u(x b)—F(x). 

Proceeding just like in Problem 8, we get the general solution of 
(1) as 

«(.v, y}= fWfl + C„ e-wl' J sin ... (2) 

In view of condition (/), C n = — i? n so that (2) reduces to 


u(x 


00 r 

, v)= 2 B n i 

ii-l L 


e tmyll _ e -mzyH 


J . M ix 
sm ~ 


= X D n sinh-^~ sin - n . X on setting D n =2B n 
n — \ 1 1 


By condition (/v), F(x)= X D n sinh 


mib mix 


sin- 


so that 


/»= l 


~ . , Mib 2 rM . 

D n sinh — j- = y J F ( x ) sin ~j~ d x • 


Hence the solution is 


/ v 2 v . . 7i7Tv 727t^ . mzx f 1 >. . , 

w(;v, y)=-T- X sinh — ~ cosech — — sin — j- \ F(x) sm ax. 

1 w =l i • 1 Jo 1 

Problem 10. (Insulated at one side). Determine the steady state 
temperature in a rectangular plate of length a and width b with sides 
maintained at temperature zero while the lower end is kept at tempera- 
ture F{x) and upper one insulated . 


The boundary value problem is =0 


...d) 


with conditions (/) w(0, >0=0, {it) u(a , >0=0, (zr/) u(x> 0)=F(x) and 
(iv) u(.r, £)=>0 

Proceeding just like in Problem 8, we have 


mix 


... ( 2 ) 


u(x f y)= x [c n cosh -f D n sinh sir 
/i=l L a a J 

In view of (Hi) we have 

F(x) = X C n sin — — so that C n = — f F(x) sin dx and 

i,» 1 a a Jo * 

in view of (/v), 0 =w t (x, 6) = 2 — ( C n cosh +2>n sinh -^-Y 

n=l a V a l 

. mrx . . _ - . . mib 

sm— — , giving Z) n = — C n tanh 
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Hence u(. 




cosh tanh 

a 


my . \ 

— sin J 

a a ) 

r 

J o 


sin 


mix 


x • mix j 

/-( x) sin a dx .- 


n Mom 1 1 Heat flows in a semi-infinite rectangular plate, the end 
Problem 11- neai jion* j j „ v =0 and y=a at 

j iZperature zero, fheSwthat the temperature at any point (x, y) is 

liven by 


1 . (2r 4- 1 ) K y ^-(aVYi'lir* /« 

— —sin e V> 


AT 00 

/ \ V 

u(x,y)= — 2 r+l 

• 02m , — o ... (l) 

The boundary value problem is - 

„,,h conditions (0«-0 when 7-0, « -0 when 7™, (M —T 
when x=0. 

The solution by usual method is 

u (x, y)=(A cos ny+B sin ny) e~"* 

In view of («)» 0=Ae~ nt i-e. A=0. 

In view of (U), 0= B sin na er”* giving sin ™=0 i.e., na-(2r+ • 

Hence the general solution is 

1:0 . . ny (2r+3)v®/<* .. . • (2) 

u(x, v)= - BnSin(2r+l) Q e 
r—0 

CO 7TV . 

in view of OiO, T = 2 B. sin (2r+l)-^ so that 
r=0 


r v AT 

i fa % Tty . 

rstn(2r+l)-j-^'=(2F+T^ 

Jo 

1 . (2r+l) {: ,r + i)»3S/a 

— — j- sin € 


4T ™ 1 

Hence u(x, v)= ~ r l 0 1F+\ S1 


Problem 12. A square plate has Us f« ces ™£ ^re^pt* at° tern- 

“ ‘rZXerXt’rHc, ,„e former 

teady temperature is 

( \ ^ a vA- X a n -— cos nx, where 

“( JC ‘>') == „=i sinh /ire 


a.=- - f f(x) cos nx dx, n= 0, 1,2,... 
71 Jo 


Hint The boundary value problem 


0 2 « d 2 U , 


964 


MATHEMATICAL PHYSICS 


(0 u x (0, j)=0, (//) u x (7i, y)—0, (Hi) u(x, 0)=0, (iv) u (*, *)=/(*). 
Apply method of separation of variables. 

Problem 13. 7/u(x, y) denotes the electrostatic potential in a region 
bounded by the planes x=0 9 x — tc and y=0 in which there is a uniform 

distribution of space charge of density ~~ . If the planes x=0 and y=0 

are kept at potential zero , the plane x=n at an other fixed potential 
u—1 and u is finite as y-+ oo, then find u. 

The function u(x, y) satisfies Poisson’s equation V"W= — 4-p in two 
h 

dimensions, where p=-^ and hence the boundary value problem is 


4n 


d 2 U d 2 u 


-h (0<x<7t, .y>0) 


dx 2 ^ dy- 

with conditions «=0 when x«=0, u = 1 when x=rc 

and w= 0 when ^=0, (0 <x<tt) and u<M (0<x<^,y>0) 

where M is some constant. 

Using finite Fourier transform, (1) gives 


.( 1 ) 

.( 2 ) 

.(3) 


[ “ sin Ax dx+ f sin Ax dx=—h [ sin Ax dx 

Jo dx 2 J 0 0 y 2 Jo 

. < — * 

p 2 u=p (— 1 y—h F s {1}, 

uy- 

~ rir 

where 


or 


.(4) 


dy 1 

u= f u sin Ax dx 

J o 

(under the conditions u=0 at x=0 and u= 1 at x=t:). 

Finite Fourier transform of (3) gives u = 0 when y = 0 and 

I u \<Mn ...(5) 

p F s {!) 

-P 1 


Solution of (4) is u=Ae~ vv + Be vv +~ 


Since u is finite when >>->co B=0. 

p(-\)*-hF s {\) 
P 1 


Also >>=(), w=0 gives A - 


Hence u= 


hF 8 {\}-p(-\y 


(\—e vv ) 


Applying the inversion formula for finite Fourier sine transform, 
we find 

2 ~ 

u(x, y)= ~ 2 u sin nx. 

Problem 14. Solve +-| -^-=0 for 0<x<x, 0<y<n under the 

dx 2 ^ dy 2 

boundary conditions 
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Cl 

u(x, o) — X-, u(x, tc)=0, U X (0, ^)=-0j M » (°> y) = 0 = M * ("» 3’)- 

- . 5 , sinh «(*:->>) cos nx 

Aas. u(x, j)=-r ( TC ->’)+ 4 2 (- •) w - S inh m 

n=J 

| //) Solution of two-dimensional Laplace’s equation in cylindrical (or 
Polar) coordinates. 

• , . . d-u 1 du l d~u 0 

The Laplace’s equation in this case is-^~r +— + f2 0Q 2 — u 


Assume u(r, V)=R(r) 0 (0) 
c-u _ 

dr 2 ^ dr 1 ’ dr 

d 2 R 1 „dR 


•o that 


~ d 2 R du n dR , a 2 w d 1 ® 
0 . - ~ “ e -3T and 


_ a*K i ^ an 1 Rd 2 0 f, 
(D g' ves e -^r+7 0-^r + 7i~-^“° 


or 


k( 


, d l R , dR 
r ' 


\ W 2 © , , a X 

)- _ © do 1 ~ n { y ' 


. . ( 1 ) 

..( 2 ) 

..(3) 


nit variables are separated. 

1 rf-0 . . d z <d 


Here 


© r/6- 


=;r i.e.,- 


d 0 


^_4 - m 2©=0 gives & = A cos «0+B sin 


..(4) 


d 2 R , dR 

fr ^T 


-n- 0 


.If, d 2 R dR\ , , 

,nd TV'-* 1 + dr )~ n Ue -’ dr- 

being homogeneous, takes the form — n 2 R—0 on putting r—e 

mid then its solution is 

/?=Cy“+Z>e -n * i.e., R=C r n +Dr~ n ... (3) 

Taking n=0 we have from (3) 

4£-=0 giving 0=^o ... (6) 


d 1R , r c 1 R _o or -4-^=0 (when r=e s ) giving R=C 0 s-{-D 0 
dr- dr ds z 


l,nd f! ar- ur u> 

C 0 log r+D 0 

The solution of Laplace’s equation in cylindrical coordinates when 
u 1S independent of z is known as Circular Harmon, cs^nd „ is the 
degree of the harmonic. Hence the Circular Harmonics of degree zerc 
nrc given by 

Mo =(yt6+£) (C log r+D) by (6) and (7) 

and those of degree n are given by 

cos /10+B„ Sin n0) (C„r"+D» r-) by (4) and (5). 

The general single-valued solution of (1) for all possible rt may be 
written as 
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u—Af, log r+ X (A n cos nO + B n sin «0) (C„ r n +D n r ”) + C 0 
1 


( 8 ) 


where A 0 , A n , B n , C n , D n and C 0 all are arbitrary constants. 

Problem. 15. For a semi-circular plate of radius a with boundary 
diameter at ( TC and surface at 100°C, show that the temperature 
distribution is given by 

400 y r 2 "- 1 sin (2n-l) 0 
u ~~ n Z.i 2n— 1 a 2 ”" 1 

3 2 w . 1 du , 1 d' 2 u _ A rll 

The boundary value problem. -jp-+ + r 2 30- ~~ u • • • w 

Its solution by (8) of § 12.7 [B] is 

u—A n log r-|- X (An cos «0+B„ sin n0) (C n r"+ £>„ r )+C 0 

n==1 ... ( 2 ) 
But temperature being finite at r==0, (2) should not contain terms , 
of log r and r~ n and this will be so if >4 0 =0=i)«. 

Moreover at r= 0, u being zero, we should have C 0 — 0 

00 

Hence (2) reduces to w= 2 (A n cos w0+ B n sin nO) C n r n 
n=\ 

00 

= X (a n cos nQ+b n sin /?0) r n taking a n =A n C n etc. 

Now a being the radius of the sphere and assuming u=u at 
r—a y we have 

00 1 

u(a) ---- X (a„ cos nO + b n sin nO)a n • • • (3)| 

n= 1 

2 f* m (a) « -v 200 


where o n = 


f* u_(a) cos n() 200 f* cos M 0 je=0 and 

J 0 a" J « 
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with conditions (/) «=0 when 0=0 for 0 <r<a 
(#) m is finite when r-> 0 
(#0 «=T when r=a for 0<6<7r 

Solution of (1) by (8) of § 12.7 [B] is 

00 

«■=/!(, log r + X (A n cos n0-f- B n sin nO) (C„ r n +D n r~ n )-f-C 0 

n— l 

• • • (2) 

In view of condition (ii), u being finite, (2) must not contain terms 
"I log r and r* and this will be so when A o =0=D n . Thus (2) 
inluces to 

00 

u X (a n cos «6+Z»„ sin 0) r"+C 0 when a n =A n C n , b n =B„ C„ 

n=\ 

... (3) 

In view of condition (/) C # =0 and hence (3) yields 
oo 

w= 2 (a n cos nti+b n sin nO) r n ... (4) 

n = l 

00 

Hy condition (Hi), this gives, T= X (a„ cos nl)+b n sin «0) a" from 

n— 1 

which we find 


2 f " T o T t* 

*-Tj 0 ^r cos " e rfe =-^rj o cos *0=0 and 

sin «0 rf0 


a 2 r* t . 


2T 




r si 


IT 


sin «0 J0«= (1— cos rm) 


b n = — [ sin nO 

n 7c Jo a n 


200 r* . 
— « l Sl 

TTfl" J 0 


sin nti J0=0 when n is even and 


400 

n^a u 


when n is 


odd. 

Hence (3) reduces to 

| r*- 1 sin(2n-l)6 ^ odd 

u — _ on- 1 ✓i-n-l 

“ l»=l 2 fl 

Problem 16. Determine the steady state temperature at any point oj 
a semi-circuiar metal plate of radius a whose circumference is main- 
tained to a given temperature ofT° whereas the base is kept at zero 
temperature 

Y u = u (r, 0), the boundary value problem is 


Hence (4) gives the required solution as 
u 


2T 00 

2 (1 — cos nn) r” sin «0. 
ma »= 1 


Problem 17. A Jong cylinder is made of two halves, the upper half is 
ut the temperature T, and the lower half at the temperature T t . Find 
the distribution of temperature inside the cylinder. 

Taking the axis of cylinder along z-axis, there is symmetry along 
/ axis and hence z-axis has no effect on the distribution of tempera- 
ture. At the centre where r=0, we have «=finite. The boundary 
value problem is 

n# , 1 0 2 m 

dr 2 + r dr + r 2 00 2 
Its solution is (by (8) of § 12.7[B]) 


- . . (I) 


d 2 u , 1 du , 1 g 2 w A 
dr 2 + r dr + r 2 g0 2 


• d) 


I 


u=A 0 log r+ X (A„ cos «0+ B n sin nO) (C„r n -h£) n r- n )-i-C u 

11=1 


... ( 2 ) 
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u being finite, we have to eliminate the terms of log r and r " so 
that /l 0 =0=D n 

00 

(2) becomes u— 2 (a„ cos nd+b„ sin n0) 4 -C 0 . . . (3) 

n=l 

where a n =A„ C H etc. 

Suppose that u=F(0) at r=R (say), then (3) gives 

00 

/(0)c= 3 C o + 2 (a n cos nti+b n sin / 7 O )R n ... (4) 

/i=l 


) dO 


This gives Co—ij-p/ie) 

fln== '^rl 0 ^ cos d0 and bn= ~~^ / * /( 0 ) si 


sin nQ dO 


and 


But wc are given that 

f($)=Tj for 7r>0>O (upper half) 
f(0)=T 2 for 2 tc>0>7t (lower half) 

r,+r 2 



t, jo+j^ r 2 do 

° n ■ssH 

r/ cos «0 J 0 + 1 

and b n — 1 1 

ttT?" 1 

Q T t sin n0 <f0+| 

-^1 

‘ T i+T 2 n 
— n (I - " 008 '* 77 ) 

Hence the solution (3) reduces to 


„=^+ZL+ J i -^4(r 1 -r 2 ) sin n e.r» 

where n=l, 3, 5,... 

= ‘ \ + Tr-( T '~ T *) sin 6_r + (T’i-T,) sin 

3fl.r s +... 

which gives the required distribution of temperature. 

Problem 18. If u is a function of r and 6 satisfying 

d~u . 1 

• • .( 1 ) 


9r 2 + r dr + r* dB- ~~° 


within the region of the plane bounded by r=a, r=0, 6=0, 0=~ 
and also satisfying the boundary conditions «=0 when 0=0, u—0 
when 0= — , n=0 when r=b and u=9 (-^-— 0 ^ when r=0 then 
show that 
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16 (r/Z/) 4n “" 2 — (&/r) 4n ~ 2 . sin (4n^-2) 

M== ”tT n t x (fl/« 4w “ 2 -(^/fl) 4n - 2 (4w-2) 5 


hr Ip of (4) and (5) of §12.7 [2?] 
It u (r, 9)=(A cos md + B sin md) 
{(> m +Dr nl ) . . . (2) 

where we have taken rri 1 as con- 
•innt of separation. Applying the 
boundary condition i/=0, when 
ii 0,(2) gives 0 =A (Cr™+Dr m ) 
lr. A= 0 . 

.*. (2) becomes u (r, 0)=(C'r m 

I D r~ m ) sin nrt ... (3) 

where BC = C' and BD=D'. 



0=c 


The condition u = 0 when 0= a O, gives 0 =(C7 m +D'r m ) sin 


mn 


l r. sin = 0 or -^-=>(2n— 1) w giving m=4n — 2. 


2 “ v 2 

Also the condition u=0 when r—b gives 0=(C'r m + D 1 r~ m ) sin m0 
it. C'b m +D'b - m = 0 which yields with m=4n— 2, D'=-C'b tm = 
C'b^-\ 

As such (3) reduces to u=C' [r* n ~-— 6 8n ~ 4 r _,4n ' 2) ] sin (4n— 2) 0 
Considering all possible n, the general solution becomes 

00 

u= S C' n [ r ln --— ft 8 "- 4 sin (4 /j — 2) 0 ...(4) 

n-1 


Applying the condition «=0 ® ^ when r=*a, (4) yields 

0 0 )= 2 C„' [a 4 "--— Z> 8n ' 4 a _<4n "- ) ] sin (4/i— 2) 0 

So that C„' ^ a 4 "-- ) = “^ j o 6 ( _ 2~'~ 6 ) S ‘ n ( 4w-2) 


0 d 0 =- 


* (4« — 2) 3 


16 


„4n-2 


Giving C„ 7c(4rt— 2) 3 „ ’ a 8 "' 4 — ft 8 " -4 
Hence (4) reduces to 


M = 


16 


$ 00 | r 4n-2 ^8f>-4 r -(4w-2)| fl 4n-2 


n— 1 


n=l 


a 8n-i_ b Zn~* 


sin (4 n — 2) 0 

(4/1-2) 3 


i .°- 2 


(t) 

r-i 

(4) 

4n-2 

(t) 

r-i 

(i: 

r 


sin (4/1—2) 0 
" (4/I-2) 3 
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M 8 s.™ 1 EE '° 1 ” E - NS ! ONAI - L f“crs equation 

coordinates. nsional Laplace-eqoation i n Carlesiai 

The equation is , d2 “ . d 2 u 

dx 2 + ^7T 4 


sy 2 + dz 2 


c vx d) 

Suppose u=X(x)lY{y) Z(z) 

Then (1) yields, -L -J?X , 1 

X dx 2 +T -fit T z 


d 2 Y i 


d 2 Z 

dz 2 


( 1 ) 

( 2 ) 

(3) 


— * ay‘ Z dz 2 w ••■(■» 

true only a jf°F b ? n V >fthe f ° rm ^ (Z)—0 will hi 

W ,+/? 2 such that /J 2 = m 2+ n 2 and e therefore take constants — n 2 , 
1 d‘X d i x 


sin nx 


dx 2 


sin /jy 


J #z_ 

Y dy 2 


= —m 2 i.e. 


1 </ 2 Z 


.2 / ^ Z %> 

dx 2 +n ~ ^=0 giving X=A cos nx+A 
d 2 Y ' ‘ • < 4 ^ 

ot 2 K=0 giving r=c cos wy+Z) 

... (5) 


i.e . 


*/y 2 

<f 2 Z 




As such the combined solution of ( 1 ) i s 


dx 2 7,2 Z=0 giving Z=£- /• e - 

• • • (6; 


-VA.UUUUOI tl|lS 

C0S nX + B Sin «*> < C cos my+D sin „y) (£ e *' +Fe ->*) 

■ ■ ■ (7; 

As an alternative this may be taken as WhCre pi=n,2+n * 

J:r +B (C ^ **> * « P z +F sin ri ... (8) 
satisfied by e Can eas ' P ver <fy that Laplace's equation V 2 «=0 is 

U~ — i 

where /i«, ^^^+(J=W+(z~cY * ' ' (9 > 

[B] SolutionZTZlZ'i (0 ' ^ ^ arC C °° rdinates of a fi «d point. 

coordinates »mensional Laplace-equation in cylindrical 

22., , 


We have , _I 


3 2 « d 2 u 

~f > ‘ =0 


— _ , 3« 

3H r r fr 1 r 2 “sF T-gp 
uppose that u (r, 0, z) = R ( r ) @ z ^ 

Then (10) yields — diR , r dR j 

R dr 2 + jf ~Jr 


. (10 
(II 




r 2 © </e 2 


(Pz 

‘ z ,fe* ~°- 

• • • ( 12 ; 


1 
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As variables are separated, we may take 

1 d 2 Z ^ J 1 d 2 ® 

-=~ . ,, =A 2 and 

Z dz 2 


© <70 2 


(x- i.e. 


d 2 Z 

dz 2 


-A 2 Z=0 


• nd -jp — f-(x 2 © =0 

These yield Z=e~&* and @=ei , t ie 
or in other words the solutions of (13) are 


• • • (13) 

• • • (14) 


Z=i4j e Xz +2?! e kz , ®=/f 2 cos fx0 + fl 2 sin (i0 ... (15) 


Also then (12) reduces to 


(PR 

dr 2 


dR 

dr 


+ ( »■- £)*-<■ 


. . . (16) 


which is Bessel’s equation and takes the form 

T+4 4t + ( l-^r)^=0, on putting Ar=x ...(17) 
Its general solutions are 

R=A 3 Jp (Xr)+B 3 J-p (Ar), for fractional ^ ... (18) 

and R~A 3 Jp (Ar)+2? 3 Y^ (Ar), for integral (x ... (19) 

As such the solutions for (10), with the help of (15), (18) and (19) 
are 

u (r, 0, z)=(A x e Xz + B l e~ Xz ) (A* cos |a 0+2? 2 si n l^s A 
(Xr)+i?3 J-» (*r) . . . (20) 

and u (r, 6, z)=(A 1 e Xz +B x e~ Xz ) (A 2 cos |x0+^ 2 sin (^0) [A 3 

(Xr) + 5 3 Y h ( Kr )] . . . (21) 


Note 1. The general solution of (16) may be written as 

R=Ax» J» (hr) + Bx h Y h (Xr) . . . (22) 

where Ax h and Bx^ .are constants. 

Since Y ^ (Xr)~>oo as r->0, therefore in a physical problem if n is 
finite along the line r= 0, then we must have Bx h = 0 and hence the 
solution of (10) may be written as 

u=.2 X Ax» Jr (hr) e± Xz ±V 9 • - • • (23) 

A (i 

Note 2. Trying the superposition , the general solution of (10) may be 
written as 

00 

u (/*, 0, z)= X ^(Xr)^^ (Ap cos ^0 + ^ sin \i^i) + e' Xz 

ii==0 

(Cf. cos |x6+Z),» sin (x0)] . . • (24) 
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Note 3. In a problem if there is symmetry about z-axis , then we 
may take and the solution will be 

u (r, 0, z)— 2 Ax J 0 { Ar)e± Xz ...(25) 

Note 4. If in a problem of symmetry about z-axis, w->0 as r->0 and 
2 -* co, then the solution is of the form u{r , 8, z)^^L Ax / 0 (Ar) e ~ Xs 

x 

r . , ... (26) 
[C] Solution of three-dimensional Laplace-equation in spherical Polar 
coordinates 

2 du 1 d 2 u cot 0 du 1 d 2 u 


- 1 
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We have + 
cr- r 


dr ~^r 2 


00 2 


r 1 


00 


or equivalently, r 2 + 2r — 
cr- dr 


1 


1 J_ 

$in0 00 

8 2 u 


r 2 sin 2 0 df 1 
du 


( sine m) 


=0 


‘ sin 2 0 0$ 2 
Suppose u(r , 0, <f>)=R(r) 0 (0) <D (^) 

Then (27) and (28) yield on dividing by 
1 d*R 2 dR , 1 rf*0 cot0 </0 

r 2 0 J0 2 + r 2 0 rffl 


t/r 2 dr 


1 1 d*4> 


and 




2r dR 


dr 2 ^ 7? ///• sin 0 dO 


1 


,4 (sin 9 


^rsin 2 6 <I> 
d® 


. • (27) 

. (28) 
• (29) 

=0 


</6 


)>' 


. . . (30) 


sin s 0 


Considering (31), -± d f± 


1 d 2 <S> 

= ^ Say) 

=A 2 /.e. *^2 4-^ 2< I ) ==0 gives 


. (31) 


\ 1 ±( r 2 <« ^ _ 1 d ( . ,d&\ 

R dr V dr ) 0 sin 0 d0 ( Sm d6 ) 

«(«+ 1) (say), gives j^-( r 2 ^-)— «(«+l)_R=0 
(sin0 ^) + [„(„ + l)--^_]0 = ° 


<t>=C e± ,x * . . . (32) 

rf© \ A 2 

de 


sin 2 0 


1 

sin 0 d0 


. . . (33) 

• • • (34) 
2 r dR 


dr 


Considering (30), if we write = — A 2 and + 

<1> dff) 1 R dr* 1 R 

=n(n+ 1), then we have 

<D=C e± il * which is (32); r 2 -^- + ^- n (n+l)R=0 which is 


(33) and ] 


cot 6 {«(« + ')— = 0 which is (34). 


I 


Now the equation (33) being homogeneous if we put r=e s , then it 

((duces to {D (D-l)+2D-M(n-)-l)}/J=0 where D=j s 

■i (l)-n)(D+n + 1) R=0 giving R=Ae n, + Be~ (n+1), =Ar"+ Br~"- 1 

... (35) 

Again if we put cos 0=f* in (3) then since 

d® dd> dp _ . a d® _1_ £ _ _£_ 

dQ~~ dp. rf0 Sin ° <*(/. sinO </0 

•' h ”' 5? } + { " ( ” +1) e- ° 

which is Legendre's associated equation and hence has the solution 
(-) - A P * ((/.)+£ Q X n (t*-)=^4 P* (cos 0) + P Q\ (cos 6) ... (37) 

In other words if we take ©=© (cos 0) from associated Legendre 
equation, then the solution of (27) is of the form (Ar n -fBr n 2 ) 

©(cos 6) e±' x * 

So that summing over for all n and trying superposition, the 
|f neral solution of (27) may be written as 

e±M 




u(r, 0 , <f>)= f (a„ r n +~ the) ®( cos e > 
n=0\ r ' 

Note. If A=0, then (56) reduces to (/— g. 2 ) 


(38) 


d 1 ® 


dv.* 


-2p- 


d® 


dp. 

-f~ n{n -f- 1 ) ©—0 

which is Legendre's equation and hence we have for integeral n. 


©=P n ( i x)=P n (cos. 0) ^ S 0 " 2-1 )” 


and also ©=2n([-0=2»(cos 0)=£ P n (p) log 


1 


[x-1 


P 

1 

7=0 


2 w —4/— 1 f) 

(2j+l)(n-j) 

where p=\ (n— 1) or in— 1 according as n is odd or even: 

Thus ©=C» P n (p)~ r A. Qn (f^) so that w= 2 ( A n r n +^% i) 

{C n P n ( cos 0)+D„ S»(cos 0} e- ... (39) 
in case D n —0 under specified boundary conditions, then 
®=c n P„(cos 0) 


974 


MATHEMATICAL PHYSIC! 


00 / B \ 

Hence the solution is u= 2 ( A n r n +-~~ JP„(cos0).e - ' x ^ 

n= 0 \ T / 


(40) 


Note 2. If there is axial symmetry about z-axis, then u depends only 
r and 0 and so (27) reduces to 

d-u 2 cu 1 d'-u cot 6 Vu \ 

d? + T dr + r* 8 <P+ — ^= e • • • (4I) 


Ttc crvliitinn K\/ nntt-irwr Jl A in ic 

JUU OV1MV1VI1 KJ j puiuug yi V 1U ^TV/J 

00 


u(r, 0 )= 2 ( /4«r n +-^* r ) {C„ P n (cos 0)+Z>„ g„ (cos 0)} 

... (42) 

la case D n ~ 0 under specified conditions, then 

u(r, 0 )= 2 (/t„ r n +-^ \ p n ( cos 0 ) ... ( 43 ) 

Problem 19. //* f/ie surface S of a sphere of radius a is kept at a 
fixed distribution of electric potential w— F( 0 ), then find the potential 
u at all points in space which is assumed to be free of further charge . 

In this case being zero, we have the constant of separation i.e, 
A =0 and hence equation (36) of § 12 . 8 [C], reduces to 

0 -^)^— - 2 n^+n(«+ 1 ) 0=0 ... ( 1 ) 

Being Legendre's, equation the Legendre polynomial P n ([i)=.P n 
(cos 0 ) is the solution of ( 1 ) i.e. we have 

W— 2 ( A n> n + J+t ) P n (COS 0) ... (2);, 

n — 0 \ r / 

Now to determine the potential m, we consider the problem in two 
cases: 

Case I. Outside the sphere . Since the potential at infinity vanishes 
i.e. Lim u =0, the boundary condition requires that any positive 

r-> oo 

power of r should not be present in the solution ( 2 ), thereby giving 
A n = 0 so that (2) reduces to 

"= - p n(cos 0) ... (3) 

n 0 r 

Assuming that t/=F(0) when r=a, (3) gives 

/•'(0)=/(cos 0) (say)= 2 -JL P„(cos 0) ... (4) 

n=0 “ 

00 

If we replace cos 0 by u in (4), we get a n+l f(u)— 1 B n P n (u) 

n=^0 

that a~» J 1 /(«) P n (u) 2 P n P n («). jy«) <*»)=*„ J* 


so 
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M«) ^=^1 giving P„=^-a - +1 j' P(0) P„( cos 0) 

•in 0 J 0 on setting w=cos 0 . . . ( 5 ) 

Putting this value of B n in (3), we get the required potential out- 
«U)c the sphere i.e. 

00 2n4- 1 ( a \ n+1 f* 

2 '-——•I — 1 F-fcos 0)1 F10) P-tcos 01 sin 0 dti _ (M 

n=0 2 \ r J 'Jo v ~' 

Case II. Inside the sphere . Since the potential inside the sphere can 
not be infinite, therefore the general solution must not contain any 
negative power of r, thereby giving B n — 0, so that (2) reduces to 

00 

w= "LAn r n P n (cos 0), r<a . . .(7) 

n = o 


when r=a, u=F(0), therefore (7) gives F(0) = 2 A n a n P n (cos 0) 

n = 0 

Irom which we have as in case /, 


F(0) P„ (cos 0) sin 

“ Jo 


0<70 


• • -( 8 ) 


Substituting ( 8 ) in (7) we get the required potential inside the 
•plicre. 

Problem 20. Find a solution of the equation 


d_ 

dr 


(' 2 wYlt* ^{ Sin 0 le -) =0 


• • .(i) 


In the form <f>^fyr) cos 0 , given that (i) 

ill) ^~~=0whenr= oo. 

cr 


d<f> 


-u cos 0 when r~a and 


We have <f>=f(r) cos 0 

| y =f(r) cos 0 , = -/(r) sin 0 . 


Their substitution in (1) gives 

^r(r 2 f(r) cos 0}+ — {-sin 0/(r) sin 0}=O 

I.e., r 2 f”(r)+2r /'(r)— 2 /(r )=0 . . .( 2 ) 

This equation being homogeneous, can be reduced to the form 

\D (£>— 1)+2 D - 2 } /(r )=0 by putting and Z)= 
or (D“ + D- 2 )/(r )-0 ot(D-l) (D+ 2 )/(r )=0 
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D 

f(r)=A e*+B e~ 2s —Ar+ yr so that <f>~*Ar cos0+ - 


t\\ • 8^ . Q 2 B 

(3) gives ==A cos 6 


cos 0* 


2 B 


Applying the condition (i) — u cos 6= A cos 0— cos 
and applying (ii) 0 ^A cos 0 i.e., A—Q and then from (4) B= 

1 3 

Hence (3) yields <f>— — cos 6- 
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l«klng A 2 =n(n+1), (3) yields r 2 +2r « («+l) 7?=0 

ihi.li being a homogeneous equation can be solved by substitution 

B 

i to give the solution R—Ar n + ^ n+ — 

Abo taking cos 0= |x, (4) yields, | (l~~t* 2 ) | +n(n+l) 

•-0 which is Legendre’s equation and hence P,,^) is a solution of it 
' 9 , w P„ (p.)=P n (cos 0) 

Combining the two solutions we have for all n 

* = s U» f + ) Pn (COS 6) . . -(5) 

n= 0 X r ' 


Problem 21. Find the permanent temperature within a solid sphere 

of radius unit when one half of the surf ace of the sphere is kept fl ow the temperature at the centre being finite it is required that 

constant temperature 0 C and the other half of the surface at 1 C, 0 



(. Rchilkhand , 1977\ 

The distribution being symmetri 
about z-axis, we have 

0 

?e 


Fig. 12.5 


ir 

( sine -^) =o 

(sin0 ^-)=0 
with boundary conditions 


dr 


i e.,r*4z +2r &-+ 1 


sin 0 00 


..a) 


, . (5) reduces to 2 A n r n P n (cos 0)= 2 A n r n P n ({x) . . .(6) 

n—0 /*=-= 1 

lint by orthogonal properties of Legendre’s polynomials, we have 

Also r— 1 gives ^=2 A n P n ((a) • • -0) 

Multiplying (7) by P„ ((*) and integrating with regard to from 
1 to l,we have 


2/t+lf 1 


</> Pn (f) d[l = 


2n + l 


f (f> P n (cos 0) sin 0 dd 
J o 

when (Jt=cos 0 


(i) <fi=l for 0<6<£ and (ii) <fi=0 for -^-<0<7r 


under the consideration of distribution for upper half of the sphere 
i.e. for 0<0<7c. 

Assuming that (f>—R(r) 0 (0), (1) yields on dividing throughout 
by m, 

r 2 d 2 R , 2r dR 1 1 d / d® \ n /0 v 

R dr 2 + R dr © sin 0 c)0 V 1 " 9 dy ) ° ' ‘ 

or separating the variables and taking A 2 as constant of separation, 

d@ 

de 

d l R 

..I ... 7 f — 

dr 

d& V 


Jl € r + 2£ dR +± 

R dr 2 R dr "** © sin 0 90 


so that 
and 


sin 


dr 2 
1 9 

00 


-2 r 


1 8 

i 

dR 


(sin 0 -^|)=A 2 (say) 


(sin 0 


de J 


A 2 i?=0 
+A 2 0=0 


• -( 3 ) 
..(4) 


= ^[P P » (C0S ' 9) Sin 6 dd+ \l/2 


$ P„ (cos 0) sin 0 de 


2n+l 


] 

rw 12 

I P n (cos 0) sin 0 do 

J 0 

V ^=1 for 0< 0<tt/ 2 and $6=0 for n/2 <0<rc. 


mid 




= ^T^1 0 Pn ^ dv ~ giving A ° = T j 0 1# d[X= T 

A '~ 41 ! i 

a- 41 ! 

A=yf A (t*) 

=4[V‘- 1 'I - 4 - 
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Hence 


9 2 ' 4 


r Pf cos 0)- 


7 

16 


/• 3 P 3 (cos 0) + . 


12 9 GENERAL PROPERTIES OF HARMONIC FUNCTION# 

{Agra, 19} 

We know that functions satisfying Laplace’s differential equation 
said to be the Harmonic functions. Now to discuss general proper 
of such functions, let us consider a vector point function A an 
scalar point function u satisfying Laplace’s equation i.e., V 2 u= 0 


such that 
V *A= V 


A = Vm 
■ V 2 «=0 


(V«)= 

But Gauss’ divergence theorem gives 


II— III 


(V -A) du 


which with the help of (3) 


yields j* J A-ds<= |J(Vw)-ds=0 
s s 


If we take curl of both sides of (2), we get V X A= V X V«= 0 
But Stoke’s theorem for a vector field A is 
‘ dr= j](V xA)-ds=0 

S 

where integral being taken over the closed curve C bounding the op 

surface S. 

(7) with the help of (4) reduces to V«)-dr=0 

tinned ( » )a ^ nc !i (8) ^ crtain im P° rtant properties of harmonic fufl 
uons can be deduced. 1 

Applying Green’s theorem i.e., 

J || (vV 2 w-w V 2 v) </h=|J(vVw— wVv)-ds 

we can easily exhibit that if V 2 «=0 in a region bounded oy< 
sphere is give^by' thcva,ueof « say « 0 at the centre of th 

aMW* •••(!( 


u„ = 


where integral is taken over the surface of the sphere. 

These results may be categorically stated as: 

(0 From (10), the average value of a harmonic function on 


htlnr of a sphere in which it has no singularity i.e., the points 
)Iuh the function becomes infinite, is equal to its value at the centre 
•I Hu sphere. 

(H) from (5), it follows that a harmonic function having no 
MHgul.mty in a given region cannot have a maximum or minimum 
«i»m iii the region. 

(HO from (//) we conclude that a harmonic function without 
«Hi|ularity within a region and being constant everywhere on the 
iMimuiug surface of the region, has the same constant vaiue every- 
f|i#ir inside the region. 

in ) Two harmonic functions having identical values on a closed 
totmur and having no singularity within the contour, are identical 
pnuphout the region bounded by the contour. 

I (?) from Green’s theorem it follows that if the normal derivative 
M * harmonic function is zero on a closed surface within which there 

I fin singularity, the function is constant. 

(*D It follows from (v) that if two harmonic functions have the 
Umif normal derivative on a closed surface within which there are 
ilngularities, they differ at most by an addive constant. 

II 10 THE WAVE EQUATIONS 

i*| Derivation of one-dimensional wave equation 

« onsider a flexible string of length l tightly stretched between two 
MtoM x^O and x=l on x-axis, with its ends at these ends. If the string 
M hi into small transverse vibration, the displacement say u ( x , t) from 
m \ axis of any point x of the string at any time t is given by 

h 4 


9jr 

The equation 


c~ - where c* = — - T being tension and ? the linear density . 


9/ 2 


9 2 u 
dx z 


( 1 ) 


n known as one- dimensional wave 
Ration. 

I rt the string (assumed to be 
Mflcctly flexible) of length / 

M|htly stretched between the 
points x— 0 and x=±1 on x-axis be 
Morted and then at a certain 
iHilint of time say t—0, it is 
Mtflsed and allowed to vibrate, 
lo determine its deflection (dis- 
placement from x-axis) at any 
point x at any time t , let us take 
il»# following assumptions: Fi S- 12 6 

I (0 The string is uniform i.e. its mass m per unit length is constant. 

1 ( W) The string is perfectly elastic and so offers no resistance to any 
wilding. 
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(id) The tension T is so large that the action of gravitatii 
force on the string is negligible. 

(/v) The motion of the string is a small transverse vibration | 
vertical plane i.e. each particle of the string moves strictly in 
veitical plane so that the deflection and slope (gradient) at any 
of the string are very small in absolute value. « 

Consider the motion of an element PQ of length 5s of the strl||] 
The string being perfectly elastic the tensions 7\ at P and T 2 M 
are tangential to the curve of the string. Let T x and To make an^ 5 " 
and P respectively with the horizontal. 

There being no motion in the horizontal direction, we have 
Ji cos <x—To cos p — T (say)— constant 
Mass of the element PQ is p^y. By Newton’s second law of m 
we therefore have 


fUtliVN, WAVE AND LAPLACE’S EQUATIONS 

d 2 u . d 2 u \ 

+ v ) 
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d 2 u 

dt* 


=c * ( 


dx 2 


( 6 ) 

supposed to be 




T 2 sin P~ T x sin a=(p5 s). ~! 


d 2 u 

dt 2 


1 


Zy* 

, .milder the motion of a stretched membrane „ 

.i. hcd and fixed along its entire boundary in the x-y plane. Le 
i ukc (he following assumptions: 

pi I he membrane is homogeneous i.e . its mass (say) p P er unit 

‘u.l'Vhc'membrane is perfectly flexible and so thin that it offers 
Nlilunce to any bending. 

(Ill) I he tension T per unit length caused by the stretching o 


no 


the 


Jml.rune is in'vTriant during the motion and retains the same value 
il t«ili of its points and in all the directions. 


being upward acceleration of PQ 


d“U 

~dt 2 

Using (1), (2) yields ^ s ” -=i 


To cos p 


i.e. 


tan p— tan *== 


T x cos a 
pSj d 2 u 


d 2 u 

df- 


(< 


T df 

Replacing 5 s by §x since the gradient of the curve is very small, (<l 
_/ du \ __ p 8s d 2 u 
x +$ x \ dx ) K T dt 2 

since tan a and tan p are slopes at x and x+$x respectively. 


i\v|/iavuig wo uy ua a 

gives —(- 

V dx Jx+$x \ 


or 


(~\ -( 

'du\ 

\ dx Jx+8 x ' 

< dx }. 


i.e. 


w t (x+8a:, t)- 


8x 

Proceeding to the limit as dx 
d 2 u __ p d-u _ 1 _c 
dx~ 


T 

- Um(X , 0 _ P 


dx- 

Note 1 c 


0 ~u 

dt 1 


d-u 
dt 2 
d 2 u 
T dt 2 
0, we get 

where -V==~-. 

.2 r 


T ox - c 4 c 

T T 

c 2 = — reveals that the constant — is positive. 

Note 2. Since u ts dependent of x and t both , therefore we hWH 

used the partial derivatives and . 

r dx 1 dt 2 

Note 3. If a force F (x, t) per unit of mass acts in the u-directl( 
along the string , in addition to the tension of the string , then 

— c 2 ._I“ _l f 
dt 2 dx 2 

[B] Derivation of two-dimensional wave equation 

In case of a rectangular membrane , the two dimensional wa 

equation is 



Uv) The deflection u(x, y, t) of the membrane during the motion is 
H*,ligible as compared to the size of the membrane. Also all the 
IH|lcs of inclination are small. 

Consider the motion of an element ABCD of the membrane. Let 
.i. urea be 5 jc Sy. T being the tension per unit length, the force acting 
1 1 1 lie edges are TSx and TSy approximately. Also the membrane 

perfectly flexible, the tensions TSx and TSy are tangential _to 

iin membrane. Let a, p be the inclinations of these tensions with the 

Then the horizontal components of the forces at one pair 

hi opposite edges are Tty cos a and TSy cos p. When 
Ihy small cos <x-*l and cos p-+l so that TSy cos *-+Tdy and TS . i 
hn rt >r5y i.e. the horizontal components of the forces at opposite 
are nearly equal and hence the motion of the particles of the 
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ran 


membrane in horizontal direction is negligibly small As snrh m 
assume that every particle of ,he membrLf moves virtirSuy * 
The resultant vertical force = TSy sin p-J5y sin a. 

=T6j(tanp— tana) 

V a, p being small sin a=a=tan 

-it ?,), and si ” |S “ ls - , “! 

of • wxt * and *• *1 
Similarly the resultant vertical force acting on the other two edaa 
— Tdx [u v (x u y-\-$y)—u v (x 2 , y)] g 

where u v denotes the partial derivative of u w r t v and v '* '• 
the values of x between jc and x+8x. y u 'I 

By Newton’s second law of motion, wc have 

d 2 u 


Total vertical force on the element =p8xSy 


dt 2 


i.e. rSy[« x (x+8x, y x )-u x (x, y 2 )]+rBx [«„(*,. y+8y)- K ,(x a , y)] 

=p8x 8 y ~ 

* dt 2 


, 0 2 U . 

wnere is the acceleration of the element. 


Thus 


8' 2 u 


dt 2 


. IT (x+8x. y,) — Ux (x, y?) 
' P L 8x 


+ 


g|~ T+8y)-u(x„ J| 


Proceeding to the limit as 8x-»0 and 8y-»0, we have 

T r , , JWu d 2 u\ I 

3 f 1 P V L '« . . .fl 

?2 I 

where V 2 = 4-J 

dx 1 ^ ay 

Note 1. If «=r (x, y) e‘»', (9) yields +*->=. 0 . . . (U 

where * 2 =(~l 

Note 2. The three-dimensional wave equation is 
9 _!f< .. fd 2 u d 2 u d 2 u \ 

3t 2 c \dx 2 + dT' + te r r c ~ v ' u 

where V 2 =-^-r + -^- -i L 

dx i+ dy*^ a? 


...(II 


12.11. GREEN’S FUNCTIONS FOR THE WAVE EQUATION 
The wave equation is 

\dx t+ dy 2+ dz 2 ) * c 2 dt 2 ” • (1 
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Alio written as, 



+ ^viiT0 z 2 


dy 2 




. . . ( 2 ) 


If its solution be of the form 

<J»(x, y, z, 0=^ (x, y, z)e±' cM ... (3) 

ll.cn (1) gives, 7»T+X*T-0 • • • ( 4 > 

• lilcli is known as Space form of the wave equation ox Helmholtz's 
HfMitlon. 

Inking r=x i+y j+z k as the position vector of a point (x, y, z) 
, m l t ' =x ' i+y' j+z' k as the position vector of an isolated point 
<*'. /, z'), the Green’s function G{ r, r') is defined as 

G (r, z)+jp~p"| ”’ (5) 


dn 


where H (r, r') satisfies ( ix i » + 'iy 72+ dz r * _ ° 

„ , . , , x 1 [ f 1 0+(r') 

Using Green’s formula i.e. 'K r >= 4 ^] s |jpZ7| 

I -«'■> s nhl ^ 

it may be shown that 

L{ G(r ’ r,) 


dn 




. . . ( 6 ) 

. . . (7) 

... ( 8 ) 


where n is the unit outward drawn normal to the surface S. 

Now we claim that the solution of space form of the wave equation 
under certain boundary conditions can be made to depend on tne 
ilelermination of the appropriate Green’s function. Let us assume 
Hint G (r, r') satisfies the equation 


(. 


02 02 
dxT+W 2 ^ dz, 


-§ ? )g{t, r')+A 2 G (r, r')=0 ... (9) 


under the assumption that G (r, r') is finite and continuous w.r.t. 
sillier their variables x, y, z or x', y', z' for the points r, r k* 1 ®®® 1 ® 
in a region V bounded by a closed surface S except in r neigbbo 
hood where there is a singularity of the type 


e~* x 


t-x 


Ir-r' 


as I r'-*r | 


. . . ( 10 ) 
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Now T(r) being the solution of (4) and its partial derivatives ol 
the first and second orders being continuous within the volume V 01 
the closed surface S we have 


■fJ* fr=7T ’>£ *“ B_r l ']7=? r {' ls ' 

c 


f'F( r ), if r lies inside V 
^0, if r' does not lie inside V 


Using (10), we therefore have 

Taking G(r, r') such that it satisfies the boundary condition 
G i(r, r')=0 

whereas the point r' lies on the surface S, then (12) reduces to 

T(r)= -^f y (r') — V * ~ ~ dS' 

4ttJ s 3h 

which gives ¥ at any point r within S. 


.(III! 

(It) 

..(» 

...00 


Again if G 2 (r, r') is such a function satisfying ~ ^ r ^ =0 


for r' lying inside S 

we have ^^£2 G, (r, r') dS' 


...OS 

...(10 


which gives T* at any point within S provided -C— is known at eveijji 


point of S. 


corollary. Green's function for Diffusion equation : 

The diffusion equation is ~ =h 2 V 2 u 

ot 


. • .( 17 ) 


C1 If 1 0 be a solution of it. Then for a volume V enclosed by f 
surtace S t the boundary condition is w(r, f)=^(r, t) . . .(18)f 

when r lies inside S. 

The Initial condition is w(r, o)=/(r) when r lies inside V . . .(19) 
If we define Green’s function G (r, r', t—t') 9 t>t' 


diffusion, wave and laplace’s equations 


985 


such that _=/* 2 V 2 G • • .(20) 

With boundary condition G(r, r', t—t ')= 0 when r' lies inside S 

• . .(^1 / 

Lim 

and initial condition /->*' G-*0 . . .(22) 


at all the points of V except at the point r where G takes the form 

1 r-r'l 2 

‘ . . .(23) 


e 4 hHt-f) 


8 N » 2 ( f - t ')] 3 ' 2 

Now G being a function of t and hence of (f t ) only, (20) is 
equivalent to 


0G 


dt 


'-+h 2 \7 2 G = 0 


.(24) 


Physically interpreted G(r, r', t—f) in the temperature at any 
point r' at time t due to an instantaneous point source of unit 
strength generated at time t' of the point r. Initially, the temperature 
of the solid is zero and the surface is kept at zero temperature. 

Equations (17) and (18) being valid for t'<t, can be rewritten as 


0M 


Ot 


r = /l 2 V 2 K, t'<t 


. . .(25) 
. . .(26) 


and «(r', t)— r', t) when r' lies inside S 
Equations (24) and (25) yield, 

| 7 (uG)=« +G ~7 =h 2 [GS7 2 u—u\/ 2 G] 
so that for an arbitrary small €>0, we find 

h'. 


. . .(27) 


or, changing the order of integration, 

f (i/G) dv'—\ (uG) , dv' 

Jk v V=/-e V = 0 

<♦ 

=»(r, t) j^[G(r, r', =/ _ t dv'- J G{ r, r', t) /( r') dv' 


By (23), for G(r, r', t—t') we have f lG(r, r', t— t'],'=r-o dv'=l 
So that when € ->0, L.H.S. of (27) 

= «(r, 0- | y f(r') G(r, r', t)d/ 
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Hence applying Green’s theorem to the R.H.S. of (27) and using 
(18) and (2i) we may find 

I f f O/i 

dt #r', t) in limit when €->0 and~^- denoting 

the derivative of G along outward drawn normal to the surface S. 

We shall ultimately find, 

«(r, 0= j F /(r')G(r, r', t ) dv'-h* j‘ ftr', t) ^dS' . . .(28) 

which gives the solution of (17) with boundary conditions (18) and 
(19). 


12.12. HOMOGENEOUS AND INHOMOGENEOUS WAVE 
EQUATIONS 


In the next Chapter we shall discuss 

Maxwell’s electromagnetic field 

0 JT 

equations in the form V XE= — 

. • .(1) 

vxh=j+ 0 -5 

. . .(2) 

V B=0 

• • -(3) 

and V -D=p 

• • -(4) 

In addition to these equations, 
homogeneous isotropic medium, 

we have few more relations in a 

II 

Q 

. • .(5) 

B=[iH 

• • -(6) 

and J=oE 

. • ■(?) 


The method of integration to be used here for electrodynamical 
equations actually leads us to homogeneous wave equation as shown 
below. For the purpose of their integration, introduce a vector 
A known as magnetic vector potential such that 

B— V X A ...(8> 

(1) and (8) yield VxE= — |-(V XA)= — VX-|r • • • (9) 

Ot ct 

(on changing the order of time and space derivatives). 
We can write (9) as Vx| E+-4j~ ^=0 . • . (10) 


which 


follows that 


( 



is an irrotational vector 


and hence 
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it is expressible as the gradient of a scalar point function such that 


E-l--— =_ V <f>, <f> being a scalar potential . . . (11) 

E =— ••• (12) 
Multiply (2) by n and using (6), we have 

V xB=(a ...(13) 

But V XB= V x(V xA)=V(V -A)— V 2 * A • • • O 4 ) 

3D no 

(13) gives V(V-A)--V 2 A=|*J+!*-^ . . . 

Differentiation of (12) w.r.t. ‘ t ’ yields 

_3E g a A „ *...(16) 

dt = dt 1 St 


Elimination of from (15) and (16) with the help of (5) gives 
ct 


/ 3 2 a „ \ 

V(V.A)-V 2 A-ixJ+txic^- d(i V dt ) 

. . . (17) 

or -V 2 A=[x J-ixr |^-v( 

. . . (18) 

It follows from (18) that curl of A is specified by its divergence but 
div A is not specified. But to find A uniquely, curl A and div A 
both should be specified and hence let us assume that 

86 

V -A — —UK ~~ 

. . . (19) 

0 2 A 

So that (18) yields V“A— [a* ^ = (aJ 

. . . (20) 

Also (4) with the help of (5) gives V *E= — 

. . . (21) 


( c)A \ ? 

dt ) = ~k 

. . . ( 22 ) 

or -|-(V.A)-W =-7 ...(23) 

Elimination of VA from (19) and (23), yields 
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If we put C— 

V 2 A 


V 2 ^— V-K 

1 

V 

1 9 2 A 


-ixr = — L 


dt 2 k 

, (20) and (24) reduce to 


c 2 dt 2 


p'3 


. . . (24) 

...(25) 


and 


V 2 ^- 


1 0 2 ^ 

c 2 0/ 2 “ 



. . . (26) 


which have got the same form and known as Inhomogeneous 
wave equations or Lorentz's equations and they lead to the conclusion 
that magnetic vector potential A and scalar potential ^ are propa- 
gated in accordance witi. a equation of the form 

V 2 w — -^2 ^r=— /(x, z, t) which is claimed to solve 

...(27) 


with initial conditions i/= 0 and =0 at t *=* 0 . . . (28) 

ot 

In order to use the method of Laplace transform, assume that 

L{u(x, y, z, t)}=U(x, y, z, s) and L{f(x, y, z, t)}=F(x, y, z, s) 

. . . (29) 

s 2 

Taking Laplace transform of (27), we get V Z U —=—F 

... (30) 

^2 ^ 

It we put tc 2 = *= — ?, i—\ — 1, then it becomes 

e c 


\7*U+* 2 U+F= 0 . . . (31) 

which is Helmohotz's equation. 

In particular case (31) can be taken as V 2 U 0 +k*U o =0 . . . (32) 
which is the standard form of Helmohotz’s equation and its parti- 
cular solution is 



...(33) 


where r is the distance from a point and U 0 is determined at 
another point. 

Using this particular solution, we can find the general solution of 
(31) as 

U(x, y, z, *)=4r jJJ F ^’ y» *i )e± i * r -l r dv . . . (34) 

where r=-\/ (x—x t )*+0»— ji 1 ) 2 +(z— Z j) 2 and dv—dx dy dz ... (35) 
It may be verified that (34) satisfies (31). 

$ 

Now substituting t= — / (35) becomes 
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U(x,y, z,s)=L jjj 


F(*i- y,- zQ ±*/ cr 


dv 


(36) 


Taking inverse Laplace transform of (36) we find the solution of 
inhomogeneous wave equation (27) as 


u (x, y , z, t) = 


in 


y> z > { ~t) 


dv 


.(37) 


[Since we define the Laplace transform of F(t) as f(s)=L{F(t)} 

==1°° e“" 5/ F(t) dt. Under the condition that definite integral 
Jo * 

of F(t) exists and F(/)= 0 for t< 0. Also we define the inverse trans- 
form Lr x { f(s)}—F(t) and j —s 2 f — sF'(0)—s 2 F(Q) where 

* dF 

F'( 0) is evaluated at and 


i-v/w) - l>a Ai S o 

The equation (37) shows that the effects in variation of F(x l9 y l9 
z i, t) do not approach the point ( x, y, z) unless the time t is retarded 
by rjc. 


As such we can write the solutions of (25) and (26) as 



These give retarded potentials of electro-dynamics. 


12.13. THEORY OF WAVE GUIDES 

Here we have to discuss the propagation of electromagnetic waves 
travelling in the longitudinal direction in a homogeneous isotropic 
medium filling the interior of a metal tube of infinite length, under 
the assumptions 

(il The tube has a uniform cross-section. 

(it) The tube is placed straight along x-axis. 

(in) The conductivity of the tube is infinite. 

(iv) The medium is devoid of free charges. 

(v) x-y plane is the plane of cross-section of the tube. 

(vi) x-axis is along the wave guide. 
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Taking E 0 , H„, a, r and (i as electric intensity, magnetic intensity, 
conductivity, electric inductive capacity and magnetic inductive capa- 
city respectively, we can write the fundamental Maxwell’s equations 
in the forms 



VxEo=-.f- 



VXH 0 =aE 0 +*^- 

... (2) 


o 

1! 

© 

t> 

... (3) 

and 

V. H„=0 

... (4) 


In order to discuss the possible oscillations propagating inside the 
wave guide, we can take E 0 and H 0 of the form e ,w such that 


E 0 =E ...(5) 

and H e =H . . .(6) 

The frequency of oscillation being given by 

= 2 ^ .a is known as the propagation constant. 

Now we have E= i E*+ j E„=k E* ... (7) 

and H=i H*+ j H„+k H, ... (8) 

If we substitute for E 0 and H 0 from (5) and (6) into (1) and (2) 
we get the Cartesian components as 

dE z cE v . u dE x . 

dy dz ~^~aE x 

aE v +^ =miiH, ... (9) 

and 1 ^^-+a// J =(a+/cic)£' < ; 

df-f 

-aH v ^ -=(<t+/ wk )£, . . . (10) 

It is observed that there are two types of waves namely (!) TE 
(Transverse electric) or H waves and (n> TM (transverse magnetic) 
or E waves, which exist independently and satisfy equations (9) 
and (10). 

Case I. TE or H waves are characterized by 

£*= 0 and ff x ^0 ... (1 1) 

which follows that in the direction of propagation, the electric 
field has no component while the magnetic field has a component. 

If we put E x = 0, (9) and (10) yield 
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nnd 


—^=my.H x ; aE z = — itopf/,; aE v —i^H, 

cy dz 

a H z dH v . d H. 


dy dz 


0 ;-~Z+aH t —(<s+iioK)E v ; 


— aHy— ~ x =(o+iut)£ ! 


Eliminations of H„, H z , E y and E z yields 

0 2 H X ,W, .. , .. 

— [ar — (a -f- /&> e)iwti] H x 


dz 2 


+ 


dy 2 


( 12 ) 


(13) 


(14) 


But in an electric region inside the wave guide <s<<g>k so that 
(14) reduces to 


d 2 H x d-H x 


dz 2 + dy 2 

where K‘ t =a 2 -\-u> 2 \iK 

Hence magnetic intensity H x can be determined under given boun- 
dary conditions. 

Now from (12) and (13) we can derive 
a dH x 


(a 2 +^iiK)H x =-x'H x 


. . . (15) 


tt . rr u ZZJL • F 

fly 2 0 * ■*-* Z Q • 


dy 


a dlf x /cop. m 

_ — , t v — — ri g , 


E z — — - 


ICO [A 


dz 

H„ 


(16) 


Thus E and H can be determined if H x is known. 

In case the surface of the metallic wave guide is a perfect conductor, 
then the tangential component of E vanishes and for a rectangular 
wave guide with its sides parallel to y and z axes, E x —0—E v at the 
surface of the wave guide. As such it follows from (16) that 

dH x • a#x 
■ dy dz 

If n be the normal to the surface then at the surface of a wave 
guide of any cross-section, we have 



Taking general coordinate system, we can write (15) as 

V 2 „ ,H.+ **H,=0 ...(17) 

where V 2 ,, *=g7*+^* sub J ect t0 E,= — ^H y . 

Its solution therefore gives the possible value of K and hence the 
value of ‘a’ the constant of propagation such as 

...( 18 ) 
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These are imaginary values of ‘ a ’ which lead to possible wave 
propagation along wave guide while for real V, the wave is rapidly 
attenuated as it proceeds along x-axis of the wave guide. 

Case II. TM or E waves are characterised by H x = 0 and E X J= 0 

Here (9) and (10) for H x —Q yield ' ' ‘ 


dy 


d-fis dEx . r . 
IF -0 ’ ~dT + aE »=-^H v ; 


17 , °E X • 

a£ y+-^-=^H z ... (20) 

_ J 8H Z dH v , , . „ 

an< * 3^ 3z (c-h /oj k)E x \ aH z =(<j-\-iunc)E y \ 

—aH v —(<j+io)K)E z . . . (21) 

Elimination of E z , E y , H y and H z yields 

a 2 £* d 2 E x 

TyT +~fc2~ = ~< a + ‘»v<c)^*= - **£. . . . (22) 

For general coordinate system, this can be written as 

V 2 „, Z E X + k 2 E x —0 

d 2 a 2 

where V-„, a — — ,4.— 

dy 2 ^dz* • • • (23) 

In case of the surface of a perfectly conducting wave guide E has 
no tangential component at the surface, thereby giving E.=0 at the 
surface of the wave guide. 

The determination of the possible values of K leads to the possible 
value of a the propagation constant. 

From (19) and (20) E„ E v , H v and H z can be determined. 


12.14. SOLUTION OF ONE-DIMENSIONAL WAVE EQUATION 


The equation is 


d~u _ d 2 u 
dt 2 ~ C dx 2 

Its solution by D' Alemberts’ method has already been given 
§7.5. Here we solve it by the method of separation of variables. 

Assume u(x, t)=X(x) T(t) _ ^) 

where X is a function of x alone and T that of t alone. 


( 1 ) 


m 


d 2 u 


= T 


d 2 X 


and 


a 3 « 

8t 2= 


d 2 r 
x ~W 


i 


9x 2 dx 2 

which when substituted in >J) give 
v d 2 T . r d 2 X . 1 d 2 X 

dt 2 7 dx 2 i e ” X dx 2 

on dividing throughout by XTc 2 . 

As variables are separated, taking A as constant of separation, 
nave 


_ d 2 T 
c 2 T dt 2 
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I il’X _ 
» Jx*~ 


1 d 2 T . . 

c 2 f^“ Xg,VIng 


d‘X , „ . 


d 2 T 

, r =c-xr 

dt 2 


. . . (3) 


I hr re arise three possibilities: 

(0 A— 0, so that by (3)^ =0, ^=0 

giving X=Ax+B, T=Ct+D ... (4) 
d 2 X d 2 T 

HD —y: 2 X— 0, d( , — (x-c-r=0 giving 

X^Ae^+Be”, T=Ce^ ct +De^ ci 

... (5) 

|i a , „ „ < ™+(i*2r»0, ^-+l**c 2 r=0 giving 

X=A cos [xjc + B sin [xx; 

r==C cos ptcf+Z) sin pet ... (6) 

If wc impose the boundary conditions 

u(o , 0=0, «(/, f)=0 for al It ... (7) 

lint (he initial condition 

u(x, o)=F(x); =g(x) ... (8) 

Him (7) asserts that u(o, t)=X(o) T(t )= 0 and p(l , O — 0 

which imply that either ^0=0 or ^(o)=0 and A"(/)=0 

I hut from (4) when *=0, we have B = 0 and jr(/)=Q=^/+i2 then 
|ivc» A= 0. 

Also from (5) when x=0, we have 

X(o)=0=A+B and ,Y(/)~0— giving /4=2?=0. 

In either case A*=B~0 give X(*)==0, u( jc, /)=0, so that the solu- 
hims (4) and ^5) fail to give the solution of (1) and it is the solution 
(II which is periodic in time and is capable of giving a solution of (1). 

( ombining the two solutions of (6) we have a general solution of 

(l)«» 

u(x, cos ^x-fi?sin fAx) (C cos f ict+D sin pet) ... (9) 

Now to determine the constants A y B and p, we adjust them so as 
(<J) satisfies (7) i.e., 

u(o, t)=0—A{(cos pct+D sin pe/))~0 giving A= 0 
•lid u(/ f /)=0 = (o+B sin pi) (C cos pct+D sin pet) holds for 

pl~wz i.e p— y, n being a positive integer. 

Hence the solution of (1) satisfying the boundary conditions (7), 
unity be written as 

/ ^ nlzct , ^ mct\ . wzx 

Un{x 9 /)=( C n cos — f -D n sin — j J sin j . . . (10) 

Now applying the initial condition (8), (10) yields 

, , ^ • TYKX x 

u(x, o)—C n sin -f-=F(x) 
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\ r 

nnc „ . 

nnct 

nnc _ 


/<=o L 

j - Cn sin 

/ ■» 

D n cos 

~ri 


nnx 


n~c . nn x , . 

= { D n sin -j =g(x) 

It is notable that a mere single term as solution will not satii* 

* x ' o) and (IU- j 

In fact the solution (2) is iinear and homogeneous and hence 
indicates that the sum of any number of distinct solutions of (1) i$ 
also a solution of (1). As such the required solution of (1) in place 
(10) may be taken as 


nnct . 

cos ^ +D n sm 


nnct\ 

~r) 

. ^ nnx r/ x - nnc . nnx 

where C n sin -j- — F(x) and — j D n sin -j- 


u(x, t)= 2 (c n 

/i-lV 


sin 


nxn 


l 

*(*)• 


...(ID 


Of course, the solution (11) satisfies (7) and hence together with (8)| | 
it provides 


u(x, o)— 2 C n sin ri ]^-=F(x) and 
n=\ ' / 


(l). 


= 2 


nnc 


n = 1 1 


• nnX 
D n sin j 


=g(*) 


... (13 


The R.H.S.’s of (12) being Fourier expansion, we have 

r 2 f* mx , .rmc _ 2 . * nnx 

I F ( x ) sm j dx and j— D«=y 1 g(x) sin j-dx 

...dl 

Hence (11) gives the required solution of (1), for all values of 
and D n given by (13) satisfying (7) and (8). 

corollary 1. In (8) if we assume g(x)=0, the initial velocity, th 
(13) yields D n = 0 and hence (12) reduces to 


w(a, r)= 2 C n cos 

n = 1 


nnct . nnx 1 °° ^ f . nn f , 
j sin j — ^ ^ £»» sin j (x d) 


I5 r . A1U 
= 1 C n sin 

z 1 


-fain y (x-H"0 


7 - (x-c0+4 2 C„ sin ~ (*+c0 . . . 0 

‘ 1 n=\ 1 


Thus replacing x by x—ct and x+ct successively in (11) we find I 
series 


nn 


00 


1 C„ sin -J- ( x-ct ) and 2 c„ sin +■ {x+ct) 

/l=l * /I-l ■ 

we may therefore conclude that 

«(*, 0=1 lf(x-ct)+f(x+ct)] 
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Which is the solution of wave equation (1), where/is the odd periodic 
Mansion of Fwith period 21. 


< OROLLARY 2. If we put A n =-y then the functions given by (10) 
4i r termed as the Eigen functions or characteristic functions and the 
mines A n = . are known as Eigen Values or Characteristic Values 


•f the vibrating string and the set 

AesCAj, A 2 , A s> ..., A n ) is known as the Spectrum. 

Wc also^ observe that u n represents a harmonic motion with 

frequency ^^jl cycles P cr unit time - We call this motion as the 

normal mode of the string. In case n= 1, the normal mode is 
• ullcd as the fundamental mode while the normal modes for n=2 3 
f ..are called as Overtone. 

Note. In §7.5 while discussing the £>’ Alemberts y method for solving 
t'nr-dimensional wave equation of the type 


i!f < * & u 

dt * 0x 2 


• ( 1 ) 


Wc have found a solution of it in the form 


u(x, t)=j,(x+ct)+<\)(x--ct) ... (2) 

We require the verification of the boundary condition 

u(o, 0=0, u{l, 0=0 ... (3) 

•nd the initial conditions u{x, o)=f[x) ... (4) 

* nd (f?)/-0 =?(A) • • • (5> 

Obviously u'(x, t)=~=c<f>'{x+ct)~c<i>{x-ct) ... (6) 

Applying (4) and (5) to i2) and (6) we get 

u(x, o)=t(x)+')>(x)=F(x) ... (7) 

" nd o =<, ^'W-4 , 'W}=0 ... (8) 

Assuming g(*)=0 in particular (8) yields 

giving on integration #*)=ij,(*)-f A ... (9) 

So that (7) and (9) render 

#*)=|[F(x)— A] ... (10) 

»nd >Mx)=i[F(x)+A] ...(11) 

whence with the help of (10) and (11), (2) yields 

u (x, t)=mx+ct)+F(x-ct)] . . . (i 2 ) 

which reduces to 

u(o, t)=HF(ct)+F(-ct)-0 
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. • • (13) 


and u(l, t)=i[F(l+ct)+F(l-ct) = 0 

by the use of (3) and (4). 

It follows from (13) that the function Fis odd and periodic with 
period (21) and hence (12) is the solution of (1). Physically interpreted 
(2) represents two plane waves travelling in opposite directions with 
the same period. 

Problem 22. A string is stretched between two fixed points ( 0 , 0) and 
(7, 0) and released at rest from the positions w=A sin tzx. Show that 
the formula for its subsequent displacement u (x, t) is given by 
u(x, /)=A cos ( cnt ) sin (^x), c 1 being dijfusivity. 



€~U 

The boundary value problem is ^ =c 2 . . . (1) 

with boundary conditions u(o y /)=0 and u (1, /)=0 . . • (2)| 

and initial conditions u(x , 0)=A sin 7 cjc~ 0 and f \ =0 

V dt Jt—0 

By (11) of §12.14, we therefore have 

00 r 1 

u(x, /)= 2 C n cos (met) sin (utzx) where C n =2l A sin kx sin m :x 
/i-l Jo dx 

It is obvious that C n =0 for n= 2, 3,... but C^xf sin- ~x dx= A. 

/ Jo 

Hence u(x 9 /)= A cos (tc ct) sin (nx). 

Problem 23. Show that the deflection of vibrating string of length n 
(its ends being fixed and c 2 =l), corresponding to zero initial velocity 
and initial deflection F(x)= A (sin x—sin 2x) is given by u(x y t)=7 
(cos t sin x -cos 2t sin 2x). 

The boundary value problem is ^ (as c 2 = 1) 

with conditions g(x)=0 and F(x)= A. (sin x-sin 2x). 

Hence by (11) of §12.14 we have (as /) n =0) 


nrect . nnx £ ^ 

sin — j— = 2 j C n cos nt sin nx 


n=\ 


M(x, /)= 2 Cn COS r 

n=[ 1 

• i/ — - i auu 4 w — * 9 

2 f* 1VXX 2 f ir 

where J F(x) sin — —dx~ — j A (sin x—sin 2x)sin nx dx 


c=l and 


2A f* . 

— " 1 sin x sin nx dx- 

n Jo 


2A p 

Jo 


sin 2x sin nx dx 


Clearly C n =0 for n=3, 4, 5, ...and C^A, C 2 =A. 

Hence the required deflection of the vibrating string is given by 

u(x, ?)=C 1 cos / sin x+C 2 cos 2t sin 2x=A (sin x—sin 2x) 
which verifies the assertion. 
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Problem 24. Solve the wave equation = c 2 if the string of 

Irngth 2a is originally plucked at the middle pdint by giving it an 
Initial displacement d from the mean position. 

The boundary value problem is c 2 with initial condi- 

tions. 

f d n „ 

— , 0^x<a 

F(.x)=w(x, o)=^ a 

(2a— x), u<x<2u. 

Also initial velocity being zero i.e. y g(x)=0, we have D n = 0 

/. By (1 1) of §12.14, w(x, /)= 2 C n cos 2L2Z 

n=l Za 


nnct nnx 
sin 


where C n = 


F(x) sin 


nnx 

~T~ 


dx =^\ n F(M)sin 


2a 

fVKU 


l 


d mu , 1 f 2 * 

— u sin —-du+— - 

a 2 a a J a 


du 

d i0% . . mu 

a 2 a 


du 


which vanishies for n= 2, 4, 6,... 
Hence u(x, r) 


Sd 1 . nn 

7r- n 2 2 


8<7 **? 1 . m mzct . nnx 

— 2 — - sm — cos ~ sm 


= i n* 


n=\ 


2 a 


2 a 


8 d (— l) r+1 (2r— \)nct (2r— l)7u.x 

“ IF* , (2^W m Sm 5 

Problem 25. A string is stretched between two fixed points (o, o) 
and (/, o) and released at rest from the deflection given by 

r ~x, o<x<~ 

F (*)=< Ik 1 

[-(i-x), y < x<1 

Show that the deflection of the string at any time t is given by 


u (x, /)= 


8A 


2 sin 


HTZ 


cos 


mzct 


sin 


m x 


l 


Put y- in the previous problem. 

Problem 26. The points of trisection of a string are pulled aside 
through a distance d on opposite sides of the equilibrium-position and 
the string is released from rest. Show that the displacement of the 
string at any subsequent time is given by 

9d 2? 1 . 2m . 2m 2 met 




998 


MATHEMATICAL PHYSICS 


Also show that the mid-point of the string always remains at rest. 

Consider OB as equilibrium- 
position of the string of length 
3 a (say), and C, D are points 
of trisection, which are pulled 
through a distance d as opposite 
sides and released. 

The boundary value problem is 

8t 2 dx » ' • * (1 ' 

Using the conceptions of coordi- 



Fig. 12.8 


nate geometry, the equation of line OP is 

d- 0 , . d 

y= ^ ( *-°> y-T x 

the equation of PQ is y-d= ~ d ~ d (x-a) I.e. a ad 

2a — a a 

the equation of QB is y—(-d)=°^^f}(x—2a) i.e., y=^Ll^} . 

jfl — 2a a. 

Hence the initial deflection is stated as 

r d 

| — x, 

F(x)= ^ -~-(3u— 2x), a^x^2a and the initial velocity g(x=>0) 
j so that D n =0 in (11) of §12.14 


Ufx- 


L a 


(x— 3a), 2a<x<3fl 


nnx , 
XM ~3T dx 

So 


we have from (B) of §12.14 
r 2 f* r/ \ • n7ZX . 2 d ff a 

"“T)/ Ws,n -r^-sri LI. 

+J. {*— 3.) sin 

+( — 1) w ) sin ^-on integrating by parts and simplifying 
Obviously C n = 0 for x«l, 3, 5, 7,... i.e. n being odd 


18 d 


mi 


and for even n y C n = -^r. 2 sin = 


36d 


sm 


mi 


Hence by (11) of §12.4, the solution is 
1 


00 

u(x, 0=^- 2 


• 2r7i . 2nc 2mct 

r ~\ (2r) 2 3 Sm Ta * COS 3u~ 


^ y 1 . 2r7r 2r7c 2rrcc/ 

_2~ z TT sin sm x cos — 

n r=i r a 3 3 a a 3 
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If we set this result reduces to 


w(x, i)=0 since sin-^-. x=sin m=0 for each r. 

1'his follows that the mid-point of the string always remains at rest. 


t 


12 15. SQUARE WAVE 

In case of a square wave 
l he displacement x is con- 
Mant=c(say) for certain 
interval of time and zero for 
fhc next same interval and 
to on. This wave is as shown 
In Fig. 12.9. 

Thus for O A, x=f(x)=c from t=0 to / 
and for AB , *=/(*) =0 from t=T/2 to T 


(Agra, 1961) 








'IE 

7 h 

8 





T/2 


Fig. 12.9 
T/2 


..( 1 ) 


Taking time-axis of co-ordinates through the lowest point of the 
displacement curve, we have by Fourier theorem, 


00 oo 

/(x)==u 0 + 2 a T cos rnt+ 2 b r sin rnt. 
r= 1 r=l 


..( 2 ) 


axis of the wave and u 0 = — j /(*) dt. 


Here a 0 shows the distance between the axis of coordinates and the 
‘f 7 — ...(3) 

... (4) 

... (5) 

*■ Jo 

Thus we have 


2 fT 

a T =y I /(*) cos (r. nt) dt, 

2 f T 

b r = y J sin dt - 


- f{x) d,+ \ d ‘ ] 


But the axis of displacement curve being the line x=cj 2 shown by 
dotted line in Fig. 12.9, we have 


— — 1 c cos rnt dt 


> 0 . 


f(x) cos rnt f(x) cos rnt dt 


>] 


and 


-M, 

H’ 

b r=Y\f r ^ c sin rnt cos rTt ]=0 if r is even 


= — if r is odd. 

7C 
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left with odd termTon™ so ' ‘that S ' ne SeneS disappear and we are 

cin I sin 3 nt 


*=/(*)= f +- 2C 1 


sin nt- 


f 4- sin 5«/+... 


© 



-•+~sin rnt+ 


•} 


This series represents a 
square wave. If we take 
first three terms, then 
curve is shown by thick 
lines in Fig. 12.10. 

In case we take large! 
number of terms, then the 
curve is as shown in Fig. 



12.16. SOLUTION OF TWO-DIMENSIONAL WAVE EQUATIO 
M] Vibrations of a Rectangular Membrane 

wh^^ue ‘to u S ni i formTy° f rand nif0rm reCtan « ular membrane for 
dynes per cm. lengih oftL edge and p theS^f’ T be, ° g tension » 
of the membrane. The free oscillations of „ ty ' n gm ' per cm * 
it are given by Li 

^ ( d : u d-u \ 

j) ••(!) 

iT 

p 

With boundary conditions 

«=0 for x=0, x=a, y=0, y=b 


d JL~ c t ( 

l dx- 


where c~ J — 


-constant. 


U. for «=« (x, y> t), the conditions 
arc 
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u(o, y, 0=0, u(a, y, 0=0, u(x , o, 0=0, u(x, b, 0=0 ... (2) 

Also the initial displacement and initial velocity are given by 


o)=F(x, y) and u t (x, y, o) =£^-w(x, y, oj^ 


=g(x, y) ... (3) 

Assume that u(x, y, t)=X(x) Y(y) T(t) ... ( 4 ) 

where X is the function of x only, Y is that of y only and T is that 
ill t only. 


Then 


m . .. 1 d*X 

(!) yieIds - _ 


1 d-Y 1 d^T 
Y dy~ ~c*T dt l 


• • . (5) 


Here variables have been separated and hence choice of the cons- 
ent of separation gives way to three possibilities: 


(0 


1 d±x _ni^ = nl d±T 

X dx 1 Y df- 'c l T dC- 


ft giving X=A , x + B lt 


Y=A 2 y+B 2 , T=A 3 t + B 3 


. . . ( 6 ) 


(/'O 


i d * x _> 2 1 €L- \ ■ 
X W 1 ’ Y dy l 2 


1 d-T 

c*T de 


X 2 so that 


*-=(V+V) c 2 , giving 


X=A 1 e k i x + B 1 


m 


1 d-X 
X dx 1 


e -Xix ( y=A 2 S'* +B 2 e~^ y , T=A 3 e cXI 

fB 3 e~ cM ... (7) 
, . 1 d-Y , , 1 d*T . 2 

l ~’ Y ’ df- ~ 2% e 2 T dt 2 ~ 


so that c?, giving 

X=A x cos Aj x+B x sin A x x, Y=A 2 cos A 2 y-\-B 2 sin A 2 y, 

T—A 3 cos Ac?+ 2? 3 sin Act ... (8) 
In view of 2nd and 4th conditions of (2), we conclude that 
X(o)=X(a)= 0, Y(o)=0=Y(b), 

thereby rendering the solutions (5) and (6) unable to give the solution 
of (1). 

As regards (7), the function A"(x) is a linear combination of sin 
A,x and cos Aj.v in which cosine is to be rejected in view of the condi- 
tion u— 0 at A*= 0 i.e. u(o , y, 0=0 and hence X(o)=0. We are left 
with X(x)=B l sin A a x=0 £S u(a 9 y y r)=0 gives X(a)= 0 so that 
sin A 1 x=0=sin wtt, m being a positive integer. Thus we get 


anC * similar, y ^2 >*=0 yields 

nr: 


A 2 =— for integral n. 


Consequently the required solution of tl) takes the form 
(A cos A n 


. , D . ^ . nmx . nny 

i t + B sin A mn r) sm— - sin ~ 7 — 
a o 


• ( 9 ) 
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where A and B are constants and A mn =A is given by 


re. 


> 2 / nmc \ 2 / me V 1 

mn ( a ) + \~b~) ■ • ( 10 > 

of S vJbr h a?ii a g n memb a /an?s med ** ° f characteristic value, 

B Jn'toch XS 0 ofm n fl nH d aCC0UDtlng for diffcrent instants A and 
iur eacn cnoice of m and n, we can write the solution as 1 


KirrusioN, wavb and Laplace’s equations 


*'tnc A mn -- 


4 f* f r/ > . mnx . my , , 

-Tbl J 0 F(x ’ y) S ' n — s »n -y-dxdy 


*— *■ [-£+£] 


1003 

. . • (17) 
...(18) 


U(X,y ’°- JL, „f, (A ™ COS x mn t+ B mn Sin x mn t) 


twix . nny 

sm ~ sm ~r •••ao 


B„ 


~abK» J 0 f 0 8(x - y) sin siD nr dxdy •••(«) 

Obviously the general term of ( 10 ) is a periodic function of time 

with period ~ and having the frequency 


2* 


-amirr •••<>» 


£*■» " rm . C j “ characteristic frequencies or eigen fremencies 
and the asioc, alert o S c,Il«i„„ s given by (8) are lermerUs ST, 

on mod ' ° r,he low ' 5 ' “<><*- 

bv C nt°^ ARY ' lf v W ® a f ume that the initial velocity g(x v)=0 so that 

& a sr clearly *--° and ^ 

. 00 00 

u ( x > y, t)= 2 2 a CO o a t cin m7lx • nn y 

m= 1 mn COs m " 1 s,n sm -y- ... (16) 


we^ aPPlyiDg * hC condition ( 3 ). i e - for ‘=0, u(x, y, o)=F(x, y), ft 

F(x,y)-*( x ,y, o)sB f f A^in^sin^ ’-...(12) 

1 n=l a b 1 ^ 

which is known as the Double Fourier Sine Series of F(x, y). 

Multiplying (11) by sin sin— ^ and integrating over the 

X r°ra T' y= °’ y=b WC fiDd thC V3,Ue of ^"*« C ^ 8lC 
Amn ~ab J 0 J 0 y) sin ~ sin ~^dxdy ...(13) 

Also differentiating (10) w.r.t. V and applying the condition (3) 

> e. for /=0 £ u(x, y, t)=.g(x, y), we get 


Note. Distinction between the behaviour of vibrating strings and 
membranes. 

I he main difference is that for every eigen frequency of vibration 
mi a string there exists a corresponding mode such that the string is 
•Imded into equal parts by fixed posited nodes, whereas for an oscil- 
kfmg membrane with a given characteristic property, there exists 
l»ni uts on the membrane which are at rest and they constitute nodal 
mrs. Since the shape of the nodal lines for a given frequency is not 
•hr tame, therefore for a given eigen frequency there may be more 
Hum one mode e.g. for a rectangular membrane with a*=b, by (14), 
M»r frequency is given by 


A mn = m 2 +n 2 =t y/ m 2 +n 2 where k=7 ic/a . . . (19) 

•ml by (10) the fundamental mode is Un=(i4u cos A n t+B n sin \ x t) 

. nx . ny . . /-x 

sm — sm— = — where A xl =ay/ 2 • 
a a v 

Hut u xl being zero for all t only when x=0, y=0, x=a, 
iherefore in the interior of the membrane for this frequency, there 
■Iocs not exist a nodal line. 

In case m=l, n=2 and m= 2, n= 1, we find two modes 


/a *\ ~ _ . . nx . 2rcy , 

n n —(A 12 cos A 1S t + B X2 sin A 12 /) sm — sm-^ 1 - and w al 

(a i , D . -v . 2nx . ny 

= (j 4 21 cos A 21 t+B 21 sin A 21 t) sin 

Imving the same frequency since A 12 ^A 21 = a 4 ! 5 for , 


( 20 ) 


w J2 — 0 and for x=-^ y u il =0 

Wc can thus show the existence of oscillations with the same fre- 
quency but different nodal lines. 

|//| Vibrations of a circular membrane. (Bessel’s functions) 

II we transform + ^ by the substitutions 

x=r cos 0, y—r sin 0 

- - P- f »™ if 7 % +7- W) -«> 

where u(r 9 0, t) is the deflection of the membrane. 
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brane, if the boundary is°the cirde 7=a ^ a , circular ™+ 

dition is a so ^ at the boundary cof 

r . , , . u{a ’ 0 > 0=o, /> o X 

et us take the initial conditions for 0 <r< a , -ir<e < 0 as ^ 
u(r,6,0)=F(r,e) ,.| 
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Assume that u(r, 0, t)=R( r )& ( 0 ) T(t) 


... ( 4 ) 

tm. il „ ,h, function of r alone, 8 ,ha. of » aLon. and T thatofl 
Then (1) yields 

L 1 dR 1 </2@ 

rR + P*@' ‘5p’ 


^ rf/- 2 + r /f //r + 3i»~ =— * 2 (say) as 


c 2 T c/r* 

variables are separated 
The terms in it being constant we can take 
1 

0 de 2 — m2 - 

and Vas h We haVe thc ordinar y differential equations for R, « 


PR , 1 

rfr + 


0 


d 3 @ 

~^p-+m 2 0=O 

d 2 T 

~d t r+c 2 Ar=o 

The solution of (7) j ( of the form ©=Z) e ±""« 

w=0, 1, 2,... 


•(«) 

• 0 ) 


• • • (I) 

•( 9 ) 

D being a constant, 


I 


Also putting *-Ar, (6) becomes 

t R ,± dR f 

** + s + ( 1_ "F j 7 ^ 0 • • • 00) 

TmIT?" and h ““ its geMral » 
^^;a5s 7 - W - W)+ ^-W 

deflection onhe^inemhrani 6 -™^ con l ra di c ting tbe hypothesis (hat 

containin 8 ll ch?os“ s " o so*Kmf ?“* ! ° a,0 ' <1 ,h ' 

B se * 2 ~-°’ so {hat 01) reduces to R(r)=K 1 J m (kj) 

The boundary condition (2) requires that ' ' * ( MI I 

R{a)~K 1 / m (Aa) = 0 i.e. / m (Aa)=0 . . ( ,jj 



Aimiming A 1? A 2 , A,,...a$ positive roots of (13), the general solution 
•I (H) is 

T—A cos cht+B sin A ct ... (14) 

With the help of (9), (12) and (14), the required oscillation has 
•hr form 

{A cos A ct + B sin Ac*}ei ,m6 ./ w (Ar) ... (15) 

I tying superposition and using distinct values of constants A and 
N for each choice of m and n , the general solution of (1) may be 

liken as 

OO 00 

u(r, 0, t)= 2 2 {A mn cos (cA mn /)+# mn sin (cA m „t)}. 

m— 1 n—\ 

e± im6 MK^r) . . . (16) 

which satisfies the conditions (2), (3) and (4). 

In case the equation (1) is radially symmetrical i.e. the solution is 
independent of 6, we have from (16) by putting m=0, 

w(r, /)= X {A n cos cA w r-f B n sin cA n /} J 0 (A n r) ... (17) 

w=*=l 

where A lf A ? , A s ,...are the positive roots of Jo(Aa)— 0 
Here (17) gives the general solution of (1). 

In case f=0, the initial condition (3) gives 

u(r 9 o)=F(r)= 2 A n J 0 (K n r) . . . (18) 

/i=i 

•ince F(r, 0) reduces to F(r) when independent of 0. 

Here A n is the coefiicient of Fourier-Bessel series determined by 

A -= TTsksrl! ■ ■ • < ,9) 

Also the condition (4) requires, 

00 

u t (r, o)= £ cA n i?„J 0 (A n r)==g(r), g being independent of 6 and 

/i-l 

hence B n are determined by 

fin= cA„a 2 ^ 2 (A n a) j 0 s(r)J n {Kr)rdr . . . (20) 

corollarv. If we take g(r, d)=u t (r, 0, o)«0 then (17) yields on 
putting t— 0. 


oo 


w(r, 0= 2 AiMKr) cos (A„c/) 

*=1 


. • • (21) 


oo 


where F(r)= £ A n J {) (A n r) and the coefficients A n of Fourier- 

B = 1 

Bessel series are given by 
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fi 2 / x a (A n a) f 0 F(r)Jo (h n r)rdr 


m u (J 

eJ„ h ftSS es < a' > ”“ y be “P™** 2 »* -»=an s of modes a, 

V, _gA, cA n i 

. , , 2tc 2tc ~2ua j| 

^Note “" damenta ‘ m ° dc ^ given by J 0 ( X, r) cos {\ct) 

Note. The generalized Fourier-Besse! series is ' ' 

m 


/(*)= 2 C m J„(A mn ) 
m=l 


where 


also 


^mn ~ 


-> n fixed and m«=: /, 2, 3. 


1 


a^n+lK 


„) lo Xf{X) Jn ^x)dx, m =l, 2, 3... 


Problem 27. Find the deflection u(y v 
h-i/A a—b—1 and c=l under the /vWv-’ ^ A ,he s< l uare metnbr , 
w zero and the initial deflection is ‘ the Mtial velodi 

F (x, y)=A sin nx sin 2~y. 

The boundary value problem is 


9 y 

dt 


- H =cf 

2 C L 


Pu 

,dx* 


+— 1 
+ 3y 2 J 


city 


where c a = 1 


• • (J) 
... ( 2 ) 


with boundary conditions «=() for x=0, *=l ) 

T= 0 , y=l ’ ’} 

and the initial conditions u(x,y, 0 )=F(x, y)= A sin ** sin 2ny 

°t <10, of 512.16. a, •' ' " 

0 ° 00 

u x j y, 0 2 2 A mn \ nn t sin mnx sin nny 

m=l n=l 7 


where Kn 1 -n 2 (m i +n*) and A mn =4A [* [* s i 
2w y sin nny dx dy Jo J o 

Clearly A mn = 0 where n is odd. 

ml ms 

Also A ni =4A 


sm nx sin mn\ sin 


and 


Jo \ 0 sin nx sin mnx sin 2 2ny dx dy 
sin nx sin mnx dx 

«=0 when n is even 

~ 2A fo *'“* nx dx ~ A - 
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Hence the required solution is 

u(x, y , t)=A 12 cos X 12 f sin nx sin 2ny 
~A cos V 5 t sin nx sin 2ny 
winch gives the required deflection of the membrane. 


II 17. SOLUTION OF THREE-DIMENSIONAL WAVE 
EQUATION 

I lie equation is 

d d 2 tt 1_ d 2 u 

dx - 1 0y 2 + 3z 2 W 

Suppose that we have to solve it under the conditions 

(0 =0 when x=0, x—a 

dx 


(//) ~j=0 when y=0, y—a 


(Hi) f W =0 when r«=0, z=a 
cz 

(/v) tf^O at r=0. 

Assume i/=A'(x) TOO Z(z) T(r) ... (2) 

Then (1) yields 

1 rf 2 * 1 d 2 Y 1 d 2 Z 1 d~T 

X dx- + Y dy 2 + Z <fz 2 _ c 2 T df ' ’ ‘ (3) 

Here variables have been separated. Hence each of the four terms 
In this equation must be constant say 

1 d 2 X y a 1 d 2 T - . 1 rf s Z 
A' </.v 2 ~ X ‘ ; 7 d> 2 ^ Z dz- “ 


in id 


_ 1 _ 
- T 


d-T 




= -X 1 so that A^V-bV+X,- 2 . 


Then we get 

■ X—A x cos (Xj x+«i), T=f4 2 cos (X, y+a a> ) Z=A, cos(X,z-(-« t ) 
and T—B cos (Xct+«) 

where A t , ^ 2 , /t 3 , 5, « lt a t , a, and a all arc arbitrary constants. 

Hence the solution of (1) is 

u=2/4 cos (X, x+otj) cos (X,y+a,) cos (X 3 z-(-a,) cos (Xct+a) 

... (4) 

However we can take the solution of (1) in the form 

H _. ^^i^X^+Xjy+Xji+Xcr) 
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Actually, 

and 


A*=V+V+V 

=A 1 cos \x±A 2 sin \x 
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( 6 ) 


^ =0 when x—0 implies A 2 ~0 etc. 

Then w— C cos A x x cos A 2 y cos A 3 z cos A ct 

The result (6) may be deduced from (4) since when 
x~0, sin a,*— 0 etc. 

If we now define as the gradient in the direction of th# 

normal of each face, we sec that the boundary condition (jV) holdi 

at /=0. 

du 

Also ^“O when a= 0, y=0, z= 0 and the boundary condition (/) 

requires that sin \a cos A 2 y cos A 3 z cos Act«*0 

N 7c 

i.e., sin \a=0 or A 1 a=TV r 1 7c i.e A 1= = jVj being an integer. 
Similarly A 2 =“~> A 3 =^ 37C an ~ ^i 2 +V+V 




As such (6) reduces to 


^ N 2 tz N 2 7Z 

u— C cos — - a: cos * — y cos ~=— z cos 
a a a 


Hence the general solution of (1) is 

N{k 


V V V ^ #1* M 2 7Z N z n 

L L L C xr xr .. cos - * cos — — y cos — — z cos 

iVl =i JV 2 =1 AV =1 N x N 2 N 9 a a J a 




Note 1. Cylindrical form of three-dimensional wave equation is 

d*u . 1 9m . 1 9 2 u . 9 2 m 1_ d 2 ju 

~c 2 0f 2 ' 


3fl 2 + 92 2 


0r 2 ^ r dr r' 2 

Assuming u=R(r). ®(Q).Z(z).T(t), (7) yields 
1 (d*R J df 
R \ dr 2 ^ r dr 


1 l&R _1 _l_^Z 1_ d 2 T 

■ ' 2 + - '»-/ + r s e <# + z * 2 - c 2 r *•"’ 


Taking 


1 r/ 2 0 




1 J 2 Z 


Z rfz- 

A*, n*, v 2 being const w nts, we have 


where variables are separated, 

2 1 3 . 2 J 

V ’ T dt 2 C A * ’ 


1 


|(JV, 2 +AV+iV3 2 ) 1/2 “® 
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1 (d*R 1 dR\ (i. 2 „ . 

* (^~+T dF ) - r 2 ’ =v A =_<x (say) glV1D8 


d 2 R 


+(“’-?) fi -° 


( 10 ) 


dr 2 

which is Bessel’s equation of order m and argument ar. 

Solutions of (8) and (9) are 
0=^ cos ja0 \ B X sin ^6, Z=,4 2 cos vz+i? 2 sin vz 
7W 3 cos Act + 2? 3 sin Act, / M (ar)+ j 9 4 T^(ar) 

Hence the general solution of 7, is 
u='LA /^(ar) cos (jl 0 cos vz cos Act 
where a 2 =A 2 — v 2 and the term 3V(ocr) may be included if required by 
the conditions of the problem. 

In case of axial symmetry, u is independent of 0 i.e. y fj.=0 and 
hence w=S>4/ 0 (ar) cos vz cos Act . . . (il) 

Also if u is independent of z, then v=0 and oc= A, hence 

u='LAJ 0 (\r) cos Act. ... (12) 

Note 2. Polar spherical form of three dimensional wave equation is 
d 2 u 2 du 1 9 2 w cot 0 du 1 d 2 u 1 d 2 u 
' ‘ 00 


0 r 2 + r 0 r ~^ r 2 002 + -2 7\(\ +, 


c 2 dt 2 


r* cw 1 r 2 sin 2 0 dfi 2 
Assuming [A=i?(r)0(0)<I>($r(t), (13) yields 

1 d 2 R , 2 dR , 1 </ 2 0 . cot0 d® , 1 1 d 2 ® 

r 2 sin 2 0 <b * d<f> 2 


(13) 


R dr 2 + rRdr~ r r-Q <W i " r r 2 0 dd 


As variables are separated, we can take 
1 d 2 & _ ... 1 d 2 T 

<D </0 2 
1 d 2 & 


1 d^T 
c l T dt * 


-m‘ 


and 


c 2 T dt 2 y 
cot 0 d® m 2 / , 

•Tr 56 -iEr 8 -" ( " +,) 


.(14) 

.(15) 

. (16) 

R dr 2 ~ rR dr ~ r* ~ y ‘ ’ ' (17) 

Solutions of (15) are <X>=cos or sin mcf> or c+^and T=^cospct 
or sin pet or e^ icpt 
Also equation (16) can be written as 

siol S> ( si “ * f )+{" ( ” + 1)_ SFe} ®=° • ■ • <18) 


0 d? 

where m, n, p are constants. 

(14) reduces with the help of (15) and (16), to 

1 d 2 R 2 dR u(n + l) 2 

P 


Putting cos 0=p, so that (18) yields 
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(l w~ 2 “ % +{"<“ +1) ^r=p }®=° 

which is associated Legendre’s equation, having the solution 
e=AP?( [ >)+B(£( l i)=AP? (cos e) + 52;(cos 6) 

If we neglect Q n , we can write ® = AP™ (cos g) 


• • ( 19 ) 

• • ( 20 ) 

..( 21 ) 


ADDITIONAL MISCELLANEOUS PROBLEMS 

d 2 U 

Problem 28. Solve r — ^ subject to the conditions u — \* when *=0 

3x- 

u=l when x=l 


{Bombay, 1965) 
dT 


Ans. u=x (1— X 2 )+X 2 when v^-=^(X). 

ox 

l a 2l F 

Prolbem 29. Transform the equation V 2v F =-»“ x-*r to spherical polar coordi- 

c 2 ot 2 

nates. If v p depends on r and t only, show that the equation can be written in 

the form (r^F^-v (r x Y). Hence show that the general solution is of the 
r 2 c £ ot z 

from 

'¥(r,t) = y{f{r-ct)+g (r+c/)} 

Explain the physical meaning of this solution. 

Problem 30. Establish the equation for heat conduction k\/ z T=~ . 

ot 

A slender rod whose curved surface is perfectly insulated stretches from x — 0 
to *=* co. Find the temperature in the rod as a function of x and t if the left end of 
the rod is maintained at the constant temperature 0°C and if initially the tem- 
perature along the rod is given by T[X , 0)=f{x). ( Bombay , 1965) 

Problem 31. Solve the partial differential equation for the vibrations of a square 

elastic membrane fixed at the edges , +-~^ \ Hr~ 

ox* oy * c 4 ot z 

The length of each side of the square is L, c is the velocity of elastic waves and 
u{x, y , z) is the displacement of the point {x, y) at time t normal to the plane of the 
membrane. 

Obtain the lowest frequency oj vibration if c— 10,000 metres / per sec. and L—\/2 
metres. {Agra, 1967) 

Problem 32. Solve the differential equation /Vr which 

X is a constant and the function y exists only in the region defined by 
0<y<k; 0<z</ 3 {Vikram, 1967) 

Problem 33. Solve the two-dimensional Laplace's equation \]^<f>=0 in the first 
quadrant i.e„ 0*^x<co and 0^y< oo, with the boundary condition that on the 
x and y axes {Agra, 1968; Vikram, 1969) 

Problem 34. Express V 2 in cylindrical and spherical polar coordinates. 

{Vikram, 1969) 

Problem 35. Write down the general wave equation. Solve it for a rectangular 
elastic membrane under uniform tension and fixed at the boundaries. What are the 
different modes under which it can vibrate ? {Agra, 1969 ) 


• » UNION, WAVB AND LAPLACE’S EQUATIONS 


1011 


Problem 36. Obtain the solution for a guided electromagnetic wave through an 
mklirlv long cavity of rectangular cross-section and discuss the limitations on the 
tmvutotion wave length. {Agra, 1969, 1970) 

Problem 37. Obtain the partial differential equation for the heat conduction in a 
mcous medium. 

I * . four faces of an infinitely long rectangular prism bounded by the planes 
!■ tt s <a, y—0 and y=b are kept at temperature zero. If the initial temperature 
mi'duition is ®o(x, y), find an expression for the temperature at a point in terms 
V * v and the time t , ( Bombay , 1970) 

Problem 38. What is meant by 'circular membrane'! Find a general expression 
same. {Bombay, 1970) 

Problem 39. Find an expression for the velocity of transverse waves along a 
0tt< It ed membrane. 


< circular membrane is under a uniform tension. Considering the wave equation, 
Mrftit Its vibrations. {Bombay, 1970) 

Pioblcin 40. Deduce the Fourier equation for one dimensional flow of heat along 

I h^lld bar. If one end of the bar is periodically heated and cooled and the bar is 
f ftrd with heat insulating material, find the temperature changes along any point 
i jthi bar. {Agra, 1970) 


Problem 41. Obtain the axially symmetrical solutions of the three dimensional 
! Withe's equation. {Agra, 1970; 1974) 

Problem 42. Calculate the potential due to gravitating ring of uniform density at 
lir lUtlnt of its axis. {Agra, 1970) 

Problem 43. {a) Explain the significance of spherical harmonics and discuss some 
0iwnl properties of harmonic functions. 

» (/• Determine the potential outside and inside a spherical surface which is kept 
0 0 fixed distribution of electrical potential of the form V—F(0). It is assumed that 
■f i pace inside and outside the surface is free of charges. {Agra, 1971) 


Problem 44. Solve the one-dimensional wave equation 


3 2 / 

a* 2 




string 


el l fifth l fixed at both ends. The boundary conditions are 


{/<*.') } t ^^T’ 0<x< T 

=~(l—x),y<X<l. 

Discuss the nature of the solution. {Agra, 1972) 

Problem 45. Write Laplace's equation in the spherical polar coordinates. Sofve 
equation by the method of separation of variables in the case of cylinaric 
Mmmetry. Use this solution to obtain the gravitational potential of a uniform ring oj 
}*/..<» a and mass m. Assume the ring to be made of thin wire. {Agra, I / , ) 

Problem 46. Solve the heat diffusion equation h 2 '\/~Q=-~for a semi-infinite plate 

i ... I<'il by the lines x =0, jc=00; y=0 and y=b. 6 is the temperature , t the time and 
h 0 . oust ant. The boundary conditions are prescribed by 


ii x, y , f)=-0 {y) for x==0 
• x, y, t)=0 for y—0 and y—b 


) 


0<f<oo. 


{Agra, 1973) 


Problem 47. Define the magnetic vector potential A and show that any electro - 
m$mtic field can be derived from this potential A and a scalar potential <j>. Prove 
tkui the two potentials satisfy inhomogenous wave equations of the same form. 

{Agra, 1973) 


1'ioblcm 48. Write Laplace's equation in cartesian, cylindrical and spherical 
Mn.linatcs. Solve Laplace s equation for the spherically symmetric case 

{Agra, 1975 ; 1976) 

Hint In addition to the solution of Laplace’s equation discussed in this 
ibnpicr, see relevant sections alongwith Problem 180 of Ch. 1. 


1012 


MATHEMATICAL PHYSIO 


The electromagnetic wave equation is (Agra, 19ft) 
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•^"vHkies 1 of the argument^ 1118 P ° WerS ° f X a “ d this Series is conver 8ent > for all 


00 


Y72J, — „ s ® 2 'J' 3J- 

7 * *“ IW-^TT 


=o 


cylindrical co ™dlnates’(r, 6, z^w^hav/ a “ d * iS inductive capacity. By § 1.45, | 

V 2 ^—- 1 l+ + J-!i + J_>?L + J!i 

9r z t Sr 1 ^^ a 0 2 +^T‘ 


M.re/ n (X)= j -^IL/ip 

,= 0 |i_ r («+ i +l) \ 2 / 

Another solution in terms of Bessel function of the second kind defined by 
1 


. • • (ID 


• • H) can be written as 

J_ JL / di> \ 1 92 ^ 

r dr \ r dr ) 


— — ( r li\_L 1 ^ 0 2 4 

r dr V 8r ) + r 2 lea’ + ’gp- 


I-l , »*<!’ w<l> 

+ r 2 802 +sW 


0«|l 

^87 


..( 1 . 


•0 


form 6 e ' ementary h ™ ic «*>««■ of this equation may be expressed ini 


’l>=F(r, 0) e ±ihz-iv>t 
where F(r , 0) is a solution of 

— — ( r JJLA , 1 9 2 F 

r dr \ r 8r /+ r 2 


Nn W= ^T^nW COS n*-/_„(X)] 


. . . ( 12 ) 


+ (&-&) F=0 


■..§ 
• • . (I 


which may be easily separated by writing 

F(r,0)=F 1 (r) F 2 (Q) ■ 

* « r M soh „ on! of ord . n>[y 

dr VUFj+iW-h*) r 2 — n 2 } F^o. 
d*F 2 „ 

~W~ +n ^=0 ■ 

■ 


and 


tti 


lh» «Iho be obtained. 

I’toMcra 50. Distinguish clearly between the phase and the group velocities. Find 
relation between them . (Agra, 1975 , 1976) 

I • I* generally observed that the notion of phase velocity is only applicable to 
■M* which are periodic in space i‘.e., the fields representing wave trains of infinite 
•killon. Denoting by <K z , /) the state of medium, such that 
. , . ikz—itot 

<f>(z,t)=Ae ...(1) 

H* Mirfuccs of constant phase or state may be defined by 
kz — or = constant 

•m.I i he velocity of propagation of these surfaces is given by 

v= £ = - by(2) ..-( 3) 

•Immc v is termed as phase velocity. 

Now to discuss the concept of group velocity; consider first the superposition 
If l wo harmonic waves differing very slightly in frequency and wave number, such 

Ini 

•h=cos (kz— co/) ... (4) 

<ta=cos [(k+8k) z — (6>+5 <o)/] • . . ( 5) 

I he resultant of (4) and (5) is 

'J'=4'i++2 = cos (kz— <o/)+cos [(k-f-8k) z—(o +$«)/] 

= 2 cos \ (z&k— /8co) cos [(k+£ 8k) z— (<o+£ So)/! 

an PvnrMcinn #V\r flip nKpti rxrnpn nr% * honte* 


... ( 6 ) 


physical requirements. 30 ma ^ chosen in accordance with — z cos $ \zok—io<x>) cos iA/c-t~$ ok) z— oco;rj ... to; 

™?solutions of equation (7) which is satisfied hv i r • Ik •*' 1, is an expression for the phenomenon of *beats\ 

J ir\/VT^^ 0n l whlch are generally reserved for that U nf!° n Mi ) N follows from (6) that the field oscillates at a frequency negligibly different 

* r - - - - * — 

* r . * u» orf.r Z“^°V^ F - Z - 

As such the particular solutions of (1) hoi nn • *•’ . 
constructed from elementary waves of the form * Periodic in t and 0, may | 

n = e im ^Z m (rVk?—h 2 ) edtihz—itot 


Wh itVn 6 Pr T a83lion constant h ^ a complex number. 

medium-cMstanu can^only 1 be P found' bT obs f ° f '' in u terms of frequency u 
cylinder r=constant or on a plane zicon^am 8 * he behavi °ur of^ov*. 

satisfies ^ P ^ 

d-Z„ , 1 dZ r / -2 


d>? + x ^r-'-y—v)z«=o a 

by * re '”'“ •««-> *■ >-o .«■ „ >ini J 

Clearlv the pviinH^r- r, — .. _ 


-+( 1 -$)z n =c 


M iuiiuws irom (,o; inai me neia < 
hMi <0, with its effective amplitude 

a«2 cos i (zSk— f$c») ... (7) 

9k< vlng slowly between the algebraic sum of amplitudes of the component- waves 
Uhl rero. 

Due to constructive and destructive interference,, the field distribution along 
♦ l*nr and space axes forms periodically repeated k beats* or ‘ groups ' , whence the 
•lit faces over which the group amplitude V is constant are given by 

z8k — /8o> = constant 


rloltling the group velocity as 


8c o 

U ~T = ~8k 




)*V 

y K 


... ( 8 ) 

•In. h follows that group velocity is the ratio of the difference of frequency to the 
difference of wave number. 

In case the medium is non-dispersive, 8k 8g>, so that the group velocity 

• nlucides with the phase velocity v. Of course, in a dispersive medium the group 
f*l<K,ity and the phase velocity are quite different. 

( onclusively the group velocity u differs from the phase velocity v in a 
»li«l»crsive medium, and if th^ dispersion is normal then u<Cv while if the dispersion 
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is anomalous then u>v. Also in the neighbourhood of an absorption band 
group velocity u may become infinite or even negative. 

Problem 51. Find the solution of the equation 

-L ^ ^ _ Af x 

dx a 2y2 + a z 2 t(x 9 y, 2) 

where <f>(x , y, z) /$ a known function. Discuss the uniqueness of the solution. 

( Agra , 

Hint. For its solution see § 1.59 where p has been regarded as a functi: 
x, y> 2 , 

Problem 52. Obtain the differential equation for the vibrations of So~ 
tring under tension , solve the equation and give the expression for the ve 
the waves in the string. {Agra, 

Problem 53. ( a) Discuss the modes of vibrations of a circular membrane . 

{b) Solve the equation p 

a t a** 

to initial conditions v=F(x) at t=0. {Roh ilk hand, l 

Problem 54. Using the met hod of separation of variables , solve Laplace eq 
to find the temperature inside and outside a sphere when its boundarv is at 
finite temperature t =/ iff ). 7 

F[ n d° u J tj*e permanent temperature within a solid sphere of radius unity 
one half of the surface of the sphere is kept at constant temperature 0°C ar 
other halj of its surface is at 1°C. ( Rohilkhand , l 

See § 12.6, 12.7 and 12.8 (see Problem 21). 


Problem 55. Derive the differential equation for the vibrations of a cl 
membrane and by solving it show that the allowed angular frequencies of vib 

are determined by the equation J m f* a ^ — J ^ n =0, 1,2,. . 

where a is the radius of the membrane, m is the mass per unit area of the 
brane and T is the tension of unit length. (Rohilkhand 

See § 12.16 [BJ. 

Problem 56. Discuss the method of separation of variables for solving 
dimensional Laplace equation in spherical coordinate system and hence fin 
distribution of the electro-static potential produced by conducting ring carr 
total electric charge . (Rohilkhand; 1 

See § 12.7 fB]. 


< IIAPTER 13 


i MAXWELL’S ELECTRO- 
• MAGNETIC FIELD EQUATIONS 

i 


13.1. INTRODUCTION 


It was due to Clark Maxwell that a change in the electric displace- 
ment vector was supposed to be equivalent to an electric current 
known as displacement current. The total flow obtained by the resul- 
lant of displacement current and conduction current (which arises out 
of the actual motion of electrons or electric charges) was supposed to 
he such that the total flow into any surface' would invariably be zero. 

In fact the equation of electromagnetic field have not yet been 
finally established, but we have used the fact that when there is a flow 
of steady current, then 

Curl H=47ij ... (1) 

where H is the negative field and j is the current vector. In case of 
those electromagnetic fields where the flow of current is unsteady, the 
equation ( 1 ) is insufficient and requires modification for unsteady 
flow of currents. 


Since we know that div curl H=0 ... (2) 

.'. (1) yields, div j=0 ... (3) 

which is always true in case of steady flow of currents. 

But in case of unsteady flow of currents when generally div j^O, 
the equation of continuity of charge taken in mixed units, is given 
by 


or 


div j= — — ~t~~~ (wr div where div D=4 ttp 
J cdt 4t ic \8t J 


,.(4) 
. (5) 


1 0D 

or div J=0 where J=j+^- 7 -- - • • ( 6 ) 

Here p is the free charge density at a scalar, point, D is the Maxwell s 
electric displacement vector and J is called Maxwell's total current. 

0 

Since the operators div and are commutative, it therefore 

follows that J is a quantity whose divergence is always zero and in 
case of steady current flow J reduces to j. Conclusively in (l),/ should 
be replaced by J in order that the result (1) will be valid for steady as 
well as unsteady current flows. We call j as conduction current and the 
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part of J as displacement current . 


If P be the polarisation of the medium, then we have 
D=E+47 tP, E being electric field 


As such (6) yields J=j+y f + 4 “ ff 


The part of coming from ~ is known as Polarisation 


1 0E 

current and that from the ether displacement current or dis- 


placement current in vaccum . 

The modification of (1) is supported by experiments and the 
electromagnetic theory of light based on Maxwell’s electromagnetic 
field equations, is given a sound theoretical basis by replacing j by J 
in (1) whence we get 


Curl H=4ttJ=4rrj+— ^ 
c ct 


(9) 


Here the term — g- assumes importance only if is of the 


where j and H are measured in e.m.u and D in e.s.u 
and c—3 x J0 10 cm/sec. 

1 3D . . .„0D . 

8t 

0D 

order of c, otherwise it may be neglected if is small as compared 

to c. Those unsteady states in which the last term in R.H.S. of 
(9) may be neglected are known as quasi-unsteady states . Dealing 
with very high frequencies as compared to ihat of light, the displace- 
ment current has considerable significance. 

If we now introduce B as magnetic induction of the medium, given 
b y B=fxH . . . (10) 


then (9) reduces to curl B=4^p.j4- — ^ 

c ot 


.(id 


Using Gauss’s, divergence theorem, it follow from (5), 

/ O + stf )"' 8 - 0 


( 12 ) 


13.2. MAXWELL S EQUATIONS FOR ELECTROMAGNETIC 
FIELD 


As already discussed in §13.1, taking Gaussian units or the mixed 
system of units such that the quantities D, E, p with allied quantities 
are measured in e.s u. and the quantities B, H, j with allied quantities 
in e.m.u, the differential or local form of the electromagnetic field 
equations of Maxwell in accordance with the elementary laws of 
electricity and magnetism laid by Gauss, Faraday, Ampere and others 
can be summarised as follows: 




... (7) 

... ( 8 ) 


*,,vVlll.l/S BLBCTROMAGNETIC FIELD EQUATIONS 


1017 


i uvrrgence equations div D= V .D=4^p 
div B=V.B=0 

1 3D 

i (rcuital equations curl H=V xH=4^j+— ^ 


..( 1 ) 

.( 2 ) 

• ( 3 ) 


_ 1 3B 

curl E= V X E= — — gy 


(4) 


1 


tfcrc the equation (4) is the generalized law of induction. 

I line equations are considered in association of the following sub- 
$4biry relations or macroscopic constitutive equations 

D=*E • • • $ 

B=t*H • • • 

j = oE ... (7) 

vltnr K is the dielectric constant, p- is the permeability of the medium 
m.I •> is the conductivity of the medium. Here j, a, E are measured in 
mixed units, but if j is in e.m.u. and a, E in e.s.u. then we have 

| ^ , also if j, are in e.m.u. and E in e.s.u, then j=*C(jE. 

In addition to the above, few other quantities such as the scalar 
intent ial i and magnetic vector potential A defined by 

B=curl A ...(8) 

1 3 A -v* 


E= — 


c dt 


... ( 9 ) 


•tr also required. 

Since (8) does not provide the unique definition of A, therefore we 
•M|iplcment it by div A=0 (in steady states) and 


div A+-^ 0 


( 10 ) 


Here ^ is in e.s.u. and A in e.m.u. 


III. TO SHOW V.D=47tp. 

Wr know that the molecules of dielectric substance are formed of 
• luirged entities, such as atomic nuclii and electrons and hence when 
dielectric substances are inserted in the field of electromagnetic 
*«vcs, the charged entities are displaced in opposite directions ot 
ilinr mean position i.e. 9 the dielectric is said to be polarised. Such 
iHilarised charges form an electric dipole. Let r be the separation 
It tween positive and negative charges in each dipole and oq the 
in ignitude of eaph displaced charge; then the electric moment say a p 
tif dipole being r Sq is defined over the elementary volume 3K as 


d *=\w xdq 


( 1 ) 


Let us introduce the polarisation vector P as the resultant of the 
•Icctric dipole moment of molecules per unit volume t.e. 9 


P=Lim %, 


- 


SF-M) dV 


( 2 ) 


the volume V is J^div P dV= 0 . We thus have 


L 


,div P dV= 


P JV 


Jv — J„ 

Using Gauss’s divergence theorem, this yields, 
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Now representing the charge density of the charge 

a a 

J y P p dv • Also the net charge diverging out of the element 
volume SF in this dielectric being div P. 8 F, the charge carried out * 

1 

w ere n is the unit outward drawn normal to the surface element 
ou?wLd C ekctric 8 fiel?fl aSS,S the ° rem of electrostatics, the total nort 

a ' bi,rary ^ Surfa “ “1 

J 5 E d dS=4n. (total charge enclosed in volume V 
Now there are two types of charges inside V. i 

deisity h p^ ee 3rge ° f dCDSity p and (e > the Polarised charge 

•'* L E n dS= * n [{ K P dv +\ y 9 P dV^ 

= 4,t [J k P dv ~j s P.n by ( 4 ) 

(E-f4rcP).n dS^-4-nj ^pdV 

D.n dS=4n J^prfF by (7) of §13.1 

Hence by Gauss’s divergence theorem, [ div D dV= f 4r.?dV 

jv Jv j 

which yields div D= 47 t P . ; ; ’ J 

Note 1. In case of an ordinary dielectric i.e. a dielectric free frot 
charge, p =0 and hence div D= V.D=0 V 

Note 2 . By (7) of §/.?./, we have D=E+4~P=E J~ 1 -f 4 :r —"1 j 

which follows that ^ E fl 

p * * 1 'V 

where K— 1 + 4 ^.-- and known as dielectric constant of the mediii 

13 4 . TO SHOW DIV B=0 

?he C s e u t rfai il inL 0f f ? T< ? are either closed or 80 off to infinity, therefj 
urface integral of magnetic induction B over a closed surface 


or 


or 
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zero, so that ( 6 ) of § 13.3 reduces here 

B.n dS= 0 or div B = V-B=- 0 . . . (1) 

Note. Since B=[aH .*. (11) yields V.H=0 . . . (2) 

13.5. TO SHOW CURL E • 

According to Faraday’s law of electromagnetic induction the induced 
E.M.F. around a closed circuit 
In negative times the rate of 
change of total flux <f> of the 
magnetic induction B through 
the circuit. Induced E.M.F. 

\d± 

1=3 c dt 

Also if E be the electric field 
in the direction d\> then 
E.M.F. =2E.rfl ... (2) 

If we consider an elementary 
rectangle PQRS with sides 5 y and 
bz as shown in Fig 13.1, then 
around it we have 

E.M.F. M 


...( 1 ) 



charge 

[E z (y+dy)-E, (y)] dz-[E„ {z+dz)-E v {z)] dy 

8E. 


dE s , , 

=~ 5 — dy dz 
dy 


dz 


dy dz 


(3) 


dEz 


V Ez (y + dy)—E z (y) + -g y-dy by Taylor’s theoren 


Also SErfL 


1 d<f> x 


1 3 B x 


dy dz 


• (4) 


c dt c dt 

Hence from (3) and (4) equating the two values of E.M.F., we have 

-=curlz E 


135 .. . 3 Ez 

-7 ir**— sr 


dE y 


Similarly 


1 dB. 


——curl E and 


dz 

1_ dB z 
c 


- curl z E 


c dt ~ c dt 

where B x , B y> B z are components of B along principal axes. 
Combining the last three relations we can write 

Note. In case of free space when pi=l and B=H, (5) yields 

1 8 H 
c dt 


(5) 


Curl E= 


( 6 ) 
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13 6 Sq Y uations NTERPRETATION of maxwell s I 

Consider div D=4 tt p , which may be written as 

jdivD dV=4nUdVi.eJ D.rfS=4*f P dV by Gauss’ diver- I 
gence theorem. JS iv 

It follows. Gauss’s theorem i.e., the flux of the displacement vector 
^rkc^rgein^^ S *’ P ro P ortional <° the total 

The equation div B=0, may be written as 

js ®-^ s= 0, by Gauss’s divergence theorem 

which follows: Magnetic flux theorem i.e., the total normal magnetic 
induction across any closed surface S is zero 

Also the equation curl H=47tj+-L^L can be expressed by Stoke’s 
theorem, as 

, “ 4 ’iO + 4S?®) 1,5 , 

total current in the circuit. 

Lastly the equation curl E=- can be written by the help of 
Stake's theorem, as 

H E " s -J(-I«r)- « f c Edl — rjir - Js 

which is Generalized law of electromagnetic induction i.e., the total 1 
electromagnetic force around a closed circuit C is equal to -1-times the 
rate of change of magnetic induction through C 

13.7. DECAYING OF FREE CHARGE 


1 3D 


c 8t 


I 

Consider curl H =4*j+-|>-and j=aE in e.s.u. or e.m.u. throughout. 


D=AE 


Elimination of j yields, curl H=4 tc<tE+ ^5- _ 

3/ ~ K 

•• di "c“r | H-div(^“ + |®),0 

Which with the help of D=47.p, gives ^L p + |p =0 or dt 

K Ct p K 

It yields on integration, p=p 0 e-'/ 7 ’ ... (1) 
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K 


where p 0 is the charge at any point /==0 and r=--^ , Tbeing known 
•m time of relaxation. 

It follows from (1) that charge dies out exponentially at a rate 
quite independent of any other electro-magnetic phenomena taking 
place simultaneously. In most ordinary case we take p=0. 

1 18 POYNTING VECTOR 

Since the electromagnetic effects in a field are completely attributed 
to charges at rest or in motion and a charge moving in a field 
experiences a force so that the work is done on the moving charge 
by the forces of the field, we therefore claim to determine the rate of 
change of energy on account of the interaction of the field and the 
charges in it. 

Let E be the electric field and B the magnetic induction at a point 
In the field occupied by a charge moving with velocity v. Also let p 
be the charge density and dV an element of volume at the point 
under consideration. Then the force on a charge p dV (charge on the 

t vxBl 

E+~— - — I p dV. 

"* vxB T 

The rate of work done on this charge= EH — - — Up dV 

=(E.v) p dV V (vxB). v=0. 
the total rate of work done by the forces of the field in the 
region under consideration. 


= | (E.v) p</F=c j (E.j) dV in mixed units, since pv=jc 

18D 


curl FI- 


JI 

4 tcc dt 


) 


V by Maxwell’s equations. j=-^~ curl H- 


1 3D 

4 nc 3 1 


dV 


. ~i\y (<liv(HxE)+H.CU,l E} dV- A- j F ( E.-f&) dV 

V E. curl H=div (HxE)+H. curl E 

- ^iv diV<HXE) dY-± 

Hence using the Gauss’s divergence theorem and Maxwell’s 

1 0B 

equation curl E= — — — , we have the rate of change of energy 

- -r J s < HxE >- Jr +E ' ~f -) dr • ■ • <» 

Regarding (x and K as independent of time, we can write (1) as 
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9 r i r 

~~ ~97j v 8^ .D) dV= (ExXj. </S+Rate atwhich 

field is doing work 

•-T «•»-«•“ »»d|-<E.D)-2 E .-® 
We conclude from (21 that the electromagnetic energy of the field per 
unit volume must be taken as-— (B.H+D.E ) (3) 

ene^v^LTf/l 011 (2) e i presse l s *!“, People of conservation of 
th fi 1 1 °4 n the ngh i of (2) represents a rate of flow of 

radiation-energy outwards across S, the surface enclosing V. 

The vector (say) II=— (E X H) , (4) 

™hirWh/ S Ra(lia . nt vector or Poynting vector and it gives the rate at 
which the energy is radiated across unit area. 

* 

It is notable that II is normal to the plane of E and H and it is 

«fT? Ue SmCe also satisfi es (2) because V.A=0. Also the 

flux of II across a closed surface is only significant. 


13.9. POYNTING THEOREM 

The rate at which the electric energy in any given region is increasing is 
equal to the Integral j ][/ ( y Y-9Z)+/m (a Z-yX) + n &X-*Y)] 

clil a es7ftZVwoJ° Unda 7 ° f [ he ° r J gi ”’ h m ’ n beinS the direction 

cosines oj the inward normal to the surface element dS:a By being the 

c SufoL of magnt,k force ani X - r - ZM * 

retfons^auS " a 8 n ' tic energy is not confined to the 

ovpr tl wS d by c’ C charges ’ ma gnets and currents but spreads 
over the whole space, the magnetic kinetic energy T and electric 
potential energy W of an isotropic medium are givfn by 


T 8?c II | p i a2 +P 2 +Y’) dx dy dz ... (l) 

K(X 2 +Y^Zfdxdydz ... (2 ) 

in ^y U c n ?S t ?e a gion e is, ner8y * ,0CaHZed “ 3 ” edium ’ the ‘° tal ener ^ 

T+W= \\\ {§- (* 2 +^Z 2 )+|-(«*+(J3 +Y 2) \dxdydz... (3) 
Differentiating itjind replacing pa, by a, KX by A he/, etc., we get 





dz 
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4 n 

•Mr 

(Mil 


i !!![*© •>** 


c^fiuX+vY+wZ) dx dy dz 

1 da. dZ 

c dt ~ dt 


..(4) 


dY t 

s 


4tt 




dy dz 


etc. 


Here w, v, w are components of ordinary current at any point, which 
|| induced by the moving electric charges. 

I hr last term on the right of (4) gives exactly the rate at which 
fen l is done or the energy is dissipated by the flow of currents so 
(If »ii (he iirst part of this must represent the rate at which energy flows 
iilln the region from outside. 

Hence using Green’s theorem, the first part on the right of (4), 
1 1# 1 1 1 s 

I ' ^\\\[4^w- Y '< )+ ^ iY ^- Za)+ i dy dl 

JJ[ /(Zp - Yy) + m{Y-i - Za ) + n (Ya—Xfi)] dS. 

I'roblcm 1. If L he a vector satisfying the equation 


V 72 Y 4 reap 0Z Afp 9-’Z 

v L= ~T~ dt + c 2 dp 


( 1 ) 


ihiti show that the field may be defined by the equations : 

A=4"apZ+ — — 

tf>=— div Z, 

E=curl curl Z, 

B=curl A 

Ku. di 

n have fropa (2) and (3) div A J r 4" a — — „y =0 

.Inch is one of the Maxwell’s equations. 

Again from (4), we have E=grad*div Z — V 2 Z 

=— grad b y (U and ( 3 ) 

. , 1 0A 

= — grad <f> ~~~)f 

which is another Maxwell’s equation. 

Also curl B=curl (curl A) by (5) 

. , / , ,, A’HZ 

=curl curl I 4rcapZH — - — gy- 


( 2 ) 

(3) 

(4) 

(5) 


) by (2) 


=4rtap(curl curl Z) + ^ (curl cur * ^ 


= 4rrap E +~ b y ( 4 ) 
. . p 9D 

- 4 "W + 71T 


Y aE=j and &E=D 
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This is also one of the Maxwell’s equations. 

Hence the given equations define the field under consideration. 
Problem 2. Initially the electric and magnetic fields in free spit 
are E y (x, 0)=sin ax 9 H z (x, 0) = sin ax. Find E y as function of timi 
We have discussed in the previous chapter that the most genfff 
solution of one-dimensional wave equation is 

E v (x 9 t)=f(x+ct)+g ( x-ct ) . . • (I) 

Ez (x, t)=-f(x+ct)+g (x-ct) . . ,01 

The negative sign being taken since E and H the directions »- 
propagation from a right handed system. This is also justified on a 

1 3H 

ing Maxwell’s equation curl E= — ~~*jf ' 

At time f=0, we have E y (0, t)=sin ax—f(x)+g(x) by (1) 

E z (0, l)=sin ax=—f(x)+g(x) by (2) 
solving /(;*)= 0, g(x) = sin ax. 

Hence E v ( x , /)— sin a (x— c/)is the required solution. 

Problem 3. Show that a plane polarised electromagnetic wave 
H ■\- ke p,Jra r , satisfies the equation H—0 only if n is perpendicular to 
Take, H*=H 1 i+H 2 j+H 3 k 
K=*i i+K 2 j+J^k 
n=«! i+n 2 j+w 3 k 

and l=xi+.yj+zk 

dH l 


T 

T 
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n.T=n l x-\-n i y- s r n z z and 

a 


and div 


H=(i. 


dx 


+j. 


dy 


dx 

■+k. 


= -^1^ e l '^+' n r )=/7 1 K x e i{ P^ 

)(^ii 


_3_ 

dz 


i+H 2 j+H z k) 


8H 1 ?H 2 3 H, 


f-07 =«'' (/, ' +n - r) {», K^n 2 K 2 +n z K,} 


dx T dy 

=n.Ke i( J >t + n - r ) 

div H=0=»n.K=0 i.e., vector n is _L r to K. 

ADDITIONAL MISCELLANEOUS PROBLEMS 

Problem 4. Show that Maxwell's equations for free space are satisfied by 

«=T i(^^x k ) ;E =- k (^)|if + ^ <**,,) 

where k is a unit vector along z-axis and $ satisfies ® ^ . 

Problem 5. If k is a constant vector and <f> is a scalar function of position and 
time t, show that c 2 E=c 2 (k.V)V^— k’& cH^--~(V0 x k) satisfy Maxwells t 
thus in free space provided that <j>=c 2 S7'<f>. 


Ml INTRODUCTION 

W# know that all the physical laws deal with the characteristics 
|»4 rrrtain objects in space in the course of time, while the 
ptitlion of an event or the position of a body is described by 
I lultuble frame of reference which constitutes a conceptual frame 
toik rigidly connected with some material body or a well defined 
Mil. Since all the bodies cannot become suitable reference sys- 
mi, therefore the choice of the reference body always played an 
Kportant role in the development of science. The heliocentric frame 
reference introduced by Galileo was not accepted until the time 
••f Newton who gave a rather comprehensive presentation of it, with 
help of his pail experiment. He filled a pail with water and twisted 
m rope supporting the pail, around its axis, so that the water 
IMilually came into rotation with its plane surface shaped into a 
traboloid. Ultimately when the water gained the same speed of rota- 
fc'ii as the pail, he stopped the pail so that it gradually and even- 
mWy came to rest to resume the shape of a plane. Evidently the 
Ml f nee of water is not influenced by the state of motion of the pail, 
Nil I he deviation from a plane increases with the deviation from the 
•articular state of motion. This whole process is based on the frame 
•*( irfcrence connected with the pail while the angular velocity of 
ilia pail is related to a more suitable frame of reference say earth. 

I here are frames of reference known as inertial system with 
»M|*ct to which the law of inertia takes its familiar form i.e. in 
Iprnce of forces, the space coordinates of a mass point are linear 
font lions of time, whereas there exist another class of frames of 
Whence in which the space coordinates are not linear functions of 
Hfflf. According to laws of mechanics all the frames of reference 
ti»t. h are inertial systems are equivalent for describing the nature 
•ml for formulating its laws. Such a notion leads to the ‘Principle 
•I Relativity’. 

I he development of Maxwell’s electromagnetic field equations was 
Mfld apparently incompatible with the principle of relativity, 
•Hurtling to which electromagnetic waves in empty space should 
iNipugate with a constant velocity c— 3x 10 10 cm. I sec. But it was 
in! found true with respect to both of the two different inertial 
•ulnns, moving relatively to each other. Consequently several 
•*p< i iments failed to find such a frame of reference with respect to 
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which the speed of electromagnetic radiation would be constant 
all directions so that absolute rest absolute motion etc,, might 
defined and with respect to which Ea rth’s motion could be del 
mined* One such an experiment is due to Michelson and Money. 

Lorentz conceived the existence of one privileged frame of t,c £ e ^® 1 
which could not be demonstrated experimentally and he had 
introduce several assumptions in the support ol his theory. Fin|| 
Albeit Einstein recognised that the revised fundamental com 
about space and time would be capable of resolving the impatl 
between theory and experiment. This is that revised concept i 
Einstein, which is now known as Special theory of relativity and w! 
establishes the fundamental equivalence of all inertial systei 
According to Einstein there is nothing like absolute motion , but 
motions are relative and hence the physical laws are independent 
the motion of observer. Einstein also ruled out the concept 
‘absolute time ’ and time varies from one inertial system to anotl 
inertial system. He also ruled out the concept of c absolute spa 
since the time is not absolute and therefore the distance between t 
points measured in two inertial systems cannot be absolute as 
evident from the Galilean Transformation. 

Suppose S, S' are two frames of reference, one at rest and | 
other moving with uniform velocity v, O, O’ are two observers i 
the origins of S and S' respectively, observing the same event at 
whose coordinates are ( x , y , z, i) w.r.t. 6 and (x\ y\ z', t') vv.t 
O'; S, S' being supposed to be parallel to each other and thol 
origins being coincident at £=* 0, 0. There arise two cases: 

Case L Let the frame S' have the velocity v w.r.t. 5 in the dii 
lion of X' only. Then O’ will have velocity v along X'-axis only 
that both X and X’ axes coincide and consequently the two sysh 
can be combined to each other by the equations 
x f =x—vi 9 y’=z*y,z f =*z,f=i 

Case li. Let the frame S' have the velocity v along any strain 
line in any direction. Then if v 3 , v v , v 0 be the components of v ale 




Fig. 14.1 


Fig. 14.2 
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y, z, axes, the two systems can be related by the equations 

x' ~x—v x t, y'=zy—v v t 9 z'=z—v z t , t'=t ... (2) 

(I) and (2) constitute the Galilean Transformations. 

In either case the distance being expressed in terms of time, which 
In not absolute, it is clear that the space is not absolute. 

The theory of relativity is studied under two heads: 

(1) Special theory of relativity. Which deals with inertial systems 
i f. systems moving with uniform velocity. 

(2) General theory of relativity. Which deals with non-inertial 
systems i.e. systems moving with accelerated velocity. 

In this chapter we have only to deal with special theory of 
relativity. 


14 2. BASIC POSTULATES OF SPECIAL THEORY OF 
RELATIVITY 

(Agra, 1969) 

There are two basic postulates of special theory of relativity: 

I. The principle of relativity. The natural physical laws preserve or 
retain their form for all inertial frames i.e. they retain the same form 
relative to all observers in a state of relative uniform motion . 

This postulate is an extension of the conclusion drawn from 
Newtonian Mechanics i.e. the velocity is not absolute but it is 
relative as is evident from the failure of Michelson-Morley experi- 
ment performed to determine the velocity of earth through ether. 

II. The principle of constancy of velocity of light . The velocity of 
light in vacuum is independent of the velocity of observer or the velocity 
of the source i.e. it has the same value in all inertial frames. 


This postulate is not true according to Galilean transformations, 
but is verified experimentally that the velocity of light calculated by 
any means remains constant. It is this postulate, which draws a 
demarkation line between the classical theory and the theory of 
relativity given by Einstein. Of course, the constancy of velocity of 
light requires the following axioms as to introduce the transforma- 
tion laws: 


(i) The velocity of light c must havQ the same value in all inertial 
frames. 


(it) The transformations should be linear and approaching to 
Galilean transformations for low velocities i.e., v <<c. 

(Hi) The transformation laws should be independent of ‘absolute 
time’ and ‘absolute space’ notions. 


14.3. LORENTZ TRANSFORMATIONS 

(Agra, 1962 , 67, Kanpur, 69) 

H.A. Lorentz introduced transformation equations relating the obser- 
vations of position and time taken by two observers in two different 
Inertial frames, in order to satisfy the above axioms. 
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Take S , S' two inertial frames of reference such that S' is moving 
with uniform velocity v along X'-axis relative to S. Let O, O' be two 
observers in two systems, situated at their origins. If we consider the 
two sets of axes X, 7, Z and X ,' 7/ Z' parallel, then the choice of 
the origins of the two systems falls in taking their origins coincident 
at /=0, /' = 0. It is also convenient to take X, X' axes of two systems 
coincident, so that the velocity of S' is permanently along X-axis. Let 
the two observers 0, O' observe the same event at P whose coor- 
dinates are (x, y , z, /) w.r.t. S and (*', y', z', t') w.r.t. S' ( see 
Fig. 14.1). 

With these assumptions clearly, points which are at rest relative to 
S' will move with speed v relative to S in X-direction. Particularly 
the point at x'—O will move with speed v in X-direction i.e. x'=* 0 
will be identical with x=vt , so that the first of our transforma- 
tion-equation is 

x' — cl { x—vt) . . . (1) 

where a is a constant to be determined later and vt is the distance 
traversed by S' in time t along X-axis. 

Now velocity of S' being along X-axis only, it follows from 
symmetry that 

y'—y and z' — z . . . (2) 

This set of equations is not complete, unless we formulate an 
equation connecting t' the time measure in S', with the space and 
time coordinates i.e . x , y , z, / in S. Due to homogeneity of space and 
time, t' must linearly depend on /, *, y, z but for reasons of symmetry 
we assume that t ' does not depend on y and z, otherwise two clocks 
in S'-system in *'—-0 plane would appear to disagree as observed 
from S and hence we take 

yx ... (3) 

where (3 and y are not merely constants but are functions of v and are 
to be determined along with a. 

Let us now assume that the event P is a light signal, produced 
when both t and t' are zero and when origins of two systems 
coincide. Also let the light pulse produced at t-0 spread out as a 
growing sphere such that the radius of wave front so produced grows 
with speed t*. But the velocity of light in both the systems being the 
same i.e. c in all directions, the progress of the spherical wave front 
is described by either of the following equations: 

x*+y*+z 2 =c 2 t 2 ... (4) 

x' 2 +y'*+z' 2 =c*t' 2 ... (5) 

Substituting values of x ' , y' , z' , t ' from (1), (2) and (3) to (5), we 
get 

a 2 (x— vt) 2 +y 2 +z 2 =c 2 (P/+yx) 2 

or (a 2 — c 2 Y 2 )* 2 -\~y 2 -\-z 2 — 2xt (a 2 ^+c 2 p T ) = (c-p 2 -a 2 v ? )/ 2 ... (6) 

The equations (4) and (6) representing the same motion are 
identical and hence comparison of various coefficients, yields 
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a 2 — c ? y 2 = 1 . . . (7) 

a 2 v+c 2 Py-’O ... ( 8) 

c 2 ,3 2 — a 2 v 2 =c 2 ... (9) 

Multiplying (7) by v 2 and then subtracting (8) from it, we have 

v(1+c 2 y 2 )+c 2 P t =--0 ...(10) 

Again multiplying (7) by v 2 and adding it to (9), we get 
—v 2 (1+c 2 y 2 )+C“P 2=j c 2 

Now multiplying (10) by v and adding it to (11), we find 

1-P 2 


P 2 — 1= — vPy i.e. Y : 


vp 


.(id 

( 12 ) 


Elimination of y between (10) and (12) gives 

Or ^2 + C *(p2_l)2 + c 2p2(l_p2 )=0 

or £ 2 £ v 2 -f-c 2 — 2c 2 J+c 2 =0 giving p 2 = —7 ^ 


‘-7. 


(t3> 


With the help of (13), (9) yields (on taking positive roots only) 


c- — v 2 


- = P 2 so that a=[3 = 


In view of (14), (8) gives 

— a-v _ — av _ — Pv 

T c-p c 2 c 2 
From (12), (14) and (15), we get 
Y _ 1 -ft 2 - Pv v 

' vp C 2 

Also by (8), 


J 


“J >-$ 


a 2_ £§X— p2_ 


1 — 


(\4) 


(15) 


(16) 


(17) 


In view of these results, the transformation equations (1), (2), (3) 
become 


vx 


x—vt 


* 7 ^ 


, y’=y, z'=z and t'= 




( 18 ) 


These are known as Lorenfz transformation equations. 
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Inversely, we have 

vx' 

x== y=y ’> 2 = 2 ' and f= / • • • m 

These are known as Lorentz inverse transformation equations. 

A look at the transformations (18) and (19) reveals that S has the 
relative velocity— v w.r.t. S'. This conclusion is not trivial since 
neither the unit length nor the unit time is directly comparable in 
S and S'. 

In case v is very small then v/c-> 0, so that by (14), P->1 and then 
Lorentz transformations reduce to the Galilean transformations i.e. 

x'=x-vt 9 y'=y, z'=z, t’=t . . . (20) 

If v>r, then Lorentz transformations give imaginary values of 
x' and t' leading to an absurdity and hence v cannot be greater 
than c. 

v 2 . 

Again if v< <c so that is negligible, the Lorentz transforma- 
tions take the form 

VT 

x'=x—vt, y'=y, z'=z and t'=t— . . . (21) 

In view of the transformations y'=y and z'=z so that 
y 2 + z 2 =y' 2 +z' 2 ; (4) and (5) yield 
x 2 -cV~x' 2 -c 2 /' 2 ...(22) 

We may also write 

x 2 +(ict) 2 =x' 2 +(fct') 2 , where z=V — 1 ... (23) 

Now using the conceptions of four-dimensional geometry and 
imaginary rotations, we can determine a necessary connection between 
two sets of coordinates (x ly x 2 , x 3 , xj and (x x \ x 2 \ x 3 ', x A ). 

Setting x=x u x'=x x and /cf=r 4 , ict'=x A \ (23) can be written as 
*i 2 +V==*i' 2 +* 4 ' 2 . . . (24) 

Geometrically interpreted if x x , x 4 and x x \ x A form two rec- 
tangular sets of coordinate axes, with the same origin, then L.H.S. 
and R.H.S. of (24) separately give the distances of the points (x x , x 4 ) 
and (x Xi x A ) from the same origin. Consequently either the two sets 
of axes coincide or are inclined at an angle 0 (say) with each other. 
In later case we can express 

x x '=x x cos 0+x 4 sin 0, x 4 ' = — x x sin 0+x 4 cos 0 ... (25) 

Of course, as is evident from (24) and (25) a circle in original set 
retains its shape in the rotated set and the coordinates in two sets are 
connected by circular functions sin 0 and cos 0. 
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l( wc conceive of an object at rest in S, moving with velocity v 


• i t. S' then we can write 


dx x 


=0 and 


dx 


dt 


dt' 

J , , , . , , ^ cos 0+sin 0 

< /x 1 __ dx x j dx^ __ dx A . q 


v, so that 


dx/ dx, 


’ j dx,' 

l / dx 4 


’•I 


dx x 
” dx A 

dX 4 , n 

—i-== —tan 0 
dx A 


sin 0+cos8 


dx 

Hut when x=x x and x 4 ==rc/, ~^—=v gives 


dx x _ dx x 
dx A dt 


_dt_ 

dx t 


V ' ic 


(26) and (27) give tan 0 = 


iv 

c 

iv 

c 


. . ( 26 ) 

. • (27) 
. . (28) 


Accordingly 


sin 0 ^ cos 0 

iv c 


\J c os 2 0+ sin 2 0 
= V c z +(ivf 


• • 



and cos 0= 




The substitution of these values in (25) yields Lorentz trans- 
formation equations. 

I lie coordinates x and t in (22) may also be related with x\ t' by 
hyperbolic functions such as 

x'=x cos h X^—ct sink £ ; ct'= — x sink Z+ct cos h £ ... (29) 


corollary. The above transformations have been derived in a 
pnrticular case when the frame S' is moving with uniform velocity 
» along ^Y-axis. We can generalize these results by taking the motion 
••f S' w.r.t. S , along any straight line, so that its velocity 
v=v,i+^j-f v z k 

where v Xi v„, v e are the components of v along X, Y, Z axes 
ftapcctively. 

Taking r=xi-f jj+zk as the position vector of an event its resolved 

( r y)y 

juris along and perpendicular to v may be given by — — and 
(v.r)v 

t»2 • 


Denoting them by P and Q respectively so that r*=P+Q and 
i pplying the transformations of (18), w ; e have 

Q' = Q=T -Jhj)L 


V 4 


. . . (30) 
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and P'. 


P-v< _ (r-v)v— vf 


b-f 7-4 


Thus r '=P'+Q'=r +7^ (y-D+y* 
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• • • 01) 

... (3D 


ir 


where 


/ 


Also we have the transformation 


... ( 3 * 


(32) and (33) give the general Lorentz transformations withog 
rotation. Their inverse transformations may be obtained by replacig 
v by —v whence we have ^ 

r=r '+-^F- (r-l)+Yv/' and /=v( ... (XI 

Problem 1. State the fundamental postulates of special theory W 
relativity and deduce the Lorentz transformations. I 

. u (Agra, 1954 , 56 , 62 , 6 ) 

§3 14.2, 14.3 constitute the answer. 

Problem 2. Show that Lorentz transformations = ^ 1— ^ 

(x-vt),y’^y,z'=z and /=( t-^may be obtain* 

f om the two basic postulates of the special theory of relativity. 

r , . t (4gra 9 196$\ 

1 nis is the same as Problem 1. 

I roblem 3. Show that x 2 -\-y 2 -f-z 2 — c 2 t 2 is invariant. 

If O, y, z, /) and (x\y\z\t) be the coordinates of the safll 
e vent observed by two observers in frames S and S' where S'* 
moving with velocity v relative to S , then we have to show that 
^+f-fr-cVc=x'H/ 2 +:^c ! / /? 

Lorentz transformations are 

*'=£(■ x—vt),y'=*y, z'=z and / '=.p ^ / — -~L^ 

V'here (1= * 

J ' 

We thus have 

x' t +/*+z'*-c*t'*-W x - vt y + f +Z 2_ c ^ t ~~y 
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= P 2 [" x 2 +v ?j t 2 — 2vxt— C 2 ( ^-Y^Y]+J> 2 +* 2 

=x 2 —c 2 t 2 +y 2 +z 2 V P 2 = — g- 

=x 2 +y 2 +z 2 — c 2 t 2 

which shows the invariance of x 2 + y l +z 2 — c 2 t 2 . 

Problem 4. Derive Lorentz inverse transformations. 

Lorentz transformations are 

x'=P(x-v/), y'=y, z'=z, r'=p ^ t — 
where S = — ■ * • 

Solving them for x, y 9 z , we find 

*~r + v T ( * + )+ ^ 

or ( (*'+■«') i.e. x=p (x'+vf') 

As such, t— gives 

'-T+? ? <*'+"'> -f( ,+ ? pi ) + ? p 


.. r i- 


C 2 C 2 


1 


V- 


VJC _ 


t' 


VX A 


<-£) 


-W »-K ,,+ ?) 


Hence Lorentz inverse transformations are 

*=P (x'+vt'),y=y',z=z', f=(3 (7+7) 

14.4. THE KINEMATIC EFFECTS OF THE LORENTZ TRANS- 
FORMATION 

[A] Lorentz-Fitzgerald Contraction (Agra, J969) 

Consider two frames of reference S 9 S' such that S' is moving with 
velocity v along *-axis relative to S. Then Lorentz inverse transfor- 
mations are 
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*=P (x'+vt'), y=--y', z=--z', r=p ^ 

where 8= — 

J «-f 

Suppose that there is a rod of length / placed parallel to 7-axis in 

3££ .tes? 1 “ tb.V-JEi'K 

l =y2~yi 

But from (1), y.'-yf^-y^l 

which follows that the length of the rod remains unaltered whe 

s-sar* ,bc fcog,hs “ 

“falw /iv 1 d A? ea . Sured at the same instant / in 5 so that 

ends of the* rod 1*^ A ' 2 be the ^-coordinates of the two' 

■ the f°“« measured by an observer in system S’ at the sam 

SSSk ■-»» * «* s 

Now, l=x 2 ~* r,=p (aZ+v/^-p^'+v/,') by (1) 

=P(*2'-*i'M-vP (t 2 '-t 2 ) 

l 


=p/'= 


V=f, 


V 1 -?- 
'-V »{«- 


which follows that /'</ and / 




( 2 \l/2 


} 


, ...oil 

sSdri.“ Ssris:-s is: rS? 
SiSnrrs, '^ n8 USh ,h :f r th, b T„ 8 d“7s s t° 

/ cf g thp rl the refe ^fn ce system w.r.t. which it is at rest. The length 
»id is « - ^ rod i. 

Thus Lorentz-Fitzgerald contraction follows: 

rehtive "to^the^oh^JT ° f m ° ximum dimensions when at rest 
the observer while its dimensions appear to be contracted 

in the direction of relative motion by the factor ( /--llY' 2 , when 

“iZT’rp e“d!cuZr C ,o 'id ff 'T‘ % ° bsemr - **"«» <«*»«.- 

perpenaicutar to the direction of motion are unaffected. 
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i nnsequeatly the length is not an absolute quantity. An interesting 
►•luniuence of this fact is that a moving sphere seems to be a prolate 
il|Moid. In case v=c, from (2) /'= 0 i.e., the rod appears to be of 
i»HHih zero to an observer in system S' moving with velocity of light 
i tint I ve to S. Also if v>c, l' is imaginary, leading to an absurdity. 
Hence v>c i.e., v<c always. 

Problem 5. Determine three dimensional volume element dx dy dz 
«*./<•/ Lorentz transformations. 

We have by Lorentz-Fitzgerald contraction 

* \l/3 

dx, dy'=dy, dz' = dz 


dx' 


dx dy dz. 


/ V 2 \ 1/2 

No that dx ' dy' dz' = l 1 — ) 

Problem 6. A rod of length 100 cm. is placed in a satellite moving 
with velocity 0.8c relative to a laboratory. Determine its length as 
fhirrved by an observer (a) in the satellite ( b ) in the laboratory. 

(а) The observer being in the satellite is at rest relative to the rod 
uni hence the length of the rod measured by him is 100 cm. 

(б) The length of the rod as measured by an observer in the labora- 
tory is given by 


/'=*/ 




where / = 1 00 cm, v=0.8c 


,\ /' = 100 J =100 Vl-0.64 =100 x 0.6 = 60 cm. 

Problem 7. The length of a rocketship is 100 metres on the ground . 
When it is in flight its length appears to be 99 metres to an observer on 
ihr ground. Determine its speed. 

We have /'=/ /S^J 1— ~- 

where /= 100 metres=10 4 cm. ; l' =99 metres=99x 10 2 cm. 

So that ^-=l-(.99) 2 =(l-0.99)(l+0.99)=0.01xl.99 

C =199xl0- 4 

( /. v=c(199x 10- 4 ) 1,2 =(V^99 Xl0- 2 )x3xl0 10 

•~3\/T99 X 10 8 = 3 x 14.1 X 10 8 = 4.23 X 10° cm./sec. 
Problem 8. Determine the length of a rod ( proper length 100 cm) 
moving with a velocity of 0.8c in a direction inclined at an angle of 60° 
t o its own length. 

Taking i, j as unit vectors along X and 7 axes respectively, the 
proper length / of the rod moving with velocity 0.8c along ,Y-axis is 
given by 
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l=/cos 60° i+/sin 60 a j=yi+/ 
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and /„'=/ sin 60 


= 0.866 /. 


Length of the moving rod =V / /* / ‘ + V 2 

=/ Vi^3)H(0.866f =/ VM+0J3 approx. 

=1 V 0.84 =0.92 / approx. 

= 100x. 92 =92 cm. 

[ 8 ] Time-dilation or Apparent Retardation of Clocks 

v,K der i W ° ° f f ference * S' such that y is moving w| 

velocity v along *-axis relative to 5. Conceive of a clock placed I 

hi 1 ”k 8 ? a c s , lgnal at t,me h, such that 1/ is the timemeasu 

{iongiles er ‘ ° rreSP ° gt ° h ' Then Lorentz ,ransf0 “ 

h — P ^ where (3=—- - — 

V 1 c 1 

teKSSS *• '■ ■" & « 

V-d 

we P ge!‘ nS 3nd then subtractiQ g (3) from «( 


i.e. /'=(?/ = 


V ,; ? ^ ^ '{ ,+ i> + -| 

So that t'>t and /=/' ^ I 

Which follows that the time interval t appears to be dilated « 
lengthened by the factor ( 1 - £ j' 1 '* to the moving observer. ] 

If we reverse the process r e. put the clock at a point x', j n f 
f an* H , S ‘i nalS f- 1 t | mes /»* t ' i wb 'l e tfie corresponding times in Stk 
have d ** pectlveI - v then b V Lorentz inverse transformation, | 
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V-p(fr+ V ^)and ^=p( f.+ ^> 


„lr!!a W K he m0ti0 ? be , ing a,ong **«». the contraction" will take* 
tffec?ed 3 6 com P° nSQt of length along F-axis will bf( 

m o?o“lt 8 ^k^ lh 6nf mPO " enB ° r ' e " S,h ° f «*' "* 

r.-u V' 1-;' -/cos w Y i-(-|£)’_1>co.6.») 
p_ / VT 


In that r'=/ 2 ' — /' 1 =P(/ 2 — f 1 ) = p/ implying /'>/ as above 
II follows that the time interval /' appears to be dilated by the 
to an observer moving with velocity v relative 


(■ 4 )- 


i inclusively a moving clock runs more slowly than a stationary one 
f , every clock seems to go at its fastest rate when it is at rate 
tbtllvc to the observer and if it moves w.r.t. the observer with velocity 
. ih rate appears to go at its slowest rate by the factor 


J 


1— — • 

c 2 


If nhould be noted that the time recorded by a clock moving with 
i system is said to be the proper time for that system. 

Problem 9. Show that four dimensional volume element dx dy dz 
f» Is Invariant under Lorentz transformation . {Agra, 1967 , 70) 

I orcntz-Fitzgerald contraction gives 

( V 2 \1'2 

l— j dx > d y ,==d y> dz'^c 

l ime dilation gives dt'- ^ 


-dz 


p-$- 


♦ No that dx' dy' dz' dt'=dx dy dz dt. 

Which shows the required invariance. 

Problem 10. Write a short note on Clock Paradox. 

Wc have already discussed in time-dilation that according to an 
Server in S , a clock in S' is going slow while from the point of 
Iflrw of S' , it is a clock in S which is moving fast and hence when the 
oh erver comes back from S' to S, he finds just reversed phenomena. 
Wc use to call it as a Clock Paradox. 

Io be more explanatory an observer posited in either frame of 
fflcrcnce finds that the rate of clock in other system is slow. There 
li i omplete reciprocity between the two frames S and S'. 

Problem. 11. In the laboratory the life-time of a particle moving 
with speed 2 8x 10 10 cm. /sec. is found to be 2.5 x 10~ 7 sec.. Calculate 
{hi proper life-time of the particle . (Agra, 1969) 

Time-dilation gives t' - t 




where / , = 2.5xl0 -7 sec., v=2.8 x 10 10 cm./sec., 

c=3x 10 10 cm./sec. 
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'='V 


1 


--,-=2.5x10-’ 


}' 


1 


/2.8_X I0 l0 y 

V 3x 10 10 ) 


c 2 

=2.5 X 10-Vl-(0.93) 2 =2.5 x 10"’ X V 1-0.87 approx. I 
=2.5 X 10-’ X .36=9 x lO ” 8 sec. 

[C] Relativity of Simultaneity (Agra, 1964, 66, 61 \ 

Consider two frames of reference S, S' such that S' is movifll 
with velocity v along A'-axis relative to S. Let the two events in f 
with space and time coordinates (x lt z u /,) and (x 2 , y 2 , z„ <ji 
respectively, occur simultaneously, so that 
x^x 2 but /i=r 2 ' 

Let /j', t-a' be the corresponding times in S'. Then by Lore* 
transformations we have 

h— ~i~) and t 8 '=p( t 2 - V ^) I 


where 


V 1 -? 


f 2 '-'i'=P(V-fi)+P 


=|f (*!-*») 


t\ — to 


In view of x x ^x 2 , this follows that i.e . the same two eveni 

are not simultaneous in S'. 

Conclusively two simultaneous events at different points, for ■ 
observer at rest in S remain no longer simultaneous to an observer 1 
S’ which is moving with velocity v along X-axis relative to S. 

In case x x =^x 2 , then however the events are simultaneous sinot 
than 

[D] Relativistic Composition of Velocities (Agra 1964 , 65, 68, 7m 

Consider two frames of reference S , S' such that S' is moving 
velocity v along Z-axis relative to S which is at rest. Let the spi 
and time coordinates of a moving particle P be (x, y, z , t) ai 
(x\ y\ z', t') w.r.t. S and S' respectively. Also let u a , u v , u % ai 
u% , it*', u t ' be the velocity components of P w.r.t. S and S' respectf 
vely, Then 

dy dz 


_ dx __ _ 

Ux ~ dt y 


dt 


and 


u* = 


dt 

dx' 
dt ' 


w* = 


dt' 


dz' 

z dt~ 


Lorentz inverse transformations are 


--P(x'+vt’),y=y',z=z’ and /=p^ *'+-^r) 
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1 


where 


V >■ 

Their differentiations give 

dx=$(dx'+vdl'), dy—dy', dz=dz'; 

d!=p( dt'+^z dx’) , so that 


dx Hdx'+vdt’) 


dt 


(£+' ) .. 


V'x + V 


( 1+ ^^r) l + c* Ux 


( 6 ) 


dy 

"'=Tt = 


dy’ 


d? 

dt' 


$(dt'+^dx') P( 1+cT IF - ) 


dz 

u '=dT = 


H- c -r 


dz 


(7) 


dz’ 

dt’ 


d’t +-S- dx') p( 1 + fr) 


1 +^r u * 


. ( 8 ) 


(6), (7), (8) give the velocity components u x , m», 11 • as ^ le composi- 
tion of velocities («»', u v ', u z ') and (v, 0, 0). 

corollary 1. The relativistic law- of addition of two velocities in 
the same direction say A'-axis, is given by putting u x -u , w» =U, 
Uc 'c= 0 in the above components whence we get 

u'+v 

... (9) 


«.= 


uv 

1+ ^ 


COROLLARY 2. The velocity of light is an absolute constant, quite 
independent of the motion of the reference system. 

Putting u'—-c in (9), we get 

c+v (c+v) 


u„— 


, cv 

1+^r 


c+v 


.( 10 ) 


Which follows that the velocity of light c remains unchanged if 
compounded with a velocity smaller than c. 
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corollary 3. The resultant of two velocities each being less than 
c, is also less than c. 6 

T J ak /o ? =z fr P> v=c -4 where P’ 4>0 and p, g are constants. 
Then (9) yields 






__ c—p+c—q 2 c—p—q 


1 , (c-p)(c-q) j | c 2 ~(p+q) c +pp 


2c-p-q 


2c~—(p+q)c+pq 

c 


—c 


2c—(p+ q) 

2c—(p+q)+J¥L 


which follows that «,<c 


2c-(p-' r q)<2c-(p+q)+ P -± 

c 

M 


for p , q>0 and ^>0. 

c 

corollary 4. The addition of any velocity to c the velocity of 1 
light results in c. I 

Taking u=c and v=c, (9) gives 
c+c 2c 


1- 


c.c 


-= 7T- = C. 




COROLLARY 5. The velocity of light l.e. c is known as fundamental 
velocity due to the following facts. (Agra, 1975) 

(0 c is constant in all directions. 

0*0 c remains the same for all observers irrespective of the veloci- 
ties of the source and the observer. 

0») c is invariant for any two systems related by Lorentz trans- 
formations. 

(iv) c remains unchanged by adding any velocity to it, which is , 
less than c. 

(v) No velocity can be greater than c. 

Problem 12. Deduce Fresnel’s coefficient of drag from Lorentz 1 
transformations (or in particular from relativistic velocity composition I 
law )- (Agra, 1958, 66) 

Assuming that the frame S' is water moving with velocity v along I 
.Y-axis relative to another inertial frame S which is at rest, and taking 
t* as the refractive index of water, the velocity of a light particle 
(photon) relative to water (i.e. SA 


is 


— — u' (say) towards X-axis. 

r* 


If u x be the velocity of the light particle w.r.t. S, then we have 
by relativistic velocity addition law 
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— +v 


1 +— • 

9 


' = (f +v )( 1+ i) 


•mount 


= (_£ +v ) {1-^-+^--} 
=^^-+v 1 — , neglecting squares of 

c v V 2 

= — - 1-v 2 — ? neglecting — as v<<c 

JX £X jxc 

Hows that th 
rag of water 

< >-,;i-) 


v<<c 


which follows that the velocity u' is increased as observed from S 
•fin* to drag of water or system S' moving with velocity v by an 


Coefficient of drag 


i -£) , 


1 


V jx* 

which is known as Fresnels coefficient of drag . 

Problem 13. If a photon traverses the path in such a way that it 
moves in X' — Y' plane making an angle <f> with X-axis of system S', 
do n prove that for the frame S , u x 2 +u v 2 —c 2 , where S' is moving with 
velocity v relative to S. 

If in a system S', u v f =c sin <f> and u x '=c cos $ then show that in 
frame S, u x 2 +u v 2 =c 2 where S' is moving with velocity v relative 
10 S, 


We have 


Ux= 


u x '+v c cos <£ + V 


1 + 


1 cos <f> 


un<l 


it v 


c sin 


* v 

Squaring and adding these expressions, we find 


1 o 


1 -f — cos 0 
c 


W* 2 + Wy 2 = 


( l-f-^-cos^^ 

1 

^ l+fcOS*) 


T(c cos^-i-y) 2 +csin a ^l -^ r ^ j 

[c 2 +v 2 4-2cv cos v 2 sin 2 <f>] 

V sin' 2 ^-fcos 2 ^-=1 
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— [c 2 + 2cV COS ^ + cos 2 <j>] 


V 1— sin 2 <f> = cos* 


( 1 + T C0 ^) 

_ c 2 ( l + ycos^) 2 2 
(i+ycos^) 2 

[E] Relativistic Composition of Accelerations 
Consider two fram;s of reference S, S' such that S' is moving with 
velocity v along A"-axis relative to S which is at rest. Let the spa. 
and time coordinates of a moving particle P be {x, y, 7, t) a.ia (X ■ , 
z’ t’\ w.r t. 5 and S' respectively. Also let u x , u v , u z ; a„, a y , a z ana u m , 
u.’, a*', a v \ a z ’ be the velocity and acceleration components of 

w.r.t. S and S' respectively. Then < 

du x du y du„ . , du x ' , du v _ , du M 

a«=— a*= sr and a * dF’ V 1 


&x * Wy * 


dt )lAz ~~ dt 
Lorentz inverse transformations are 


dt' 


dz = 


/ vx'\ n 1 

x=${x'+vt'),y=y',z-z\ /-p (*'+ J where P=-^— -£• 
These give on differentiation, 

dx^rfa'+vi//'). dy=dy', dz=dz', dt — $ \ dt'-\- — ) giving 

jL = p ^ i + .L. ^ so that by (6), (7) and (8), we have 




a '~dt 


“ dt 
du 


«*'+ V 

d 

u x '+v 


~dt' 

1 

XS 

| + 

T— 1 


( U * ) P ( 


Similarly, 


du.' ( v 2 \ 

* V C 2 / . 

du x 

dt' 

p ( 

!+^r «•' ) ( 

1+7 ".-yp* 

1 

du.' 

dt' 

v duf , 
c 2 dt' Uy 

P 2 


( 1 + ^-«* ) _ 


P ( l + ^T ««' 


.( 10 ) 


( 11 ) 


•fft'IAL THBORY OF RELATIVITY 


1043 



du z v du x ' , 

dt' c 2 dt 1 


U * ) 2 ( 1+ ^ M *') 3 


• • • (12) 


filiations (10), (11), (12) give the acceleration components CljSt a V9 
In terms of af , af , a z ' as observed in system S'. Evidently the 
nimponents of acceleration in S' are constants, but the components 
*f Acceleration in S are not constant, in general owing to the fact that 
M»y contain velocity components along with acceleration compo- 
Mfili. 


Corollary 1. In particular if the particle is instantaneously at rest 
fcUtlve to frame S', then u x '~0 = u y '=u z ', so that (10 (11) and (12) 
fill uce to 

1-^r) ' a *' a * = ( 1— k) a " '* a,== ( 1 ~c r ) a ‘ * ■ ■ ^ 

which follows that unlike Galilean transformations, the acceleration 
i different in two inertial frames. This is due to the relativity of space 
•Mri time. 

corollary 2. Sets of instantaneous direction cosines of the motion 
*f the particle P in frames Sand S'. 

let /, m, n and /', m ! , n' be the instantaneous direcion cosines of 
Ih# motion of P in frames S and S' respectively. Then we have 


iml /' = 


/_ U x m .._ «V nsst U * 

VV+«**+«/ V»x 2 +uS+u/ V uj+uj+u. 1 

. . . (14) 

uj m , 

V U z '*-\-U.' i +U x 2 ' V U x 2 + U .' 2 + U,'* 

«*' 


n = 


V U X 2 +Uy Z + U ,' 2 


. . . (15) 


Using Lorentz transformations, we have 

«»'+y 

1+^- «»' 

^ a / («*'+v) 2 +i- K'+«/ 2 ) 

l + T*' V P 

C 


u x '+v 


«*' 2 +2«*'v+v 2 +( l-^r)(w.' 2 +«.' 2 ) 


M*' + V 


\J ( h .'*+«,' 2 + k ,' 2 )+ 2 k ,' v + £ (c a -u y '*-u; 2 ) 
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Dividing numerator and denominator of R.H.S. by 
V^Waj^+Wy^+w/ 2 and using (15), we get 






J v 

L V «*' 2 + M* ! + «,'* ci \Ux 


V U x ' t +Uy ' 2 + Uz 2 


c‘ 


2 +u v ' 2 +u l ' 2 


-w' 2 -n' 2 


Similarly m and n can be expressed. 

Problem 14. A particle P instantaneously at rest in frame S' exp* 
riences an acceleration a'— 3i+4j + /2k. Determine the acceleration 
measured from an observer in frame S when S' is moving with velocity 
,98c relative to S along X-axis. 

Let a Xi a y , a z and a x ', a y ', a z ' be the components of a' in systems 5 
and S' respectively. Then as we are given, 
a x '~3, a y '= 4, a z ' = 12 

By Cor. 1, a*=( 1-J)a, ~{ ^(“t)*}- 3 * 0 - 024 

(on siraplificatb 

»•=( l-J) V- j •“("“)! 4-0.1584 „ 

«.“( 1--~)’}.12-0.4752 „ 

Hence u = a x \ + a v j + a z k 

=0.024 1+0.1584 j+ 0.4752 k. 

14.5. ENERGY— MOMENTUM RELATION 
If a particle of mass m is moving with velocity v then its momentun 
p in classical Mechanics is given by p—mv ... (1 

and the law of conservation of momentum states (/) the mass of 
moving body is the same as that of the stationary body and (ii) th 
total momentum of a body remains unaltered unless an external foro 
is applied. The first hypothesis does not stand true when examined b 
the help of Lorentz transformations, whereas the Lorentz invarianc 
of law of conservation of momentum states that the mass of a movin 
body does not remain constant but it changes with velocity and given 
by 


m- 


m n 


V'-i 


• • • (2 


(Agra, 1969, 70, 71) 
where m 0 is the mass of the particle when at rest and m is its mail 
when moving with velocity u. 

In order to prove (2), consider two frames *S, S' such that S' ■ 
moving with velocity v along X-axis relative to S. Suppose that m x Ii 
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ii.< mass of the particle moving with velocity u t in S along X-axis 
••ul its corresponding mass and velocity in S' are m L ' and uf respec- 
tively. 

Let P= - T =k==\ (3 t = ,1 and p,'= ■ 1 


’ ^ / o * * Pi— / ,> dUU pj — —7 === = 

J '-14 V'-> 


Velocity-composition law gives 
fv 


1+ J < 


So that p/i/x's 


giving u{ 


U\~ 


U\ — V 


1— 


.( 3 ) 


( 4 ) 


( r( -.4 .,) 


V 



'rby (4' 


(«i~v) c 

|> { i+^rWi 2 -^r|-(Hi 2 +v 2 -2« 1 v) j 


1 r v 2 1 1/2 

— |^c 2 +~- t/ x 2 — 2vu x — w 1 2 --v 2 +2vw 1 J 


tt\ v 




PiV 

pi 


c * c 

“=PPi(«i— v) by (3) 
=P(«i— v) 


... ( 5 ) 


Assume that there are a number of such particles moving along 
t axis and their masses and momentums being invariant in S, so 
i lint 

2m 1 =const., Sm 1 n 1 =const. . . . (6) 

Hut (3 and v being the same for every particle, (6) yield 
S/Mj i3v=const., 2m 1 n, |3=const. 
which on subtraction give Sm, P(n t — v)=const. 


uf Em, ~~ 1 =const. by (5) 


•( 7 ) 
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In frame S', applying law of conservation of momentum, we get 
2m/ 11 /= const. 


Comparison of (7) and (8) renders 


WlPjL 

Pi 


=mi 


or ^="p 7 =m 0 (say) as absolute constant giving 
Pi Pi 


m ft 




and m/=- 


m n 


1 7 2 OA1VA f "i ~~ / 

J 


with the help of (3). 


1- 


We conclude from these results that for a body of mass m mov 
with velocity u relative to that system 
m 0 


m— 



which is the result (2) showing that the mass of a body increases 
the increase of velocity. 

When w= 0, (2) gives m— m 0 i.e ., mass of the particle at rest 
m 0 and hence m n is known as the rest mass. 


In caset/CCc — 
c 


:1 then also m=m 0 . 


Now we establish the mass-energy relation i.e., 

E=mc 2 . . , 

(Agra, 1969, 

We know that the increase in energy of the particle by apply 
a force F is given in terms of work i.e., if dT be the increment 
Kinetic energy T due to an increase dr in the displacement r, th< 


dT= F.dr=F. ~ . dt-- 
at 


-Fv dt 


. . dr / 1 

• *5T <vel ° 

But the force being defined as rate of change of momentui 
have 

F= — (mv) or F dt*=d (mv) 
with the help of (11), (10) yields 
dT—v F dt—v.d (mv)-vdi 


=m ft v 




I 

\V T 


by (2) 


dv 




(on differential! 
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m 0 v dv 

DilTerentiation of (2) gives 

ilm= - U., c' dm - 


m 0 vdv 




~ ( v 2 \ 3 /* 

( *-■?■) 


. . • ( 12 ) 


. . (13) 


Comparing (12) and (13), we find 

dT=c 2 dm ...(14) 

If we consider the body initially at rest whence its rest mass is m 0 
ind on applying this force as it acquires velocity so its mass increases 
•n<l becomes say m=m 0 +dm. Now the total Kinetic energy acquire 
liy the body is given by 


T— f dT= f e 2 dm by (4) 
J ) m o 


— C 2 \m TWfyi /I 

nr T+m 0 c 2 =mc 2 . j 

Total energy £ , =Kinetic energy of moving body + energy at rest 

I.e., E=c 2 (m — m 0 ) + m 0 c 2 = me 2 

which establishes the relation (9). 

In the last we prove the energy-momentum relation or Fmstetn 
relation: . 

E 2 =c 2 p 2 +m 0 2 c A ' • • • 

where E is the energy and p is the momentum of a particle ol rest 
muss m 0 . 

Using (1) and (9), we have 
£i __ c 2 p' = (me 2 ) 2 — c 2 (mv ) 2 
=m 2 e 4 — m 2 c 2 v 2 

<2 / #*» \ 2 



by (2) on replacing v by u in the existing case. 

(c 2 -v 2 )=m 0 2 c 1 


= We 2 


1-4 


Hence £=W/> 2 +m 0 2 c 4 
which establishes the relation (16). 

Problem 15. Formulate the energy-momentum transformation * A* 

Space time of special relativity. (Agra, 1975) 

Consider two systems S and S' such that 5" is moving with velocity 
r along -Y-axis. If m and m' are the masses of a body in S and 5 
icspectively, such that it is moving with velocities u (u x , u v , u z ) 
mid u' (uf u v 'y uf) respectively. Then we have 
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m~ 


THci 


m'=- 


where m 0 is the rest mass of the body. 

Here u 2 =u^+u v 2 +u z 2 and u' 2 =u x ,2 +u y ' 2 +u 
The velocity-composition law gives 
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m 0 

i-4 2 

c 2 

... (II 

+tV 2 +H»' 2 

... (2) 

,2 \l/2 

/ v 2 \1<» 



u x 


“v 


l — c * u * 


- V 

/,2 Ux 


! V 
1 o ^2 

c 2 


Now from (1), 
/ 

\ 


..(j) 


m 

m 7 


1- 

C I 

1- 

n 2 

c 2 / 


where 1 — =1 — jr ( M *' 2 +»*' 2 +«*' 2 ) 

•- £)+«.- ( 1 -?)]^-^4^y< c J 
*('-»* 


by (J) 


So that 




f 1 ) / v \ 

tn’=m-7 1- ^“* J 

( 1_ ^v 


«) 


where .3--= 


v 


Also from (3), 

1 


5 




» u v 


p( ! — ’ P(l— ^«. l 


,2 


|f|( | al theory of relativity 

j > r _ / Up fU A comoonents of momentum p 

to" vetaSly in frames S and S' 

i#i|>cctively. . 

I hen, p x =mu x , p y =mu v , />,='»“* in f ra “ e 

«nit p x =m'u x =(mu x -mv) P by (4) and (5) 

Similarly, p y = triiiy = mu v -Pi 
•ml p.'=m'u z =mu x =Pz 

Hence if E' corresponds to E, in frame S , then 
/•;'*m'c 2 =P (me 2 — mv u x ) by (4) 

=p (E—vpx) 

Hence the required transformations are 

Problem 16. Show that p'-Ep l> lavarumi. 

Using notations of Problem 15, we have .* 

p 2 =p x 2 + P v 2 -\-P> 2 and p 2 =P*i +P» +£« 

r^_p,'+p,'>+P.' , -7r p £, ” p <£ ' V,, ' > 

C 2 


where 


p" 


J vE \ 2 

-F(p x — jr ) 


c z 

c , -hp^+Af-P 2 (E-vp x y.~i 


= p * 2 + p « 2 +/>* 2 

EJ 


II 

c- 


=P 2 -^ 


W p^bleTl7. t 2);» spape-like am? tbae-lik 57> 7 0, 75) 

velocity /along l^t^mnsformations are 

x'=P(X-V/),/=y. z'= Z > = t ~c r ) 

1 

u/hpre 




where 


. . . ( 1 ) 
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Take two events with coordinates (x lf y lt z. x , t x ) and (x 2 , y 2 , z„ fJ 
in S, then we have 

Sn 2 =—[(x 2 -x 1 ) t +(y 2 -y 1 )*+(z 2 -z 1 ) 2 ]+c-(t 2 -t 1 ) 2 . . . (J) 

[Since in Minkowski's four dimensional space, the interval betwcli 
two events (x, y, z, x 4 ) and ( x+dx , y+dy, z+dz , x 4 +</x 4 ) is giVH 
by d$ 2 =dx 2 +dy 2j rdz 2 +dx 4 2 

On setting x A =ict where we use to say the coordinates of an evert 
(x, y , z, ict) as (x, y, z, 0, we have 
ds 2 = dx 2 + dy 2 -\-dz 2 — c 2 dt 2 

For the system S', (2) becomes 

*ia' 2 =— ^i')* 

= - [P 2 {(* 2 - Xj) - v(f 2 - t T )} 2 + (y 2 - y x f] + (Zj-Zj) 2 ] 

+ C 2 p 2 ^ 2 ^l) ^2~ ( A *2 -^l)^ 

) 2 + ^3^l) 2 + (^2~^l) 2 [+^2-0 2 

£ on simplification and using 1 — “r) = ^ J 
=**i 2 2 by (2) 

s 12 1 =s 12 . . . (31 

which follows that the interval s i2 is Lorentz invariant. 

Now if ^j2*==0, the interval given by (2) is known as singular inter* I 
val and then we have 

- [(*2 - *i) 2 + (y% -yi ) 2 + (* 2 - *i) 2 ] + c*(/ 2 - h ) 2 = o 

which in the form of elements dx, dy, dz, dt, reduces to 
— [dx 1 + dy* +dz*\+ c 2 dt 2 = 0 

This is termed as the equation of a null cone . 

Now if we assume that the two events occur at the same point 1 
in S' and the first event occurs after the second one, so that 

x 2 =x x , y 2 — y± 9 z 2 =Zi ; t 2 >t x 
then, we have s 12 ' =c 2 (/ a ' —r 1 ') 2 >0 
or Ji 2 '>0 

But s X2 —s l2 by (3), therefore .s 12 >0 i.e. the interval .y 12 is real, 
Such intervals which are real are known as time like intervals, because 
s xt ‘ contains only time component. 

Hence the condition for time-like interval is 
c*(tg- ti)*>(x t —x 1 ) t +(y l —y 1 ) 2 +(z i -z 1 ) t . 

Conclusively if an interval is time like, then* it corresponds to a 
frame of reference in which the interval between two events ii 
real. 

Again if two events in S' occur at the same time so that 
then we have S 12 ' 2 = — [(x 2 ' — xtf+(y % '— >V) 2 +0V*-Zi') 2 ]<0 
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c'(t, -<>>'<(*>-*■? HYl y l'l’ H corresponds to a 

Conclusively if an interval bet ween two events is nnagin- 

:r:od f i"^ur h a. the *. 

« *• (K " pur ' W4> 

,hat£-(^)-»'«- 




Given v=0.8c so 


Also given that w 0 9x10 


,-2S 


m— 



9xl0 -28 

TTd= (1-0.64) 1 ' 2 


9X10^ = 15 x 10-28 gm . 

= 06 • so 

Problem 19. Find the velocity tlwt f ^Ipeed 5TjU- 
,hat its momentum is 10 times its <est mass time (i4g r«, 1970) 

What is the energy at this speed. 


We have 


m 0 v 


p=\ 0 m 0 c=mv= 


y-f 


or 




100 c 2 


i.e. 


1 + 


i-'i i-i 


or ~yr = 


100 / r 


100 

101 


or 


or 




995c 


v=0.395 X 3 X 10 10 cm./sec. 
=2.985 x I0 10 cm./sec. 


which is the required velocity 
Wo 

Again 


m= 




9 X 10 ~ 28 _ =90 36 x 10 - 28 gm. 
ioo \u* 


Al«o E=mc 2 = 90.36x10 28 x(3xl0 10 ) 2 
=8.13 X 10- 6 ergs. 
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ADDITIONAL MISCELLANEOUS PROBLEMS 

Problem 20. Apply the law of relativistic composition of velocities to derive the 
elementary formula for aberration of light. (Agra. 1964; Banaras, 1970) 

sitr}d"inS a s'7Je a a J a "/ !e be,wcen S-axis and the direction of motion of a tight 
signal, in b, 6 take u x —c cos 0, u w ——c sin 0, u z — 0 u x —c cos 0', u v ' =—c sin O', 

/ v 2 X 1 ' 2 

, n ion 0 ( 1 — ) 

«* =0 and use Lor entz transformation to prove tan 0'= >- c / 


which in classical treatment takes the shape $0=-- sin 0 J 


14 sec Q 

c 


Problem 21. Give relativistic treatment of Doppler's effect and distinguish it 
from the classical treatment. " (Kanpur, 197lTZa 1965) 

hitman oFl gm ofmauer. ^ C ° M tkeorelicaU > be o6,a %% 

_ [Ans. 5.885X10™ e.v.] 

2 l- j v y at is ,he ann: > a l loss in the mass of the sun, if approximately 2 
C D ^ r ^[/f iatedener «y are received by each square cm. of the earth's surface 
per minute l {Agra, 1954) 

[Take distance of sun from the earth 150 X 706 k.m.] 

[Ans. 6.915 X 70 16 kgmfyear) 
I*!?, 1 ?!? 24 * Su PP os ethat total mass of 1 kg is transformed into energy , how 
large is this energy in kilo-watt hours. {Agra, 1959) 

, [Ans. 2.JX/0 10 K.W H t \ 

nf a QPtfZ Cal f ula / e the Kinetic energy of an electron moving with a velocity 
of 0,98 times the velocity of light in the laboratory system. ( Vikram, 1967 ) 

'Ans. 3.25xl0~ 6 ergs.) 


< IIAPTER 15 


i STATISTICAL PROBABILITY 


* 


15 . 1 . INTRODUCTION 

While reading newspapers and magazines in our daily life, we 
H>me across the word ‘statistics’, the use of which is not new, but 
lu use in the present meaning is older than the year 1839 when the 
American Statistical Association was founded. The words ‘statist’, 
■uutistics’ and ‘statistical’ seem to be derived more of less indirectly 
from the Latin word ‘status' means a political state’. 

The 4 dictionary meaning of statistics is ‘numerical data collec- 
ted systematically’, or ‘the science of collecting and interpreting 
inch information’. According to its conventional use the word 
•tutistics may be defined as follows: 

“ By ‘statistics' we mean quantitative data affected to a marked 
extent by multiplicity of causes, the ‘statistical methods' mean elucida- 
tion of quantitative data affected by a multiplicity of causes and ‘ theory 
of statistics' means the exposition of statistical methods." 

As a historical account Mr W. Hooper, M.D. (1770) while trans- 
lating The Elements of Universal Erudition’ written by Baron J.F. 
Von Bielfeld, defines the word ‘statistics’ as “the science that teaches 
us what is the political arrangement of all modern states of the 
known world.” The German philosopher E. A. W. Zimmermuann 
(1787) defines the word ‘ statistik ’ (statistics) in the preface to ‘A 
Political Survey of the Present State of Europe’ as “that branch of 
the political knowledge, .which has for its object the actual and re- 
lative power of the several modern states, the power arising from 
their natural advantages, the industry and civilisation of their in- 
habitants and the wisdom of their Governments . . . 

In early years statistics was supposed to be the science of kings, 
used for the purpose of administration while in later stage it was con- 
sidered as necessarily a branch of economics. Now-a-days the meanings 
of statistics are interpreted in different ways by different classes. To 
a layman ‘statistics’ is nothing but a collection of figures and a 
statistician is no more than a computer who always counts the num- 
ber of things. To an economist the field of statistics lies in quantita- 
tive analysis. To a physicist statistics is a probability distribution 
which forms the basis of the theory of errors. 

The ‘statistics’ which was primarily regarded as a branch of econo- 
mics has now become so popular and its application has become 
m> wide that no branch of human knowledge escapes its approach. 
The prediction of H.G. Wells that “statistical thinking will one day 
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be as necessary for efficient citizenship as the ability to read and write' 
now seems to become exactly true. In fact the statistical knowledge \ 
is going to become an unavoidable part of general education which ' 
provides the student according to George W. Snedecor ‘an awareness 
of, and harmony with, the statistical content of the society'’ as men- 
tioned in his article ‘A Proposed Basic Course in Statistics. 

Today the naturalists, the biologists, the astronomers, the adminis- 
trators, the businessmen, the economists, the chemists, the physicists, 
the photographers, all make frequent use of statistical methods * 
of which the probability , because of the nature of statistical data 
and models, is the fundamental tool in statistical theory. Regarding I 
probability as an idealization of the proportion of times that a 
certain result will occur in repeated trials of experiment, a probability & 
model is the type of mathematical model. Consequently an astronomer 1 
uses statistical methods in making predictions about eclipses, a bio- I 
logist utilizes them to generalize the laws of variations and heredity, 1 
a meteorologist uses them for weather forecasts, regarding tempera- I 
ture pressure and rainfall, etc. Due to the wide scope of statistics, it 
is almost impossible for any statistician to be expert in all branches. 

The statistical probability cad be successfully employed in finding l 
the possible configurations of the birthdays of people in a year, in 
classifying the accidents according to the weekdays, in firing to get 
the number of hits at a number of targets, in sampling to classify 
people according to age or profession, in irradiation in biology when 
the cells in retina of the eye are exposed to light, in cosmic ray ex- 
periments to find the number of particles hitting the Geiger counters, 
in an elevator to find the different arrangements of discharging the 
passengers, in dice-rolling to find the possible outcomes of throw, 
in chemistry when a long chain poylmer reacts with oxygen, in 
theory of photographic emulsions to find whether a grain reacts if 
it is hit by a certain number of quanta and in finding the possible 
distributions of misprints in a certain number of pages of a book. 

The dictionary meaning of probability is ‘ likelihood ’ or ‘ anything 
that has appearance of truth.. It seems that it has been derived from 
the Latin word ‘ probare ’ meaning ‘to prove 5 . For instance if we draw 
99 balls out of an urn containing 100 balls and it is per chance that 1 
all the 99 balls are of green colour, then it is always possible or < 
probable that the remaining one ball may be of some other colour 
say red, white or black. Though the uniformity of the colour of 99 
balls is unable to confirm that the remaining ball is also green in 
colour unless we are told that all the hundred balls are of the same \ 
colour, but the conclusion that the balls are all green is not based 
on certainty rather than it is based on ‘likelihood' or ‘probability’. 

In dealing with the mathematical theory of probability we give a 
numerical measure to the probability. For example if we toss a coin, j 
then the probability of falling the head or the tail up is equal, or I 
mathematically speaking, the probability of falling the head or the ] 
tail up each is half i.e ., As another example, the probability of 1 

drawing a heart from a pack of cards is i as there are four colours 3 


ilimrt, diamond, spade and club) in all. 

In fact the probability plays the same role in mathematics as the 
•Ht *s in mechanics e.g„ the motion of the planetary system can 
U discussed without knowing their individual masses. Butin statistics 
arc concerned much with physical or statistical probabilities which 
tlo not refer to judgements but the possible outcomes of a conceptual 
Mpcriment. 

Initially R. A. Fisher and R. Von Mises developed the statistical 
t*r empirical attitude towards probability. 

M 2 DEFINITIONS OF PROBABILITY 

Wrtscd on classical concepts, we give two definitions of probability. 

[4] The mathematical or ‘a priori’ probability. If there are q 
number of exhaustive, mutually exclusive and equally likely cases of 
km event and suppose that p of them are favourable to the happen- 
ings of an event A under the given set of conditions, then the mathe- 
matical probability of the event A is defined as 

/v)=f • 

Wc sometimes put this definitions in the words ‘the odds in favour 
of A are p to (q—pY or ‘the odds against A are ( q—p ) to p\ More 
precisely if we assume that the odds in favour of the event A are m 
h»/M or n to m against A), the probability of happening the event 
i is defined as 


c g . The probability of drawing a white ball from a bag containing 

3 3 

1 white and 4 red balls is i- e - y • 

Note 1. The word ‘ exhaustive ’ used in the definition assures the 
happening of an event either in favour or against and rules out the 
possibility of happening of neither (in favour or against) in any trial . 
The word ‘ mutually exclusive ’ is a safeguard against the probability 
of two simultaneous happenings in a trial , e.g., in tossing a coin , the 
head and tail cannot fall together , but falling of either excludes the 
other. The word 6 equally likely 5 means equally probable , i.e., no hap- 
pening is biased or partially bound to occur. 

[H] The statistical or empirical or ‘a posteriori’ probability. If in 
h large number of trials performed under the same conditions, the 
limit of the ratio of the number of happenings of an event A to the 
total number of trials is unique and finite when the number of trials 
(ends to infinity, then this limit measures the probability of the hap- 
pening of the event A. 

Thus if in a large number of trials performed under the same set 
of conditions, p is the probability of happening of an event A and q 
that of its failure, then the probability of its happening in the next trial 
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IS 


p+q 


l 

being assumed to determine the empirical probability 

that there is no known information relative to the probability of thl 
happening of the event other than the past trials. 

In other words, if an event A happens on pN occasions when I 
large number N is taken out of a series of trials, then the probability 
P[A) of the event A is p defined as 1 

f(A)= Lim ~=p. 

N-*co ■” 

Precisely if m is the number of times in which the event A occur! 

TH 

in a series of n trials, then P(T)= Lim — 

n->o o n 

Note 2. If p is the probability of happening of an event A , i.el 
P(A)=p and q that of not happening of that event denoted by P(A) m 
given by P(A)=q= 1 —p, so that 




P(A)+P(A)= 1. 

Conclusions. (0 The probability P(A) of an event A lies between ft 
and 0<P(^K1. 

(n) The probability of an impossible event is zero, i.e. y 

P( 0)=0. 

(Hi) The probability of a certain event E is one, i.e. y 
P(E)=1. 

Problem 1. Discuss the meaning and scope of statistics and show how 
it can be applied to social and physical sciences. 

It seems that the word ‘statistics' was derived from the latin word 
‘ status' which means a political state. The dictionary gives the mean- 
ing of statistics as ‘numerical data collected systematically’ or 4 tha 
science of collecting and interpreting such information’. According to 
its popular use, by statistics we mean quantitative data affected to I 
marked extent by multiplicity of causes. 

Primarily statistics was supposed to be the science of kings used 
for the purpose of administration, but later on it was regarded as M 
branch of economics. Nowadays the meanings of statistics are int cM 
preted in different ways by different classes, e.g. y for a la) man statistic! 
is nothing but a collection of figures, to an economist the field on 
statistics lies in quantitative analysis and to a physicist statistics is ft , 
probability distribution which forms the basis of the theory of errorM 

Statistics, which was accepted for some time as necessarily a branch : 
of economics has now become so popular and its application so wide 
that no branch of human knowledge escapes its approach. Today 
the naturalists, the biologists, the astronomers, the administrators, 
the businessmen, the economists, the chemists, the physicists, the ; 
photographers, all make frequent use of statistical methods of which 
probability is the fundamental tool. An astronomer uses statistical] 




i 
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mrihods in making predictions about eclipses, a biologist utilizes 
• linn to generalize the laws of variations and heredity, a meteoro- 
l"ftist uses them for wheather forecasts, iegarding temperature 
pirssure and rainfall, etc. 

So far as the applications of statistics to social and physical sciences 
•tc concerned, the statistical probability can be successfully employed 
in llnding certain inferences in social and physical fields. Dealing with 
probability, we are able to show that the distribution of r balls in n 
t*|ls has n r different ordered samples with replacement of size r and 

72 t 

without replacement it has } different ordered samples of 


«Ue r. Thus to find the possible configuration of birthdays of people 
In a year, take r the number of people and n the number of days in 
l year; to classify accidents according to the week days, take r the 
number of accidents and n the number of days in a week; to classify 
people according to age or profession, take a group of r people and 
n will be the number of classes; to observe irradiation in biology 
when the cells in the retina of the eye are exposed to light r is the 
number of light particles and n the number of cells; in cosmic ray 
experiments, r is the number of particles hitting the Geiger counters 
Mud n is the number of counters function: in an elevator to find the 
possible arrangements of discharging the passengers, r is the number 
of passengers and n is the number of floors; in dice throw r is the 
number of dice and n is the number of faces i.e. six; in tossing coins 
r is the number of coins and n= 2; in coupon collecting r is the 
number of coupons collected and n are the kinds of coupons; in 
chemistry when a long chain polymer reacts with oxygen, r is the 
number of the reacting oxygen molecules and n is the number of 
polymer chains, etc. 

Problem 2. From a pack of 52 cards two are drawn at random ; find 
the chance that one is a knave and other a queen. 


Total number of ways of drawing 2 cards from 52 cards = 52 C 2 . 

The required cards a knave and a queen appear in different four 
colours, therefore each card can be drawn in 4 different ways. But the 
two events happen simultaneously and hence the number of favour- 
able ways=4x4=16. 

'• re< 3 uired probability= 5 -^-=^|-= 6 -|. 

1.2 


Problem 3. What is the chance that a leap year, selected at random , 
will contain 53 Sundays'! 

There are 366 days in a leap year. Dividing 366 by 7, the number 
of days of a week, we conclude that the leap year consists of 52 
complete weeks and 2 days more. These two days can be combined in 
7 different ways as under: 

(/) Sunday and Monday, (ii) Monday and Tuesday, (Hi) Tuesday 
and Wednesday, (iv) Wednesday and Thursday, (v) Thursday and 
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Friday, (iv) Friday and Saturday, (viii) Saturday and Sunday. 

Of these seven combinations only (/) and (vti) are favourable so 
that the required chance . 

Problem 4 From a bag containing 4 white and 5 black balls a man 
draws 3 at random ; what are the odds against these being all blpck! 

Total number of ways in which 3 balls can be drawn= 9 C 3 . 

Number of ways in which 3 black balls can be drawn= 5 C 8 . 

D . , , 5 C, 5.4.3 /9.8.7 5 

Required chanc = -• 

Problem 5. A card is drawn from an ordinary pack and a gambler 
bets that it is a spade or an ace . What are the odds against his winning 
this betl 

Number of ways in which a card can be drawn from 52 cards 
= 52 C 1 = 52. 

There are four aces so that the number of ways in which a card can 
be an ace is 4 C 1 — 4. 

Now there are 13 spade cards of which one is an ace. Out of the 
remaining 12 spade cards, a spade card can be drawn in 12 C lf i.e. 12 
number of ways. 

•*. the number of ways in which the drawn card may be a spade 
or an ace== 12+4= 16. 

Hence the required — ?, * A ^ ^ 




. . ... t 16 4 

probaoility=^ = — = 


94-4 


rom (l) to (2) 

>' 2 V P' ) 


( 2 ) 


or 

or 

or 


/>W 
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i.e. the odds against the gambler’s winning are as 9 to 4. 

Problem 6. The chance of an event happening is the square of the 
chance of a second event but the odds against the first are the cube of 
the odds against the second. Find the chance of each. 

Let the chance of the happenings of the first and the second events 
be p and p' respectively. Then according to the first condition, wo 
have P=P' 2 . ...(1) 

According to the second condition, we have 

tzP 

P 

Substituting the value of p from (l) to (2), we get 
1_ 

P 

(l-p') (1 +p') ( 1 — /?') ( 1 - 2 p '+p' 2 ) 

p ' 2 “ 7* 

p'(l+p')=l-2p'+p'* 
p'+p' 2 =\-2p'+p'* 

or 3/?'=l, i,e 

and then from (1), 


Problem 7. Three cards are drawn at random from an ordinary 
pack. Find the chance that they are a king , a queen and a knave- 

Total number of ways in which 3 cards can be drawn from 52 
curds= 52 C 3 . 

The pack of cards consists of 4 kings, 4 queens and 4 knaves and 
llicrefore each of a king, a queen and a knave can be drawn in 4 C 1 , 
l.c 4 ways. But all the three events happen together, hence the 
number of ways in which a king, a queen and a knave can be drawn 

=4x4x4=64. 

. , u 64 64.1.2.3 16 

• • re£ l uired P robablht y = ^c7=32Tl.50 = 5525- 

Problem 8. Eight letters, to each of which corresponds an envelope, 
nrc placed in the envelopes at random. What is the probability that all 
letters are not placed in the right envelopes. 

Total number of ways in which 8 letters can be placed in 8 enve- 
lopes=81. 

Also there is only one way in which all the letters are placed in 
their right envelopes. 

Probability that all the letters are placed in the {right envelopes 

J_ 

8 ! ‘ 

Hence the required probability that all the letters arc not placed in 
their right envelopes=l— gy. 

Problem 9. A and B stand in a ring with 10 other persons. If the 
arrangement of the persons is at random, find the chance that there 
are exactly 3 persons between A and B. 

In a ring 12 persons can stand in 11 ! ways and 3 persons between 
A and B can be selected in 10 C 3 ways. A and B interchange their 
positions in 2 ! ways. Also 3 persons between A and B can stand in 
3 ! ways and the other 7 persons in 7 ! ways. 

/. Number of favourable ways=2 13 17!. 10 C 3 

10 ! 


=2 ! -3 ! 7 !. 

=2 ! 10 !. 

2 ! 10 ! 2 


7 13! 


Required probability— ^ ^ - 

Problem 10. A number is chosen from each of two sets 
(1, 2, 3, 4, 5, 6, 7, 8, 9); (1, 2, 3, 4, 5, 6, 7, 8, 9). 

If Pi denotes the probability that the sum of the two numbers be 10 
and p 2 the probability that their sum is 8, find p x +p 2 . 

Each set consists of 9 numbers and hence the total number of ways 
of choosing one from each= 9 C 1 X 9 Ci=81. 
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A sum of 10 may be found in 9 different ways, like (1, 9), (2, 8), 
(3, 7), (4, 6), (5, 5), (6, 4), (7, 3), (8, 2), (9, 1) so that 

Pi=1t=4. 

Similarly a sum of 8 can be found in 7 ways so that p 2 ^=^ 
Pl+P 2 =4+TT = It- 

15.3. EVENTS 

^4 collection of all possible outcomes of an experiment is said to be an 

event. 

If such a collection contains the outcome of an event, then that 
event is said to have occurred. 

An event is said to be simple or compound according as it cannot 
or can be decomposed. 

e.g. if we toss a coin, it will turn up either a head or a tail. Thus 
there are only two possible outcomes giving a simple event. 

If we throw a pair of dice, then to have a sum of 5 is a compound 
event as a sum of 5 can be obtained as (1, 4), (2, 3), (3, 2), (4, 1). 
Thus this compound event consists of 4 elementary events. 

Mutually exclusive events. Two or more events are said to be 
mutually exclusive if the happening or occurrence of any one of them 
excludes the happening of the others. 

For example, if we toss a coin, and it falls with head up, then the 
falling of the head up excludes the simultaneous happening of the tail 
up i.e ., the two events of the falling head and tail up with a coin 
cannot happen together, but the happening of one excludes the 
happening of the other. So the two events are mutually exclusive. 

Compound events (Joint occurrence). The simultaneous occurrence 
of two or more events in connection with each other is said to be a 
compound event. 

For example, if we have an urn containing 100 balls of different 
colours say red and green and suppose 60 are red and 40 are green. If 
then it is proposed to draw 10 balls each of red colour, it is a simple 
event. But if it is proposed to draw first 20 balls of red colour and 
then 10 balls of green colour, then it is a compound event. 

Dependent and independent events. Two or more events are said to 
be dependent or independent according as the occurrence of one does 
or does not affect the occurrence of the other or others. The dependent 
events are sometimes known as contingent. 

For example, if from an urn containing 10 balls, it is proposed to 
draw 2 balls, then if a ball is drawn and it is not replaced unless the 
second ball is drawn, the event of the drawing of the second ball is 
dependent on that of the first. But if first ball is replaced and then the 
second ball is drawn, the event of drawing the second ball is indepen- 
dent. 
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15.4. THEOREM OF TOTAL PROBABILITY, i.e. 

ADDITIVE LAW OF PROBABILITY 

If there are n mutually exclusive events A l9 A 2 , A 3 ,...A n whose pro- 
babilities are P(A X ), P(A 2 ), P(A 3 ),...P(A n ) respectively, then the 
probability that one of them will happen is the sum of their separate 
probabilities , i.e., 

P{A 1 +A i +A 3 +...+A n )=P{A 1 )+P{A i )+P{A 3 )+...+P(A n ), where 

P( Al +A 2 +...+A^) denotes the probability of occurrence of at least 
one of the n events A x , A 2 , A 3 ,...A n . 

Suppose there are N total number of exhaustive, mutually exclusive 
and equally likely cases of which m x , m 2 , . m n are favourable to the 
events A lf A 2 ,...A n respectively. Then the total number of cases 
favourable to either A x or A 2 or A 3 or. ..or A n is mi+m 2 +m 3 + ...+rn n 
so that the probability of happening of at least one of these events is 

m x , m 2 , , ni„ 

= /V + N + '" + N 
=P(A 1 )+P(A 2 )+P(A 3 )+...+P(A n ). 

Conclusions. (0 In case an event A is comprised by n mutually 
exclusive forms A 1 , A 2 ,...A n , i.e. 

A~A 1 -j-A 2 -h..»’hA n , 

then probability A, i.e. P(A) is the sum of the probabilities of A x , A 2 , 
...A n separately, i.e., 

P ( A ) == P(A l ) + P(A 2 )+...+P(A n ). 

(ii) In case the n mutually exclusive events are exhaustive also, so 
that there is certainty of happening of at least one, i.e., P(Ai+A 2 +.«* 
+^ w )=l, we have 

P(A X ) +P(A 2 )+...+P(A n )= 1 . 

Note. We generally use the following notations: 

P(A) denotes the probability for an event A to happen, 

„ A not to happen, 

,, occurrence of at least one 
of the events A and B 
occurrence of both the 
events A and B, 

happening of A and not of B, 


happening of neither of A 
and B, 

If A and B are two events such that AB and aB are two exhaustive 
and mutually exclusive forms in which A can occur, then we have 


P(A) 

P(A+B) 

P(AB) 

P(AB) 

P(AB) 

P(AB) 
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P(A)—P(AB)-\-J (AB) from conclusion ( 11 ) 

Similarly, P(B)=P(BA)+P(BA) 

= P(AB) + P(AB). 

so that P(A)+P(B)=P(AB)+{(ABj+P(AB)+P(AB)}. 

But from the above theorem of total probability, we can write 

P(A + B)=P(AB+P(AB)+P(AB), 

i.e., probability that at least one of A and B happens=the sum of 
probabilities that A happens B not, B happens A not and A, B both 
happen. 

Thus, P(A) + P(B)==P(AB)+P(A + B ) 

or P(A + B)=P(A)+P(B)—P(AB). . . . (1) 

Generalization of this result. To prove that the formula for the 
probability of occurrence of at least one of the n given events A u A,,... 
A„ is 

P(A 1 +A 2 +...+A n )=S 1 -S 2 +S 3 -...+(-l)”~'S n 
where S r stands for the sum of probabilities of simultaneous occurrence 
of exactly r of n events, the summation extending overall possibte 
combinations. (Agra, 57, 62) 

For two mutually exclusive events A, and A 2 the result (1) gives 
P(A l +A 2 )=P(A x )fP(A 2 )-P(A l A 2 ). 

Similarly, 

P(A 1 +A 2 +A 2 )=P(A 1 )+P(A 1 +A 3 )-P{A 1 (A2+A z )} 

^P(A l )+P(A 2 )+P(A 3 )-P(A 2 A 3 )-P(A 1 A 2 +A x A 3 ) 

= P(A 1 ) + P(A 2 )+P(A 3 )~ P(A 2 A 3 ) 

-P(A 1 A 2 )-P(A 1 A 3 )+P(A 1 A 2 A , ) 

3 3 

= 2 P(A<)~ 2 P(A i A i )+P(A 1 A 2 A 3 ). ... (2) 

»=1 i,j= i 

‘¥=j 

Thus it follows from induction method that if there are n events 
A x , A 2 , A 3 ,...A„, then the generalization of the result (2) gives 

P(A 1 +A,+ ...+A n )m=2 P(A,)~ S P(A f Aj)+ 2 PfAtAjAJ 

I >7=1 i, ./. &= 1 

1)'* 1 P(A 1 A 2 ...A n ) ... (3) 

Denoting by S u S 2 ,..., S u the sum of the probabilities of simul- 
taneous occurrence of exactly 1 , 2 ,..., n of the n events, the sum- 
mation extending over all possible combinations, we have 

F(.4 a +^ 2 +...-f^ Ii ) = 5 1 -S' 2 -l-5' 3 -...-f(-l)’>- 1 S n . 
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corollary. In case the events A u A 2 ,...,A„ are mutually exclusive, 
then 

P(A t A,)= 0, 

P(A ( AiA k )= 0, 


P(A 1 A 2 ...A„) = 0, 

io that (3) reduces to the theorem of total probability, i.e.. 


P(A 1 +A 2 +...+; 2 P(A i )=P(A l )+P(A 2 )+...+P(A n ). 
1 = 1 


Problem 11. If the probability of a horse A winning a race is i and 
the probability of a horse B winning the same race is i, what is the 
probability that one of the horses wins. 

Let pi and p 2 be the probabilities of A and B respectively; then 
Pi=r and p 2 —\. 

The two events being mutually exclusive, the probability that one 
of them wins =Pi+p 2 

i i.i 1 1 

5 ' 6 30* 

Problem 12. Six cards are drawn at random from a pack of 52 cards. 
What is the probability that 3 will be red and 3 black. 

Total number of ways of drawing 6 cards out of 52 = 52 C 6 . 

There are 26 red and 26 black cards; therefore the number of ways 
in which 3 red and 3 black cards can be drawn 

26 C y 26 /^ 

— LjA <^3. 

e(5 C x 26 C 

.*. Required probability = — — 2 - 

26.25.24 .. 26.25.24 
1.2.3 X 1.2.3 13000 

= 52.51.50.49.48.47 = 39151 

1.2.3 4.5.6 


Problem 13. The first twelve letters of the alphabet are written down 
at random. What is the probability that there are four letters between 
the letters A and B1 

Denoting the positions of letters as 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10. 11, 12, 

when A is kept at 1, B should be placed at 6 to have four letters in 

between 


J* 


>> 

99 

99 


2 

3 

4 

5 

6 
7 


>> 

99 

9 9 


1 

8 

9 

10 

11 

12 


99 

99 
9 > 

99 

99 

99 
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Thus A and B can be placed in 7 ways so as to have four letters in 
between. Also A and B can interchange their positions in 2! ways. 
The four letters between A and B can be chosen in 10 C 4 ways out of 
remaining 10 letters when A and B have already been placed. More- 
over, these four letters can be arranged in 4! ways and the re- 
maining 6 letters in 6! ways. 

Number of favourable ways=7.2!. 10 C 4 4! 6! 
and total number of arrangements in which 12 letters can be put= 121 

7 2* 10 C 4* 6* 

Hence the required probability== — * " 1 

7.2! • 10! *4!. 6! 14 

~ 4! 6! 12! “12.11 

7 

TT* 

Problem 14. One of two events must happen ; given that the chance of 
the one is two- thirds that of the other , find the odds in favour of the 
other. 

Let/?!, p 2 be the probabilities of the two events and suppose that x 
is the chance of happening of either, say 

Pi=x so that p 2 =ix. 

But we have p 1 +p 2 =^ for a sure event, 

1-e., x+-gx=l or |x=l giving x=|. 

P\=t and as such /? 2 =J.»=|. 

Thus odds in favour of the other=|:|-, i.e., 2: 3. 


15.5 THEOREM OF COMPOUND PROBABILITY OR 
MULTIPLICATIVE LAW OF PROBABILITY 

If there are two events A and B, probabilities of their happening bein^ 
P(A ) and P{B) respectively, then the probability P(AB) of the simufc 
taneous occurrence of the events A and B is equal to the probability of 
A multiplied bv th? conditional probability of B ( i.e ., the probability of 
B when A has occurred ) or the probability of B multiplied by the 
conditional probability of A, i.e.. 



P(AB)=P(A) P(B/A) 

— P(B) P(AIB), 

where P ( BjA ) denotes conditional probability of B and P(A/B) that of 
A and that if the two events are independent , then the theorem of 
compound probability is 

P{AB)—P{A) P{B). 


Suppose there are N total number of mutually exclusive and 
equally likely cases of which m are favourable to A. Let m x be the 
number of cases favourable to A and B both, while m x is included in 
m Thus 

P(2?M)= and P(A)=f. 
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Now P{AB )= the probability of happening of A and B both 
m y _ nh_ m_ 

= N—m'N 

=P(A) P(BIA). * ’ * Kl1 

I he interchange of A and B will yield a similar result 

P(AB) = P(BA)=P(B) ( A\B ). • * • 

l» case the two events A and B are 

Iwcwne Kolf’® may be generalized as, if there are 

d, X r “ mnl^irwependem events, then the compound 

1 nX ', aI a,...a.)-w XJ 

In case of n mutually exclusive events A lt A 2 ,...A„, the V 

" Uy bC fr'fA^Aj^PlAJPiAjAJ P(A 3 /A l A 2 )...P(A 3 /A 1 A 3 ...A„). 

P(A 1 A 2 ...n„) t v v an event wi n happen in 

one “Sirs eban/e fhaUt will happen in any assigned succession 

of r trials is p r ; for in this case 

P(A 1 )=P{A 2 )=...=nA r )=P 

required probability = ^(^0 P(A 2 )...P{A,) 

^ p.p...r times=/? r . 

(It) lfp„P.,Ps •p. the ptobabmties that n event, happen, 
then probability that all the events fail is 

(1 -/hX 1 -P 2 XI -Pa) • • •( 1 

Hence the chance that at least one of these events happens 

= 1 -(1 -P0d -Pn) Vf’ 5 !' 

Problem 15. In shuffling a pack of cards three ™ 
dropped, find the chance that the missing cards should be from different 

suits: 

The pack consists of 52 cards. 

The chance of dropping a card=^r=l- 

When one card is dropped, there remain 51 ^^^h'ufthe 
cards are of suits different from that of . dropped one. Thus 
chance of dropping a card of different suit in second draw 

39/° 

^ 1 3 9 

= 6 l Ci TTl- 

When two cards are dropped, there remain 40 car ^ s °J ^hus the 

cards are of suits different from those of dropped cards. Thus the 

chance of dropping a card of different suit in third draw 
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The events being dependent, the required chance 
!5 Z h , a [ iS the P r obabilitythat they belong ,o different suit ? 1 

sar ^ ^ - ^-4 

rfSraF 0 ^ ,J face “'*• ,he r '” aiDi ”* 40 ^ io «* 

(«) Chance of drawing a card in first draw= ^- --=l. 

^dtL d ^ir£r ain39cards 30 4 

.. the chance of drawing a card of different suit in second draw 
_ 3o C, 30 

““c; = 39" 

ain 38 cards ° r » hich 20 » 

•• chance of drawing a card in third draw— 

38^ 

«*'<*«** 10 •» 

'*• chance of drawing a cardin fourth draw=-J^ L = — • 

=fx - x e - v>o bei ”!of pendent> ,he required P r °habiHty ^ 

1 A If A-SgA sy = VT-?V- 

{b) Chance of drawing a card in first draw=^^~- =1. 

are 1 ?® 2S"sS? aS^’of fT ”““‘5 39 ca . rds ° f which 9 card< 

27 cards out nf ao d 3 f l u C u ame denommation ( value ) so th »« 

.. Chance of drawing a card in second draw=~' — — • 

39 C 1 — 39 

Similarly chance of drawing a card in third draw=^l - 16 

3S C, “38 

and chance of drawing a card in fourth draw=^-_ — 

37 C —3-7 * 

All events are mutually dependent. 

The required probability=l x-l xi" x T — «•< 

ki a 
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I t hr first is a diamond and the second is a king. 

I et A denote the event of drawing a diamond and B denote the 
• vent of drawing a king in the second draw, when the first card has 
turn replaced. Then 

P(/4)=Probability of drawing a diamond 
__ 13 C t 1 

“52 Cl - 4 • 

P(B )= Probability of drawing a king 

^ 1_ 

~" M Ci”13 * 

The two events being independent, we have 
P(AB)=P(A)P(B) 

1 V * 1 1 

— T A TI — FT* 

Problem 18. Find the chance of throwing a 6 at least once in two 
throws of a single die . 

Let A denote the event of throwing a six in the first throw and B 
Hint in the second throw. Then probability of throwing a 6 at least 
once in two throws may be represented by P(A+B). 

Now P(/f)=Prob. of throwing a 6 in first throw. 

i 

— T 

and jP(2?)=Prob. of throwing a 6 in second throw 

i 

— T- 

But we have 

P(A + B) = P(A)+P(B) - P{ A B) 
where P(AS)=P(A)P(B), A , B being independent events 
P(A + B)= i+W-i 

— l i_ — ii 

3 Is 3 a • 

Problem 19. A coin is tossed three times. Find the probability of 
Ki tting head and tail alternately. 

Let P(A) and P(B) represent the probability of getting head and 
tail respectively. Then 

P{A)—\=P(B). 

The alternate occurring** of head and tail may happen in two 
ways: 

(/) starting with head, 

(//) starting with tail. 

In case of first, the probability of the event 
=P{A)P(B)P(A) 

=«.-| 

i 

— tj* 
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In second case the probability of the event / 

=P(B)P(A)P(B) 

=i 

But the two events being mutually exclusive, the total probabillb 
of happening any one of them=++|=£. 

Problem 20. Four persons are chosen at random from a grout 
containing 3 men, 2 women and 4 children. Show that the chance tk* 
exactly two of them will be children is 4+ 

Given Men. Women Children Total no. of persons 
3 4-2+4 =9. 

4 persons out of 9 can be selected in 9 C 4 ways, 

2 childern out of 4 can be selected in 4 C 2 ways. 

When 2 children have to be selected, we are left with 5 person 
(3 men and 2 women). To make the company of four includlM 
the two already selected children we can choose 2 persons out of 3v 
5 C 3 ways. 

Number of ways of selecting 4 persons = 4 C 2 X 5 C 2 , the ttl 
events being independent. 

Hence the required probability = — ' =4+ 

Problem 21. In a bag there are 6 balls of which 3 are white and ) 
are black . They are drawn successively without replacement. Whai\/> 
the chance that the colours alternated 

Suppose the first drawn ball is white. Then probability oflk 
drawing is 3 C 1 / 6 * * C 1 =|. In the second draw, probability of the bfl 
being black is then 3 C 1 / 5 C 1 = | (because there remain only 5 
after first draw). Thus 

2 C 

probability of white ball in third draw=|-^r =£. 

Ci 


99 

black 

„ fourth* „ 


99 

white 

„ fifth „ 

2 Ci 


black 

„ sixth „ 


99 



Total probability of this event=!.4.++£+==TV 

Similarly the probability of the event with a start of black M 

882211 1 

— T‘T *4>-g -2-T — a'O’ 

Hence the two events being mutually exclusive, the probability 
happening of any one of these events =rV+?V =T 7 - 

Problem 22. Three groups of children contain 3 girls and 1 boy 9 £ 
girls and 2 boys 9 1 girl and 3 boys. One child is selected at ranJU 
from each group. Show that the chance that the three selected couj$ 
of 1 girl and 2 boys is 4+ 


I One girl and 2 bbys can be selected in three different ways as 
L.«oiissed below: 

I probability of selecting girl from 1st and boys from 2nd and 3rd 

groups=|x|xf=^ j 

probability of selecting girl from 2nd and boys from 1st and 3rd 

groups=JxJxf=A, 
probability of selecting girl from 3rd and boys from 1st and 2nd 

groups — X i X aV 

All these events being mutually exclusive, the required probability 

» I _3_ I JL 13 

8 2 I 3 2 I 3 2 3 2 * 

frublem 23. A can hit a target 2 times in 5 shots; B, 2 times in 
i t ihots ; C, 3 times in 4 shots. They fire a volley. What is the 
Mfiiihiihility that 2 shots hit ? 

I here arise three cases, probabilities of which are as follows: 

(0 Probability that A hits, B hits and C does not hit 

» . 3 . 1 « 

F F i i o o J 

’ (//) Probability that A hits, B does not hit, C hits 

3.8.3 27 

— F F ¥ Too* 

pit) Probability that A does not hit, B hits, C hits 

2.2.3 12 

— F F T — Too' 

All these events being mutually exclusive, the required proba- 

I kill W - g 1 2 7 1 12 4J5i _9_ 

I y To 0 I 10 0 I 100 Too 20 * 

I H r. PROBABILITY: A NEW STAND POINT 
|4| Sample space or outcome space. A set consisting of the elemen - 
I Ur events as its elements is said to be a sample space. It is generally 
ibMtcd by S. 

A sample space provides a mathematical model of an ideal experi- 

I irnt in the sense that every conceivable outcome of the experiment 

I Miompletely described by one and only one sample point. 

In fact an element in S is known as a sample point or sample and 
I in ovent e.g. event A is a subset of the sample space S. The event 
12” M consisting of a single sample point a G S is said to be an 
I ihmentary event . The null sets <f> and S itself are events. The null set 
II U said to be an imposible event while S is said to be a sure or 
I mlain event. 

1 1|) Correspondence between sets and events. Let there be two events 
I 4 mid B. Then 

(0 A 1 * J B denotes an event which occurs iff (if and only if) A occurs 
I H H occurs (or both occur). 

(il) A O B denotes an event which occurs iff A occurs and B 
I I Incurs. 

(Hi) The complementary event of 4 denoted by A ' or A is an event 
f which occurs iff A does not occur. 
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B— A will be the event consisting of all points not contained in tl 
event A but contained in B, i.e., 

B—A =B Pi A' 

A-A'=<f) = A HA'. 

Also A U A'=S. 

A complementary event A' is always mutually exclusive ai 
exhaustive. 

(iv) Two events A and B are called 'mutually exclusive or disjoi 

if A n 

Problem 24. A coin is tossed and it is observed whether a head i 
tail is up. Describe the suitable sample space of the experiment. 

Denoting by H the event in which the coin turns up head and \ 
T, the event in which the coin turns up tail, the sample space of tl 
experiment consists of only two elements i.e., S={H, T}. 


Problem 25. If a die is thrown and the number of spots on t 
uppermost face is observed , describe , the suitable sample space 
this experiment. 

The spots on the six faces of a die are 1, 2, 3, 4, 5, 6. When t 
die is thrown any of the six numbers will appear on the uppermo 
face; therefore 

£={1, 2, 3, 4, 5, 6}. 

Problem 26. Let there be a pack of cards. Describe the suitah 
sample space for drawing a red card. 


There are 52 cards in all out of which 26 are red and other 26 a 
black. Denoting by e l9 e 2 , e z , ..., e 26 the events of drawing a red can 
we have 


S — {€\ 9 0 2 , •••> ^26)* 

Problem 27. There is a box containing 4 chits numbered 1, 2, 3, 
Describe the sample space of drawing two different numbered chits 
after another. 

Every outcome will be an ordered pair such that 1 < x < 
1 < y < 4 but x^y where * denotes the number of first drawn c 
and y that of the second. 

Possible outcomes may be tabulated thus: 


\J 

1 1 2 

3 i 

4 

1 

X 

1.2 

1, 3 

1.4 

2 

2, 1 

X 

2 3 
’ ! 

I 2 * 4 

3 

3 ’ 1 3 ’ 2 x 

3, 4 

4 

4 1 4 2 4 1* 

X 
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the sample space consists of 2 ordered pairs, 
jinnee, S={(*» y) ; 1 < x < 4, 1 < y < 4 and x^y}. 
problem 28. An urn contains three red and two white balls. Two 
ulh are drawn and their colour is noted. Set up the sample space of 
■ hi* experiment . 

I rt the red ball be numbered as R u R 2 . R 3 and white balls as 

v„ W t . 

Denoting the event of drawing ball R\ in first draw and R 2 in 
wmid draw by R^, the sample space consists of 20 outcomes 
yivcn below : 

RiR* R 2 Ri, RoR 3y R 2 W l9 R 2 W 2 , R Z R U 

R 3 R 2 , r 3 w x , R 3 W 2 , W x R u W x R 2 , W x R 3 , W X W 2 , W % R U 

W 2 R 2 , W 2 W z , W 2 W x }. 

|( '| The modern concept of probability. It is a well known fact that 
|hr concept of probability developed from evil habits of games of 
(jut nee or gambling used in France in 17th century. In this connec- 
tion the French nobleman and gambler Chevalier de mer£ consulted 
tlir well known mathematician Blaise Pascal (1623-1662) who began 
in think over the problem how and to what degree of accuracy a 
iimbler can be assured of his chance of success. Pascal solved the 
Loblem of de mere and had a correspondence with Pierre de Fermat 
flftOI-1665) who became interested in this and other similar 
problems. 

The phenomena occurring in nature or any secrets can be either 
Drterministic or Probabilistic, e.g , if a train moves at the rate of 
l() km. /hr., it is deterministic that it will travel 100 km. in 5 hours, 
hill if a coin is tossed, then it is probabilistic to say that the chance 
hI each either ‘head up’ or ‘tail up’ is equal. 

Actually the theory of probability deals with the things likely to 
iHvur and their chance or probable values. It is a measure of degree 
i»f uncertainity rather than accuracy. 

The concepts of probability ar£ connected with the events or 
ou urrences and the Repeated trials. 

ID] Probability of an event. If in a series of n trials all made under 
ilic same conditions an event A is observed m times, then m is said 

In be the frequency of success and the ratio is said to be the j 

rrlatlve frequency of success. 

The probability of the event A is defined to be the limit p of the 
ratio when n tends to infinity (if it exists), i.e., 

/>(tf)=p=Lim ~. 

n-+ oo n 

This is sometimes known as the frequency definition of probability . 
In other words, if the event A consists of r clear events out of n , then 
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x r Number of elementary events in A _N(A) 1 

' ’ ~ n Number of elementary events in sample space S~N(S) ’ 
In terms of sample space S associated with 2 the class of events If 
P be a real-valued function defined on S, then P is said to be thf 
probability function and P(A) the probability of the event A which 
satisfies the following conditions: 

(0 For every event A, 0 < P(A) < 1. 

(/») P(S)=1 i.e. s" P(A0= 1 
f=l 


where 


S={A,} U {A 2 } U ... U {A n }. 


If S=$ (a null set), then 2 P(A t )= 0 i.e. P(<f)= 0. 

/= 1 

(»7) If A and B are two mutually exclusive (i.e. disjoint) event! 
ie. A n B=<f>, then P(A U B]=P(A)+P(B). 

(iv) If A lt A 2 , A 3 , A n are n mutually exclusive events thc> 

P(A X U^U ... U A n )=P(A 1 )+P(A 2 )+...+A(A n ). 

[E] Some theorems. THEOREM 1. The law of total probability. 

If A and B are two mutually exclusive events, then 
P(A U B)=P(A)+P(B) 

or in general if A x , A 2 , A 3 , ..., A n are n mutually exclusive events , 
then 

P(A t U A 2 U ... U A n )=P(A 1 )+P(A 2 )+... + P(A n ). 

Out of m mutually exclusive and equally likely cases, let 4 
correspond to the occurrence of event A and b corresponds to th# 
occurrence of event B , so that the event A (J B occurs in (a+JM 
cases due to the nature of the events A and B. Then, 


P04)= — ,P(P)= — 
m K m 


and 


P(A U £)=■ 


a-\-b 


m 

= — +- 
m 


m 

=P(A)+P(B). . . .(!), 

To generalize the theorem by mathematical induction, since thf 
theorem is true for n= 2, let us assume that it is true for any positiv# 
integral value n i.e. 

P(Pi U A 2 U ... U A^P(A^+P{A^+...+P{A n ). . . . ( 2 ), 

Let A u A 2 , A 3 , A n , A n+1 be («+ 1) mutually exclusive event*, 

then 

P(A ! UiU ... U An U A n+J )=P(A x U A 2 U ... U A n ) 

+P(A n+1 ) by (1) 
=P(A 1 )-\-P(A 2 )-f-...A-P(A n ) 

+P(A n+1 ) by ( 2 ) 
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This follows that the theorem is true for h+ 1 and hence the 
theorem is true for any integral value n. 

THEOREM 2. For any two events A and B , the probability that 
tlther A or B or both occur is given by 

P(A\J B)=P(A) + P(B)-P(A H B). 

/IU# can be decomposed into two mutually exclusive events A — B 
imd B i.e., 

AUB=(A-B)\JB. 

Then from theorem 1, we have 

P(AUB)=P[(A-B)UB] 

=P(A-B)+P(B) 

Now A can be decomposed into two 
mutually exclusive events A — B and 
AC\B i.e. 

A=(A-B)U(Ar)B), 

10 that P(A)=P(A— B)+P(Ar)B) by theorem 1 

or P(A-B)=P(A)-P(ADB). 

Thus P(A U B)= P(A) - P(A O B) +P( B) 

=P(A)+P(B)-P(AnB). . . . (1) 

Aliter. AUB=A\J(B— ADB) where A and B—ADB are disjoint. 

P(AC\B)=P(A) + P[B-AC\B ] 

we have B=[ACtB]\J[B— AC\B] where AC\B and B—AC\B are 
disjoint. 

P(B)=P(AnB)+P(B-AnB). 

Hence P(A\JB)=P(A)+ P(B)-P(A(1B). 

corollary. For any events A, B, C applying this theorem twice we 
may easily get 

P(A\JB\JC)=P(A)+P(B)+P(C)-P(AC\B)-P(AC\C) 

-P(BCiC)+P(AnBCiC) ... (2) 

THEOREM 3 . Let A he an event then its complementary event 
A will be disjoint to A, then P(A)=l—P(A). 

Since A, A are mutually exclusive events, 

P(AUA)=P(A)+P(A). 

But we know that\P(S)=l==P(/0+P(^) 
giving P(A)= 1 —P(A). 

THEOREM 4. If A and Bare two events such that ACB, then 
P(A)<P(B). 

Since ACB, therefore B can be decomposed into two mutually 
exclusive events A and B— A i.e., 



I 
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B=AU(B-A), 
so that by theorem 1, 

P(B)=P(A)+P(B-A) 

P{B)^P(A) as 0^P(B-A)^1. 
THEOREM 5. If A and B are two events , then 
P(AUB)^P(A)+P(B). 

By theorem 2, we have 
P(AUB)=P(A) + P(B)-P(AnB) 
P{AUB)^P(A)+P(B) as 0^(4 05X1. 



Fig. 15.2 


corollary. This result may be generalised in case of n events 


A i, A 2 , A 3 . . ., A n as 

WAiUAtU. . . U 4K^i) + P(A 2 ) + . . , + P{A n ). 

[F] Borel-field. We assume that a family B of certain subsets of S 
(outcome space) is given, which will be called events and that this 
family satisfies the following axioms: 

B x . The outcome space S and the empty set ^ are in B i.e. 
SE.B,cf>eB. 

B 2 , If each set of finite or countable sequence a u a 2t . . a it ... is in 
B y then their union and intersection are in B i.e.y 


AiGBi'ot i=l, 2,...,=>U iAyGB 

AiGB for i=l, 2,...,=>rM*G B . 
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We have P(4) = l —P(A) 

1 5 3 

1 8 — 8 * 

Again we have 

P(AUB)=P(A)+P(B)-P(AnBj 

M., l=i+P(B)~ i. 

I* u rt her we have A — B=AnB, so that 
P(AnB)=P(A-B) 

l* 1 * P(A—B)=* P(A) — P(A p| B) by theorem 2 

I /. P(AriB)=P(A-B)=i. 

Problem 30. In an experiment of tossing (wo dicey if A denotes the 
fwit that the sum of the spots on uppermost faces is 7 9 find P(A). 

A seven can be found in following 6 ways 

(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1). 

While two dice can be thrown in 6 2 i.e., 36 ways. 

. chance of throwing a 7 with two dice=/ T =|. 

II Ci, e 2 y e 3 , e 4 , e Sy e Q denote the events of throwing a seven as 
(I, 6), (2, 5), (3, 4), (4, 3) (5, 2), (6, 1) respectively, then the event 
4 *-{?!, e 2 , e 3 , e if e 5 , e 6 } f 


B 3 . AGB^A=--S-AGB. 

The family B satisfying these three axioms is defined to be Borel- 
field B on the outcome space S. 

[G] Probability measure of a Borel-field. Given a outcome space S 
and a Borel-field B y we consider a set-function P(A) on B i.e . a rule 
which ascribes to every AG B a real number P(A), then this P{A) is 
called as probability measure on B provided it satisfies the following 
axioms: 

P 4 . V (for every) AGB , P(A )^. 0 i.e. a non-negative real number. 

P 2 . P(S)-1 

P 3 . If A lt A 2 y . . ., A h ... is a finite or countable sequence of 
mutually exclusive events, then 

P(U,Aj)~2P(A,) 

j 

Illustration. P(A)-\-P(A)~ 1 and A\JA — S . 

Axiom P 3 gives P{A U^)=P(*S , )=1 
,, P 2 gives 0<P(/4)<1 from P x . 

Also P(fl= 0, SUf^Sy P(S)+P(^)=P(5) Le.y P(6)= 0. 

Problem 29. Let A and B be events with P(A U £)=£, P(Ar\B)=* J 

and P(i)=|. Find P(A) y P(B) and P(AC\B). 


*» that P(A)=P(e 1 )+P(e 2 )+P(e 3 )+P(e l )+P(e i )+P(e i ) 

Hut P(e 1 )=P(e 2 )=. . .=P(e e )=J T . 

I •• A / ^) = Tr+'iV'l _ * - .6 times. 

1 

T* 

Problem 31. For any two events A and B prove that 

P[(Ar\B)KJiBC\A)} =P(A)+P(B) - 2P(A fl B) 

A can be decomposed into two 

mutually exclusive events AC\B and 
jiDB i.e., 

A*=(Ar\B)\J(Ar\B) 

Similarly 

B={ADB)U(ADB) 

P(A)~P(AC)F)+P(A fl B) Fig. 15.3 

•«'l P(B)=P(AD B)+P{AC\B). 

| Adding the last two results 

r(A)+P(B) =P(A n B)-\-P{AC\ B)+2P(A fl B) 
=P[(AC>B)U(Br\A)]+2P(.AnB) 
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as AC\B and Bf\A are mutually exclusive events, 

.*. P{AC\B)\J(BC\A)]=P(A)+P(B)- IP {A f| B). 

Problem 32. From a pack of cards one card is selected at random. 
What is the probability that the card is a spade, an honour or a deuce 7 
Denoting by A, B, C respectively the events of drawing a spade, an 
honour and a deuce, we have 

139 l3 ,P(B)= l2Cl 12 — 4Cl 4 


P(A)- 


“Cj “ 52 


P(A n B)=^~ = P(A n C) 


82 C, “ 52 


,2 ,P(C)=-^ 


“Ci ~ 52 


1 


62 c ='52 ’ i> ( 5nC ) =0 and 


P(AKBC\C) 

Required probability 

P(A U PU C)=P(A) +P(B) +P(C) - P(A n B) -P(A O C) 

-P{B\JC)+P{AC\BC\C) 

_Ji.xJ2j.-l __L _2_ _oxn_2i . 

52 ' 52 ' 52 52 52 ' 1 ‘ 32 

Problem 33. An integer is chosen at random from the first 200 
positive integers. What is the probability that the integer chosen it 
divisible by 6 or by 81 

Let A denote the event that an integer selected is divisible by 6 and 
B denote the event that an integer selected is divisible by 8. Then tht 
sample space is 

S-{1, 2, 3 200}. 


P(A) = 


33 

200 


P(B)=j~,zn<l P(Af)B): 


8 

200 


Required probability P(A\JB)=P(A)+P(B)-P(AC\B) 


— 8 * I • 5 __ 

5 0 1 

®#o T* 


B 

Too 


Problem 34. A coin and a die are thrown together . Find the chanci 
of throwing a head and 5 or a tail and 6 . 

Let A denote an event of throwing a head and 5; 
and let B „ „ „ a tail and 6. 

The two events being mutually exclusive, we have 
P(A\JB)=P(A)+P(B). 

The sample space consists of 12 points as follows: 

£={(//, 1), (//, 2), . . . ( H , 6); (7\ 1), (T, 2), . . . (T, 6)}. 

For the event A = {(#, 5)}, there is one sample point, so that 
P(A)= r \ and for the event B={(T, 6)}, there is also one sample 
point, so that P(B)= l \. 

Hence P(^U^) == iV~t“T 7 == T* 

Problem 35. A has 3 shares in a lottery in which there are 3 prize i 
and 6 blanks and B has 1 share in lottery in which there is one prize 


0 . 


and two blanks. Show that A's chance of success is to B's as 16 to 7. 

nA) _ 1§ 


We have to show that 


P(B) 


We have P(A)-\-P{A)—\ 9 A being the event that A fails to win a 
prize. 

Sample points= 9 C a . 

Event noints= 6 C 3 . 

P(: 3 )= ^ = iT’ so thatPM)=l- 2 y=^. 

Similarly P(5)=J£l = l so that P(5) = l-y = j. 

Required ratio^^l.- 
Aliter: Let 

'A X =A wins a prize when 1 share wins but other two fails, 

A 2 = ,, ,, 2 shares win ,, one fails, 

A s= „ „ 3 „ o fail. 


Then P(^i)= 


3 CjX 8 C 2 

9 c 3 


*C 2 x 6 C, 


3 c v *>r 

^3 a ^0 


P(A 2 )= ^ 1 and P(A s )=-^~ 


p(a)=p(a 1 )+P(A,)+p(a 3 ) 

V-'X A ^ 2 r ^2 X v-'i’T" C.3 X '-'0 

- *C Z 

16 

= 2r 

Similarly P(B) can be found to be J and hence the required ratio. 

[H] Conditional probability. If A and B are two dependent events in 
the sample space S, then the conditional probability of A given B (i.e. 
the probability of occurring of the event A on the assumption that B 
has already occurred) is defined as 


...( 1 ) 


provided P(B)^0. 

Similarly the conditional probability of B given A is defined as 
P(B/A) W 

provided P(A)^ z 0. 

Note. In first case if P(B)=0 or in second case P(A)=0 , the condi- 
tional probability is undefined . 

[1] The law of compound probability. In the previous article we have 
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defined the conditional probability of A given B as 
P(A/B) 

Multiplying both sides by P(B), this becomes 
P(B)P(AjB)=P(ADB), 

i.e. P(ADB)=P(B) P(A/B). 

Similarly P(BDA)=P(A) P(B/A). 

But BC\A = AC\B. 

P(BDA)=P(ADB), 

so that P(ADB)=P(A). P(BIA)=P(B).P(A/B). 

This gives the law of compound probability. 


corollary 1. In case of three events A, B, C, this law becomes 
P(AC\BC\C)= P(A).P(B/A).P(C/A O B). 


corollary 2. In case of n(> 2) events A u A 2 , A 3 , . . . A n for which 
P(A X DA 2 D . . . n^„)>0, then the compound probability 
P(A X DA 2 D . . . DA n )^P(A 1 ).P(A s /A 1 ).P(A 3 /Ar)A 2 ) 

■ . . piaja^a.d . . . n^„-J 

This may be proved by the method of induction as follows: 

Denoting by S„ the statement given above and denoting by All 
the set of those integers n for which S n is true, we have by the method 
of induction for N> 1, 

(0 2 £N for S 2 is the statement which is true, 

(») k€N, k being assumed an integer>l. 

If we prove that &-(-l£./V, then the statement becomes universally 
true. 


For S k the statement is 

p(a x da 2 d . . . n a u )=p(a 1 )p(a 2 /a 1 ) 

. . . P(Aj c IA 1 DA 2 D . . . (~t Ak- j). . . . (1)| 

It may be verified by using the definition of conditional probability 
and properties of set-intersection, that 

'P(A X DA 2 D ~7fui =P(A '* 1,A ' nA * n • • ■ • • • (2) 

Multiplying (1) and (2) together, we get 
P(A X DA 2 D . . . fl ^ t+1 )=P(T 1 ).P(/t 2 /^ 1 ) 

... P(Ak+i/A x DA 2 D . . . D Ak) t I 

which shows that if kE.N, then Ar+IEN, i.e. fthe statement is tru« 
for all values of k and hence the result holds good for any integral I 
value n. 


corollary 3. Since B can be decomposed into two mutually ex* 
elusive events ADB and ~Af\B i.e.. 
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B= (AnB)\J(AOB) 

wc have, P(B) =P[(AC\B) U (A n B)] 

—P(A Pi B) -j-P(A n B) as P(E\J F)=P(E)+P(F) 
= P(A).P(BI A) + P(A) P(BIA) 

Problem 36. Prove the following cases, assuming that in each case 
the conditional probabilities are defined. 

(/') For any event A, O^P(AIB)^!, where P(B)>0, B being another 

rvent. 

(li) For a certain event S, P(S)B) — 1, where P(B)>0. 

(Hi) P(A 1 (jA 2 IB)=P(A i IB)+P(A 2 IB)-P(A 1 nA 2 IB). 

But A x and A, are mutually exclusive and P(B)>0, 

P(A X U AJB)= P(AJB) + P(A 2 JB) 

or in general if A x , A.,, ... A n is a sequence of n mutually exclusive 
events, then 

P(A X \JA 2 U • • • U A n IB)=(A 1 IB)+P(A 2 IB)+ . . . +P(A n /B) 

(if) If A and B are mutually exclusive and P(A IJ B)P- 0, then 

P(AjA U B) • 

(i) We have AD BCB, so that B can 
be decomposed into two mutually ex- 
clusive events ADB and B— BDB i.e. 

B=(ADB)\J(B-ADB) 

P(B)^P(ADB) + P(B-ADB) 

>P(ADB) as P(B-ADB)-^ 0 
or P(ADB)^P(B). 


Thus, 

Also 


P(A/B) = 


P(ADB) 


<1 



P(B) 

P(AIB^0. 

0^P(AIB)^l. 

(//) We have SDB=B, S being a certain event 
I.e., P(SDB) = P(B\ 

P(SDB) P(B) 


P(SIB)—' 


P(B) ~ P(B ) 


■I. 


(Hi) We have 


I'(A 1 \JA 2 IB)-- 


PliAAJAfiCYB I 

' ' P(B) 

p[(a x db)kj{a,db)\ 
= P(B) 
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^PUiPi BHjFUz n b)~p[(a , naint/t.n at) 

p { B) - ~ 

n -4-1 n B ) 

P(B) 

-P(A X l B )+P(A i /B)-P(A 1 r\A t IB). 

^sn^are^ls^mirtiialiy MciusIve^so^thaT events> «- U 

P ^ A i ( -)A 2 )r)B]=p[A 1 C\B)\j(A 2 r\B)] 

—B(A 1 C\B)+P(A 2 C\B) 

P(A 1 (JAJB ) ~ p [( A iUA)nB i 

P(B) 

= p LdiD p )±f(A 2 nB) 

~~P(B) 

- Mng) P(A 2 nB) 

P(B) + ~P(B)~ 

a . .. ~P( A il B)+P(AJB). 

Again if A, A a 

a iC\B, A 2 db’ "inB " aF i C mutua »y exclusive events, then 
Dr(j | , , . . ’ - ‘ are also mutually exclusive, so that 

i 2 . . . UA n )nB]=P[(A 1 r)B)u(A 2 r)B)U . . . U(A„DB)] 

=P(A 1 DB)+P(A 2 nB)+ . . .+P(A„HB) 

•• P(A 1 UA 2 ij.. .(j A n/B )= • .^)n^| 

p(3j 

= .^tjifvg) +P(^ 2 ng )+. . .+p(yt„n5) 


^PfAHB) P( A t QB) 


P(A n _nB) 


P(B) +-p(- 5T -+.-.-r - m - 

r •. e- P( ' 41 * B ' )+P ( A * I 5 ) + - • -+P(A n I B). 

° V) inCC A and B are mu tually exclusive events, we have 
A\JB=$ 

and ah(au b)=(a\ja)d(aub) 

4U =--An<fi=A 

so that PIAD(A(JB)]=P(A) 

and also P(AuB)=P( A )+P(B) 

P[AC\(A\JB)] 


Hence P(A | /lufi)=- 


P(AUB) 

P (A) 

'PiAffPiB, 
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Problem 37. If A and d are two events such that P(A )= |, P(B)=\ 
«,IP{AKjB)=i,find P(,A \ B) and P{B \ A). 

We have P(A{JB)=P(A)+P(B)-P(AnB). 

It., i=i+v~P(AC\B) 

living P(/4nB)=i. 

Now P(A 1 B )= F{ p { B) B) - = J = * 

•nd P(B | A)= P{Bf }. A) = \-=\ as Bf\A=AC\B. 

*\ A ) s 

Problem 38. If A and B are two events such that P(A')=\, P(B)—± 


»ikI P(AU B)—i, find P(A | B), P(B | A),P(A^B) and P(A | B). 

We have P(/lUB)=P(^)+P(5)-P(vinil) 

It., \ = \+\-P(AC\B) giving i > (^nS)= T 1 T 


P(A | B)-- 


P(AnB) 


TT 


P(B | A)= 


P(B) 

P(BnA) 


TT 


P(A) 


-i 

=i- 


Now, P(P) = l-P(5) = l-i=f 

A can be decomposed into two mutually exclusive events A(~)B and 
tns, so that 

A=(ADB) U(ADB) 

P(A)=P[(ADB)U(AnB)] 

=P(AnB)+P(ADB), 

lo that P(ADB)=P(A)-P(AnB) 


also P(A | B)= P( * AnB) =1=J. 

P(B) T 

Problem 39. A bag contains 3 black and 4 white balls. Two balls are 
drawn at random one at a time without replacement. 

(/) What is the probability that the second ball selected is white? 

(//) What is the condit ional probability that the first ball selected is 
white if the second ball is known to be white ? 

Let Wu ^2 denote the events of drawing a white ball in first and 
•ccond draw, then 

W)=-^= 4, P(w 2 )=~f=$ 
iWi)=l-iW=W=* 
p(W 2 | ir 1 )=-^-=j=i 
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P(W 2 1 u / 1 )=-^~ -=|=f. 

Also P(W 2 | JV 1 )= -^j£1Ej1 
2 1 P{W ,) 
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i.e.. 


P(W 2 f\WJ 


or 


(0 


i> (^2)=[(iF 1 n iF 2 )u(inn r 2 )j 
=P{w 1 nw 2 )+p(w 1 r\yN i ) 

=P(w 1 ). p(w 2 1 fy 1 )+P(W 1 ).P(fv 2 i wj 

00 P(w, | w 2 )=*^f±pl 

•a 

=-f 

T 

[J] Partition of a set. Let there be a set 4- 

A={A x , A 2 , .... A n }. 

Then, the partition of the set A is the set {A u A s ,. . A„) provided 
they are^nclusfveX Au A *’ " are subsets of A 0*1. 

ari disjoSt f0l7=I * 2 * =1 ’ 2 ’ "•> " and they 

(///) ^iU^ 2 U...U^ n = ^ f.e. they are exhaustive. 

nn !^ f c 5 n see that every element of A is a member of one and only 
one of the subsets in the partition. V 

Further we can see that if S be a sample space, S={A, A}, 

where A={ADB, ADB} 

and A(JB={AC\B, ADB, AC\B) 

then 5 =K4= {AC\B,AC\B,Xc\B,ACiE) 

Illustration. Suppose there is a pack of cards, then 
S=(52 outcomes) 

={As, Ah, A d , Ac}. 

S hearl ' dian,0 " d “ d dub respec - 

It is clear that 

(0 AjCS for j~S, H, D, C, i.e. As, A„, A D , A care subsets of 5. I 

OtvmS^L f °' J=S ’ "• D ’ C ’ k ~ S • "• D - C ■ bM '^ 

(Hi) 4sUA/f\j/1 D \j4c~S i.e. they are exhaustive. 




All the three conditions being satisfied the set {As, Ah, Ad, Ac} 
irprcsents the partition of S. 

[K] Baye’s theorem. In order to prove the theorem given by Thomas 
lluyc, let us first introduce a Lemma, required for its proof. 

Lemma. Let {A x , A 2 , ..., A„} be a partition of the sample space S 
ml suppose that each of the events A u A 2 , .... A„ has non-zero 
ftobability, i e., P(Ai)>0 for /=/, 2, ...,«. Then for any event A, 
nr have 

P(A)=P(A 1 ).P(A | A X )+P{A 2 ).P{A | AJ + ... + P(A n ). P(A | A„) 

= 2 P(Aj) P(A | A,). 

J = 1 

Its proof. As A u A 2 A„ are partitions of S, therefore 

{AC]A X , AC\A 2 ,..., AC^A r {} 
will represent the partition of A. 

Thus A={Ar\A 1 )\J{AC\A 2 )\J...[J{Ar\A n ). 

•o that P(A)=P {Af\A x )=P{AC\A 2 )+... + P{AnA n ) 

= 2 P(Ar\A f ) 

7 = 1 

Applying the result of the conditional probability, i.e., 

P(A | Aj )=— giving P(ADA,) 


=P (A,). P(A | A,) 


( 1 ) 


wc have P(A)= 2 P(A,). P(A | A,), 

7=1 

which proves the lemma. 

Statement of Baye’s theorem. If an event A can occur only if one of 

n 

the mutually exclusive events A u A 2 , . . ., A„, i.e., /4C U A k , A k C\ 

k— 1 

I, cf> w hen k ^ j and suppose we are given the probabilities P(A k ), 
k 1 , 2, . . n and the conditional probabilities P(A | A k ), then we 
arc required to find the probability of A k when it is given that A has 
already occurred and P(A)>0 for each integer k (I^k^n) then 
llaye's formula is 

P(A k | A) =-f ( — P(A 1 Ak) - • 

2 P(A 3 ) P(A | A 3 ) 

7=1 

Proof. By the definition of conditional probability, we have 
P(A k | A )=- p ( AnAk) 


I.e., 


P{A) 

P(AnA k )=P(A)P(A k ) | A) 
=P(A k ) P(A | A k ) 
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and by (1), 


P(A)= 2 P(A,). P(A | At). 
j= 1 

P(A h ). P(A | A h ) 
n 


P(A k | A)= 

2 P(Aj).P(A | A ,) 

/= l 

, u?u^ m ^'i Ther f a t e three coins > identical in appearance one of 
which is ideal and the other two biased with probabilities 4 and I 

r if P ahZ y nl° r U °u ne C ° in iS t0ken at random and tossed twic ! 
Lin waschoslT * the P robabibt y that the ideal 

3rd'coins £S&£S£ x£en eVentS of choosin S the * <**■!> 2nd and 
P(^)=P(^ 2 )=P(4,)=$. 

co!n Ct A be thC CVent ° f ° btaining 2 beads in two tQ sses of the selected 
Probability of getting a head in a toss=f 
P(A | ^i)=(J) 2 =i. 

3rd P ^f/ ; lS"^S“ d „" P o S W i!' 2 “ d “ * and ,ha ‘ W “ h 

it • n , , P ^ A I ^*)=(1) 2 =t and P(A | A t )=(^=*. 

Using Baye’s formula, 

P(A ll A)= ^dl>P(dIJl) 

2 P(Aj).P(A | A^ 

J = 1 

H 


'ii+U+U 




l 

Ta 


IT 


JL. = = 1 y 1 0 8 9 

y I Ta A -j-g-. 


reFp?LivSy 41 25 In j? £5 A ’ B ' C manu f act ™ 

2i a" Ac,,;* M,?A SA tt TrL^tZZVrictZi 

Here PU)= T - , P(S)= T “ , P(C)= T - . 

Let £ denote the event of drawing a defective bolt 

tt ' » H V A)=T ^ P(E 1 B)== ™’ P{E I C ^>=rh. 

Using Baye s formula. 

P(A | E) =-— K A ) P(P I A) 

P{A) P(E | A)+P(B) P(£ | B)+P(C).P(E | C) 


a b v. 5 
TOO * Too 


To? X T £ 0 + tVo X rrfr + tVo X T -| 7 
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""125 + 140+180 ***• 

Similarly P(B | £)=«* and P(C | jE)= ¥ %. 

| L] Independent events. The two events A and B are said to be 
llochastically independent if and only if P(A\B)^P{A), i.e.,the 
happening of the evert B does not affect the happening of A. 

We have , 

P(A \ P)=^5f ) and P(B | A)= P(B Qf - > 

The two events are independent to each other when 
P(A | B)=P(A), P(A)>0, 

P(B | A)=P(B), P(B)> 0. 

Thus the two events A and B are stochastically independent if and 
only if P(AC\B)=P(A).P(B). 

In general, m(m> 2) events A t , A 2 A m are independent if 

p(A 1 nA 2 n...nA m )=p(A 1 ).p(A g )...p(A m ). 

Problem 42. If A and B are two independent events in a sample 
ipnce S, then prove that 

(i) A and B are independent, 

( II ) A and B are independent, 

( Hi ) A and 7 3 are independent, 

(iv) P(A\JB) = l-P(A) P(B). 

(/) We have P(ZUB)=1- P(A U B) 

= 1 ~[P(A) + P(B)-P(A fl £)] 

=1 -P(A)-P(B)+P(A).P(B) 

as A and B are independent 

= [1-P04)] [1-P(P)1 
=P{A).P(B) 

showing that A and B are independent. 

(li) We have P( AD B)=P(B)-P(AtlB) 

=P(B)-P(A).P(A) 

=P(B) [1-P(/1)] 

= P(P). P(A) 

showing that A and B are independent. 

(Hi) We have A=AC\B\JAC\B. 

P(A)=P(AC\B)+P(AC\B) 

=P(AC\B)+P(A).P(B) 
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P(AHB)=P(A) [\~P(B)] 
=P(A).P(B) 

showing that A and B are independent. 
O'v) We have (.tUfl)UMnfi)=5'. 

P(A UB)+ P(A n B)=P(S) = 1 
or P(^US) = l-/>(ln5) 

—\—P(A).P(B) as A and 

Problem 4J. 
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card is 
show that 


B are independent by (/). 

denoted by A* and that of ^drawins^aThofn^r^^u a D spe ^ t 
t A and B are independent events. c ord by B, then 


We have 


P(A) 


_ 13 C, 


“C, 


12 /-* 

P (B )=iig- 


12 r s 

^2 IS J 


Then 


Since P(A | B)- 


P{AftB) 
P(A 


“(7 

_ri— » 

S2 Cj — V1 ‘ 

B) ^ P(ADB) 

’ P(B) ' = 

-i=P(A). 


rs 


-P(A), the events A and B are independent. 

BINOMIAL AND MULTINOMI 


15.7. .REPEATED TRIALS: 

EXPANSIONS 

[A] Binomial theorem, jf the probabilitv of th * 
event h , an , Mai is knew ,:, lien i , is reLt/ed tofindSZltit'tX 
of its happening cnee , twice , thrice . . . e Z % fa X,,£ P 

Let p be the probability of the happening of the ev^nt „ • , 
trial and let q be the probability of i? S 8 £lure S that LTln 

Suppose we have to find the probability of exactly r successes' in ? n 


I li | Multinomial theorem. If there are n dice with faces marked 
ptm I to f and these are thrown at random , then we have to find the 
A. t»ii r that the sum of the numbers exhibited on the uppermost faces 
H M ItHtl to p. 

lime a die has / faces, it can fall in / ways. Similarly the second 
At t an fall in / ways. Thus the two dice can fall together in fx f 
]> J ways. Similarly we can show that when the n dice fall together, 
|ty can fall in f n ways. i 

Now the number of ways in which the numbers thrown will have 
f |or their sum is equal to the coefficient of x p in the expansion of 

(X 1 +X 2 +X>+. . .+x f ) n 

P 1 1* wise this coefficient arises out of the different ways in which n 
-i | lie indices 1, 2, 3 can be taken so as to form p by addition. 

Ilrnce the required probability 

Coeft. of x v in (x 1 +x 2 +...+^ / ) w 

= fn 


Coeft. of x p in 


-mi 


fn 

Coeft. of x p ~ n in (1- 


-x f ) n ( 1 — x)~ 


Problem. 44. What is the chance that a person with two dice ( the 
fm rs of each being numbered 1 to 6) will throw aces exactly 4 times in 
I trials . 

Probability of throwing an ace with a die=|. 

probability of throwing an ace with two dice in a single throw 

,1 yl 1 

-~T *T““TT- 

•o that the probability of not throwing an ace in a throw 


= 1— TtV= 


1 8 5 

inr tt* 


in 6 trials 4s 


ways"® arC " tfia,S iD alK ° Ut of these " triaIs ' ^n be taken in ”C, I 

Now the chance that the event happens in r trials and fails in tb« 

remaining (n-r) trials =p.p. . .r tim^x*.* . . . (n-r) times ! 

. . the chance of exactly r successes in n trials = n C p r q n ~ r 

.xfeuytrs; 2 : 3 ^” We *“ of 

But we know that n C r p r q n ~ is the (r+I)th term in the h,„^: , ‘ 
expansion of (q+p) n ; hence the probability that the event w ; ll hannl L 

e ZVd^'' , ' ,ab, ’' h ’^ m,erm ‘ n,ht »™'°ieZZ 



The required chance of throwing exactly four aces 
(4 |-l)th i.e.y 5th term in expansion of (4|+iV) 6 * 

the required chance= 6 C 4 (i|) 2 ( T V) 4 . 

Problem 45. An experiment succeeds twice as often as it fails . Find 
the chance that in the next six trials there will be at least 4 successes . 

Let p the probability of success and q that of failure. Then 
p=2q and p+q=\ 
which give />=’, q=\. 

The probabilities of 4, 5 and 6 successes are the 5th, 6th and 7th 
terms in the expansion of (|+t) 6 1.e. 9 they are 6 C 4 ($) 2 (£) 4 , 6 C 6 (i). 
(i) 5 and 6 C*(i) 6 . 

The three events being mutually exclusive, the required chance 

= 6 c 4 ay g ) 4 + 6 c 6 a) g ) 5 + 6 c 6 ar 
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-729 115+6x2+4)=-^-. I 

ti s £r 4 ^ « 

.ha^fno t ^,,t“g7aa2 a S“ aC ' ,hro » H f 

J?=t and ?=1 — *=<». 

t . ^* n * di , e i s i hrown 4 times, the chances of 4, 3 2 1 0 aces 

S+^tJ’d+iA 1 aDd 1St tCrmS iD thC biD °^ ^expansSn 

Probability of 4 aces= 4 C, (i) 4 = * 

% \ a s t 2 9 1"* 

3 » = 4 C 3 (|)(i)3 = T |0 T 
2 „ = 4 c 2 (if (4) 2 =» t v 5 A. 

” 1 ” =* C i (f)° WyW- 

5 ^ W , t ^ 0t things received by^meni^odi 

• , (6+g) CT ~(h-fl) m • 

* ‘ (b+a)”» * 

The probability that a men get a thing- a 


, 


a women 


6 

a+£* 


^ ™ things ‘a’ men get only one thing and ‘b’ women get 
the remaining things, then the probability for men is 2nd 7er£?n the 

expansion of (— f— — i — ——lie it is «r ( b > T -1 a 
\a+b + a+b) ie -> ltls c A^+b) r^r b . 

. . S“U«iKly abUi,ieS ,ha ' V — •“ *■* tun*.. 

is Sd n js the pr ° bablhty that the nu mber of things received by men 

(-^T 1 b T*( . 


m cJ 


\n+hy Q-\-b 


\a+bj 

+ m C i 


udj 
(4fT 


W+* ) 


V 


+ ... 


“(a+b >)" l mc i abm ~ 1 + n C 3 a 3 b m - i +' n C i a*b m - & +...] 

= i (b+a)'*-(b-a)”' 
f ‘ (b+a) m ‘ 
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Problem 48. If n biscuits be distributed at random among N beggars, 
what is the chance that a particular beggar receives r{<n) biscuits. 

The total number of ways in which n biscuits can be distributed 
uinong N beggars =N n . 

The specified beggar getting r biscuits in n C r ways, the remaining 
( f i — r) biscuits among (N— 1) beggars can be distributed in ( N—l) n ~ r 
wuys. 


Number of favourable ways= n C r (N— l) n ~ r . 

nQ 

Hence the required probability ■ — . 


Problem 49. A, B and C in order toss a coin. The first one to throw 
a head wins. What are their respective chances of winning*! Assume 
that the game may continue indefinitely. 

Probability of throwing a head with a coin=£. 

.*. Probability of not throwing a head with a coin 

= l~i=i 

A will have to win if he throws head in 1st, 4th, 7th,. ..throws. The 
probabilities of these events are given by (£) 3 . (J) 6 .^,... respectively. 

/. A’& chance of winning= £-Hi) 3 .|+(i) 6 i+... °o 

i 4 

" l -( i ) 3 “ 7 

B will have to win if he throws head in 2nd, 5th, 8th, ..., throws. 

/. B ' s chance of winnings (£).£+(£) 4 .£+(£) 7 .£+...oo 

li 2 

~~ l-(£) 3 ■“ 7 * 

Similarly C will have to win if he throws head in 3rd, 6th, 9th,... 
throws. 

/. C’s chance of winning = (4) 2 -i + (4) 5 - i + (i) 8 -4 + . . . oo 

m _ 1 

~ l -(£) 8 7 * 

Hence the chances of A, B, C are £, £ and respectively. 

Problem 50. A, B, C and D cut a pack of cards successively in the 
order mentioned. What are their respective chances of first cutting a 
upadel 

The chance of cutting a spade=£J=£. 

the chance of not cutting a spade=l~* J=®. 

A wins if he cuts a spade in 1st, 5th, 9th, ...throws. 

.’. A*s chance of cutting a spade 

=i+(^ 4 .i+(|) 8 .i + ...co 
_J_ = 64_ 

~ l-(*) 4 '165 * 

B wins if he cuts a spade in 2nd, 6th, 10th, ...throws. 

/. B’s chance of cutting a spade 

ii - 48 

— 1— (i) 4 175* 
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Similarly C's chance of cutting a spade 

(D 2 .i _ 36 
l-(l) 4 175* 

and D's chance of cutting a spade 

=(J) 3 .i+(l) 7 .i + (l) 11 .i+... 

(i) 3 -i _ 27 

l-(f) 4 175’ 


Problem 51. Find the chance of throwing 10 exactly in one throw 
with three dice . 


Three dice can be thrown in 6 3 , i.e. 216 ways. 

The number of ways of getting 10 by throwing 3 dice 


= coeft. of x 10 in (x+x 2 +...+x 6 ) 3 


—coeft. of x 10 in 


x 3 (l-x 6 ) 3 

(1-x) 3 


=coeft. of x 10 in x 3 (1 — 3x 6 +3x 12 — x 18 ) (1— x)~ 3 
=coeft. of x 10 in x 3 (1 — 3x 6 +3x 12 — x 18 ) (l + 3x+6x 2 — 10x 3 

+ 15x 4 +21x 5 +24x 6 +36x 7 + ...) 


= 36-9=27. 


•*. the required probability =*= T 3 T V==£. 

Aliter. Favourable number of ways may be found out as below. 
Dice 


1st 2nd 3rd 
6 2 2 

6 3 1 

5 3 2 

5 4 1 

4 3 3 

4 4 2 


Number of ways 



Total 27 


V required chance = ttV=|. 

Problem 52. Four dice are thrown, what is the probability that the 
un of the numbers appearing on the dice is 181 
4 dice can be thrown in 6 4 ways. 

Favourable number of ways to give a sum of 18 with 4 dice 
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= coeft. of x 18 in (x+x 2 + ...+x 6 ) 4 



X 4 (1 — x 6 ) (1 — x) -4 

X 4 (1— 4x 6 +6x 12 ...) (l+4x+10x 2 +...+ 165x 8 

+ ...+680x 14 +...) 


= 680-660+60=80. 


required probability= ^== 


_5_ 
81 * 


Problem 53. Find the chance of throwing 10 with 4 dice. 
Proceeding just as above, the required probability is 


104 13_ 

6 4 “ 162 


Problem 54. Determine the probability of throwing more than 8 with 
1 perfectly symmetrical dice. 

Total number of ways in which 3 dice can be thrown=6 3 =216. 

The favourable number of getting the sum as 3, 4, 5, 6, 7, 8 will 
bi> equal to the sum of coefficients of x 3 , x 4 , x 5 , x 6 , x 7 , x 8 in the 
Mpansion of (x+x 2 +...+x 6 ) 3 , 

It, of X 2 (1 — x 6 ) 3 (1 — x)~ 3 , 

l.t, of x 3 (1 — 3x 6 +...) (l+3x+6x 2 +10x 3 +15x 4 +21x 5 +...) 

= 1+3+6+10+15 + 21 = 56. 

56 7 

The probability of getting the sum<8=-^3 f * 

Hence the probability of getting the sum >8=1 — aV == TT- 

Problem 55. Counters marked /, 2, 3 are placed in a bag ; one is 
Withdrawn and replaced three times. What is the chance of obtaining a 
total of 61 

Total number of ways of drawing a counter three times«=3 3 =27. 
Favourable number of getting a sum of 6 
=the coeft. of x 6 in (x+x 2 +x 3 ) 3 
= „ „ x 3 (1-x 3 ) 3 (1-x)- 3 

x 8 (1— 3x 2 +...) (1 +3x+6x 2 +10x 3 +...) 

= 10—3=7. 

I Required chance= a 7 T . 

Problem 56. Nine cards are drawn at random from a set of cards . 
I ach card is marked with one of the numbers 1,0 or —1 and it is 
rnally likely that any of the three numbers will be drawn . Find the 
i nance that the sum of the numbers drawn is zero. 

The total number of ways in which 9 cards can be drawn =3 9 . 

The favourable number of ways of getting a sum of zero 
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=the cocft. of x # in (x -1 +x°+x 1 ) 9 
„ „ (x^+l+x) 9 

x 9 
J 

” ” X 1 


(1+x+x*) 9 

# (l-x 8 ) 9 (l+x)- 9 
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^*-(1— 9x 3 +36x 6 — 84x 9 +...)X(l+9x 

+45x 2 +165x*+...+3003x 6 +... + 24310x 9 +...)j 
=24310-9x3003+165x36-84 
=3139 

3139 

Required chance 8 • 
w) 

15*8. MEASURES OF CENTRAL TENDENCY 
[A] Arithmetic mean or simply mean. Let x u x 2 , x s , x n be the j| 
values of a variate (or variable) x\ then their arithmetic mean denoted 
by m or M or x is defined to be 

n 

or using the sigma (2) notation. 


n 

- Xi y 

or simply ... (I) 

In case the ‘weights’ w u w 2t w 3 , ..., w n are attached to the M 
variate- values x l9 x 2 , * 3 , ..., x n respectively, then the ‘ weighted mean ( 
is defined to be 


If we assume that A is any assumed mean , whose deviation from the 
variate x is then if M is the arithmetic mean, we have 

E,=x—A and AT==~2 fix by (4). 

Consider -jfZfZ=jfZf(x-A) 

-Pfi-izr.A 


=M—A since from (5) 2f=N. 


... ( 6 ) 


This result used as a short cut method for finding the arithmetic 
Mir an, often facilitates calculation. 

Again if h be the width of equal class-intervals in a frequency table 
•ml u be the new variate defined as 

x—A . . . , 

u — — ^ — - i.e., x=A+uh. 

I hen, we have 

2fx=2f(A+uh) 

=2fA+h 2 / m . 

Dividing either side by 2/, we find 


2 / 0 ) 


■ A+h 


Ifu 


’ 


le 

Where u= 


Ifu 

V 


2f “ 1 " If 
x or M=A+hu 

, the arithmetic mean for values of the variate u. 


..(7) 


, , , 2 
WlXi + W t X t +...+W n X n /=1 

2 w { 
/=! 


2kq c 

'Sw 


• ..( 2 ) 


In other words if the value x 1 occurs f times, x 2 occurs f 2 timetp 
and so on, then 


n 

- /,x,+/ 2 x 2 +...+/ n x n i =/ iXi _ 2/x 

fi+ft+ •••+/» « S/ 


2/r 

/=! 


or 


3= 1 $ fx __ 2/x 

X ~ 1 v^/ iXt — W 


where AT=/ 1 +_/j+...+/,=total frequency. 


0) 

( 4 ) 

( 3 ) 


Properties of the Arithmetic Mean 

I. The algebraic sum of the deviations of the variate-values from their 
m tun is zero. 

Let £ be the deviation of the variate x from the mean x, then the 
turn of the deviations of the variate-values from the mean 

=2/(x-x) 

=2/x-2/.x 

—N.x—Nx from (4) and (5) 

=0. 

II. If are the arithmetic means of r distributions with 

itipective frequencies N u N 2 ,...N r , then the mean x of the whole distri- 

r 

Mon with total frequency N= 2 N { is given by 

i=l 

* = 4r 2 Ni 
A f=l 
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Let fn denote the frequency of the observation x ti of the /ill 

distribution, so that N,= 2 f ti ; then 

j=l 


2 fa x {j 
j= 1 


2 fiiXii 
j 


n 

s/« 

y-i 




Now x being the mean of the whole distribution, we have 

2N,.xt 

‘ 1 2 N<x<. 


x= lJ 


22 /« 

ij 




*/= 1 


Problem 57. TAe following table gives the population of males at 
different age groups of the U.K. and India at the time of the census 
of 19? I. 


Age group 
(years) 

U.K 

(in lakhs) 

India 
(in lakhs) 

0-5 

18 

214 

5-10 

19 

258 

10-15 

20 

222 

15-20 

18 

157 

20-25 

16 

145 

25-30 

14 

161 

30-40 

27 

257 

40-50 

25 

184 

50-60 

19 

120 

above 60 

17 

100 


J -.v 1/y fMurcu i 

for the differencp, if nny 

Take the assumed mean as 27.5. 


two countries and account ■ 


Age group 
(years) 

Mid- values 

M 

Deviation from 
assumed mean 
27.5 (5) 

U.K 

India 

Popula- 
tion in 
lakhs (/i) 

h% 

Popula- 
tion in 
lakhs (f 2 ) 

M 

0 — 5 

2.5 

-25.0 

18 

-450 

214 

—5350,0 

5-10 

7.5 

-20.0 

19 

-380 

258 

—5160.0 

10-15 

12.5 

-15.0 

20 

-300 

222 

-3330.0 

15-20 

90 — OS 

17.5 

09 * 

-100 
r n 

18 

1 /- 

-180 

AA 

157 

-1570.0 

25-30 

27.5 

<T 

A V 

14 

- ov 

0 

145 

161 

— /2j t v 

0 

30-40 

35.0 

7.5 

27 

202.5 

257 

1 927, J 

40—50 

45.0 

17.5 

25 

437.5 

180 

3220.0 

50—60 

55.0 

27.5 

19 

422.5 

124 

3300, 0 

above 60 

650 

37.5 

17 

637.5 

100 

3750.0 

Total 



193=^i 

410 

1818= 

-3937.J 




=2/i 


N 2 -Zf 2 
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For U.K., average age of the people 

=^ + -^-=27.5+4^=27.5 + 2.12=29.62. 

Z J 1 

For India, average age of the people 

=27.5-^^-=27.5-2.17=25.33. 

These averages show that the average age of the people of U.K. 
In higher than that of the people in India. 

Problem 58. If a variate x is expressed as a linear function of two 
variates u and v in the form x=au+bv , show that 


x — au+bv . 

Let the number of variables for each u and v be n. Then 
Xi—aUi+bvu 


to that 


or 


n n n 

2 Xi—a 2 Ui + b 2 

i=l i=l i=l 



„ ^4.1, 

a h d 

n n 


Vi 


/.e., x=au +bv. 

Problem 59. Show that ifx is the arithmetic mean of the values 
x { , /=/, 2, ... >n. then 

2 f (x { — *) 2 =S fXi—Nx 2 

i=l *=1 

where N= 2 /i-. 

i=l 

s/*Xi 2y;-x t > 

We have • • • (0 

Now 2 (Xi — 3?) 2 =2 fi (Xi 2 +x ? — 2x^) 

/ i 

=Zf iXi 2 +x 2 Zf-Zx Zf Xi 
i i ' i 

=--2f iXi *+x 2 .N- 2x.Nx from (1) 

Jlf iXi *-Nx\ 

i 

Problem 60. A distribution consists oj 3 components with fre- 
quencies 45 , 40, 65 having their means 2 , 2.5 and 2 respectively. 
Prove that the mean of the combined distribution is 2.13 approxi- 
mately. 

Using the property II of arithmetic mean, the required mean is 
given by 
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where 

and 


1 * 

Xz== jy ^ Ni x i» 

1=1 

JV=45+40 + 65 = 150. 


Af= 


^ ^l x i -^1*1 + ^2 X 2~^~ ^2 X 3 
1 = 1 

=45x2+40x2.5+65x2 
-90 + 100 + 130 
=320. 

•• x ~TTr§ ~tt ~ 2. 1 3 approx. 

Problem 61. Supposing the frequencies of values 0> 1 , 2, ... n of a 
variable to be given by the terms of the binomial series 

q» JL qn-l„ n ( n ~ J\ a n-? p Z p n 

where p-\-q=l , find the mean. 

Let Af be the required mean; then 

_2/x 0.<7 n + 1 - n Ci q n ^ 1 p + 2. n C ? q n ~ 2 .p 2 + ...n.p n 

If - qn + n Ci qn-l p+ » Ciqn -, pi+t +np n 

1 .nCpfffp + 2.’ l C 2 g n ~ 2 ;> 2 + . . . + n;>" 

(9 +/>)" 

But (?+p)"=l as <?+/>=l (given) 

M= n C 1 q”- 1 p+ n C 2 q n - 2 p 2 + ... +np n . 

Now, we have 

( q+p) n =q n t n C 1 q n - 1 p+*C 1 q?-p i +...+p”. 
Differentiating both sides w.r.t. p and then multiplying through- 
out by p we get 

n{p+q) n ~ 1 p= ,, C 1 q"~ 1 p + n C 2 <r-y. 2 + ...+np n 
—M from (1). 

Thus M=np as pf-q = \. 

Problem 62. Show that the arithmetic mean of the series 1.2 4 
2 n+1 -J ’ ’ ’ 


•0) 


8, 16, ...2 n is 


n+1 


Required mean— — +---+2" 


n+1 
_ 2"+ 1 -l 
n + 1 

Problem 63. Show that the weighted arithmetic mean of first n 
natural numbers whose weights are equal to the corresponding numbers 
is equal to £ (2n+l). 

If * be the required arithmetic mean, then 
- 1.1+2.2+3.3+,.,+n.n 

1+2+3+.. ,+n 


•' »l ISTIGAL PROBABILITY 
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2n 2 n(n+ 1) (2n+l) in (n+1) 
= 2n = 6 7 2 

2n+l 


Problem 64 The arithmetic mean of n numbers of a series is x. 
\l .wm of the first (n-1) terms is k. Show that the nth number 

(0 — k . 

Let /„ be the nth term of the given series; then 

_ k + tn 
* = — 

living t„—nx k. 

| B| Geometric mean. Let Xj, x a , x % ,..., x„ be t e 
Hi late x; then their geometric mean denoted by G is defined to be 

G = (X,.X j.Xj.-.Xn) 1 


log G= 


2 l0g Xi v 

i=l 2 'Og * 


... ( 1 ) 


n ~ n J 

If the value x, occurs/, times, x a occurs /, times and so on, then 
wherc H=fi+fz+-+f» 1 


log G= 


2 fi log Xi 

,=1 2/ log x 


y ••• ( 2 ) 


— n j 

which show that the logarithm of the geometric mean of a series of 
hIucs is the arithmetic mean of their logarithms. 

Properties of Geometric Mean .... „„„„ 

. The geometric mean of a series is less than its arithmetic mean 
I, if a be the arithmetic mean and G the geometric mean of a senes, 
Ihrn A>G 

We prove the result for a series having two numbers only and the 
mult may be extended to any number. 

Let x,, x 2 be the values of a variate x. Then 
t x, +x a 


Consider 




2 

*l + *2 


and G=V'(xiX a ). 


-V(x,x 2 ) 


=a +ve quantity as (V x, — 

itiowing that A>G. , ., 

II. If G„ G a ,..., G r be the geometric means of r distributions wttn 
mpective frequencies N lt N 2 , .... N r , then the geometric mean f 

ihr whole distribution with total frequency N= .^ y N * is given by 
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N log G = N 1 log G t +N 2 log G a + . . . + N r log G r 

log G — -L- 2 NJogG { . 
iV 1=1 


Let fij denote the frequency of the observation x if of the fth disto- 
rt 

bution so that 2 f ih then 
7=1 

^ fa log G{j 2 f if log Gn 
. 7=1 7 


log Gi- 


rt 

2 fa 

7=1 


Ni 


x=- 


so that 


log x=log x x — log x 2 . 

/. 2 log x=2 log x x — 2 log x 2 . 

Dividing throughout by n, 

2 log x ^ 2 log xj 2 log x 2 

n n n 

i e., log G = log G x — log G 2 


giving 


G= 






But G being the geometric mean of the whole distribution, we havi 
log G (j 2 JVi log G, 

l0g G= 2 2/„ ’ 2 Ni 

* 7 i 

= 4r 2 AT,, log Gi. 
iy 1=1 

III. If G l9 G 2 are the geometric means of two series of observation I 
and G the geometric mean of the ratios of corresponding observations , 
then G is equal to the ratio of their geometric means , 

s r G 1 

i-€-f G =~ — 

G 2 

Let x l9 x 2 , be the two variates corresponding to the two series of 
observations with frequency n each, and let x be the ratio of the two 
variates; then we have 


IV. The geometric mean G of the product of r sets of observations 
with geometric means G l9 G 29 ..G r respectively , is the product of (Its 
geometric means of the component series , i,e. 9 •* 

G=G 1 G 2 ...G r . 

Let x lf x 2 ,..., x r be the variates corresponding to r sets of observe 
tions and x their product, i.e. 9 


iatistical probability 
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then 

or 


or 

l,e., 


x=x 1 x 2 ...x r ; 

log X=l0g Xi+log x,+ ... +!og *r 
2 log x=2 log x x +2 log x a + ...+A log 

2 logx 

= rT n « 


2 log Xi 2 log x 2 2 log X f_ 

— + „ f—T „ 


I! 


l 


log G=log Gi+log G a +...+log Gr 

Problem 65. Find the geometric mean of the series • 

1,2,4,8,16 ...2”. 

G={1.2.2 2 .2 4 ...2"} 1,<n+1) 

_ f 2i+2+s+- • • +n } 1 < <n+1) 

_ fQ\»<»+l ) /2}1 Hn+1) - 2" 12 . 

u ; . v x be the n values of a 

IC1 Harmonic mean. Let Xi, x 2 , Xa, •••» » defined to be the 

, i + i+-+z 

H~~ 


or 




n 

n 


^ LI (i-V-s- 


.(i) 


n 


■£+ L + "‘ + v 


n 1 

2 "IT 

i= 1 x< 


If the value *, occurs/, limes. occurs/, limes and so oo 


(hen -77 = 


// 


A. i A n 

Xi X2_ *2, w here JV = 2 /i 

iV »— 1 




S/. 


1 


..( 2 ) 


n 

2 /« 
f=l 


JV 


In property /of geometric mean, we have already proved for tw 

quantities x 1$ x 2 that A>G. ^ * 2 

Now consider G — H~ V (* 1 * 2 ) as ^ 

X! + x 2 

= j/(x^ [Xi+ x 2 ~- 2V(*i*»)] 

Xi+x 2 
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or 


G-H= 


V(*i *g) 


WW-y/ix,))* 


—a +vc quantity. 

G>H; also A>G 
A A>G>H. 

This result can be extended to any number of values of x 
Problem 66 ■ A variate takes values a, or, ar\..., ar ' -» each with 
frequency unity. Show that the A.M., A is the G.M., G i, 

° ri 1)12 and the HM " H is — • Prove that AH=G 2 . Provt 

also that A>G>H unless n=l when all the three means coincide. 

We have 

A = -£± g ^+ g r2 +.»+^" 1 


and 


Now 


= — [l+M-r 2 +...+r»- 1 ] 


a_ 1- 
n 


if r< 1. 


1— r 

G ==( a.ar.ar 2 . . .ar"- 1 ) 1 /" 

= [a n .r 1+2+ ‘ • *+(n— l)jl / n 
= a.{r (n - 1 )/2-nJl/n ==flr (n-l)/2 


r= — 


n 




, i , 

. i 

a 

ar 

^ ar 2 + " 
n 

ar B_1 


|[, + l + ^ + .., + _i r ] 


an 


(£ z m^f r<,,u - r> ' 


•fi — 1 


an (1— r) r' 

= 

1 — r n 

f _ a (1— -r”) an (1— r) r” -1 

n(l-r) x f=^ 

= aV* _1 == /2}2 

= G 2 . 

Again to prove A>G>H, consider 
a 1— r" 


A—G= 


n 1— r 


-or (»-D/* 
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= £(l+r+r 2 + - 

n 


-ar ln_1)/2 


= "[iH-r+r 2 + ...+r n - 1 )-n.'- <n_1,,i! ] 
n 

_JL[( ! _ r («-D /2) -1- (r— r < "^ 1) /2 )+ O -2 — ,2 )+ .. • 

* +(r (n-l)_ r (n-D'l)] 

= £r ( i_r<»- 1 >/ 2 )+r (1— r <n ~ 3) P)+r 2 (1 _r<»- 5 >' 2 ) 

_ a 4-ve quantity, since every factor in the bracket 
of R.H.S. expression is +ve when r<l. 

/. A>G. 

But if n=l, A-G= 0, Le., A=G. 

an (1— r) r n ~\ 

1— r n 


Also, G— /f=ar (n_1),2 — 
= ar (»-D , 2_ 


anr 1 


r t»-i 


l+r+r 2 +.~+r n_1 

1— r* 


as 


= l+r+r 2 + -”+ rn_1 


ar («-l)/2 


1-r 

[1+r+r 2 +...+r"- 1 -nr (n - l >' 2 ] 


l+r+r 2 + ...+f' 

flr (n-l)'2 _ r (n-l) |2_j_ r (l— r <«- 3 ><») 

= 1 +r+r *+...+r »- 1 + ^ ( 1 _ r a-»,«2)] 

as above 

=a +ve quantity as above. 

G>H. 

But if n*=l, G—H=0, t.e., G=H. r—ffie all the 

Hence ,4>G>tf unless n=l in which case A—G—H, i.e., a 

iree means coincide. , . 

Problem 67. Find the ““/gTSin./li. 

•rsow who nctes the first mile at -P-’* . population which in the 

(o) For this case, the harmonic mean being the suitable average, 
e have 

3 


77= 


3 X 120 _ 360 __ 7 m.p.h. approx 

47 “ 47 


[h) For this case, the geometric mean being the suitable average, 
have 


.a\ 1 I 3 
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log G=i [Jog 20 + log 25+log44] 

=i [1.3010+1.3979+1.6435] 

=t X 4.3424= 1.4475-log 28.02. 

<7=28.02%. 

va\“VfX "virile de, i“ d “ 

82 X as 

/ n+T i" 1 ' t0,al rreq ““ c !' " is an old number, then the valu. 
° f (. ~2 J th ilem »«• «» median, but if it is an eve,, number then 

(y )lh and (y + l)lh are the central items so that their arithmetie 
mean gives the median. 

For grouped data, the median is formulated as 

N 


Median=/,+ 




f 


■Xh 


where 4= the lower limit of the median class. 

•N=the total frequency, 

/—the frequency of the median class. 

/i=the cumulative frequency before entering the median class, 
"—the size of the class-interval of the median class. 

For a continuous series, the median is formulated is 

Median =/j+ t* ^ 


/ 


L ('«-/x) 


where 4= the lower limit of the median-class, 

4=tlie upper limit of the median-class, 

/==the frequency of the median-class. 

/i=the cumulative frequency before entering the median class, 1 
w=the size of the middle item. 

vaK?e ? whidT dTvfdTfh? t Va /Tf are defined to be the values of the 

sr rti£ri m d 

y Uu Q 2. Q 3 respectively, while g 2 is the median. We have I 


II 


H+tiplhiHV 
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here 


t 


/ 1= =the lower limit of the class, 

7V=the total frequency, 
h = the size of the class, 

f = the cumulative frequency upto and including the class 
preceding the class in which the particular quartiles lies. 
/=the frequency of this class. 

Inter- quar tile range =2 3 — Gi* 

I he deciles are the values of the variate which divide the total 
fttquency into ten equal parts and given by 


A=V 


Vi 


f 

(hr other quantities having the same meanings as in quartiles. 

I he Percentiles are the values of the variate which divide the total 
injuehcy into hundred equal parts and given by 

(&-4 


Pk ~ /i + / ~ 
other quantities having the same meanings as above. 

'roMAtn CAoiii //■»»* 7_ cUnn/>/l /J i oi rihiiti nn 


Xh, k= 1, 2,. . .99 


the 


vmti cjuaiximti Having nit mv^omugj oj uuuyv, 

Problem 68. Show that for J-shaped distribution with the maximum 
auenev towards the lower values of the variate . the median is nearer 


iTomem no. snow inai jor j-snapea aisirwuiw 
luuiuency towards the lower values of the variate , 
i§ Q v than Q z . 

In the adjoining diagram, let M t stand for 
•hr median; then we have to show that M { is 
nr.ircr to Q L than to Q z i.e. 

Mi Qx^Q'i 

Let y=f(x) be the equation of the curve 
i / shaped) under consideration and Q u Q z , 

Mi locate the positions of first quartile, third 
quintile and median respectively. 

Now according, to the definition of quar- 
nles, the area between Q x and median is equal 
!<) the area between Median and Q 3 and each 
l« equal to £th of the area of the entire 
• Hive i.e., 

[ q f(x) dx —\ th of the entire area 
/(*) dx. 


Mi 


Area= J 

I * 

The curve y=f(x) being continuous, we have 
f(x) >/(M,) for Q^x^Mi 
uul f(x)<f(Mi) for Af<<x<g 3 . 

Also f{x) is positive as y is positive. 
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A 


KMi)\ 


Mi 

Qi 


dx< 


Mi) 


i.e. f(M i )(M i -Q 1 )<f(Mi)(Q 3 
or Mi—Q X <Q 3 —Mi 

which shows that M t is nearer to Q x than to Q 3 . 

Problem 69. Determine the quartiles and the median for the follow 
ing table . 



Income 

No. of persons 

— 1 1 

Cumulative frequency 

Below 

Rs 30 

69 

69 

Between Rs 30 and below Rs 40 

167 

236 

»» 

Rs 40 „ „ Rs 50 

207 

443 

,, 

Rs 50 „ „ Rs 60 

65 

508 

9p 

Rs 60 ,, ,, Rs 70 

58 

566 

,» 

Ri 70 „ „ Rs 80 

27 

593 


Rs 80 and over 

10 

603 

Total 603 


Median =size of the * th, i.e. 302nd item 

=between Rs 40 and below Rs 50. 

Applying the formula, 

2 Jl 

Median =/ x + -=y — x/z, where / x =40, 71=236, 7= 207, h - 10 
and #=603, we have 
Median = 40 H — - 2 0f ~ X 10 

40+ - 65 ^ 1 - =40+4|?. 


207 

=40+3.2=43.2 approx. 
N_ 

4 


-A 


Also, e^A+^-y— xh, where /!=30, / 1 =69,/=167, 

A=10, iV=603 and Nj4 lies in second grottf 


«».» -69 

= 30 +-T6T ? ' x10 


= 30+^|^~ X10, taking = 151 approx. 


maiistical probability 


U05 


Q 3 — l x 


= 50- 


= 30+ ttt= 30+4.9 approx. 
==34.9 

3 N 

4 


/ 

i X603 


~/i 

x/z, where l x = 


50, 71=443, /= 65, /z=10, 
#=603 and 1# lies in 4th group 


-443 


=50- 


452 


65 

-443 


X10 


65 


X 10 approx. 


=50+-£|-=50+ 1.7 approx. 

=51.7. 

[E] Mode (or Modal value). The mode is that variate-valuc of a dis - 
(ribution for which the frequency is maximum. 

It may be found by following three methods: 

(/) By inspection. When the measures of all the items are given in 
•» frequency table, then the mode is the size of the item which occurs 
most frequently or in a frequency curve it is situated on the x-axjs at 
the position of greatest ordinate, i.e. the peak of the curve. 

(ii) By grouping. The items are grouped and regrouped until the 
noint of greatest frequency is unaltered by adjustments of grouping. 

I lie mode is then situated at the smaller group common to each of 
l lie larger groups. Such a grouping is affected by writing the actual 
Inquencies before their respective size, adding the frequencies in 
iwo’s, adding again in two’s leaving out the first frequency, adding in 
three ’s leaving out the first frequencies and then adding in three’s 
leaving out the first two frequencies. 

v/77) By using the formula (in a continuous series). 

Mode=/x+ ** 


/l+/2 


Xh. 


where /i=the lower limit of the modal-class (i.e. class having maxi- 
mum frequency), 

71= the frequency of the class preceding the modal class, 

/ 2 =the frequency of the class following the modal class, 

/z=the size of the modal class. 

Note. Sometimes the formula used is 

f—f 

Mode—l x + f l - T Xh 
Ji J 2 

where /i=the lower limit of the medal class (i.e. class having maxi- 
mum frequency), 

71= the frequency of the class preceding the modal class, 

/ 2 =the frequency of the class following the modal class, 

/z = the size of the modal class. 

/*=the maximum frequency. 
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Problem 70. Evaluate the values of mean , mode and median for the 




No- of days absent 

No . of students (F) 

Less than 5 

29 

„ 10 

124 

„ 15 

349 

„ 20 

442 

„ 25 

478 

„ 30 

487 

„ 35 

493 

„ 40 

497 

50 

500 


These results can be tabulated as follows: 


No. of 
days 
absent 
(class) 

Mid-value 

(x) 

No- of students 
(frequency) (/) 

Cumulative 

frequency 

Deviation 
from 
assumed 
mean (225) 
«) 

a 



0-5 

2.5 

29 

29 

-20 

-580 

5-10 

7.5 

95 

124 

-15 

-1425 

10-15 

12-5 

225 

349 

-10 

-2250 

15-20 

17.5 

93 

442 

-5 

-465 

20-25 

22.5 

36 

478 

0 

0 

25-30 

27.5 

9 

487 

+ 5 

45 

30-35 

32.5 

6 

493 

+ 10 

60 

35-40 1 

37.5 

4 

497 

+15 

60 

40-50 ! 

45 

3 

500 

+22.5 

67.5 

Total 

500 = 2/=AT 


—4488.5=2/* ' 


Mean = £/£ 


=22.5 + 


-4488.5 


=22.5-8.977 


500 

= 13.523 i.e. 13.5 approx. 

Median =A.,M. of sizes of -1-th and (-|-+ l)th items 
=A.M. of sizes of 250th and 251st items 
= 12.5 as both items lie in the same group. 
This gives a rough value. 

We calculate it by using the formula 
_N 
2 ' 


Median = 


where 7 X = 1 0, 


/ x + 

N 


7i 

7 


~2 == 250,/ 1 = 


xh 

■- 124,/=225, A = 5. 


Median=10+ 


250-124 


225 

10 + 2.8 = 12 . 8 . 


X 5= 10+ 


630 

225 
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This method gives rather accurate value. 

Hy inspection, the value of the mode is 12.5 which is the size of 
ik items of maximum frequency. 

Hy grouping method this can be calculated as follows: 



Analysis table: 


( Columns 

Size of item having 
maximum frequency 

I 

12.5 

11 

12.5, 17.5 

III 

7.5, 12.5 

IV 

2.5, 7.5, 12.5 

V 

7.5, 12.5, 17.5 

VI 

12.5, 17.5,22.5 


Here 

12.5 occurs 6 times 

17.5 „ 3 „ 

7.5 „ 3 „ 

2.5 „ 1 „ 

Since 12.5 occurs 

number of times, hence 
Mode=12.5. 


maximum 


Hy using the formula, 


where /j[ ==e 10, f\ z 
we have 


mode^/i 
=95,/ 2 =93, /i=5 
mode =10 


f /*2 


f l +/ 2 


Xh 


93 


= 10 


95 + 93 
465 


X 5 


188 
1247. 


10+2.47 


Using the other formula, 


f-fi 



where 
Wc have 


/ 1 *=10,/ 1 =95,/ 2 

mode=10+ 


mode l x ~r a /• r s' 

*J—Jl J 2 

= 93 , /= 225 , /*= 5 , 

225-95 


Xh 


= 10+ 


2x225-95-93 
130x5 


X 5 


250-188 


10+^=20.5 approx. 
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which gives very high result as compared to the previous results. t{ 

[F] Empirical relation between mean, median and mode. Thefl 

exists an approximate relation between mean, median and modi 
for a moderately asymmetrical distribution and this is 
mode = mean— 3 (mean— median). 

15 9. MEASURES OF DISPERSION (OR VARIATION) 

The measurement of the scatter of the size of the items of a serin 
about the average is said to be a measure of variation, or scatter Of 
spread or dispersion. {Agra, 7.1) 

[A] The range. This measure of dispersion known as range is thf 
simplest possible measure to compute and the easiest to understand, 
but it is the least useful and informative. 

The range is the difference between the greatest and the least value I 
in the series. 

If x a and Xi denote the greatest and the least measurements of a 
series, then 

Its range=jc a — x x 

and the coefficient of the range or the scatter or simply the ratio of 

the range is defined to be the ratio — ~~ • 

x g +x l * 

Problem 71. Find the range and coefficient of range for the follow » 
ing set of observations : 

10, 15, 20, 37, 58, 60, 90. 

Range=x*— ^=90— 10=80. 

90-10 80 


Coefficient of range 


Xg—X l 


=++ =. 8 . 


Xg~\-Xi 90-1-10 100 


Coefficient of quartile deviation = 


: Q L 

83-61 83+8! 


[B] The quartile deviation or the semi-interquartile range. We havi 
introduced the interquartile range as the difference of upper and 
lower quartiles, i.e., Interquartile range=0 3 — Q lm 
Half of this difference is said to be semi-interquartile range, i.e . ^ 

Semi-interquartile raoge= — ; — Q' • 

The quartile deviation or semi-interquartile range is a belief 
measure of dispersion than the range. Its coefficient is defined by 

83 0i 

2 „ 83- 


Note. The difference between the ninth and first deciles are similarly 
called as interdecile range which contains 80% of the total frequency 
while inter- quartile range contains 50% of the total frequency. Thul 
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ranges give a fairly good idea of the scatteredness of the distribu - 
and are commonly used in elementary descriptive statistics. 
Problem 72. Calculate quartile deviation for the following data: 


l arm size (acres) 
0-40 
41-80 
81-120 
121-160 
161-200 
201-240 
241 and over 


No. of Farms 
314 
461 
391 
334 
169 
113 
148 


I he given data may be arranged in a cumulative frequency table 
At follows: 


Farm size (acres) 

(x) 

No. of Farms ( frequency )' 

(f) 

Cumulative frequency 

0-40 

394 

394 

41- 80 

461 

855 

81-120 

391 

1246 

121-160 

334 

1580 

161—200 

169 

1749 

201-240 

213 

1862 

241 and over 

148 

2010 


+/V'=-°+-=502.5. 

£2i lies in the class (41-80). 


Ihus, Q,- 


-/i+ — xh where / x = 


/ 


=41,./i= 


= 394,/=461, A =40 
and lV=--x°=502.5 


=41 


=41 


502.5-394 

461 

108.5x40 


X 40 


= 41 + 


4340 


461 '* ' 461 

Again ijV= 3 x 502.5 = 1507.5. 

Q 3 lies in the class (121 — 160). 


=41 + 9.4=50.4 


ThUS 23 = /l + ++X/2, 


/ 


where /*= 121, /i = 1246, /=334. 

A = 40, §#=1507.5 


= 121 + 
= 121 + 


1507.5-1246 


334 

261.5x40 
334 
= 121 + 31.02 
= 152.02. 


X40 


= 121 + 


10460 

334 
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Quartile deviation=J (Qz—Qi) 

=1(152.02-50.4) 

=£x 101.62=50.81. 

[C] The mean (or average) deviation. The mean deviation is defined 
as the sum of the absolute values of the deviations from an average 
(median mode or arithmetic mean) divided by the number of items 
if X{ (i—l 9 2, n) are the variate- values of a; with frequencies 
f (/= 1, 2, 3, ..., n) such that iV=2 f and M be the average (mean, 

i 

median or mode), then 

Mean deviation =-^ 2 f { | Xi—M | or simply L 

If we denote the difference x—M by then 

y /* I r | 

Mean deviation = — 

Problem 73. Find the mean deviations from the median and tht 
mean of the following data: 

Size of items: 4 6 8 10 12 14 16 

Frequency: 2 4 5 3 2 1 4 


These data in tabulated form are as follows: 


Size 

<*) 

Frequ- 
ency f 

i 

1 

1 

; Cumu- 
lati ve 
frequ- 
ency 

fix 

Deviations from 

/I Cl 


median 
i.e., 8 1 

mean i.e., 

9.7 I C 2 1 

/I Ci 1 

/|C«I 

4 

2 

2 

8 

4 

5.7 

8 

11.4 

6 

4 

6 

24 

2 

3.7 

8 

14-8 

8 

5 

11 

40 

0 

1.7 

0 

8.5 

10 

3 

14 

30 

2 

0.3 

6 

0.9 

12 

2 

16 

24 

4 

2.3 

8 

4.6 

14 

1 

17 

14 

6 

4.3 

6 

4.3 1 

16 

4 

21 

64 

8 

6.3 

22 

25.2 

Total J 

21 =N 


204 

= 2/* 



68 

-VI Cl 1 1 

r-u? 

II 


Median=size of ( f - * jth item 


21 + 1 

=size of ^ i e -> Hth item=8 

Ifx 

and mean=-~-=^V-=9.7 approx. 

Mean deviation from the median = — l^ - 1 ^ =-^-=3.238 


N I atistical probability 


mi 


ii nd mean deviation from the mean 


2/1^1 

N 


69.7 

21 


=3.319 


Note. Median coefficient of dispersion 

mean deviation from the median 
^ median 

= Q40475 

8 

and mean coefficient of dispersion 

Mean deviation from the mean 
= mean 

^I?-=0.34 approx. 

— 9.7 

ini Th. ctandarH deviation We define the standard deviation of a 

all deviations of x from the arithmetic mean f (Agra, 1975) 

denote it by a. ’ 

Thus if M be the arithmetic mean of variate values » 

with frequencies /i, / 2 . •••/n so l ^at N— _ fi, en 

a=\Z(^^ ( Xi -Mf) or simply sj ) 
giving a 2 = J^2/(x— M) 2 . 

n. (— W ' </■ % 

as variance and denoted by p- 2 , whicn is me (Agra, 1975) 

mean . 

Us =<J 3 =-^S/(x-M ) 2 


The ratio b X 100 is known as the coefficient of variation. 

When the deviations of x are fr °“ “ofthe'squaresof alt 

sr, r srsz - — - 

denoted by s i.e., 

,=^/(-L y t (x f -^) 2 ) or Simply y(x-A) J- 

_. f ft - c nnnntitv sie s- is termed as mean square 

deSfta “’"denoted by o', which is The second moment about the 
assumed mean A , i.e., 

|A 2 '=S 2 = -^T S/(x-d4) 2 . 

Relation between standard and root-mean square deviations. 

Let M be the mean and A the assumed mean. 
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Also let M—A=d and x-^ A— & then 

x-M=x-A+A~M=(x-A)-(M-A)=i-d 

Now, a 2 = JL 2/(x- Mf = -L 2/(5 -</)* as x-M=\-d 
= ~m—W + d)=^Zf?-2d± m+d* 

= ±Zf(x-Af-2d. ±rZf(x-A)+d ! as 1/=N 

=s2 - 2d (^r~ A j£)+ d2 ass2 =~k V (x - A)2 

=s 2 -2d(M-A)+d-=s°—2d.d+d-=s 2 -d 2 
*•£.» s°=G 2 -fd 2 or ^ 2 ' = (jl 2 +J 2 

which gives relation between s and a or between [x 2 ' and tx 2 * 

Calculation of standard deviation. 

(/) By short-cut method. 

We have, c- = ^2f(x-My = ±-lf {x-A)-(M-A)} 2 
= {%— (M— A)} 2 where \=x— A 

= ^¥{? 2 -2 (M—A). Z+(M-A) 2 } 

= ~m 2 - 2 (M~A). ~m + 2 ( M-A ) 2 ~Zf 
= ~ 2/5* - 2rf.~ 2/ 5+<P as S /= N. 

But d'=s"—<,'- = ±-{lf(x-Ay-2f(x-My} 


— ^\%f{(x—A) 2 --(x~My L }] for the same distribution. 


or 2d- 


= - n -W{(x~A+x-M) (. x-A-x+M )}] 

= {(Z,+Z—d).d} as M—A—d and x—M=\—d 

=-^2/(2 \d-d^2d. Is n-d*.jjlf 

2d. as lf=N 


giving d—M—A 


2/5 

TV 


Hence 







g_ y> 

(//) By step deviation method. Taking w— ^ ~~ h y f 

[~hu t we have 

O 1.9 _ O 

»«• <J X - — h~c u , 

le c x —hc u . . r 

Properties of the standard deviation. 27* s/W ® * teluZfbehg 
I»rv fonffl/n/«g «»<* TV 2 are ami a Y/Z /Z sets 

ii insured from their respective means M x and M 2 . If the 5 f , » 

B 5 ""L »« «. of N,+N, members, then the nonfood 

Aviation a, of this set , measured from its mean is given by 

, iV^ + A^o 2 ® (M.-MoV. 

° “ A 1 + TV 2 + (JVx+^p A * u . . . 

If r , 2 and s 2 2 be the mean square deviations of the ^two sets, _ ° 

Hie mean square deviation of the combined set and ^ be the assumed 

sir an; then 

i Ni+Nt 

s 2 = „ , C T- 2 f(Xi-A)‘ 

2 Vi 4 - 2 V 2 i=1 

i W N 1 + 2/2 

-Tvbr w - s, ‘ + ' , -’* !| 

= 1 [TV,. (a 1 2 + d 1 2 )+A r 2 (cr 2 2 +r/ 2 2 )l as j*=»o* + d* 

Ar^ s +V t «,* , NJS+Njdl 

_ 2 Vx+A 2 + N x +N 2 

N,af+N 2 o t 2 , TV, (Mi-^) 2 +A2 a ( MiZjdI ^'j = M-A. 
“ — 77 -qr^ + T^+TV, 

Iftheassumedmean y4 be/egarded as the mean M of the combined 
Ml then by the properties of arithmetic mean, we ha e 

. „ n,m,+n 2 m 2 

A=M= T^+TV* 

|iul then s becomes identical with a, i.e. s==a. 

1 ,, TV^+TV^Vl 
a Ma — nt+ni ; j 


TW+TW [ 


N x + N 2 


T M I M N 1 M 1 ±fhM 2 _\ t 
k^r 1 — ivwv; ) 


+ TV 2 ' 
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_ ■^ yf I cr l~‘ + J 


^i + A 2 ^~K+N, 


r Ni.NJ (Af,- M.v 

i L M+Ai)* 


. ■^i (J i 2 + N 2 c 2 2 


^+n 2 
2 +AW 

" *i+AT~ 


A^A, /w 

7^ 


N^(M 2 ~M t ) 

l N T+Nj 2 

(A^+A,) 


aw 


-(A/j-JW,)*. 


(I) 


- . " W+A,)’ 

which is the required result. 

This result can be extended to a combined caHpc u 
consisting of r component series contdnfngA N 
with standard deviations a a n anr i ^ 19 J 2 ’ v\ ^ m cmbff| 
mean of the combhES by rf' i'' S 1f ,ra,in g from 'S 

deviation « of the whole series with eom^oeit 'serief ha'.tag' 

M u M 2i M r respectively, is given by g menu 

^2— . .^I g l 2 + # 2 g2 2 + + N r 2 f J 

Nl Z% + - +Nr + 'i N *+ N *+^-+Ky 

x i N i N a {Mi — M 2 ) 2 +N 2 N 3 (M 2 ~M 3 y +... 

Tie- y . , -+ N T-lN T (M r _ 1 ~M T y-}..A 

Using 2 notation, the result (2) can be expressed as 


C 9 = 


2 N& 2 

i=l 


1 


Ci*)’* 


S NjN k {M r 
k—1 
j^k 


-M k y 


(D 


is, 

1=1 

In case A/i=A/ 2 =A/ a =... ( 

ct 2 = fflV + Ag 0 2 *+...+iV r ct ,2 

K+n^+Z+n t • • • «) 

Jr? 1 ™ 74 ; ‘ S7wh ’ ^ if the variable takes the values 0 12. 
n C O 1 '-w enC !» wl en by f fle terms of the binomial series q n , n c[q”~% 

&UisT+l 3 Z •—**&>* 

By Problem 61, the mean M for such a distribution is given to 
M =np 

y rp 

Now s ~~2f' wllere Z=x—A, A being assumed mean. 

Assuming that A=0, we have 

^ = 0 2 + » Ci ^ p+ 2 

But (?+p)"= 9 "+»C 1 ^+”C 29 -4 2 +r. + 7 - ■ ' I 

Differentiating w.r.t. p and multiplying both sides by p, we fed 

a niq t£ P=nC rt n - 1 P+ n C i .<r- i .2p*+...np" 1 

haw 11 CDUatiD8 w r t /» and multiplying throughout byp,*, | 
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p[wp (//-l) (q+q) n ~ 2 +n (q+p)^ 1 ] 
= n C v q n -yi 2 + n C 2 q n - 2 p\2 2 +...+p n .n 2 =s 2 by (1) 
s 2 =p[n(n—l) p+n\ as q+p=l=np[np-p+\] 

=np(np+q) as q+p= 1 gives 1 ~p=q 
=n 2 p 2 +npq. 

a 2 =s 2 —d 2 =n 2 p 2 -\-npq—(npy as M=d=np when a4»=0 

Problem 75. Show that if deviations are small compared with the 
( x \ 3 x 

mean M so that ( — J and higher powers of — may be neglected , 


Also 


(0 

<7=A/ ^ 

j 

2M 1 

(0) 

Af 2 — (7 2 - 

= G 2 . 

(00 

/f=Af ^ 

'-&)■ 

(/v) 

MH=G 1 


(v) 

H+M=2G. 


(Vi) 

Mean \Zx=\/M ^ 1 

~8M^‘ 


where a is the standard deviation , A, G , Af are respectively arithmetic , 
geometric and harmonic means of the variate X. 

We have X—M=x so that A r =M+x ... (0 

Let AT be the total frequency of the distribution. Then 
(0 v G={X x fu AT/*..., Zn/n) 1 ^ where AT=S/. 

. log 2 / log ^=—7 2/ log (Af+x) by (1) 


= 1 2/log M ( l+^) = ^[ S/log M+S/log ( l + £)] 

.JL 2/ {— —+ 1 

N J \M 2M'-“' J 


=jy 2/log 11/4 


expanding the 
log-function 


2/ 1 / x x 2 \ 

=log M. — =jy 2/|^— — J neglecting higher powers of x/M 
. „ , y , f 1 2/x ol 2/x 2 *] 1 

8 |_Af A 2M 2 N J~ ° 8 M 2M 2 ' ° 


2fr 2 

BS C = ~ N aad ^/ x= 0 by fi rst property of A.M. 
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or 


7=M^ 


(«) By (2), 


mathematical physi 
neglecting higher order terms. 


: 


2M 

(P=M-V-°W 


^ { 1 M?} ne Slecting higher order terms 

=M 2 —a- i.e. M 2 ~G-=a- 
WO We have 1 


= Af M S ^( 1 +M->) neglecting higher order ter 

= J_ Rf i 

M M 


_1_ 2x 2 
AT N + M 2 "aT 


] 


I 


termi 


M £ 1 + M 2 J as ^f x — 0 an d -^—= a -, fl 

i.e., H -m[ 1+^tJ ~m |* 1 — — J neglecting higher order 

(,V) From the above elation H=M ( 1- we have 

MH=M - ( 1 -$p)=M 2 -o”-=G> by (ii) 

We have M+H=M+m( \ =2M — 

\ M* J M 

=2A/£ 1— -.®_ ]=2C by (/) 

(v/) Mean y/X=± 2/VX=l If V (M +X ) ] 

1+5 n I 

~ v M ' ~N ‘^( ,+ 2ji7~'8M2 ^neglecting higher powers of I 

= \/ m r^_L j_ s a i 2/x- 1 

vm Lw+2M 1T~UF ~n ~ J 

*-&]■■ J A-0 and f.’ .... I 
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Problem 76. *SV/ 0 W that for any discrete distribution the standard 
r Itviation is not less than the mean deviation from the mean . 

With usual notation we have to show that 


ie., 


\/{w !*-"'}■_ 


J 

TV- 


or jV2/?2>(2/ | £ | ) 2 where l=x-M 

«r (/i +/■ + ...+/„) {f&S+L r c,\+---+ten 2 ) 

5 s { -/I I I A'/i I I + -- +/» I 5n I } 

nr A/.(V+V)+...>2/ 1 /,5 l 5 9 +... 

nr . /i/2 (5i — 5 2 ) 2 +..-^0, . 

which is true, since being the sum of perfect squares, the L.H.b. is 
never negative. Hence the proposition. 

Problem 77. From a sample of n observations , /fe arithmetic mean 
and variance are calculated. It is then found that one of the values , x u 
ir in error and should be replaced by x x r , show that the adjustment to 
the variance to correct this error is 

*/— *i +2T ^ 

where T is the total of the original results. 

If V be the variance, then V being the square of the standard 
deviation, we have 

Y__ X\ 2 -\ --y 2 2 +...+^ 2 n _ + *2 -f ■ • • X y. ^ 

Xl 2 +x 2 2 +...+x n 2 fry l r v .2 _ r 2 l 
n \H) = «U/ < ~n j 

If K' be the corrected variance, then we have 
I x, , 2 +x 2 2 + 




+x„ 2 fx r 1 '+x 2 +...+x„ 

n n j 

ar 1 ' 2 +(Sx < 2 -^ 2 ) ^ Xl ' + T- Xi y 


It' 2 '- 


2 +x' 1 2 -x l 2 )- 


(7’-x,+Xi' 2 ) 


] 


The required adjustment to correct the error is 


= V'-V 


n L 

2 

n 

2 

n 

2 

n 


{(2*« 2 + X/ 2 - V) -2x, 2 } — 1 {(T- Xl + Xi r- T*}] 

" (x 1 ' 2 -x 1 2 )-i-{(-x 1 +x 1 ') 2 + 2 T(x 1 '-x 1 )} ] 

" (x 1 ' 2 -x 1 2 )- ( -^l~i- ) {xi'-x 1 +2r}] 
(x 1 > -x 1 )(x 1 '+x 1 - ^'~^+ : l j j. 
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Problem 78. A distribution consists of three components with 
frequencies 200 , 250 , 300, having means of 25, 10 and 15, standard 
deviations, of 3, 4 and 5 respectively. Show that the mean of the 
combined distribution is 16 and its standard deviation is 7.2 approxU 
mately. Find also C.V. 


The mean M of the combined distribution, is given by 


M= 


l 1 

tff-i 


Nixc- 


Ni*i+Nt*2+N a x 3 

N x +N t +N 3 


where 7V,=200, N 2 = 250, N a = 300, *,=25, * 2 =10, * 3 -=15. 

200x25+200x10+300x15 5000+2500+4500 

M- 200+250+300 "" 750 


“TTo" 


Now, the standard deviation c of the combined distribution il 
given by 


a-- 


N 1 Gf+N 2 G 2 2 +N 3 af 


'UVWVW W*. <%- W 


7V,+7V 2 +TV 3 

+N 2 N 3 ( M 2 — M 3 ) 2 + TV 3 7Vj( M 3 —M^ 2 } 
where 7V\=200, 7V 3 =250, 7V 3 =300, 

(t,=3, <j 2 =4, g 3 —5 

M,= 25, M 2 = 10, M a =15, 


200 x 9+250 x 16+300x25 


1 


750 n (750) 2 

{50000 x 225 +75000 X 25+ 6000 X 100} 

1800+4000+7500 1 rim0 nnn 

— +750^750 111250000 

+ 1875000 + 6000000) 


750 


13300 


1 


750 + 750x750 


X 19125000 


1330 191250 266 , 510^ 776 

= - 75~ + 75x75 “ 15 + 15 “ 15 ' 

giving a=7.2 approx. 

The coefficient of variation (C.V.)=^ X 100 

=™x 100=45 
10 


Problem 79. The first of two samples has 100 items with mean 15 
and standard deviation 3. If the whole group has 250 items with mean 
15.6 and standard deviation {13.44), find the standard deviation of 
the second group. 

We have 7V,=100, 7V 2 =250— 100=150, A/,=15, o,=3, 

M=15.6, <r=V 13.44 


N 1 g x 1 ±N 2 gI jV,iV 2 


n x +n 2 ^{N x +nJ Mi m * 


13.44= 
Also M= 


100x9+150xa 2 


If 


15.6= 


250 

n,m,+n 2 m 2 
TV, +TV 2 

100 x 15+150 <M 2 
250 


, 100x150 /1C ><fX , 

+ — 7o77vi2 (15— M 2 )“ 


(250) 2 


150M 2 =250x 15.6-1500=2400 giving M 2 = 16 
Substituting this value of M 2 in (1), we get 

- 16) 2 


13_4 4= 900+150^ + ^x(15 


250 
900 4- 1 50ct 2 2 

= 250 


25 

-(.24) 


( 1 ) 


900+150o 2 2 = 250 [13.44-.24]=250X 13.20=3300 


m 150 ct 2 2 =2400 i.e. ct 2 2 = 16 or <t 2 =4. 

Problem 80. Calculate (a) the quartile, ( b ) the mean, and ( c ) the 
n, mdard deviation wages from the following data: 

Weekly wage in dollars — 35 — 36 — 37 — 38 — 39 — 40 — 41 — 42 
No. of wage-earners 14 20 42 54 45 18 7 


HM/v wage 
| h dollars 
| class 

Mid- value 

X 

Frequency 

f 

Cumu- 

lative 

frequency 

Deviation 
from assum- 
ed mean 
= 38.5 (5) 

e 2 

n 

ZV 

I 35 — 36 

35.5 

14 

14 

—3 

9 

-42 

126 

P 36 — 37 

36-5 

20 

34 

-2 

4 

-40 

80 

I 37-38 

37.6 

42 

76 

-1 

1 

-42 

42 

’ 38-39 

38.5 

54 

130 

0 

0 

0 

0 

39-40 

39.5 

45 

175 

1 

1 

45 

45 

40-41 

40.5 

18 

193 

2 

4 

18 

72 

41-42 

41.5 

7 

200 

3 

9 

7 

63 



200=1/ 




—54 

428 

lotai 

=N 




=11/ 

= 2/V 


I • • iiV = — ^ - = 50 £>, lies in group 37—38 

|nd V |7V=150, g 3 lies in group 39— 40 

B, = Median = Mean of the sizes of {-£-th and (— *— + l)th> items 

= 38.5 °' 

IN—f 

where /,=37, *AT=50,/,=34,/=42. A=1 
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. 50— 34 

= 37+ “4 T“ X41 
“37+**= 37+ .38 


=+ lfx-A^, where If=N and -£ = M 


N 


=37.38 

3y 3 x 7 - 

Q*=h+ L± —jr-'X-h where 72=39, — =150,/ 1 =130,/=45, A-l 

=39+1^0x1 1 

= 39+1=39+. 44=39.44. 

Mean=^ + -j^ 2/5 when; ,4 = 38.5, 


= M— 4 = d (say) 1 
When ,4=0, \l x ' — M—x J 


..(4) 


(x 1 =^2/(x-M)=i 2/-M+2/=M-M=0 


..(5) 


tV=+ 2 /(x-^)* 


AT 

1 

= 7V 


£/£*, when x—A=Z, 


=38.5+ 


-54 


200 

=38.5— .27=38.23 

K V{4oI“(A^) 2 } !== V (2.14 — .0729) =V(2. 0671) 

— 1.4 approx. 

15.10. MOMENTS 

For a distribution having variate-values x lf x 2 ,... x n with frequency 

n 

fiy respectively such that N = ■■ 2 f (or simply 2/), the Mh 

/=1 

moment about any point (or assumed mean) A is defined as 

fr'—Jp ^ fi( x i—A) r or simply-^ Zf(:c—A) T , ... (I) 

where (V represents the moment about any point + (other than thl 
mean). 

As such rth moment can be regarded as the arithmetic mean of 
the variate (x— A) r . 

If we now consider the rth moment about the mean M of till 
distribution, then it is denoted by [x r and given by 

H r =4 .2 fi(Xi~M) r , i.e. ~ If(x—M) r . . . . (J) 


=s 2 =a 2 +</2. 

(i2 =-~2/(A-Mf=+ 


...( 6 ) 

... (7) 

I Thus, P+ — Pa =$ 2 — a 2 =rf 2 . . . . (8) 

|A] Moments about the mean in terms of moments about any point 
•ml conversely. 

Taking *—,4=5 and M—A=*d, we have 
x-M^{x-A)-{M-A) = Z-d 


*> (hat 


f+=-^- S/(x-M)'=-^ mi-dy 


1 


1=1 

The definitions (1) and (2) give that 

tA 0 ' = ! 1 o=^-2/=l. 


... (IK 


= ~[mz r -r C iZr 1 d+ r c 2 zrw-...+(-dy}} 

=jf m r -d. r c 1 ~ w 2 -... 

+(-ir i . d*-\ r c r - 1 ~ s/5+(-i Yd'jftf 

= (A r ' T C\ </[A , f -i + r Cj<i 2 . (A r— 2 ... 

+(-ir , r *-0) 

Hut we have d— (a^ by (4) 

>• /Af—Hr ’’C+i (A r-l 2 |A r _ 2 ... 

+(-lHr-lK' ...(2) 

Putting r=2, 3, 4,... successively, we get 

(Ws'-fV^fV-rf 2 ... (3) 

^=H3'-3(A 1 V+2(A 1 ' 2 (A 1 '= ( A 3 '-3 < / ( A a '+2d» ... (4) 
t*4=lV— ‘ 4 (a 3 '(a , 1 +6!a 2 '(a x ' 2 — 3^' 3 
= t A 1 '-4rf ! A 3 '+6^ ( A 2 '-3^ /’ • • • 

etc. 

Conversely, [a/=~ "!Lf(x— A) r — ~- 2/(x— M + M — A) r 
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=jf 2/(++ cl) r , when X=x—M 

iyr+ r c\cafx r i +'C 2 d-ifX'--+...+d-tl\ 


= 1+ + r C l |J- r _ 1 rf -j- r C 2 (+_ 2 d 2 -{- . . • + <7 r 
Putting r— 2, 3, 4, ... successively, we get 
V-i—V-i+d- as ^=0, 
+i'=f i 3+3</+ ! +</ 3 , 
t t 4 / = (^4 + 4(/(i 3 + 6d 2 p. 2 + </'' , 

etc. 


. .1* 


[B] Change of origin and scale of moments. If we introduce a lift 

. x A 

variate a related to x, such that u = — - — , where h is the unit 

n 

scale of moments, then 

x—A=hu and x — A=hu, , . , (|) 

where ^ and u denote the means of variates x and u respectively. 1 

Now - (*r=-^- 2 f(x-x) r 

=f^f{{ A +hu)—(A + hu)} r by ( 1) 

!V=~s/u-^r=^ x f (huy= h ^ifu'. 


Also 


... (II 

.. (It 

Here (2) and (3) show that the rth moment of the variate x ia V 
times the corresponding moment of the variate *. 


If h= 1, then (2) becomes Pr=i- ^f(u—u) 


N 

<*“T».” hat eha " ge of ‘ *“ "" "* '»«»»* 

Again if we take A—x and h~c x then the distribution of x hit 
zero mean and unit variance and 

c x 

form of the variate. 

[C] Sheppard s corrections for moments of grouped data TH 
approximation of assuming the frequencies to be concentrated at * 
mid-values of class-intervals in a grouped frequency distribution! 
corrected in case of moments by W.F. Sheppard as follows* *i 

k 2 


is said to be the standid 


M -2 (corrected) =[i 2 — 


12 


(a 3 (corrected) =(x 3 
(corrected) ==(x 4 — 

where h is the width of the class-interval. 

These results may be used in cases where the frequency distribution 
U continuous and the distribution tapers off to zero in both directions. 

Problem 81. The first three moments of a distribution about the 
\itlue 2 of the variable are 1, 16 and —40. Show that the mean is 3, 
the variance 15 and \l z —— 86. Also show that the first three moments 
nhout x=0 are 3 , 24 and 76. 

Moments about A= 2, are P4' = l, (V = 16, ^ 3 ' = — 40 
We have fV=~ V(x~A), i.e. l = ~lfx-2 as 2/-JV 

2/x= mean=3 

I (X 2 =<T 2 =[X 2 '— [A l ' 2 =16— 1 = 15 

«nd H 3 =H 3 ' — 3HiV 2 '-(-2tx' 3 

= -40-3 X 1 X 16+2.1 3 =— 86. 

Again when <4=0, let the three moments about x=0 be v/, v 2 ', 
then 

V=J^ 2/0-0) =^T 2/x=mean=3 
V=f H+d*. 

Here (i 2 =15 and d—M—A—7> 

[ v 2 '= 15+9=24. 

Also v 3 '=H3+3</p. 2 +</ 3 

=— 86+3x3 xl5+(3) 3 =76. 

[D] Factorial and absolute moments. About the origin i.e. x=0, of 
« distribution, the rth factorial moment is defined as 

/ < x, (r » or simply 2fx w ... (1) 

*hcre N=^fi=2f and x <r, =x(x— 1) (x— 2)...(x— r+1) 
i 

•lid the rth absolute moment is defined as 

v r=jf-2fi I Xi Y or simply -^2/ 1 * | r ... (2) 

where N=2fi=2f. 
i 

i [E] Moments for bivariate distribution. If there are two measurable 
diiiracters say x and y corresponding to each member of the popula- 
lion e.g. heights and weights of students in the survey of the popula- 
tion of a class of students, then each member has a number of pair 
of values like (x u y x \ (x 2 , >> 2 ),..., ( x<, >><),... . The total assemblage of 


/ 
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such pairs of values of x and y along with their frequencies constitute! 
what is called the Bivariate frequency distribution of x and y . 

If fi 0 = 1 > 2,..., n) be the frequency of the pair ( x iy y { ) y r=l, 
n y then the moment about the origin of the distribution, of the ordef 
r, s with regard to * and y respectively (i.e. order r in x and older i 
in y) is defined as 
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Problem 82. Show that the first four factorial moments are related 
In ordinary moments by the relations 




(i) 


where 

Thus, 


N= 2 fi=2f 

i= 1 


2fiXi=x, the mean for x] 

i I 


• (J) 


V-n’—fi 2 fiyi—y , the mean for>J 


( x 2« > — 2 /i-v. 2 =*iv i 

'=4> 2 Av* 2 =»iV J 


^02 ~fi- 


t*ll'= jy 2 ftxtyt 


(J) 

H) 


etc. 


In a similar manner the moment (a rs about the means x y y may b| 
defined as 


2 fi(xi-x) r (yi-jy 
m ,= i 


. . . (i) 


So that (* l0 =n 01 *=0 

1 V 


^ 11 = jf ~ fi(x,-x) (y f -y) 


fi 2 f i-^iVi X. y 2 y i ■ y 2 fiX{-\-Xy 


■ N 


i 


The quantity (a u is known as the Covariance between the variat|(j 
x and y and denoted by Cov (x, y), i.e. 


Cov (x, >0=P-n=Pii'-*y 


Also 


1 


P'20 — — y ^ *) 2 — P'20 •*“ 


(t) 
.. (I) 


P 0 2 = <V 2 =-]y- 2 


«*<!> —fV 5 ** 

* 

P(3) ~ P 3 ' — 3 1 U.2 , +2a* 

P*<4) * ~ P+ 6^3 +11 P^ 6x m 

For assumed mean 4-0, fV=-mean=* by (4) of §15.10 


Now fx (r) '=~- 2 f iX f r) gives 


ves 


Pu> 


A' 2 f* X i it)== AT 2 fiXi^Pl'-S 


N 


S*< 


!) fi~ 2 fi~ - /i-V; (x , — 


1 V 


A' 


I v 


“ /<*»*- fi- 2 (V ={**'• 


1 V 


^(8) ~ jly 2 /i'V 3, = ~r 2 fiXi (x ( - 1) (.Vi-2) 


! V 


1 


1 V 


•V 2 M? ~~3.fi f t x?-\ 2... • A v, 


~ a./ — 3 [jl. 2 ' + 2x . 

Similarly, fx u / ^^'—6^3'+ ll[x 2 '- Si. 

Problem 83. tow r/wf, /hr bivariate distributions the moments 
' ///t* mean are invariant for the change of origin but not for tlu 
whence of scale. 

Let the origin for x and y be transferred to A and A' respectively 
!hc' at the unit or scale for both remains the same say h. Then, 

x~A+ku so that x^A+hit 
y*=A'+hv y—A' + fn 1 

u, v being the new variates. 

- 4,2 

/ 


! A ii = ~fi- 2 fi(x< -x) (>>,- -y) when A f ■-= If, 


=-fi 2 fi(Ui—U) (Vi-V) 


= h 2 [^T 2 yi«. v < ~ 2 fiVi~V.fi- ZfiU + U v i/, j 

=h- J^-L S fiiiiVi—" v— «7+7/TJ=/i 2 J" Lj fj’HVi-v r 


\ 


0 
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/*=1, yields, Hu-i 2 fiUiVi-uv 

By [E u 2 fx t y t —xy=s~- S fiUiVi — u v. 

' in » ab « 

US'' S "” ilar <* shown'lo hold°for "th« 

ticaF work Te'rf a-e^' Pea ”°“- 11 is ° b *rved that in statiJ 
about the mean, which are found Tery usef^f'^h^o fro . m t . momenU 

and y coefficients introduced by Karl Pearson ‘ (1 

as follows: y n earson - He deQned ,6-coefficientl 


Pi = 


~ <T® ’ 



The other two coefficients Yl and y, are defined as 


•••(I) 


Yi = 4VPj = 


PsL. 

a 3 : 


= P 2 -3 = 


,p4— 3p a 2 

p 2 2 


P 4 — 3a 4 

rr* 


(2) 


a d^tribufioS peat e dneTs\f 


pi . 

^=p 2 / -p 1 ' 2 1 

-C3=p 3 ;-3ti 1 ' ( i 2 '+2(x 1 ' 3 f J 

k*=p 4 -4p 1 v--3{V*+i2{i 1 , v--6ii 1 '« J ’ ‘ ■ u fl 

As a particular case, about the mean, they are defined as 

•q-0, <c 2 =f* 2 , tc 3 =P 3 , <c 4 =P4-3(x 2 2 . (2 ) 


15.11. EXPECTATION 

[A] Univariate probability distribution. If a variate * assume. 
x i9 x 2 >"', x n (denoted bv x for /— i o , e x . ^ssumei 

respective probabilities v n n h Vj 1 Va u / s ’ with their 

w o s spo 4 n L^ h b ir‘£„“ r " u, r^ -s« 2 «~ 

•ogetta with their probabiUttf HaST’J&'S 
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m striate probability distribution of the variate of that trial. In such 
W * since the variate takes a finite or enumerably infinite set of values 
t discrete set of values), the distribution is sometimes known as 
P*i rctc Probability distribution. 

w| Mathematical expectation or expected values. 

Suppose (f>(x) is a function of variate x such that it takes values <f>{. x ,•) 
‘I-/, 2 i.e. ^{xj), <f>( x 2 ),..., <£(xj when x takes values x* 
\t~l t 2,...ri) with probabilities p t ( i—1 , 2 the expected or 
|hihuble value of <f>(x) denoted by E{</>{x)} is defined as 
K{<K X )} or simply E((^)=p 1 (f>{x 1 )+p 2 (f>[x 2 ) + ... +p n <Kx n ) 

= 2 Pi<f>{Xi) where 2 /?,-= 1 . . .(1) 

i=l /=! 


Assuming ^(x)==x r , wc have 


W=A^ r +P 2 tf+..*+M. f = 2 Pi x i . . .(2) 

i=l 

llilch is said to be the rth moment of the discrete probability distribu- 
tor about x=0 and denoted by \x r ' i.e. 

p r ’=E(x T )='Lp i x i T . . . .(3) 

I 

This gives fV=.E , (x)=2 PiXi=x by (4) of §15.10 . . .(4) 

i 

lliich is said to define the expected value or the expectation of the 
priate x. 

Again the rth moment of the probability distribution about the 
Nnm * is defined as 


l*r=£(*<— *) r =2/? < (x < — *) r , . . .(5) 


I 

I) that p. 2 , the variance of the distribution of x denoted by Var (a) 
I f*iven by 

[x 2 =Var (x)=E{x~E(x)} 2 as x=E(x) from (4). . . .(6) 

Problem 8 f . For a stochastic variable x, prove that 
Variance— E(x-) — {E(x)} 2 
nil deduce that E(x ')>{E(x)} 2 . 

We have, Var (x)—E{x— E(x)} 2 
n 

— 2 p L (Xi— x)' 2 where x=E(x) and using (5) 
/= 1 

of [B1 


= 2 p^xr— 2xXi+x : ) 
i 

= 2 pixc—lx 2 PiXi+x 1 as 2 Pi — \ 
i i 

=E(x i )-2x E(x)+x i 
=£(x 2 )-2 {£(*)}-+{£(*)}- as x=E( x) 
=£(*-)- {E(x)} 2 
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Thus, Var (x)=S p, (x,-jf ) a =£(x s )-{£(x)} 2 
But 2 p( (xi— x) 2 > 0 as are positive 


i.e. E(x 2 )—{E(x)} 2 > 0 

or £(x 2 ) > (£(x)} 2 . 

Problem 85. If a pair of fair dice is tossed and x denotes the sum 
of the numbers on the two dice, then find the expectation of x. 

The x may be at least 2 and at the most 12. 

Let x lt x 2 ,...x u be the values of x corresponding to x—2, 3, 
respectively and let p u p 2 , denote their probabilities; then, till 
probabilities with the variate-values may be tabulated as below: 
*=23456789 10 11 12 


n * 2 S4 5 ft B 4 3 ‘2 1 

* 8 3 g "38 iif "STT 3? "ST a'd Us 

Required expectation £(x) is given by 
E(x)=PiX 1 -\-p 2 x i -f ... +PnX u 

“it- 2 + -ST- 3 + st- 4 + Tf 5 + -g 5 f 6+3T- 7+a:V 8+-JT- 9 

+ A- 10+ Vt- H + .V- 12 • 
_ 2+6+12+204-30 +42+40+364-30-1-224-12 252 „ 

36 16 7 

Problem 86. If a random variable x takes the values x t = - — 

k * 

k=l, 2,. ..with probabilities p*=-^ r , find E(x). 


We have £(x)=p 1 x 1 +p J x 2 +p 3 x 3 +... 


-i . (-2)+ ^ { t)+ + - 

= — l+i--i + ... = — [1— 4+J ...] 

= — log (1 + 1)«* —log 2. 

Problem 87. Show that if x is a stochastic variate and 

constant. 


a is t 


0) E(a)=a 
(ii) E(ax)=aE(x) 

(Hi) Var (ax)=a 1 Var (x). 

It follows from the definition that 

(0 E (u)=2 p i% a, 

i 

—dipt, a being constant a^a for /=1, 2, 3,... 


—a as 2 pi = 1. 
i 

u'O E(ax)=l pi ( aXi ), a being a constant 
/ 

—a S PiXi—a E(x) 
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(Hi) £(ax )= 2 Pi (axd, S p,x t =aE(x) ■ • -0) 

and Var (ax)=E {ax-E (ax)}' =E { ax-a £(x)} 2 from (1) 

=n a E {x-E(x)Y =fl 2 Var (x). 

[C] Mathematical expectation of a sum of stochastic variates. T e 

expectation of two stochastic variates is equal to the sum of thti 
expectations. 

If . r any y are the two stochastic or random variates, then we have 
to show that E(x+y) — E{x)+E(y). 

Let the variate x take m values x ( (/= 1, 2, ; .m) with P r °^bt ities 
Pi (i=l, and y take » values y s (./== i , with Ppbabilit e. 

„ / ( /= i 2, ...n). As such the sum x+y is a stochastic variate taking 

mn values x*+yy (i= 1 2.....m, /• = 1, 2. * of 

denoting the probabilities of value x, of x and at the Su.ne t.mc, o. 
value Jf of y. Thus if x assumes a definite value x„ y assumes one of 

the values y u y 2 ,...y„ so that the sum 2 /fi - represents the probabili- 
ty p,- of x taking the value x\ i.e 2) pa— Pi. * 

/*■ I 

Similarly 2 represents the probability p/ of >’ taking the 
i=l 

m ( 2 ) 
valuer, /.e M 2 Pij^Pi * 
i=l 

nt n . 

Now, £(*+>’) = 2 D p/, (*i+JV) by definition 

«=1 y=i 

m n "i n 

= £ ^ Pij^i “f" Pii}'i 

/= i /— i j=iy=i 

m n n ni 

= 2 {xj ( 2 Po)}+ S {y, ( 2 po)} 

1=1 y'=l y-=l «=1 

= 2; XiPi-V £ y,p/ by (1) and (2) 

i— 1 f / -i \ 

=£(x)+E(y). • ; • ( 3) 

This result can be extended to any number n of variates i.e. if 
x, y, z,...be n stochastic variates, then the expectation of their sum is 
equal to the sum of their expectations, i.e., 

£(x+y+z+-)=£(x)+ £(y)+£(z)+ -- • - • (4) 

Since £(x+y+z+...)=£(x+y+z+--) 

==£(x)+£(y+z+ : ..) by (3) 

=>£(x)+£(y+z+-- ) 

= £(x) + £(y) + £(z 4 •••) by (3) 

=£(x)+£(y)+£(z)+... 
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Denoting by * 4 , the number of ;th dice, we have 

sothatE(x)=E( Xl+ x 2+ .Jx n) +*"> 

t, ~^(*i)+^C* 2 )+...-f £(;*„) by (4) of TCI 

dibits 0 vaiS« h a d r fi ,he 2 T 1 ; 'ff 'Vr. 61 ' ° f P°™ °» th. 
therefore * ’ ’ 4 ’ 6 eac ^ having the probability 

• vt ^ ^ x<)== ^- 1 +T- 2 +|-. 34 |. 4 + 4 . 5 +|. 6 =-V-=i 

‘-E( x x)=E(x 2 )=... = E(x t )=l 8 a ' 

Hence E(x)=~±JL , 7 7 « 

w 2^2 +" 2 '+ — h terms— 

Ztstt mathe ' 

*, be the “;L2.™?“wTh^\° fh , ea 1 Si “ all,h ' ! '' '»« s and let 
up and takes the value aero when H is ni't'so‘ Then'," 1 ‘° SS b ' ad 

X==X 1 + X 2 +---+X„, 

so that E(x)=E(x 1 +x 2 +... +Xn ) 

.^ 0 ^!)=T.^ + e a^i 2 ’ 0 With pr0babi,ities *• * actively. 

i.e., E(x 1 )~E(x 2 )=...^E(x i )=l 

Thus E(x)=$+%-\- _ n tiines=— . 

5?.¥fl*7s 9 countX%ceTa% s a i e o dr ^^ imuItaneousI y a deck of 

* lamina. 

values 1, 2, 3, 4 g io° iff m then x< takes 

bility T V. Hence ’ ’ ’ ’ 9 ’ 10 ’ 10 > ,0 > 10 ea ch having the proba- 

£(Xi)= ’>* [1+2+3+4+5+6+7+8+9+10+10+10-, 10]=-*' 

.. required expectation ' J 13 ‘ 

E(x)=E(x 1 )+E(x 2 )+... +E( Xi3 ) 

== iI+tI + ...13 times=85. 

defining a% t aria n te“ be sufh thS tC ba " S am ° nS the C drawn ' Then 

■^* = 1 if /tli ball drawn is white, /=1, 2 ,... c 
=0 if /th ball drawn is black. 

We have s= Xl =x 2 +... +Xc 
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•o that E(s)—E(x 1 +x 2 +...+x c ). 

=E(Xi)+E(x 2 ) + . . . + E(x c ). 


Hut E(Xi)=l. 


+ 0 . 


a+b 

•incc the probability of x*=l is 
a a 


a+b a+b 9 
a 


. , and that of x*=0 is — T 
a+b a+b 

ac 


Hence ^)=^“-rT+ ~,+...c times=- , , 
a+b 1 a+b a+b 

Problem 92. A box contains 2 n tickets among which n C 2 - tickets bear 
ibr number i(i=0 9 /, 2, n). A group of m tickets is drawn . Let S 

if note the sum of their numbers. Find E{S). 

Let the variates x u x 2 , ...x m represent the numbers on the first, 
ncond, ...rath tickets. 

Now, Xi being a stochastic variate assume values 0, 1, 2, ...n and 

n C 0 n C n C 

~~ respectively, so that 


have probabilities 
1 


2 n 9 2 n 9 
E (xi)=£r [l."C 1 +2. n C 2 +...+«. w CJ 

=£■ [i + n - 1 c 1 +"- 1 c 2 + ... + n_1 C fl _ 1 ] 



(l + l) n ^=+2^ = j- 


<S’=*i +* 2 + ...+x m gives 
E(S)=E(x 1 + x 2 + . . . + .v m ) 

=£(x 1 )+£(x 2 ) + ...+£(x n4 )= 2 E( Xi )=m.^ =™ n • 

[D] Mathematical expectation of a product of independent stochastic 
uriates. Two stochastic variates are said to be independent if the 
probability assumed by either of the variates does not depend upon 
llic value taken by the other. 

The expectation of the product of two independent stochastic variates 
l\ the product of their expectations , i.e. if x , y be two independent 
iiochastic variates, then 

E(xy)=E(x) E(y). 

Suppose the variate x assumes the ra values x l9 x 2 , .... x m and y 
ussumes the n values y l9 y 2 , ..., y n . Let the probabilities of x=x* and 
y^yj be Pi and p / respectively. Now the variates x and y being 
Independent, the compound probability of x taking the value x* and 
)• taking y s =*pip/ 9 

m n 

Now, E(xy) = 2 2 Pip/xw by definition 

f=l 7=1 

m n 

= 2 xm 2 p j 'y j =E(x).E(y) 

/=l 7=1 


...( 1 ) 
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Jhis result can be extended to any number n of variates a:, y, *, 


£(xyz...)=E(x) E(y ) £(*)..., J 

where x,y,z,... are n independent stochastic variates 

" peC “ J ,a ' Ur of' 1 * product point, on , 

Denoting by x t t!>.e number of points on /th dice, we have 
^ E( Xl x, . . ,x n )= E(x,) E(.x 2 ). . ,E(x n ). 

But £(x e )=J by Problem 89, 

•• E( x times=(J) B . 


[F-j Covariance. The covariance between two varintrx „„,v , , 

expected values (or ,n . iwd . 7 x ° nd y " hu * 

cov(x,y)~E[(x-x)(y-y)] > 

. . = /■■[■ v-£(x)} {y - E(y))]\ • • (D 

i.e. the covariance of tv, ■ ariates x and v is the exDectatinn n r »t 
product of their deviati ns from their means ' of *■ 

isal^Tzen ,v ^dependent vartM 

Let xand y be two independent van it *s with their , 

(or means)* -r expected vatofl 

COV (x, y) — £{(x — ;, ; ( . 

~E(x-x)J va , so their means heioj 

ladependeiv 

- t £ ( v )- • E(x)'t - {£()) -£(} i 

=(x-x).(y-y)~ o. 

Problem 95. Show that the convert- of Problem 94 Is not true it 1 

Lt£S& 1 

t h Let us introduce two variates a and v with same variance, such 


X=*u- f* 1% 

y xi v ? 


so th- r 


x=~u~y 
y — u — 


Now cov (x, y , » E((x x) (y -y)} 

—E{(n -fi+v— v) (a— ii— v-f-v)} 
or cov (x, y)=E{(S-u) 2 -( v -v)2} 

~E(u—u) 3 —E(v—v ) 2 
— var (a)— var (v) 

=0, since u and v have the same variance. 


peSent th ? f w 8h i C f O y/ X ^ ) ^ 0> b *V and ^arenot necessarily indc 
dice ih!>’n H ’• f and , /.are taken as the number of points on two 

dice, then their sum and difference, i.e., u+v=x and «- =» ,« 

Hence thecon^” or f botl1 / dd and thus are dependent to each other, 
nence the converse of problem 94 is not true. 
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Problem 96. Show that cov (x, y)—E(xy)—E(x) E(y). 

cov (x, y)=E{(x-x) (y-y)} =£(xy —xy—xy+xy) 

=E(xy)—xE(y)—yE(x)+*y as E{xy)—xy 
=E(xy)—xy—yx+xy=E(xy)—xy 
=E(xy)-E(x) Ely). 

Problem 97. Prove the following : 

(0 cov (x+a, y+b)=cov (x, y), 

(if) cov (ax, by)—ab cov (x, y)> 


(Hi) cov y- 


> 




where a and b are any numbers. 


cov (x, y). 


( i ) cov (x+a,y4-l>)=£[{(A-+fl)-£(x+fl)} {(>>+&)— E(y-\-b)}) 
—E[{x—E(x)} {y— £(>')}] as E(a)=a etc. 
=£{x— *) (y-y)) 

“Cov (x, y). 

(a) We have cov (ax, by)=E[{ax—E(ax)) {by— E(by)}] 
—E[{ax—aE(x)} {by-bE(y)}] 
=abE{(x—x) (y—y)} 

—ab cov (x, >’)• 


(iii) We have 


=— — . E({(x-x)-E(x-x)} {(y-j)-E(y-y)}\ 

G x Gy 

-TV E{(x-t) (y-y)} 

a x Gy 

= — cov (x, y). 


Problem 98. Prove that cov (x, x)=var (x). 

We have cov (x, x)=E{(x—x) (x—x)}—E(x—x) 2 
=£{x— /:(x)} 2 ==var (x). 

[F] Variance of n variates*. The variance of two independent variates 
x and y is equal to i he sum of their variances , i.e. 9 
var (x+y)=var ( x)+var (>>). 

We have var (x+>)=£ , [(jc+j^) — JET( x:-l->0] 2 
=E[(x+y)-(x+y)] 2 

=E[(x-xf+(y-y) i +2 (x-x) (y-j)] 
^E(x-x) i +E(y-y) 2 +2E(x-x) (y-y) 

=var (x)+var (y)-fcov (x, y) ■ • • (0 
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But by Problem 93, the covariance of two independent variates ll 
zero, i.e cov (x, y)~-0. 

var (x+y)=\ar (x)+var (>>). • • . 

corollary 1. It is easy to show that 

var (x— jO^var (x)-var (y). . . . (|| 

corollary 2. If x u x 2 ,...x„ be n independent variates then thl 
result (2) can be extended as 

var (Xj-f x 2 +...-fx B )=var (x^+var (x 2 )-f...+var (x„), 

i.e., the variance of the sum of any number of independent variates 
is equal to the sum of their variances. 

corollary 3. If x l5 x 2 , . . .x n be n random variates with finite varb 
ances of, of,... of, then the variance of a variate u defined as 
u=a 1 x 1 +a a x 2 +...+a n x n , 
a u a 2 .. a n being constants, can be found out. 

We have E{u)=E[a 1 x 1 +a a x a + ...+ a n x n ] 

=E(a 1 x 1 )+E(a 2 x 2 )+...+ (a n x n ) 

=a 1 E(x 1 )+a 2 E(x 2 ) + . . . + a n E(x n ), 

so that 

M~£ , («)=a 1 [x,-£'(x 1 )]+u 2 [x 2 -£(x 2 )]+...+fl„ [x n ~E{x n )\. 
Squaring both sides, 

[u-E(u)f=of [ Xl -E(x 2 )Y-{-af [x 2 -E(x 2 )] 2 +... 

... + a„ 2 [x n IT(x B )) 2 + 2fljfl 2 [x 2 2T(.Vj)] [x 2 — Z:(x 2 )]-|~ .<< I 
...+2a„- 1 a„ {x B _ 2 E(x n _ l )} {x„ — E(x»)), 1 
Taking expected values, we get 
E[u—E(u)] 2 =afE{x 1 —E(x 1 )} 2 +... +a n 2 E{x n - £(x„)} 2 
+ 2a 1 a a £'[{x 1 - E{ Xl )} {x 2 - £(x 2 )}] +... 

...4* 2a„_iO„ [{x B _j £(x n _ 2 )} {x B £(x„)}], | 
i.e., var ( u)=af var (XjH-a 2 2 var (x 2 )+...+a B 2 var (x B ) 

+2a 2 a 2 cov (x lf x 2 )...+2a B _ 1 a„ cov (x B _!, x.) 

ft ft 

= 2 a, 2 var (Xi)+2 2 cov (x„ x,). ... (4) 

/=1 i,j=l 

if 1 ) 

Deductions 

(/) If a 1 =fl 2 =l, a 3 =a i =...—a n — 0, (4) reduces to (1), i.e., 
var (x 1 +x 2 ) = var (xj)+var (x 2 )+2 cov (x lf x 2 ). . . . (5) ^ 

(ii) If a 2 — 1, a 2 = — 1, a 3 =a 4 =...=a B =0, (4) reduces to 

var (xj— x 2 )=var (x^+var (x 2 )— 2 cov (x 1( x 2 ). ... (6) 

(in) If x, and x 2 are independent variates, then cov (x lt x a )=0 so 
that results (5) and (6) reduce to (2) and (3), i.e., 
var (x 1 ±x 2 )=var (x^ivar (x 2 ). 


• . • (7) 
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(/v) If a 1 =a 2 = ... =a„=— so that x—x, and if x/s be the inde- 
pendent variates and also if var ( Xi)—o 2 , then (4) reduces to 

_ (j 2 (J 2 (j 2 

var (*) = — 5-+ — o -+•••« times= ... (8) 

7 n 2 rr n v 7 

Problem 99. An urn contains pN white and qN black balls , the total 
number of balls being N, p + q—1. Balls are drawn one by one ( without 
being returned to the urn) until a certain number n of balls is reached . 
What is the dispersion of the number of white balls drawn ? 

Let x t (r=l, 2, 3, ...» n) be n variates such that 

Xi = 1 if the ith ball drawn is white 
=0 if the zth ball drawn is black. 

Then, E(Xi)==p.l+q.Q-=p. 

If m be the number of white balls drawn, then 
m=x 1 +x 2 +^-+x n 

E(m)=E{x l +x 2 +...+ x n ) = E(x 1 ) + E{x 2 ) + . . . + E(x n ) 
=/>+/>+•••« terms=A7/?; 

and the dispersion of the number of white balls drawn is 
var ( m ) = E[{m — E[m)) 2 ] = E{(m — np ) 2 } 
=£[{(^ 1 +x 2 +...+x n )-/^} 2 ] 

==£[(x 1 +x 2 +...4-* n ) 2 — 2np (x 1 +x 2 +...+*„) +/rp 2 ] 

= +**+ — + x n ) 2 ] — 2np {x t + x 2 + . . . + x n ) + n 2 p 2 ] 

= E[x x 2 + x t 2 + . . . + x n 2 ) 

+ 2(x 1 x 2 + *1*3 + •••A-XiXjA’ •••)]— 2np. npA-nrp 1 

= 2 E(Xi 2 )+2 2 E(x i x j ) — n 2 p 2 . . . (1) 

1=1 1,7=1 

where E(Xi 2 )=p. l+g.0=p, as the possible values of xf are 1 and 0 

with probabilities p and q. 

P(x t x,)=P(x<).(*il* t ) as XiXj assumes values 1 and 0 according as 
/tb and jth balls are both white or not. The probability to attain the 
value 1 is given by P(x { Xj) which is the product of probability of 
x i and the conditional probability of x f when x t has already 
happened. 

Here ?(*,)=/> and P(x f ? Xi)= ~-__* 
so that P(x i Xj)=p. 

and therefore E{XiXj)—p. ~^^ . 1+0=-- ^^ ^ ■ 

n 

Thus 2 £(x i 2 )=p+p+...« times=«p 
i=l 
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I E(x tX ,)= lM i- n +-+"Q times 

1,7=1 iV — l 

i¥=j 

n(n- 1) KpA r -l) 

_ 1.2 N- 1 ' 

With these values (1), yields 

,ar (b) _ v+ 2. 

- jETjIW- l)+(»-l) (pN-\)-np (N— I )] 


AT— 1 
«/» 

A^-l 

»/> 

W-l 


lN{\+p (n—1)— np}+{— 1— (n— l)+n/>}] 
[iV (1 -/>)-« (l-^)] 

(l-rt(JV-a)-i2£^=5L»s I-,-,. 


15,12. CONTINUOUS UNIVARIATE PROBABILITY DISTRI- 
BUTION 

The distributions considered so far are the discrete distributions in 
which the variate assumes a finite or enumerably infinite set of values, 
but there are the distributions in which a variate like height or weight 
can take a non-enumerably infinite set of values in a given interval 
a^x^b. Such variates ares aid to be continuous variates and then 
probability distributions are known as continuous probability distri- 
butions or simply continuous distributions . 

[A] Probability density function. If f(x) is a continuous function of 
x defining the probability distribution of the stochastic variate x such 
that the probability of the value of the variate lies in the infinitesimal 
interval (x—\dx, x+\dx) and is expressible in the form f(x) dx or 
symbolically 

P(x—idx^X^x+idx)~f(x) dx 

then the function f(x) is said to be the probability density function or 
simply density function and f(x) dx is known as probability differential . 

The continuous curve given by y—f(x) is said to be the probability 
density curve or simply probability curve . In case this curve is 
symmetrical, the distribution is said to be symmetrical. 

Though the range or interval of the variate may be finite or infinite, 
but it is convenient to consider it always infinite even if it is finite 
whence the density function outside the given range may be assumed 
zero. Suppose that X assumes values in the interval (a, b) and let its 
density function there be $ x ); then its distribution is that of a variate 
with density function defined as below 

f{x)~ 0 for x <a. 
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=(j>{x) for 
=0 for x>b. 

The density function f(x) satisfies the following two properties: 

(0 /(*)> 0 for every x, as negative probability is meaningless ^ 

I oo 

f(x) dx= 1 , i e ., the probability of a sure event is y 
—oo , 

unity. J 

...d) 

The probability that the variate X falls in an interval (a l9 b x ) is 
given by 

P(a 1 <Z<Z> 1 )= fix) dx. ... (2) 

J 

Note. 1. The geometrical interpretation of property (ii) of density 

J oo 

f(x) dx= J is that the total area under the curve 

-co 

Is unity. In case it is not unity , it can be so by multiplying a suitable 
constant , e.g. 


x (l—x)dx~l 


Multiplying both sides by 6, this gives 
| 6x (1— x) dx~ 1. 

Thus the probability density function may be so defined 
/(*)— 0 for x<0 

=6x (l-x) for 0<*<1 
= 0 for x>l. 

Note 2. The variate is said to have a rectangular distribution of 
probability when fix ) is constant throughout . 

[B] Cumulative distribution function. let the function F(x) be the 
probability that the value of the variate X is i.e. 


such that 


F(x)=P(X^x)= 

F^P^X^b)- 


—00 
b 


f(x) dx, 

) 

fix) dx 


and F(A)-F(a)=/>(c<Z<0==j ! ’ fix) dx. 


Then F(x) is said to be the cumulative distribution function of x 
or simply the distribution function . It has the following properties: 

( i ) F(x)=f( a)>0, so that F(x) is ncn-decreasing function. 

(ii) /Y-co)-0. 

(Hi) F(cc)~ 1. 

Note. Density function f(x) is related to distribution F(x) by 
f(x)=F'(x). 
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Problem 100. If fix) has probability density kx 2 , 0<x<I, determin 
k and find the probability that J < x < | . 

Since fix) has probability density kx 2 , therefore 

| o /(*) dx=* 1, 

i.e., f kx 2 dx — 1 

J o 

or ^ k ■— J =1 giving k = 3, so that fix) — 3* 2 . 

f 1 1 2 C 1 ! 2 r v 3 ni /2 

Again ,P(& < x < £)= fix) dx= 3x 2 dx= 3 I ~ | 

Jl/3 Jl/I L 3 J 1/3 

t 1 19 

— *6 1? — TIT- 

Problem 101. //* a function fix) of x is defined as follows : 

/(*)=0 /or x<2 

=TT (i+2x)/or 2<x<4 

= 0 /or *> + 

lAert show that it is a density function and find the probability that a 
variate having this density will be within the interval 2<*<;3. 

In order that/(*) is a density function, it must satisfy the two 
conditions: 


(0 fix) >0 for every *. 

(H) [°° fix) dx=\. 

J oo 

Here (/) follows from the definition of fix), 
Nfow for (//), consider 


|* 0O /(- Y ) dx= j _ oo fix) dx+ | fix) dx+ j+(x) dx 

j; 3 ^*+ 

“ 0 + -re[ 3 *+*'l +0 

f3 (4-2)+(16-4)]= 1 |-(6+12)=l 

which satisfies the second condition. 

Hence the function fix) is a density function. 

3 3 + 2* 


Now, P(2<x<3)= JV(*) dx= j* 3 -± dx 


=4[ 


n 3 


3 * + * : i -ir [3 + 51 -r 


4_ 

9 
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Problem 102. Verify that the following is a distribution function, 
f0, x<—a 

i +/) , —a^x^a 

1 1, x>a. 

The function F(x) to be a density function, must satisfy the follow- 
ing conditions. 

> (0 F(x) >0, 

(«) ^-co)*0, 

(M) F(+ oo)«l. 

Here the first condition is obviously satisfied, t.e., F(*)> 0 from 
Ihe gi ven definition of F(x). 

r From F(x)=0 for x<—a, it is clear that F(— oo)^=0 
lad from F(x)==l for x>a, it follows that F(oo)=*l. 

I Problem 103. Supposing the life in hours of a certain kind of radio 

lube has the density fix)— when x> 100 and zero, when x<100 9 

what is the probability that none of three such tubes in a given radio 
Ift will have to be replaced during the first 150 hours of operation? 
What is the probability that all three of the original tubes will have 
9ttn replaced during the first 150 hours . 

We have /(*)= x> 100 

x 

= 0, x<100. 

I The function fix) will be a probability density function if 



4 8 ' 
> 

? 

I! 

►-* 

I i.e., if 

f 100 foO 

j-» yw * + L /w ‘ & 

Ilf if 

1:>=' 

|r if 

-HHI - 


%hich is so and hence fix) is a density function. 


f 150 100 

Now P(100<ar<S50)= dx 

J 100 x 

inn 50 - 1 

•100x150 3 

(ilnce the probability of failure during the first 100 hours is zero). 
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/. Probability that none of the three bulbs shall have to H 

replaced = I- i 4 =tV* 

Again, the probability that one tube fails during the first 1J| 
hours —l—l—i- 


Hence the probability that all three tubes fail during the first HO 

hours jV • 

Problem 104. A bomb-plane carrying three homes flies direct h 
above a rail load track. If a bomb falls w ithin 40 feet of the tracks 
the track will be sufficiently damaged to disrupt traffic. With a certain 
bomb sight . the density of the points of impact of a bomb is 


fi ^^ ] °Q+x 
J{x) 10 , 000 ' 


-I00^x<0 


100- x 


0 cx^lOO 


10,000 

— 0, elsewhere. 

If all three bombs are used what is the probability that the trdfm 
vill be damaged where x represents the vertical deviation from (B 
aiming point which is the track in this care. 


Since a bomb falls within 40 feet of the track, it therefore follow! 
that in order to disrupt traffic the track will be damaged when tll| 
bomb falls within 40 feet either side of the track. Thus the probabill# 
of one bomb damaging the track is given by 

P (— 4O<x<40) — f f(x) dx 
J —40 



dx- f- 



dx 



100 +x 

10,000 


dx T* 


f 40 100— x , 

Jo 10,000 dx 


-jl n 

io,ooo(j 


100.Y + 


v 2 to 


1 

10,000 


[+4,000- 800 + 4,000 80]- 


j 1 OOx — 

6400 16 

10,000 25 


x* i 40 ~\ 

2o J 


So that the probability that the track is not damaged by {B 
bomb =1 — 

The probability that the track is not damaged by any of thr|| 
bombs = ( T ) 3 

Hence the probability that the track is damaged by at least <fl 
bomb- 1 -(A) 3 = 1 

[C] Mean, median, mode, moments etc for a continuous univurlB 
probability distribution, (i) The Mathematical Expectation. 

The expected value (or mean value) of any function <f>(x) I ft 
random variate x having probability density function f{x) and culB 
iative distribution function F(x), is given by 
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i e [*(*)]= fix) dx= m dF(x) . . .a) 

I (ii) The Arithmetic Mean 

rite mean (arithmetic mean) is obtained from (1) by putting #0=-* 
Whence ^ 

M=*='£(x)=!*i' = dx ‘ ‘ ' 2) 

' which represents the x-coordinate of the centre of gravity of the area 
o| the curve bounded by x-axis. 

I (Hi) The Geometric Mean 

The geometric mean G is defined as 

log G= J°°^log dx=E (log x) 

I (iv) The Harmonic Mean 
I The harmonic mean II is defined as 

■ <4) 

(v) The Median . . 

The median say V being that value of a variate * which divides 

(he total frequency into two equal parts i.e., 

P(x<a)^P(x>a) 

Is defined as 

^f(x) dx= j °°/(x) dx-=h J_ B W dx ^ ' ' d5) 

(vr) The Quartiles 

The lower quartile Q x is defined as 

\ Ql fix) dx=\ 

J-CX) 

und the upper quartile Q 3 is defined as 

\i***-*’ ■ <7) 

( viii ) The Mode . , . * 

The mode or modal value being that value of a variate x for wa.cn 
the probability density fix) is maximum, ts denned as 
f(x)—0 and /"(x)<0, 

provided that the values of x given by /'(*)=<> be within the range of 
the variate x . 

(viii) The Mean Deviation 

The mean deviation from the mean (*) is defined as 

Mean deviation— f I x—* ! -f( x ) d x 
J - oo 
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(ix) The Moments 

1 he rth moment about any arbitrary point ‘ a ’ is given by 

fV-J~oo ( x-aYf(x)dx . . . (JO) 

and the rth moment about the mean x is defined as 

f += ( X -*Y f(x) dx. ...(H) 

. Problem 105. Iff{x)=e~*, 0<x<oo show that it is a probability 
density junction and hence evaluate mean y. 2t ^ 3r (jl 4 . 

It is clear that/(x)>0 for every x 

and j -oo f{X) dX== f-oo f(x) dx+ J> dx I 


=0+ 1 —e~ x dx = 04 j~ — 1. 


functions^ COnditions bein8 satisfied - f( x ) is a probability density 


Now mean — xe x rfx =£— xe x J°° e~ x dx (integrating by part*) 

-*H> •••«> 

r°° 

2 = (x~\y e~ x dx 

Jo 

=[“(*- 1) 2 e~ m ] o °° +2 [* (x-1) er x dx I 

(integrating by parts) 


fV 


ana 


= 1+2 [0—l + l]=l from (1) 

Too 

^ 3 = (x—l)*e~ x dx 

J o 

^3=[~{^-l) 3 e-]”+3 |°° (x — l) 2 <r» dx 

— — 1+3=2 from (2) 
fco 

(x 4 = (x-l) 4 e-*dx 

Jo 


... ( 2 ) 


■ • . (3)i 


=[-(*- 1) 4 e* J”+4 | °° (x-l)» 


e~ x dx 


= 1 + 4 (2)=9. 


from (3) 


Problem 106 . A frequency function in the range (— 3 , 3) is defined 
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by y=-x\ (3+xY,—3<x<—l, 

y=r\ (6-2x i ),-l<x<l, 
and y= r \ (3-xf, Kx<3. 

Find the mean and the standard deviation of the distribution. 

We have first to test whether the given function y(=/(x) say) is a 

density function and it will be so if j f(x) dx— 1. 

Now | f(x)dx— j" to (3+x)" dx \ | J, (6— 2x 2 ) dx 


+ |*tV (3 -xfdx 


t r (3+*> 
=T9 L “ 




Hence /(x) is a density function. 


6x— ix 3 
+r‘e[ 


(3—*) 




Now, mean=(i 1 '=| 3 (x-0 )./(x) dx (about the origin) 
= T ‘, Q" 1 x. (3+x) 2 ix+|^ X. (6-2+) dx 


+ 


and 


| x.(3— x) 2 dx J 
=T‘e {[|x 2 +2x*++] +[3x*-^-] i 

+ [^ni 

^ {( ,_ 2+i) _ (v _ 54+ V)H(0-^)_ (| _2+ i)}] 

=0 

^ x 2 (3+x) 2 dx+ X 2 (6— 2x 2 ) dx 

+ | 3 x 2 . (3— x) 2 rfxj 


= 1 (integrating and simplifying). 
• standard deviation Pi' 2 **!. 


15.13. TCHEBYCHEFFS INEQUALITY 

If x be a random variate with expected value E(x)=x (i.e. mean) an 
standard deviation a, then for any positive number €, we have the 
inequality 
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1 

/*(*<€’*)> 1 ~ (known as Tchebycheff's lemma) and the proba* J 

bility that the chosen value does not differ from the mean by more than j 
does not exceed is represented by Tchebycheff's inequality as 

P{ I x-x I 

If x be a non-negative variate, then we have 

foo 


»-r 


x f(x) dx 


f €' v 

= I xf(x) dx+ 

Jo 


fco 

\en xAxU 


dx 


foo 

>\^yXf(x) dx 


I oo 

^,_/(x) dx=€ "x 7>(x> Cx) 


■••ir 


x f(x) t/x> 0 


i.e., x>&x 7>(x>€ s xt 
or ~r>p(x>e-x)=\ -p{ x <ex) 

1 

e 2 

which is Tchebycheff’s lemma. 


P{x<ex)>i—^ 


( 1 ) 


If v/e replace x by (x— x) 2 , then x {i.e. E(x)} will be replaced by 
variance of x i.e. a 3 . As such fit becomes 


As such (I) becomes 



p{(x-x) 2 <eV}> i-JL 


or 

P( | x-x | 

<€o)>l — ~~ 

-..(2) 

or 

1 -P(\x- 

-x | <€<tK-V 


or 

P{ 1 x-x 

i >€»k-J 2 - 

... (3) 


Thi> proves Ichebycheff’s inequality, which restricts the upper limit 
of the probability. 


corglt.ary 1. Law of large numbers. 
If we put in (2), 


_ x l +x 3 +...+y a 


x= 


x = 




and € 


V(%h 


n n 

where A is an arbitrary positive number and E n is the mathematical 
expectation of the variate, 

u=(Xi+x 2 -\-... + x n —x l — * n ) 2 . 
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then, we have 

X\ J r x 2 -f- ... -f"*n 

n 


/■[p 


4~ x n 

n 


<a 


>‘-W 


>1— $ provided <S. 

This gives the law of large numbers , stated as below: 

Under the assumption that the probability approaches unity or 
L ftuinty as near as we please, it is expected that the mean (arith- 
miic) of the values actually taken by n random variates will differ 
hm the mean of their expectations or less than any arbitrary positive 
mill number when the number of variates is sufficiently large and 

~ r -*0 as 72->oo. 

« 2 

COROLLARY 2. Bernoulli’s theorem 

l or given positive numbers A and 5, however small, if m be the 
imber of successes in n independent trials , constant probability of 
Srn?j5 being p y then a number N depending on A end 5, can be found 

m I 

wh that the probability in order that the inequality — — p <A holds 

|vor/, is greater than 7 — 6, provided n>N. 

Let us associate with trials, 1, 2, 3 ,...n random (stochastic) variates 
x 2 ,..., x n such that 

Xi— 1 when i'-th trial is a success 
=0, when 7-th trial is a failure, 

}cn w=x 1 +x 2 +...+x„. 

Now trials being independent, the variates Xj, x 2 , ... x„ are also 
pdc pendent. 

.’. E(Xi)—\.p+q.0=p where p—l—q 

E(m)=l J r\ + ...n times— np 

E(x { i )=p.l+q.Q=p as the possjble values of x,- 3 are 1 and 0 

with probabilities p and q. 

Var (x I )=£[{x ( -£(x j )} 2 j 

=E [(Xi -pY\=E [x, s — 2px ( -hp 2 ] 

=2(Ar)-2^2(x.;)-i-p- 

=p—2p- +p-=p—p- 

— p (1 ~p)=pq asp+$=l 


Inc) 


var (m)= 2 var (x.) 
> = 1 


= z pq--npq. 

1 


As such = ■~ E ( m ) sr P ^ SCe Prob!em 87 ^ 
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' ar ( n ) «2 Var ("»)= ~ by Problem 87 (iii) = <r 2 (say) 

Also let A=£o, 


Then an application of form (2) of Tchebycbeff’s inequality fo. 


m 


variates, yields 




A 2 


_pq 

7/ A 2 


^1— § when 7 / > N= P^— , 

SA 2 

This completes Bernoulli’s theorem. 

° fp0i,US X 0,1 a dice > P™* I* 
I x~E( x ) | >2.5a] <.47 
while the actual probability is nearly zero. 

V E(x)= — 1 + 2+i-.3+1.4+-i.5+J .6 by Problem 88 



Var to =er 2 ==£[{x-£(^)}2)=^2)_ {£(jc)}2 
= [l 2 +2 2 +3 2 +4 2 +5 2 +6 2 ]-^yJ 

= *[l+4+9+16+25+36]~V 

= jj__ A 9 182-147 35 

6 4 12 12 


=2.9167 
<r=1.7 approx. 

The maxitrmm deviation of x from E(x) is 6--3 5=2 Tka 

probability of greater deviation is zero whereas TchTbvcheB 
inequality asserts that this probability is smaller than 0.47. 

litfeXdwXfhXlZ a , ssume ™ lues i ™d -i with equal probalk 

variables 7 x x x X X ^ numbers , camot be applied H 

, f i u 2 ’ x , 3 " x »- But l J x i assumes values i« and -/•, /l 
law of latge numbers can be applied to x u x it ...x n provided «<$. 1 

We have P(x,=i)=l=P( Xi =-i) 

E ( X< )=l.i+i (—/)=0, i=l, 2 ,...n 
and E (x ( 2 )=ti*+ii*=i\ i=l, 2... 

E(x)=E(x 1 +x 2 +...+x n ) 

= E( Xl )+E(x 2 )+... + E(x n ) 

=0+0+... +0=0 
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E„=E (x 1 +x 2 +...x n ) 2 = 


n 


2 E(x { 2 ) 
i— 1 


= S / 2 =l 2 +2 2 +...+«* 

i=l 

= |«(«+1) (2u+l) 

,othat ^=_L(„ + 1)(2 ii+1) 

Lim E 

— oo^O and hence the law of large numbers is not 
Applicable to this case. 


Further when x t assumes values /*, — we have 

(-i«)=0 as P(.v t - = /*)*=! = P(x, = — i* ) 

£(*i 2 ) = i- i 2 * + h i 2 * = i’ 2ot , r=--l, 2,..., n 

n 

So that E n — 1 p(x l - 2 )=l 2a +2 2a + ... + rc 2tt 
/=i 

~ 7 T— tt by Euler’s summation formula 
2a + 1 


En = H 2 *" 1 
7J 2 ** 2a+l 


Lim E % 

i e — ■ 

* 72— > CO w 2 


Lim 72 2 ® 1- 1 
«-><*> 2a+l 


= 0 iff 2a--- 1 <0 /.c., a<£. 


Hence in this case the law of large numbers holds only if a<£. 


15.14. CHARACTERISTIC FUNCTION 

The characteristic function for a continuous probability distribution 
having/(x) as its density function is defined as 

4(t)=E (e iu )= [°° e iix f(x) dx= f°° e tix dF(x), 

J —00 J —00 

where t is a parameter. 

m has the properties: 

(0 W) is continuous in t y 

(H) is defined in every finite / interval, 

(Hi) 4(0)= l, 

(iv) 4(0 and 4( — t) are conjugate quantities, 

00 I 4(0 I < | e tue | f(x) dx < 1=^(0). 
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15 15. FOURIER'S INVERSION THEOREM 

If F(x) and 6(t) denote the distribution and characteristic function! 

respectively of a random variate a, then 

m-m- hi™ 4; J‘ ( —-—<«<> d, 1 






-00 it 

where P r denotes the principal value of the integral. 

In case F(x ) is everywhere continuous and dF(x)=fix) dx, we can 
express 

foo 


i re 

which is equivalent to Fourier ’s integral 

/(*)= Jr f°° dt f°° *-«<»-»> /fr) 

2^ J ~oo J -co 

and can be easily deduced from (1) by the substitution 


fco 

# /)== J-V 


e~ ity f(y) dy . 


Problem 109. Show that the distribution 


T „ 1 / 1—eos x\ j ^ _ 

dF~ — i — - ] dx, — oo 

75 \ J 


has the characteristic function 

<f>{t) = l-\ t\,\t\ < /, 

= o , m > /. 

It is evident from calculus of residues that 


foo 1 — cos x _ tt i Too 

1 5 «a= — or — I 

J o K J — o 


1— cos X 


v 1 l — COS X 
• J ' n x 2 


00 XT 
00 .<*<00. 


dx*= 1. 


the characteristic function is given by 

1 — CCS X 


_ 2 f°° > —co s x 
7t Jo X 2 


e <4 * </jc 


- cos tx dx 


(1) 


( 2 ) 


=i-m in <i 

==o 1 1 1 >1. 

Problem 110. Show that the distribution for which the character If 


tic function e 1 * l has the density function 
/■/ \ I dx 

/W -TT T+7* 


OOt 


:oo. 
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We have 


giving 


1 foo 

/lx) “ 2^1-00* 


e~i * * e -tex 


ait e < e - 

2^LJ-c 


-CO 


<7/ + j°°<? * e - *** dt J 


= -^— ^J°° 6r ’ < e * tx <*+ e"*** rf/ J by replacing 

t by —t in the first integral or putting t=—z etc. 
1 foo 

== 'AZ' | e ~ l {c ltfn e iu ) dt 
J () 


; J_foo 

J 0 


e~ l cos tx dx 


1 r 

e~ t cos tx 


A+* 

t: rz 

1 


T°-4(®, 

Jo “ J !) 


e 1 sin tx dx 
(integrating by parts) 


r , . ioo a j fco 
I e * sin tx j — — J e 1 cos Ja ar 




-x 9 -f(x) 

1 1 

71 ‘l+ .x 2 ’ ‘ 


- oo x < co . 


15 16. THEORETICAL DISTRIBUTIONS 

Having started with certain general hypotheses, if it is possible to 
deduce mathematically the frequency distributions of certain popula- 
tions or universes, then such distributions are said to be theoretical 
distributions , which constitute three types of distributions. 

(/) Binomial distribution. It was discovered by James Bernoulli 
((1654-1705) in the year 1700 and was first published in 1713. 
eight years after the death of Bernoulli. 

(it) Poisson distribution. It was discovered by the French mathema- 
tician and physicist Simeon Denis Poisson (1781-1840) who oublished 
it in 1837. 

(Hi) Normal distribution. Though it was first discovered by De 
Moivre as early as 1733, but associated with the names of the distin- 
guished French mathematician Pierre Simon, Marquis de Laplace 
(1749-1827) and the German mathematician and physicist Carl 
Friedrich Gauss (1777-1855) who discussed it independently at the 
close of 18th and the beginning of 19th centuries. 

Here below we shall discuss these three distributions taking one by 
one 

[A] The Binomial Distribution 

If we toss a coin which is a uniform, homogeneous circular disc, 
then nothing is biased to make it to tend, to fall more often on the 
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one side than on the other. It is therefore expected that in a series of 
throws the coin will fall heads-up and tails-up an approximately equal 
number of times and so the chance of throwing heads or tails with | 
coin is £. Similarly the chance of throwing an ace with a fair die is •}, 
Instead of considering the particular instances we generally use to 
say that the chance of success of an event is p and chance of its 
failure is q such that p-\-q—l. Assuming the events in a number of 
trials to be independent, the chances p and q may be supposed to 
remain constant throughout. 

If we take a number of sets of n trials and count the number of 
successes in each set, then there will be some sets with no succeti, 
some with one success, some with two successes, some with thre# 
successes and so on. The classification of the sets according to the 
number of successes which they contain, will give us a frequency 
distribution. 

Suppose there are N sets of n trials in which the chance of the 
success and failure are respectively p and q. We have to find the fre- 
quencies of 0, 1, 2, 3,... successes in cases of one event, two events, 
three events and so on. 

When n= 1, i.e. 9 in case of a single event, out of N sets of 1 trial 
each we expect Np successes and Nq failures. 

When «~2, i.e. 9 there are N sets of two events or N sets of two j 
trials each, the event which has taken place once is repeated again, j 
We have Nq failure of the first event or trial and the events being 
independent among these Nq there will be Nqxq failures and Nqxpl 
successes of the second event on the average. Similarly among the Np I 
successes of the first event there are Np x p successes and NpXq 
failures of the second event on the average. Hence there are in total 
Nq 2 failures of both events, 2 Npq cases of the two events with ono , 
success and one failure and Np 2 successes of both events. Thus the 
frequencies of 0, 1, 2 successes are respectively 
Nq 2 , 2 Npq, Np 1 

When n = 3 i.e. 9 there are N sets of three events, we see that of the ; 
Nq 2 cases in which the first two events were failures, we have Nq*X<{ 
a third failure and Nq 2 xp one success, of the 2 Npq cases, 2 Npq 2 will 
give two failures and one success and 2 Np 2 q one failure and two 
successes and of the Np 2 cases, Np 2 q will give one failure and two 
successes and Np'* a third success. Hence the frequencies of 0, 1, 2, 3 I 
successes are respectively 

Nq\ 2>Nq-p y 3Nqp\ Np*. 

From the foregoing discussions we conclude that the frequencies 
0, I, 2,... successes are given 

for one event by the binomial expansion of N[q+p) 
for two >> >» >> >* 9> ^(^Tp) 2 

for three „ » ,, » »> ^(#+p) 3 . 

In general for N sets of n-events (trials) the frequencies of 
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I 1,2, 3,... successes are given by the successive terms in the binomial 
Mjunsion of N(q+p) n i.e, 9 


1 his is called the Binomial Frequency Distribution or simply 
Unomial Distribution and the quantities n, p (or q) are said to be 
mameters of Binomial distribution. 

Characteristics of Binomial Distribution 


j (I) Its general form depends on parameters p, q and n. 

[ (2) The probability that there are r successes in n independent trials 
h given by n C T p r q n ~ r and hence in all the N sets, this is given bv 
I XrP r q n ~ r . 

i(3) The numerical coefficients of the binomial expansion can be 
fcund by Pascal’s triangle. 


Exponent 
tower of 

1 • Q) i e.n 

Coefficients of terms 

Sum of 
coefficients 

\ 

1 1 

2 

2 

1 2 1 

4 

3 

13 3 1 

3 

4 

1 4 6 4 1 

16 

5 

1 5 10 10 5 1 

32 

io 

1 10 45 1*20 210 252 210 120 45 10 1* 

10*2*4 

n 

1 11 55 


etc. 




I (4) It is chiefly applied when the population being sampled is infi- 
|!te so that *p' remains unchanged by sampling. 

I (5) It can be applied to finite populations also if they are not too 
Inall. 

I (6) It is used under the conditions: 

I (/) The variable is discrete. 

I (//) A dichotomy (i.e. process of classification of collected indi- 
viduals into two classes according to whether they do oi do not 
iossess a particular attribute) exists. 

I (Hi) Statistical independence is assumed. 

I (rv) The exponent power n is finite and small. 

I (v) For symmetrical distribution p—q and for asymmetrical p^q. 

I Constants of the Binomial Distribution 

I Let us take an arbitrary origin at 0 (zero) successes so that the 
Uiccessive deviations are 0, 1, 2, 3 f ...n. 
j 1. The Mean. 

I We have 

I the raean = p. 1 / (about the origin) 

n 

= 2 n C r .p r q n ~ r .r 
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= (q.O)+( n C 1 q’’- 1 p. 1 ) + rc,q'--p-. 2)+ . . . ■ +(p".«) 
=P [nq n ~ 1 +n(n—l) q n ~ 2 p + ...i-np”- 1 ] 

=np [9 n_, +(«~ 1) q n ~-p-\-...+p n ~ 1 ] 

—np (9+p)" _1 
—np since q+p— 1. 

2. The Variance and Standard Deviation 
We have, \jl/ (about the origin) 
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or |i a =np 

= /7/> 


— S n C T p r q n ~ r .r 2 
0 

=(? n .0) + ( n C 1 ^- 1 p.l 2 )+( B c' 2 ^- 2 p-.2 2 )4-...+(p".« l ) 1 

# n-1 +2(n— 1) 4 n ~ 2 p + — Ogn-3p2_|_ . . . -J- ///»"- *^J 

(n— l)p+l] 


since the bracketed expression is the first moment of (#-f/?) n ~ 1 abo|M 
origin —1 and hence is equal to (n — 1) p+l. 

As an alternative , 

fV=2 n C rP rq n -r. r 2 =2 [r (r-l)+r] 

0 0 


n r-'2 n n-r 


f npS n ~ 1 C r ^ 1 p r ~ 1 q n ~ r 


«=«(«— 1 ) p-2 n ~ 2 C r -iP r --q 

—n l n—l)p 2 (p+< 7 )”- 2 +np (p+p) n_1 
=- n (n— 1) p 2 +«p as p+#=l 
=np [(n— ljp+1]. 

The variance = a 2 = u 2 =[x 2 '— (a/ 2 

=”P f(n-l) p+lj-(«p) 2 
=«P (1-p) 

= npq, 

so that standard deviation -a—\/p. 2 = V(npq)- 

3. Third Moments about the Origin and about the Mean 

(*3=2 n C T p T q n ~ r .r 3 


n 

.y n 


C r p T q n - r {r (r— 1) (r-2)+3r (r-l)+r} 

o 

=n (n — 1) (n—2).p 3 2 n ~ 3 C r - 3 p r ~ 3 q n ~ r 

+ 3 n (n — 1) p 2 2 fl -'-C r _ 2 p r “ ? </’ : ~ r +7.pX n ' I C' r -j- : ! p* 'fl 
=/»(« — l)(n— 2) p 3 (p+<?) n ~ 3 + 3n (n-\)p 2 (p-iq) n ~ i 

-rrip (pi q)** 

—rt («— 1) (n—2) p 3 +3« (n— 1) p 2 i-np as p+< 7 =l 
—np {(«— 1) (n—2) p 2 +3 (n— .1) p + l} 
and t* 3 =!* 3 '— 3s**>i'+2{i 1 ,s 
=npq ( q-p ). 


matistical probability 

4 Fourth Moments About the origin and About the Mean 

t*«' = 2 n C r p r q n ~ T . r 4 
0 

Jk n C T p r q n - r .{r (r— 1) (r-2) (r-3) + 6r (r-I) (r- 2) 

0 +7r (r— l)+r) 

=np {(«— 1) (n—2) (n- 3) p 3 +6 (n-1) (n-2)p 2 

+ 7 (n— 1) p+l} as above 

md (a* = fi-*' — 4[a' 3 [A 1 ' + 6t* 2 (*1 ' — 3(1] 3 
—3p 2 q 2 nr+pqn (1 — 6pq). 

Problem 111 A perfect cubic die is thrown a large number of times 
In sets of 8. The occurrence of a 5 or a 6 is called a success. In what 
proportion of the sets would you expect 3 successes. 

Number of faces in a die=6. 

a *5’ -fa ‘6’=2 successes. 

•_ p — 1 =-J, so that q= 1 —p—$ and n= 8. 

The binomial distribution is therefore N (•£ + J) 8 . 

Probability of 3 successes in one set of 8= 8 C 3 pV 

8J - 6 -(i) 3 (i) 5 =- 8X7X32 


1.2.3 


81x81 


► 


8 x 7 x 32 

Probability of 3 successes in 100 sets = -gY^gT X 100 

179200 _ 0/ 

_ 6561 2 Li /o ' 

£ 

Problem 112. An irregular six-faced die is thrown and the expec- 
tation that in 10 throws it will give 5 even numbers is twice the 
expectation that it will give four even numbers. How many urn esm 
III 000 sets of 10 throws would you expect it to give no even membetsl 

if n is the expectation of getting an even number then the pro- 
h ability of 5 even numbers in 10 throws of a die is twice the probabi- 
lity of 4 even numbers in 10 throws of the die, i.e. 
10 C 5 pV=2x 10 C 4 pV, 

•p=q=l— p giving p= | and ?=■§• 

• Frequency for no even number in 10,000 sets of 10 throws 
- 10 003.<? 10 = 10,000 (f) lfl =l nearly. 

Problem 113 Show the results of throwing 12 dice, 4096 times, a 
throw of4, 5 or 6 being called a success. 

Hnd the expected frequencies and compare the actual mean with 
ilw.se of the expected distribution. Calculate the standard deviation.. 

Probability of sucess of falling 4, 5 or 6 =5=i=P (say). 
a=l—P = h 
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Success 

Frequency 

Success 

Frequency 1 

0 



7 

847 

1 

7 

8 

536 

2 

60 

9 

257 

3 

198 

10 

71 

4 

430 

11 

11 

5 

731 

12 

— 

6 

948 




Total 4,096 


Binomial distribution is 4096 (J + i) 12 . 

Frequency of 0 suceesses=4096 (£) l2 =l, 

4096 

1 succeess =4096. 12 C 1 ^ 11 ./> = 12x = 12 

,, 2 successes =4096 l2 C 2 q ll) p 2 =66 

3 successes = 12 C 3 # 9 /? 3 = 2 20 
,, 4 successes = 4096 12 C 4 .^ 8 / ,4 =-.495...etc. 

Now, expected mean = np = 12.|=6, 

Cf 2 = /7/7<7= 1 3. 

/. standard deviation a=v/3“ 1.732. 

Problem 114. If a coni is tossed N times y where N is very Imp 
even number , show that the probability of getting exactly \N—p head If 
arid $N+p tails is approximately 



Since the coin is unbiased p — q—\. 


Required probability— N C^^ p p 2 P q 2 


N\ 


1 


as p—q—i 


= (iAT-/;)! (IN-rp)l 2* 

Applying St r ling's theorem i.e.> 

nl = \Z(2^n).n n e~ n approx. 

=e- n .n n+ ^\/(2n), n being large, 
we have the required probability 

\Z(2K).N N +'*e " I 

W(2^W (i N- p )itN-P+*e-U N -i>) (%N+p)t N + p +*e-ti*+ p ) 2 * 

1 iqM+l 1 


V(lx *• 

2 I , , 2p \\H-r-U I/. _ 2p\i 
Vi2n) N* \ ‘ N ) V N ) 


viW-F/H- I 
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/ 2 V /, 4/;2\AT/ 2 . 

\ k/v y t 1 ~ ~w ) ne s Iectin g ° ther terms 

(J-Ye-Ww*. when N is large, for then 


Lim 

,V->oo 


( 


4tt- \»i 2 

7v 2 V 


Lim ( 1 — 

Ar->oo V 


2/r/A’ _2p*//V 


111) Limiting furm of the binomial distribution when n is large. 

We know that for large values of n, each term of the binomial 
becomes small, but we consider the sum of the terms lying within 
icrtain ranges. It is observed that as n increases and becomes infinitely 
large, the curve representing the binomial distribution becomes 
imooth and continuous and approaches the normal curve which is a 
lymmetrical curve such that the maximum frequencies are clustered 
iiround the mean and the deviation below the mean are equal in 
number and magnitude to the deviations above the mean. Thus 
normal curve is a standardized and special case of the binomial and 
Ihc distribution giving this particular curve is said to be the normal 
distribution. We consider it in two cases: 


[ Case I. Normal distribution as a limiting case of binomial distribu - 
I lion where p=q. 

When p~q- J, the terms of the series are 

1) t n (n— 1) (n— 2) 

1.2 r 12.3 “ r "J 


,V( 




nl 


The frequency of m successes is 

N (|)"."C m i.e., N (i) n - . / , 

w ml (n — rn)\ 

nnd the frequency of fm+1) successes is N (J) w . n C m+1 

nl 




n tir 


={ 
-(■Sr) 


(m+1)! \n— m— 1)1 


n\ 


! 5 m 


ml (n—rn)\ y m+1 
th times the frequency of m successes. 


So that the frequency of (m+ 1) successes is greater that of m succ- 

•r n ~ m - 1 

cesses if I 


or if 
or if 


m + 1 

n- m>m -\- 1 

m < — ^ — 


For the sake of convenience let us suppose that n=2k; then the 

(2kV 

fiequency of k successes say y 0 =-N (i)' 2 * jjjj- and the frequency of 

(2A:)! 

ik+x) successes *-*(*) 
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k\ k (A: — 1) (£— -x+1) (£- x)l 


or 


k\ (&-H1) (k-\-2)...(k~\-x).{k x)! 

to f i_l<,g(l-J-)+ 1 og(l-|-)+".lo g (l-i x i) 
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n\ 


(m+1)! (n—m— lj! 

n - q n-> 


pm+1 


4 n ~~ m 

J m+1 


m p 


ml ( n—m)\ 

= (.7 ^Ij Z T ^)th ^ raes frequency of m successes. 


Ho that the frequency of (m + 1) successes is greater than that of m 
mccesses if - 


x— 1 
k 


-'“B ( 1+ t) _1 ° S ( 1 + 1 0 + 

- |08 ('-*-] 

Supposing k to be very large as compared with x so that ^ 
may be neglected, expanding the logarithmic functions as log 






(l+z)=z y+i- 
neglecting the squares of 


and log (l—z)=—z — and thin 


Mf)’- 


we find 


. 12 3 

Og j 0 k k k 


= — (1 +2+3+...+X— 1) 

2l 1) * 

~ x 

y >2 


X— 1 .J_ 

k ~~ k 
x_ 
k 


k 


2 k 
x* 

Jo 

Jag ___ € —x 2 lk 
yo 

yx=y 0 e~ 

But for a binomial distribution with p~q —\ , n=2k t we have 
a 2 ‘ — npq=^2k.\.\—\k i.e., k=2a 2 
Hence y v —y 0 e—(x 2 l2o 2 ) 

which gives the normal distribution and the equation y=y 0 e~ x2 ^ 


or ^ P>(m+ 1) q i' e - if /w<w p — q. 

Assuming that np is a whole number, since there is no loss of 
generality as n ultimately tends to infinity, the frequency of np 
•accesses may be taken as maximum frequency. 

The frequency of np successes (say) 

y„=N. .q"- nv p n P 


=N. 


npl (n—np)\ ^ 

r q nQ P np as 1 -p=q 


nplnql 

and the frequency of (np+x) successes (say) 

n\ 


y*=N. 
— N. 


iq-x n nj>+x 


cpv-xri 

(np+x ) ! (np—x)l H 1 

n\ 

Y~q n9 P np as 1 —p=q 


npl nq\ 

und the frequency of ( np-\-p ) successes (say) 

n\ 


i 


or 


„—x 2 lk 




represents normal curve. 

Case II. Normal distribution as a limiting case of binomial distrh 
bution pf=q but pzzq. 

The frequency of m successes is 

N. n C m q n m p m ~ N. 


y*=--N. 

y*_ 

Jo 


(«/?+*)! (nq~x)l 
(np)\ (nq)\ 


qnt-Xpn 


rfT. 


(np)+x)\ (nq~xY 
Applying the Striling’s theorem that when n is large 
n\ = y/(2izn) n n e~ n = e~ n n n+1 f 2 +(2^) approx. 


wc have 

U* 

lh 


e~ nv (np) nv+1 ‘ 2 \/ (2 k) x e~ nq (nq) nq + ll2 * s /(2'n) 

e- {1lp + x Hnp~\-x) np + x+1 '^(2rc) x e~ (nq ~ x) (nq - * 

(— T 

V nq ) 

( np ) np+1 < 2 ( nq ) nQ+lt 2 # / np \® 

fl/ * \ nq ) 


n\ 


- a n-m n m 

ml {n—m)l %q p 
and the frequency of (m+1) successes is N. n C m+1 # n_m_1 p w+1 


! 


X ^ np+aM-l U 

(np) np+x+1 l 2 - x 

1 

nq—x+1 12 


't 


{- 


X T nci-js-f 1 / 

nq J 


or 


( Y \np+»-f-l /2 / r \ 

,+ ^) (■-£) 

log ^~-=~(np-\-x+i) log ( 1 + ^~)-(«9-x+i) log (^-^-) 
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= — (»p + .Y+i) 


r- 

L np 




--X + 


2np 


np 


2n*p* + - 

X , .Y 2 A * 2 

-x+— - + 



2np ' ' 2nq nq 

neglecting the terms containing 

i\_ x - nj n 

n l 2 p p 2 q q j 2n I p q J 

= jf~ (P +j) _ x (q—p) x^_ _ (q-p ) 

2 npq 2 npq ~ ' 2 npq~ 2 npq 

^Sincc q and p both are less than 1 and very nearly equal, therefo# 
2npq can be neglected and then we are left with 


•v as />+$-! 


log *L = _ 




or 


2 npq 
e -x*/2<y* 


- ~2gS~ as a ~=npq 


i.e . 


>0 
>V 
>>0 

yx=y 0 e~~ x2 i 2a2 

curve* The Mrve given by y=y 0 e~ x ^ 2al is said to he the normal 

nrJ„ n ? T[ ?* y CUrve 75 symmetrical about the point x^O where t hr 

r npllin 6 ltS ? 1UX lmum va l uc - In a normal curve , the mean , (hr 

median and mode coincide. 

[C] The Normal Distribution 

We have just introduced th?d the equation to the normal curve is 

area— I }V>"* 2 1 2 ° 2 dx 


Its 


=2 -> ; o I e~ x ^ 2 ° 2 dx 9 being symmetrical 

J 0 

1° 




=2y„.- 


x * 




Vjy 

2a 


if a> 0 


V2a 

-~°yoV(2n) 

— 2.506627 ) 0 g by putting the value of y/(2~). 


• Ill 


In order to make (1), the normal probability curve, the value of j 
** so determined that the total frequency is one i.e., the area of tli 
normal curve is unity and this will be so if from (2) 
oy oV / (2^) = 1 
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lc. 9 


y o= 


l 


.(3) 


oyj (2^) 

Substituting this value of y 0 in (1), the standard form of the 


normal curve becomes 


1 


p— A 2 /?* 2 


•(*) 


ay/ (27c) 

which is the normal distribution . 

In deriving the form (1) of normal curve, we have taken the 
mean at the origin, but if however we take another point as the 
origin such that the excess of the mean over the arbitrary origin is 
w, the form of the normal curve is 

r-Tm**-*'* ••' 5) 

which represents the standard form of *he normal curve with origin 
at (m, 0). 

Physical conditions leading a normal curve 

(/) The casual forces that affect individual events are mutually 
independent. 

(ii) The casual forces of equal magnitude are very large in number. 
(///) The casual forces operate in such a way that the maximum 
frequencies are clustered around the mean value thereby giving a 
sjmmetrical curve. Conclusively the deviations below the mean are 
equal in number and magnitude to those above the mean. 

(/v) The normal distribution can be used as an error distribution 
by inquiring what law of distribution errors of observation should 
obey in order to make the mean of a set of measurements the most 
probable value of the ‘true’ magnitude. 

Hence according to Gauss, if we call the ‘precision' h, such that 

~ y the form (4) becomes 


h 2 =- 


v =JL e -h 2 x 2 


.( 6 ) 


It is dear from (6), that as h increases, the normal curve would 
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become narrower and as such h is a measure of closeness of the man 
of observations to the true value. 

Definition of a normal distribution. A normal distribution is a conti 

nuous distribution given by 

v= l e~~ 

y aVpT r) ‘ 

where x is a continuous normal variate distributed with probability 


density function f(x)=- 


1 


e t[(* w)/a]*, W jth mean m and stan* 


a\/(27c) 

dard deviation a. 

Properties of a Normal Distribution 

(1) When p=q or pzzq ( i.e p is very nearly equal to q) t thi 
distribution fitted is symmetrical. But a normal curve is distinguished 
from the other symmetrical curves in a markable point that a normal 
curve is symmetrical not only with regard to skewness as are all 
symmetrical curves; but it is also symmetrical with regard to peaked- 
ness ( i.e kurtosis). 

(2) The normal curve is a mathematical abstraction, not found 
in practical work, but used to describe the form of distribution that 
would be obtained by some continuous data in very large numbers. 

(3) The normal curves are based upon regular variation and unifor- 
mity conjoined so that no single force playing on each item of tin 
distribution is dominating. 

(4) In a normal distribution, items differing from the mean (or 
median or mode which coincide in a symmetrical distribution) by thi 
same amount in either direction occur with the same frequency. A< 

such above and below 
" the mean at equal din- 

tances, there are sam# 
number of measure* 
ments. 

(5) Normal curve il 
a single peaked. 

(6) Normal curve l« 
asymptotic to the hori* 
zontal base as y I 
decreases rapidly when 
x increases numerically 

(7) The mean, median 
and mode coincide and 

F,g * 15 6 lower and upper quar- 

tiles are equidistant from the median. 

(8) The curve can be completely specified by mean {i.e., origin of 
x) and the standard deviation along with the value of y 0 found as in ' 
equation (3). 

(9) The points of inflexion of the normal curve are obtained by 



putting g =0 provided -g- *0 for these points, 
found to be 

x=±a,-y= 


- 1 12 




I 


dx 3 v *" dx 3 

These are found to be 

1 

ay/(2rt) 

Note. The points of inflexion are the points where the curvature 
changes its direction. 

Constants of Normal Distribution 
1. The Mean 

Mean = tV (about the origin) 

1 f°° dx 

— ay/ (2tc) J -oo 

i.e. dx=v 2a dz 


Put 


y/2a 


f 00 ( m + y/2.oz) e~ z<1 dz. y/2c 

ay/(2it) J -oo 

Jti* ^ rf *W(v)!-oo z - e 


m 

r 

z2 dz+a 

= v^, 

J-oo 


2 m 


dz, the 

^ yjn . 

]. 


2m 

II 

£ 

> 



,-2 2 


dz 


odd function of z 


y/n 2 

2. The Standard Deviation and Variance 

We have \ J --> (about the origin) 


_1 f» *2 e -[(x-m) 2 /2° 2 ) dx 

ay/ (I*) J -00 

aT „ <_ l f 00 (m+ y/2az) 2 e~ z ~ y/2o dz Put 

or ^ ay/(2n) J -00 V 

m l f 00 L 

v~ J — °o 


2m 2 



z-e 


*+o+-^S“ 

the second integral vanishes by the property of definite integrals 
2 m 2 y/K 4o 2 f 03 2 e -z a dz 


=m- 


■jr 

V n Jo 


- -4-—^— 1 z e ~ 

y/K 2 ^ V” 


,-z 2 


dz 


A 
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=m 


2 a 


re £( “ e Z ) o — | o e z “ dz 1 integrating by 

- 9 , /_ 


= /7i 


;2-L „2 


V 

2a 2 \/ 7i 

V*”~2 

•\ The variance ^ 2 =[V“~tV 2 

=m*+a*-m 2 =~a 2 
•• Standard deviation =\/(x 2 = a. 

3. The Mean Deviation from the Mean 
The mean deviation about the mean 


mathematical phys; 

part* 



m 


00 

. - — e~^ [(-x— m) 

|S=B 1 x — m j 

J -00 

dV(27T) e 

a\/2 fco 

vy/{2ri) J _oo 

1 v'2e |. e~ zi dz. 

- m \° . 

V *LJ-oo 

— ?*, foo 
-ze z dz -j- J ze~ z - 


Put 


x — m 


V 2cr 


>0.7979 a=-Ja approx. 


/ 2 / o 


4. Moments about the Mean 

het us first consider the odd moments about the mean 


■ 2»+r 


=1 


Put — ~ =z, i.e., dx=y/2a dr 


V2a 


1 foo 

7Z-] (\/2az) 2n+1 *-*- 


V- J —oo 

0 being an odd function of z, by the properties of 
definite integral. 

^3 = H-5 — == - - • = 0 

Lf\, all odd moments about the mean are zero. 

Let us now consider the even moments about the mean 

^ nS= ~^hr\-oo ( x ~ m ) 2n - e ~ ix ~ m)il ^ /2a d.x 


2 n a 2n too 


Put — 7~zr~ =z, dx = \/2a dz 


\Zn 


r. 


\/2a 




■00 


?- za dz 
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= f 00 e -t dt = - 2 ’^— - [ % /2) -t dt 

y / ft Jo V 71 Jo 


2”o 2! 


In particular. 




r(n-H) by the definition of Gamma integral. 


Pk=- 


2 k/2 a k 






when k=2n 


7 G 2 


7n 2 


Now we have [i., = -—7— — Vr 

V V 7T 


~~hr- W*=° 2 , 


u p5 

v«" ra= 




5. The Normal Probability Integral or Error Functions 
It has been shown that the total area of the normal carve being 
unity, it is given by 


1 


or putting 


2a 2 


y= 


^ oy/lTZ 

hr, this becomes 

Jt e — fr 2 x- 

A A 


. e -x*! 2* 2 


where h is known as precision . 

Thus the probability that a deviation lies between x and — x is 



P — . 

JL_r 

c ~^ x2 dx 



V* J 



2/1 i 

l e" 1 ' 1 * 2 dx 

1 0 



J 


=: 

2 

f e -h-x~ ^ 

1 0 

or 

#A*)= 


e —h^X 2 /j 

0 

so that 

II 

2 

V 71 . 

f 17 e->’ 2 ^ 

) 0 


which is known as error function or the probability integral. 

Note. The probable error A or quartile deviation is defined to be the 
error such that the chance of an error lying within the limits m — A and 
m-fA is exactly the same as chance of an error lying outside these 
limits i,e, 

, - . x — m 


or 


1 

P +A ( 

a\/2'TC 

J «n A 

1 

P'% 

V '2n . 

lo ‘ 


whence from table — =0.6745 i.e. A=0.6745a = *a approx. 
a 

. * 0 j — m -g(5 and ~s^* 
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TABLE I— AREA UNDER THE NORMAL CURVE 


Area being measured from mean 
(*=0) to distance x/o. 


Fig. 15.7 


1 *l a 

0.00 

0.01 

0.02 

003 

0.04 

0.05 

0.06 

O .07 

0.08 

0.09 

0.0 

.0000 

.0040 

■ 0080 

.0120 

.0160 

.0199 

.0239 

.0279 

.0319 

.0359 

0.1 

.0398 

.0438 

.0478 

.0517 

• 0557 

•0596 

.0636 

.0675 

•0714 

0754 

0.2 

* 

.0793 

.0832 

.0871 

.0910 

.0948 

.0987 

.1026 

.1064 

.1103 

.1141 

0.3 

.1179 

.1217 

.1255 

.1293 

.1331 

.1368 

.1406 

.1443 

.1480 

.1517 

0.4 

• 1554 

.1591 

.1628 

.1664 

.1700 

.1736 

• 1772 

.1808 

.1844 

.1879 

0.5 

.1915 

.1950 

.1985 

.2019 

.2054 

.2088 

.2123 

• 2157 

.2190 

.2224 

0.6 

.2258 

.2291 

.2324 

.2357 

.2389 

.2422 

.2454 

.2486 

.2518 

.2549 

0.7 

• 2580 

.2612 

.2642 

• 2673 

.2704 

.2734 

.2764 

.2794 

.2823 

•2852 

0.8 

.2881 

.2910 

.2939 

.2966 

.2956 

.3023 

.3051 

.3078 

.3106 

.3133 

0.9 

.3159 

.3186 

•3212 

.3238 

.3264 

.3289 

3315 

.3340 

.3365 

.3389 

10 

.3413 

.3438 

.3461 

.3485 

.3508 

.3531 

.3554 

.3577 

.3599 

.3621 

1.1 

.3643 

.3665 

.3686 

. 370 8 

.3729 

.3749 

.3770 

.3790 

.3810 

.3830 

1.2 

.3849 

.3869 

.3888 

.3907 

.3925 

.3944 

.3962 

.3980 

.3997 

.4015 

1.3 

.4032 

.4049 

.4066 

.4082 

.4099 

.4115 

.4131 

.4147 

.4162 

.4177 

1.4 

.4192 

.4207 

.4222 

.4236 

.4251 

.4265 

.4279 

.4292 

.4306 

.4319 

1.5 

.4332 

.4345 

.4357 

•4370 

.4382 

.4394 

.4406 

•4418 

.44 29 

.4441 

1.6 

.4452 

.4463 

.4474 

.4484 

,4495 

.4505 

.4515 

.4525 

.4535 

.4545 

1.7 

.4554 

.4564 

.4573 

.4582 

.4591 

.4599 

.4608 

.4616 

.4626 

.4633 

1.8 

.4641 

.4649 

.4656 

.4664 

.4671 

.4678 

; 4686 

.4693 

.4699 

.4706 

1.9 

.4713 

4719 

.4726 

.4732 

•4738 

.4744 

• 4750 

4756 

•4761 

.4767 

2.0 

.4772 

.4778 

.4783 

.4788 

•4793 

.4798 

.4803 

.4808 

.4812 

.4817 

2.1 

• 4821 

.4826 

.4830 

.4834 

.4838 

.4842 

.4846 

.4850 

.4854 

1 
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AREA UNDER THE NORMAL CURVE (Contd.) 


x/o 

0.00 

0.01 

0.02 

0.03 

0.04 

0.05 

0 06 

0.07 

0.08 

0.09 

2.2 

.4861 

.4864 

.4868 

.4871 

.4875 

.4878 

.4881 

.4884 

.4887 

.4890 

2.3 

84.93 

.4896 

.4898 

.4901 

.4904 

.4906 

.4909 

.4911 

.4913 

.4916 

2.4 

•4918 

.4920 

.4922 

.4925 

.4927 

.4929 

.4931 

.4932 

.4934 

.4936 

2.5 

.4938 

.4940 

.4941 

.4943 

.4945 

•4946 

•4948 

.4949 

. 495 ) 

.4952 

2.6 

.4953 

.4955 

.4956 

.4957 

.4959 

.4960 

.4961 

.4962 

.4963 

.4964 

2.7 

.4965 

.4966 

.4967 

• 4968 

.4969 

.4970 

.4971 

.4972 

.4973 

.4974 

2.8 

.4974 

.4975 

•4976 

4977 

.4977 

.4978 

.4979 

.4979 

.4980 

.4981 

29 

• 4981 

.4982 

.4983 

.4983 

.4984 

.4984 

•4985 

.4985 

.4986 

.4986 

3.0 

.49865 

.4987 

.4987 

•4988 

.4988 

.4989 

• 4989 

.4989 

.4990 

.4990 

3.1 

.49903 

.4991 

.4991 

.4991 

.4992 

.4992 

.4992 

.4992 

.4993 

.4993 

3.2 

.499313 

! .4993 

1 

.4994 

.4994 

.4994 

.4994 

.4394 

.4995 

.4995 

.4995 

3-3 

.499517 

. .4995 

.4995 

.4996 

.4996 

.<+996 

.4996 

.4996 

.4996 

.4997 

3.4 

.499663 

| .4997 

.4997 

.4997 

.4997 

•4997 

.4997 

.4997 

.4997 

.4998 

3.5 

.499767 

.4998 

j .4998 

.4998 

.4998 

.4998 

.4998 

.4998 

.4998 

.4998 

3.6 

.499841 

.4998 

• 4999 

| 

.4999 

.4999 

.4999 

.4999 

.4999 

.4999 

.4999 

3.7 

.499892 

.4999 

.4999 

.4999 

.4999 

.4999 

.4999 

.4999 

.4999 

.4999 

3.8 

.499928 

.4999 

.4999 

.4999 

.4999 

.4999 

.4999 

• 4999 

.4999 

•4999 

3.9 

•499952 

.5000 

.5000 

.5000 

.5000 

.5000 

• 5000 

.5000 

.5000 

.5000 

4.0 

.499968 

.5000 

.5000 

.5000 

. 5000 * 

.5000 

.5000 

.5000 

.5000 

.5000 


Table for ordinates. Normal curve is given by 


y= 


i 


o v (2^ ) 


. e -x 2 !2° 2 




So the tables are to be prepared to give the values of- ;/* ^ 

V(2n) 

e -x~)2o 2 > t j^ e or jgj n 0 f v being taken at the origin whence division 
of these values by g will yield the ordinates y as required by (1). 
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TABLE H— ORDINATES OF THE STANDARD NOR MAI, CURVE 
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z ~- x/a 

000 

0.01 

j 

0.02 

0-03 

0.04 

| 0.05 

0 06 

0.07 

0.08 

0.09 

0.0 

.3989 

1 

• 3989 

.3989 

• 3988 

.3986 

.3984 

.3982 

.3980 

.3977 

- 

.3973 

01 

3970 

.3965 

.3961 

.3956 

3951 

.3945 

.3939 

.3932 

.3925 

. 39 1 8 

0.2 

.3910 

.3902 

.3894 

• 3885 

.3876 

.3867 

• 3857 

• 3847 

• 3836 

.3823 

0.3 

.3814 

.3802 

.3790 

.3778 

.3765 

• 3752 

.3739 

.3725 

.3712 

.3697 

, 0-4 

.3683 

.3668 

.3653 

.3637 

.3621 

.3605 

•3589 

.3572 

.3555 

.3538 

0.5 

.3521 

.3503 

j 

• 3485 

.3467 

.3448 

.3429 

.3410 

3391 

1 

•3372 

.3352 

i 0.6 

.3332 

! .3312 

.3292 

.3271 

.3251 

.3230 

3209 

.3187 

.3166 

.3144 

0.7 

.3123 

.3101 

3079 

.3056 

.3034 

.3011 

.2989 

•2966 

.2943 

.2920 

0.8 

i .2897 

.2874 

•2850 

• 2827 

.2803 

•2780 

• 2756 

.2732 

.2709 

.2685 

0.9 

| .2661 

.2637 

.2613 

.2589 

.2565 

• 2541 

.2516 

.2492 

.2468 

.2444 

1.0 

.2420 

.2396 

.2371 

.2347 

• 2323 

.2299 

.2275 

.2251 

.2227 

.2203 

1.1 

.2179 

.2155 

.2131 

.2107 

.2083 

.2059 

.2036 

.2012 

.1989 

.1963 

1.2 

.1942 | 

1919 

• 1895 

• 1872 

.1849 

.1826 

.1804 

.1781 

.1758 

.1736 

1.3 

.1714 

.1691 

.1669 

.1647 

.1626 

.1604 

.1582 

.1561 

1539 

.1511 

1.4 

.1497 j 

• 1476 

• 1456 

.1435 

.1415 

• 1394 

.1374 

.1354 

• 1334 

.1315 

1.5 

.1295 | 

.1276 

.1257 

.1238 

.1219 

.1200 

.1182 

.1163 

• 1145 

.1127 

1.6 

.1109 j 

.1092 

.1074 

.1057 

.1040 

.1023 

.1006 

0989 

.0973 

.0957 

1.7 

.0940 ; 

.0925 

.0909 

.0893 

.0878 

.0863 

.0848 

.0833 

.0818 

.0804 

1.8 

,0790 j 

.0775 

.0761 

.0748 

.0734 

.0721 

.0707 

.0694 

.0681 

• 0669 

1.9 

.0656 

.0644 

.0632 

.0620 

.0608 

.0596 

.0584 

.0533 

.0562 

.0531 

2.0 

.0540 

.0529 

.0519 

0508 

•0498 

.0488 

• 0478 

.0468 

.0459 

.0449 

2.1 

.0440 

.0431 

.0422 

. 0413 j 

• 0404 

.0396 

.0387 

0379 

.0371 J 

.0363 


I 


Ordinates ( y ) being obtained 
on dividing by a, the value* 

of \Ti^) e ~ x ^^ 2 ^ given bytho 

following table, origin of x 
being at the mean. 


i 

!«=*/<* 

000 

0.01 

0.02 

0.03 

0.04 

0.05 

0.06 

0.07 

' 0 . 08 *| 

1 

0-09 

2.2 

.0355 

• 0347 

.0339 

.0332 

.0325 

.0317 

.0310 

.0303 

.0297 

10290 

2.3 

0283 

.0277 

.0270 

.0264 

.0258 

.0252 

.0246 

.0241 

.02}5 

.0229 

I 

2-4 

.0224 

.0219 

.0213 

-0208 

.0203 

.0198 

.0194 | 

.0189 

.0184 

.0180 

2.5 

.0175 

0171 

.0167 

.0163 

.0153 

.0154 

.0151 

.0147 ! 

.0143 

.0139 

2.6 

.0136 

.0132 

.0129 

• 0126 

.0122 

. 0119 ' 

0116 

.0113 

.0110 

.0107 

2.7 

.0104 

.0101 

.0099 

.0096 

.0093 

.0091 

.0088 

.0086 

.0084 

.0081 

28 

.0079 

.0087 

.0075 

.0073 

.0071 

.0069 

.0067 

.0065 

.0063 

• 0061 

2.9 

.0060 

.0058 

.0056 

.0055 

.0053 

.0051 

.0050 | 

.0048 

. C 047 

.0046 

3.0 

* .0044 

.0043 

.0042 

.0040 

• 0039 

.0038 

.0037 1 

.0036 

.0035 

0034 

3.1 

.0033 

.0032 

.0031 

.0030 

.0099 

.0028 

.0027 

.0026 

• 0025 

.0025 

3.2 

.0024 

.0023 

.0022 

• 0022 

.0021 

.0020 

.0020 

.0019 

.0018 

.0018 

3.3 

.0017 

.0017 

.0016 

.0016 

.0015 

.0015 

.0014 

.0014 

.0013 

•0013 

3.4 

.0012 

.0012 

.0012 

.0011 

.0011 

.0015 

.0010 

.0010 

0009 

.0009 

3.5 

.0009 

.0008 

.0008 

.0008 

.0008 

.0007 

j .0007 

.0007 

J . C 007 

.0006 

3.6 

.0006 

.0006 

.0006 

.0005 

.0005 

.0005 

j .0005 

.0005 

.0005 

0004 

3.7 

.0004 

.0004 

.0004 

.0004 

.0004 

.0004 

| 0003 

.0003 

j 0003 

.0003 

3.8 

.0003 

.0003 

.0003 

• 0003 

.0003 

.0002 

1 .0002 

J 

.0002 

.0002 

.0002 

3 9 

.0002 

1 .0002 

1 

.0002 

.0002 

.0002 

.0002 

.0002 

i 

.0002 

j .0001 

.0001 

i 


Proportions of items included within ±<j, ±2 <t, ± 3 a of the mean 
in normal curve. The total area of a normal curve being treated as 
unity, the probability corresponding to any interval in the range of 
the variate is measured by the area under the curve within that 
interval given by Table 1. Hence if m is the mean of the normal 
distribution, then P, the probability from m to any value x of the 
variate is given by 

/>- _ ,L_. [Vi*-") 2 /** dx 

J TO 




— [' I* dz 

V(2") J. 


n . x~m 

Put ”- — =2 t . e ., dx=a dz 
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This value of P is known as the Probability integral or Errot 
function. Thus 

P [m-a<x<m+a) = [(x-m)/a]i dx 

ct v( 2^) J m _„ 

Put - —z, dx=a dz 


n 




V(2*) 


f e-^dz 


= 2x.3413 since from table I, for z= 1, 

vcsrl! '- i!,2 *-.3413 


.6826 


which follows that 68.26% of the items in the normal distribution 
fall between the range ±cr of the mean. 

Now 


rtn+ 2 «r 


P [m—2<J<x< m+2al= y/A v -l e~^ [(-« — /w)/<r] 2 

aV(27r) J m _ 2V 


D * x — m . , , 

Put — -=z, i.e. y dx=o dz 

c ’ ’ 


ki: 
i: 


V(2*) 

2 


? z2 / 2 rfz 


c z2//2 dz 


\/( 2 *) 

=2 X. 4772 from Table I for z=2 
= .9544. 

So that 95.44% of the items in the normal distribution fall within 
the range ±2 g of the mean. 

Again 

i- fm+3a 

P [>/?— 3a <x <ra + 3a] = - — — r-r- 1 e ~~^ x ~ m )/ a ] 2 dx 


Put =z. 


■r 


cr 

,-z 2 /2 , 


dx—ndt 


V(2n) 

=2 X. 49865 
■*.99720, 

i.e., 99.72% of the items in the normal distribution fall within th« 
range rt3*r of the mean. 


I 
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Conclusively a normal curve can be used to find 

(0 The number of cases at any given distance from the mean; 

00 the number of cases lying within certain range of values in the 
distribution; 

(HO the probability that a case selected at random lies above or 
below a given point. 

Problem 115. If n is large and neither of p and q is too close to 
zero , then show that the binomial distribution can be closely approxi 
mated by a normal distribution with standardized variable given by 

z= ^ /(npqy where x is the binomial variate with mean np and standard 
deviation \/ (npq). 

From the given properties of x, we conclude that z is a variate with 
mean zero and variance unity. Also as x goes from 0 to n, z takes 

values — np 

nq 


to so that the total range of z is 

n (p+q) r 


Vinpq) 

at each stage. 


Vinpq) 

— (jZSE ) 
\ V (ppq ) 


Vinpq) Vinpq) 


, z.c., z jumps 


1 


Vinpq) 


Now 


1 


Vinpq) 

nq 


►0 as n-+ oo 


Vinpq) 
- np 


->+ oo as n-+cc, p y q^Q 


v(«Mr*~°° as n -+ co >p> e i* 0 - 

As such the distribution of z is a continuous distribution from 
— oo to +oq, with mean zero and variance unity. 

If P(n, x) denotes the probability for the variate taking the value 
x, then P {n y x)— n C x p x q n ~ x 

x ! in — x) ! p q 

Applying Stirling’s theorem i.e. y n ! = \/(2^).c _n A2 n+1/2 , we get 
d t • d/ \ r • \/(2^).e" n . n n+llt . p*q n ~* 

n?/ (n ‘ X) ~ n L -lZ V(2*).e-*.x°+ 1 /*.V(2x).e-<’>-*> („-*)—«/* 


where 


B 


~ ^-1“ V(2 nnpq) 

_ ( x Y +1/2 ( n ~ x \ 

~{np ) \ nq ) 


) 


v \n-«+l 12 


. (0 


, . . . x—np 

Now given substitution is z= y/{npq ) 

or x=np+z\/(npq) 
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i.e., — -=l+z / ( — ^ and — — — = [n — n/> — z<7{npq)\ 
np J\np J nq nq 


= —lnq-zV(»Pq)] 


... 12 ) 


M) 


Taking logarithms of both sides of (1), we have 
log £=(*+£) log +(«-*+£) log 
Making substitutions from (2), this becomes 

log B=[np+zy/(npq)\ log £ 1+z VU )] 

+[nq-z\Z(npq)] log £l -z j (~ q )J 

Hnp+zV(npq)) {z &-+ } 

+l»q-zV(«Pl)]\-zJ( P nq )~^ -•••} 

containing higher power of (1 /n) 
n-*oo, log i.e. Z?-»e+ z */2 

Now as x takes integral values, r jumps through — t ie. % 

V(npq) 

< npqY 1Ji so that increment in z i.e., dz=(npq)~ 112 when n-+cc. Thus, 
if dP represents the probability for the variate z to lie within the 
range z — \dz to z+ \dz, then 

dp =vm e ~ z * l2dz ' ~~ co ^ z ^ c ° 

which is the required normal distribution for z. 


when 


Hence /(z)= 


1 .-*2 


e z ~l^ as dP=f(z) dz. 


V(2*) 

If m be the mean and a the standard deviation of the normal 
distribution, then we can replace z by and dz by — dx 9 

whence we have 

( l P= . L- e -hl(x-m)lo] dx 
ay c) 


/(*)= 


1 


<tV( 2*0 


e -i [(x-m)/a ] 2 


giving 
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so that y=f{x) i.e. y= \ e -l[{x~m)W 

gives the normal probability curve. 

kngth^breeukh'imlex as Zuider 75 "Seen 7 f ’a J ^ COrdin ^ as the 
approximately ( assuming that the ZZbminTi °" ?° find 

and standard deviation of a uii nort »al) the mean 

" percen '’ B ° re 


then f(0. 20) =0.08 and f(I.75)=0.46. 


Let m be the mean and <s 
Ine standard deviation for 
Ihe given distribution. 

As given the area between 
'=° a °d /= 0.20 is 0.08, so 
lhat the area to the left of 
Hus ordinate is 0.5+0.08 
■ 0.58 which corresponds to 
*^=75. 



75— m 

<T 


0.20. . . . (1) 


Fig. 15.9 


thc^area^ tn *2 tl ). e f'. 8 * 11 of ,he ordl ’nate at x = 80 is 0.04 so that 
the area totbejeft of this ordinate is 1 -0.04 =0.96 the area f!5S 

(it. t — is 0.96—0.5=0.46, which corresponds to /=1.75. 


80 — m 
a 


1.75. 


(I) and (2) are 

0.20a=75— 7M, 1.75<r = 80-m. 
Subtracting, 1.55a«5, i.e., -=3.2 approx. 

r d ,hen w=75-0.20x3.2 

~75— 0.64=74.4 approx. 


. . . ( 2 ) 


'de^Tlll PZr™! distTibuti ^ 31 per cent of the items are 

5flS" mr "• FM ,h ‘ mian °" d 

tS 3 i ner cen^of^hp ° thestandard deviation of the distribution. 

P cr < r ent °i the items are under 45; therefore 19 ner cent 
f the items lie between 45 and m. Thus if P 


m- 


V(2n) 


.-'72 


x—m 


where t 


a 
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(m— 45)/« 


Ml 


ta r „ -f— .19, U. } ( ”- 4!> " «-) *-19. 

J (45— m)/o Jo 

f0*5 


From Table I, we have 1 ^(0 <ft=.1915. 


So 


J o 

772 — 45 


= .5 approx. 


64 — m 


= 1.4. 




For the normal variate x, we have 
1 


/(*) dx=- 


x— * 


a or dX ~V(2y) 


dy. 


~ a \Z(2 k) 

If r _J (■£=*)*. u.,dy 

then (1) becomes 

f ( y) dy= wm e ~ v -vm dy 

so that 

mean=(V (about the origin), for a normal distribution 


2\/7C 


y-lj2 e -y 


=-f c 

V^Jo 


e~ v dy 


=2 [°° yf(y) dy 

J 0 

= -^. r| (by gamma integrals) =^ ( . J 


and 


foo 

fV=2 

Jo 


/ /O') 


= -Uf°° /'* <r» </p= 1 


1 


V"J« 






a 2 = [i. 2 = (r 2 Hi'* = t— i= b= variance. 
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I 


dF~f(x) dx=>y &x-—*L-e-Vkx-m)W 


.(I) 


where the ordinate of the normal curve is 

y 


Again since 8 per cent of the items are over 64, therefore 42 per ccnl 

lie between m and 64, so that T ^ <f>(t) dt=A2 = [ 4>(t) A 

Jo Jo 

nearly from Table I. 


oV(2tt) 
square of the ordinate is 


N — i [(x— m/a] 2 . 


AT 2 rci-- 


.2 




.( 2 ) 


Solving (1) and (2), we get m= 50, a=10. 

Problem 118. If x is a normal variate with mean x and S.D. o t /bHl 
the mean and variance of variate y defined by 


i 


7 d\2n 

its such the distribution function for y 2 is 

. --r/jc— 

2^& l 


dP=y 2 dx=^.e-U x - m '>l°Y~ dx 


N 2 


1 


B -i (*-m) 2 /(a/V2) 2 


..(I) 


I 


~ 2 ° V 'U)^ 

which gives a normal distribution with S.D. a/\/2 and total frequency 
N t l(2a\/'K). Hence taking S as equivalent to this value, we have 

c N 2 N 2 

■2oy'«’ a 2S\/* 

Problem 120. The local authorities in a certain city instal 2000 
lumps in the streets of the city. If the lamps have an average life of 
1000 burning hours with a standard deviation of 200 hours , ( i ) what 
number of lamps might be expected to fail in first 700 burning hours , 

| and (ii) after what period of burning hours would we expect that 10 per 
cent of the lamps would have failed ? Assume that the lives of the 
lumps are normally distributed. You are given that 


l\I.50)=0.933 , F(I.28)=*.900 where 




1 


z2 l 2 dz 


-coV (2n) 

j (/) We have the average life of the lamp i.e., #2=1000 hour and 
I standard deviation a = 200 hours. 

V The normal distribution being symmetrical, the area of the 
I normal curve to the left of x=700 is equal to that to the right of 
I *=(2000-700) = 1300. 

x-m 1300-1000 


z=~ 


200 


= 1.50 


Problem 119. If a normal distribution is grouped in intervals of total 
frequency N and S is the sum of squares of the frequencies, an estimate 

N 2 

of the standard deviation a is given by ~2 S\Zt z * 

The normal frequency distribution with mean m and standard 
deviation a is given by 


and area to the left of x= 1 300 is= 


V(2- 


2")f— oc/ 


e z2 / 2 dz—F(z) 


i 


| where z=1.50 and also F(1.50)=0.933 which gives the probability of 
it value of x lying to the left of x= 1300 or right of *=700. 

F probability of its failure=l — .933 = . 067. 

So that the number of lamps expected to fail in first 700 hours 
= 2000 X. 067 =134. 
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be» »' i;*?!” f™ ">»> * value of „ i, 

it i»r'A U. 0.1. But the area he 1ft 0“- 1 osT'uS, 'h‘ “V* 
symmetry in the distrihufinn r,f „ ltrt ° . —1 ‘ . s - 9 00, hence by 
area to the left ofz=-128 is eaiil *>“?£ CUrVC U folIows that the 
^=1.28, i.e., 0.1. equal to the area t0 ^ right of 

Hence ~= — 128 X m *"~1000 

giving x= 1000-256 = 744. ° 2 °° 

fai Hence after 744 hours, it is expected that 10 per cent of the lamp. 
[DJ The Poisson Distribution 

the ft |?mft?ot h he' binomW wto£ 8 uTi°" ! "T ,he norm>l “ 
that n becomes sufficiently laree ord^r t" 0 * C< l Ua ] t0 q P rovided 
small as compared to v '(npq) Now whlvMtf" 1 * -l~ P l ne ® I! S ib, y 

hf’the (r +?{ hum iVthfbto MitlLlS 1 ,^™ is * ivt " 
m--c, P - r -'- rR iL yrP r t ,-, 

= ” ! / mW, m \«-r 

/•! (n-r)!\„ J ( j 

( V ie ’ P=V and 80 — asM?=l) 

n ’ 

r!l 

and applying Stirling’s approximation /.*, n l=n*er*y/(2 *»), when 

P(r)=-— J1 n n e~ n \/ (2^n) 

(„_,)n-r e -,n- V{2u ( „_, )} x J j _ « V' 

^KrtHtnHty 1 

-■-w 1 ' s(-4r-u.((-in-. t 

Lim ( i- ^) r i==i and L5m f i-~r r =i 

"■** V n ’ n-+co' n J 


m r e~ m 

r 
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Hence successive terms in the expansion of ( q+p) n are 


e~ m .m, e~ 


rn * 


_ m° 

• tt, etc. 


2 ! ’ ~ 3 ! 

and the limiting value of (q+p) n is 


f m 2 m 3 "I 

{1+«+2 T +3 - i + ...J 


This expression is known as Poisson's distribution or Poisson's 
Exponential limit . 

Note 1. The limiting form of N (q+p) n is 


N <- { /+»+£+£+ } 


Note 2. The quantity m introduced in Poisson distribution is said to 
be the parameter of binomial distribution . 

Note 3. Characteristics of the Poisson distribution. 

(0 This is the limiting form of binomial distribution when n is large 
and p (or q) is small. 

(ii) Here p or q is very close to zero or unity, but if p is dose to 
zero , the distribution is J -shaped or unimodaL 

(iti) Since it consists of a single parameter m, the entire distribution 
can therefore be obtained by knowing the mean only. 

Note 4. Some examples of Poisson distribution are: 

(0 The number of defective screws per box of 100 screws. 

( ii ) The number of typographical errors per page in typed material. 

( Hi ) The number of cars passing through a certain street in time t. 
Constants of the Poisson Distribution 

Assume that origin is located at the first term of the distribution, 
so that the values of the deviation from the assumed origin are 
0 , 1 , 2 , 


1. The Mean 


0° m r 

Mean— yf (about the origin) 2 e~ m . r 

0 r ! 

-r-[o+m+(^x 2 )+(??x 3 )+... ] 

„ { . , m m 2 \ 

=me m I l + j~j + 2T+... j=me~ m .e m *=m 

2. The Variance 

We have a 2 ' (about the origin) 


oc 

= 2r 
0 

. — g-r.i 


2! 


.r u 


[o+/»+(£x2*) + (£x3>)+... ] 
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—me~ 


— me~ m 


—me~ 


=me~ m 


[ 1+ (n x2 ) + (S x3 ) + - ] 

[i+n (l+D +^(2 +d+...] 

,+ n + 2T + " )+( m+ n+r! + "-)J 

[«■+" ( l+ fT+r’+- )] 


—me~ m [e m -\-me m \—rn (m+ 1) 
variance = fx 2 = a 2 = fx 2 ' — jx/ 2 = m 2 + m — m 2 = m 
so that standard deviation, a = \/m. 

3. The Moments 
lV (about the origin) 
jn r , 


=2 <r m - 


rY 


— e -rn 2 m r t | r(r— 1) (r — 2)+3r(r — 1) + r | 


nf 


^ 2 (7=2jT+ e-ro - w 2 ( ~yr 

[x 3 , =m 3 +3m 2 +w 


or 

so that 


M-3 — = t A 3 3fV-fV+2{A 1 ' 3 
=/?i 3 +3w 2 +m — 3m 2 — m 3 -f 2m s = 


m 


and 


m T 


tV=2 . r 4 


=e -m I '’ (r-l)(r-2) (r-3) + 6r(r-l) (r-2)+7 (r-l)r+r j 


=e~ m .m i 2 


(r~ 4)1' 


- e~ m .6m 3 2 


( r ~ 3) ! 


+ e _?rt .7m 2 


m T 


(r- 2) ! 


jy.r—1 

+e~ m .rn 1 ~ ■■■ 

(r— 1) ! 

= m 4 + 6/n 3 + 7 w 2 + m 

so that (*4=(V-4iV^i'+6(A 2 V 1 ' 2 -3(V 4 

= m 4 + 6m 3 + 7m 2 — 4m (m 3 + 3 nr + m ) + 6m 2 (m 2 +m) - 3m 4 
=3»; 2 +m. 

Problem 121. Define a Poisson random variable and give some 
physical situations illustrating it. Find out its mean and variance. 

If x and y are independently distributed as Poisson random variates 
with parameters A and [a respectively find the probability distribution 
of X+ Y. 

We know that a random variable is a function defined as a sample 
space. A random variable x assuming values 0, 1, 2,..., r,...with 

probabilities 
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f 


me~ 


nr 


e~ 


m r e~ 


U, 


P(x=r)= 


’21 
m r e~ rn 
~r ! 


0 , 1 , 2 , 


mid to be a Poisson random variable. 

In order to illustrate it with the help of a physical situation, let us 

I Riider a random variate X denoting the number of calls during a 
no / at a telephone switch board. Let us assume that the calls are 
impendent and the probability of a call in time dt is A dt . 

Denoting by P x (t) and />»(*+$/), the chance of x calls in times / and 
ft/ respectively we have two mutually exclusive possibilities, (i) 
" ic are x-calls in t and no call in time dt, (//) there are (*— 1) calls 
/ and one call in dt, neglecting the possibility of more than one 
II in dt, for it would be of order 2 (i.e., dt 2 ) and higher, 
thus, P a5 (t+St)=i > aj (0.{l-^ a}+P M (0 A St 

= P x (0-P a (t)* St+P^t ). A 8/ 
or P x {t + 8/) -P x (t) = {P x ^(t) -P m {t )}. A 6 / 

P x (t+St)-P x (t) 

St 

Proceeding to the limit as 8f-* 0, we have 


—A [P^CO-P^Ol 


Lim 

$/-M) 




, 


u., 

Putting 
10 that 
We have 


St 

dPJf) 

dt 

Px(t) 


= Lim A [P^O-P^/)] 


+ [P^(O-P^)]. 

AO 


QuT 

x ! 


P»(t) =/(/) and P o (0)=/(0)=l, 

M£S>- <w 


( 1 ) 


or 


A® 


xT fV)+jr M.xt*- 1 


A* I® -1 

>-!)! 


/«- 


A/ 


a: ! 
A®/® -1 


x '(x-1 ) ! 


/(*)] 

m 


Dividing throughout by 


A®;®- 1 


A/ f (‘) , , ^ A ' 

— + 1 = 11 or 

* /(0 * 


/(/), this reduces to 

fV) 


At) 


A. 


Integrating with regard to /, this yields 

log f(t)=— ht+A, A being constant of integration, 
i Initially when t=0 , /(0) = 1, from (1), giving ^4=0 


I. 


•og/(0 = - A ^ or f(t)=e 


(ftT 

x ! 


f(t)=P x {t)=e-V. 


(Af)® 
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p~\t p—\t 


.£T**=1. 


00 oo (\t\* 

where 2 p x (t)=e~ kt 2 — y 
*-0 .v=0 X * 

It follows that the number of calls in a fixed time t is a Poi 
variate with parameter A/. 

For the second part, we .have 

P(X =x)=e-K — ’ P(Y=y)=e~^ 


[ 


so that P(X=x, Y=y)=P(X=x).P(Y=y) 


=e 




x ! 


.e 


y ' 


— e -U+i»> _ 


xVy 


Since the variable take values 0, 1, 2, 3,...; let us find the Pro" 
bility that their sum i.e.x+y takes value r so that y=r— x. Summ 
for all values of x from 0 to r, we have 

P(x+y=r)=e- (A -+'*> 2 — l — = e -U+w J£L 

x—0 \*\ r jz* '\ L 


r 

x—0 Til 


— — f— Y 

r—x V P / 

f j o ^y 

]T[ ,C “ +rC " 7 +rQ (7) + - +rCr (i ) ] 


= e -U+H 

« ==e -(A+M ) 


g-U+fO 


(A+f iY 

I x+y 


r=*x+y 


which is a Poisson distribution with mean (A+ja). 

Problem 122. Find the probability that at most 5 defective fu 
will be found in a box of 200 fuses if experience shows that 2p 
cent of such fuses are defective . 

Here /i=200, q= xlc^.02, so that m~nq~4. 

5 4® 

Hence P (x^5) — 2 e~ 4 . 

x—0 


x ! 


t 4 2 4 3 45 

'+4+ n+TT+JT+ J 


1 


2 ! 1 3 ! T 4 ! T 5 ! _ 

=e -< [1+4 + 8+ V + V+W-l 
= £~ 4 .Vt-= 0.0 1 83 X - s rV-= -785 approx. 

[V e- 4 =0.018 

Problem 123. Fit a Poisson's distribution to the set of observation i 
Deaths 0 12 3 4 

Frequency 122 60 15 2 1 

and calculate the theoretical frequencies. 
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We have, Mean= 


0x122+1x60 + 2x15 + 3x2+4x1 
122+60+ 15+2+1" 


_ = io^ = _o 5 

e-o-«»l-(0.5)+* (0.5) 2 - i (0.5) 3 +... 

= 1—0.5 + 0.125— 0.0208 + ...=. 61 approx. 


The theoretical frequency of r deaths is given by 

Ne~ m . m \ = 200 . e-°'\ ( ^+- = 122 . 

r \ r ! r ! 


which gives for r=0, 1, 2, 3, 4 the theoretical frequencies as 122, 61, 
15, 2 and 0 respectively. 

Problem 124. In a certain factory turning out razor blades , there 
lr a small chance for any blade to be defective. The blades are 
lupplied in packets of 10. Use Poisson distribution to calculate the 
approximate number of packets containing no defective , one defective 
ml two defective blades respectively in a consignment of 10fi00 
tickets, given that e~ ,02 =0.9802. 

Here N= 10,000, m = np = 10 =0.02 and e-° 2 =*9802. 

m~ 

I Required frequencies are given by Ne ~ m , Ne~ m .m , Ne~ m . 


le., 10.000x.9802; 10,000 x .9802 x 0.02; 10,000 x .9802 X 

l.e., 9802; 196, 2 packets. 

Problem 125. If x is a Poissonian variate with mean m , 

(a) What would be the expectation of e~ k *.kx where k is a constant. 

(b) Show that , expectation of {e~ kx )=e~ m ^~ e * ) . 

(a) We have, E(kxe~ kx ) = 2 kx.e~ KX A — ~ 

*-0 x ! 

^ HlX 1 

=mke~ imW 2 e ~ k{x -^ —— 

*= 0 (Jc — 1> ! 


=ntke~ imkk >. 2 ( me ’T. \ 
x =o (x— 1) ! 

—mke~ {m+k) e me ~ k =mke m( - e ~ k -^~ k 


E(e~ kn )- 


CO 

2 


■-to. e ~ mfnX 


p-m 


OO 

T. 


(me~ k ) x 

“71 


1517. OTHER DISTRIBUTIONS 

K) Casual distribution. This is a distribution with one parameter 
jliiy u) like Poisson distribution and found casually in exact sciences, 
i this type of distribution the variate takes with certainty one value, 
#. x=u, such that P (x — u)— 1, 
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P (x=t)=0 when t=£u, 
P(x^t )= 0 when t<u , 
= 1 when t>u. 


r 


Problem 126. Show that the moment generating function for a casual 
distribution is e u \ i.e., M 0 (t)=e ut . 


00 


We have M 0 (t) = 2 P (x=u) e ut 
u= o 


oo 


= 2 e ut as P (x—u)= 1 

u~0 

=e ut as P (*=/)=0, t^u. 

[B] Rectangular or uniform distribution. A distribution in which the 

*i 2 / ^ or *’ 2 n in Particular) each having 

distributfon Thus! y ' S Sa ' d 10 be a rectangu,ar or ™iform 

P(x=Xi) = -L t i—\ t 2,..,, n. 

n 2 2 

^ P (x-Xi)=-- + — }-...« times — 1 
/=1 n « 

In tossing a coin or throwing a die, this type of distribution 
appears. 

Problem 127. If f(x) be the probability law of continuous random 
variable x in the interval a^x^b, so that f(x)=0 for x<a and x>b 

and Ja ^ dx ^ lf show that the varia ble P j* f( X ) dx has a reel - 
angular distribution . 

Given P=j^ f(x) dx=P (X<x), so that dP=f(x ) dx. 

Assuming u=F(x), where F\x)=f(x), we have 

dx 


dP=--f{x)dx=f(x)-^du 


1 


Since u is a distribution with unit range, therefore u=P is a 
rectangular distribution. 

, Problem 128. A variate x has uniform distribution over the unit 
interval. Find the function of x having the distribution 

dP=e~ x dx , 0<jc<oo. 

Here dP=e~ x dx. 

Suppose u—F(x) where F'(x)=f(x)=e~ x 
e~ x dx 


=/: 


f 


i 


l 
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giving ^=logg 
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[C] The negative binomial distribution. In a succession of Bernoulli 
trial (Binomial distribution) let P(r) denote the probability that 
exactly r+k {k> 0), trials are required to produce k successes. This 
will so happen when the last trial, r.e., (/*+&)th trial is a success with 
probability/? and the previous (r+k— 1) trials must have (k— 1) 
successes with probability r + k - 1 C k - 1 p k - 1 q r , where q—l—p. 

P(r)=prob. of (A:— 1) successes in (x+k— 1) trials 

X probability of (x+k) th success 

^.r+h-lc^pk-lqTp 

= r+fc - 1 C*. 1 /?V ... (1) 

_ P k (k+r— 1) (k+r— 2)...{fc4- r-f 1 — (r +1 )} j 

r ! 

_ p k (k+r-l)(k+r-2)...(k+ 1 ).k 

“ r ! 


q r 


-a r 


n k 


P k (-D 


(—k) r+1) 


q r 


whence 


=/>*. (~i) r .-*c r <r 

=- k C r p k (- qY , ... (2) 

2 P(r)=p k 2 ~ k C r (- qY 
0 r-0 

=p k [l-q)- k =p i p-*=l. ...0) 

The distributions given by (1) and (2) for &>0 even if k is not an 
integer are known as negative binomial distribution . 

Deductions 

(1) Pascal’s distribution. The distribution 

P(r)=~ k C r p k (-q Y ... (4) 

when regarded as one having two parameters p and k is said to be the 
Pascal-distribution. 

(2) Geometric distribution. In (1) if we put k= 1, this becomes 

P(r)= r C 0 pqr ... (5) 

= q r p, r= 0, 1, 2, ...and q=l—p- 

This is known as geometrical distribution, which can also be written 
directly by considering that r is the number of failures preceding the 
first success in a Bernoulli-sequence of trials, probability of success 
being /?, so that r may be regarded as a random variate with 
probability distribution 

P(r) = q r .p , r=0, 1, 2,... and q=l-p, 

11 Six 

(3) Polya’s distribution. If we put k= — , p= \ZTa F > 

in (1), we get 


1 + fr*’ 


1 + Pf* 
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P(r) _ a+P)U+2p) ..[i +(r-i)p] / 1 V*/ V v 91 

m V i+Pn/ V 1+P1 W ’ u | 

which is known as Polya’s distribution with two parameters p and [t> 

(4) Second form of geometric distribution. Jn Polya’s distribution 
given by (6), if we put p=l, we get 




... (7) 


(5) General term in the binomial expansion of (Q— P)~*. Putting 
1 P 

P “ ~q f so that Q-P= 1 as (I) gives 

p (r)= Q-* r+*-l Ck i y 

=Q~ k .~ t C r . » r—Q, 1, 2, ... for the form (2), which 

gives the general term of (Q—P)- k . 

[D] Hypergeometric distribution. From an urn containing m white 
and n red balls if r balls are drawn at a time without replacement, 
then the probability that x out of r are white is given by 

^ X V' T—X 


/>(*)=- 


n— 0, 1, 2 ...r, 


• d) 


OISTICAL PROBABILITY 


1183 


i#+»C 

r r 

where 2 P(x)=l since 2 n C r -»= m+fl C r 
jc= 0 x=0 

which is evident by equaling the coefficients of x r on either side of 
(l+x)™ (* + 1 )" = ( 1 + jv)™ +n . 

The distribution given by (1) is said to be the hypergeometric 
distribution. 

Another form of hypergeometric distribution. From an urn con- 
taining Np white and Nq red balls such that p+#=l, if n balls 
containing x red and (n—x) white are drawn, then their probability 
is given by 

N *C m 

fw= ; Cn ..(2) 

where /(x ) represents a probability density function known a$ 
hypergeometric function. 

v » 

As above it is evident that 2 /(x)=l. 

N *C, N 'C n - x 


Consider Lim 
N-*- oo 


N C n 


Lim 


(M ! 


(Nq) ! 


n ! ( N-n ) ! 


N+oo ~x ! (Np-x ) ! (n-x) ! (Nq-n-x) ! N ! 

{Np (Np—l)...(Np—x+l)} Nq(Nq— 1)... 
n ! ...(Nq— »+x+ 1)} 


■ Lim 

N-y CO 


MH»X* *)•(« 




m*C x P x q n ~ x 

Mich is binomial frequency distribution. 

[problem 129. Find the mean and variance of hypergeometric 
Iwibution. 

1 C ase I. Using the form (1), we have 


Mcan= 


r r mr> n/* 

-E(x)= 2 x.P(x)= 2 x - 
x— 0 x=0 


m 2 "C r 

x— 1 


m 


m+n C 


♦«+»£* 

, m-l+nr' 

• v^r- ] 


m 

m+n C 


-*C v "C r -v- 1 (if x— 1— •?) 


m ( r !) (m+« — r) ! 

X 


(m — 1+w) ! 


(?«+«) ’ 
r 


(r— 1) ! (m + n-r) ! 

r r 


mr 

m+n 


lV = £(x 2 )= 2 x 2 />(x)= 2 X (x — 1) P(x)+ 2 xP(x) 

x=0 

V x 2 ={x (x— 1)+*} 
(solving as above.) 


x-0 x=0 

m(m— l).r.(r-l) mr 


(m+n) (m+n— 1) ” m+n 


m 


(m - 1) r (r — 1) 


mr 


(A 2 =n 2 t*, -( m +„)(m+n r l) 

mnr ( m+n—r ) 
variance = 


m+n 


( mr \ 2 
e m+/z / 

(simplifying) 


(m+«) 2 (m+n— 1) 

[fise II. Using the form (2), we have 

n f np C m Cn _ x •) ” f x. Nv C r m C n -, \ 

“lot* ~C. — r,:,l s 


=Np 2 {^C.-, N °C n - x j N C n } 

=*Np. N ^ Ni - 1 C n - L l N C n =np 

(x 2 '= 2 x 2 /(x)= 2 {x (x-l)+x}/(x) 
x^=0 .x~0 

np {n— 1) (TV/? — 1) 

” N - 1 


(simplifying) 


(on simplification) 


= Lim 


N-> 00 x ! (n^-x ) ! 


N(N-l)...(N--n+l) 
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Hi 2 gives 


_ n (N—n) pq 
N - 1 


[E] Multinomial distribution. If there are balls of r colour* ti 
proportions given by p x , p 2 ...p r such that p 1 +p l + ...+p T =\, thru tt . 1 
probability of drawing x x balls of the first colour, x 2 of the mo*>^ 
colour and so on without replacement is given by 


Npi r Np 2r . 

/(*!, X 2 ,...X n ) = ^ C *t - 


Npr, 


N c„ 

where n=x x +x 2 +...+x n and x^Np u x 2 ^Np 2 ,..., x r ^Np r . 

If the drawings are with replacement, then the distribution given to 


f( x i, x 2 ,...x r )=- 


n ! 


x 1 \x 2 \..X\ P * lp * K " P * t 

is said to be the multinomial distribution. 

Problem 130. From an urn containing 7 black and 3 whit 4 h§H* 
5 balls are drawn with replacement', find the frequency function M 
the number of black balls obtained. 

Let x balls drawn be black out of 5 drawings. 

Th » a 

5! ( 7 W 3 \«- 

“ *! (3-*)! I 10 A loj ' 

[F] Cauchy distribution. This distribution is given by 
jo 1 dx 

dP =lTTH^' -cocxcco.* 

Problem 131. Find the mean of Cauchy distribution. 

We have, 

Mean=[r,' = — f°° 

71 J-c 

oo dx 


x dx 


JL [°° 

77 J-0 


-00 l+(x — p.) 2 
(x—}J.) dx 


-oo l+(x—ii ) 2 


+ 


I- 1! 


oo 1+(JC— p)*’ 


-4-1” H-^r t»°-‘ (*-riT° 

77 J-oo 1+(JC-P) 2 ^ « L J-oo 


-oo l+(x 

= M+J“ ( x-tx) dx 


oo i+(x-^) 2 Put dxm 4> 

tH+f 00 i^_ =[i+ J_ Lim p ydx_ 

71 J-OOl+J' 2 77 e-*0 J -!/• 1+y 2 

Lim (“ log (1+J 2 )1 1/ ’ =p+4r Lim log-J±J(jJ 
zn e->o L J-i/« 2n 6 1 + 1/4' 


=++ 2^7 log 1 =(* .*. log 1 = 0 . 


I 


e->0 


15.18. THE PRINCIPLE OF LEAST SQUARES 

In tackling a number of problems, there arise a situation in which 
the values of some physical quantities involved in mathematical theory 
of observations are not directly known but we have some functions 
involving such quantities, then we are required to find the best esti- 
mates of these quantities. Such an estimation is done by the method 
known as the principle of least squares which was originally used by 
Gauss in 1795 and became popular after publishing in 1805 by 
Legendre. 

Let us suppose that there are n independent linear equations in m 
unknown quantities (variables) x 2 , x 2 , x 3 ,.... x m such that 

<*11 *1 + <*11 *2 + 

<*21 *l + «22 *2+ +<*2t» Xm~b 2 ... 


<*«I *! + <*» 2 *2+ +<*»m X m = b n J 

where a's and b's are constants. 

In case n—m , we can find in general a unique set of values which 
satisfy the above system of equations. But when n">m i.e. number of 
equations is greater than the number of variables, then there exists no 
such solution, while in the case when n<m , then the best or most 
plausible values of the variables can be determined by the principle of 
least squares according to which these values of unknowns are those 
which render S a minimum, where 


S=R\ +* 2 2 + +K= 2 K -..( 2 ) 

CC-“- 1 

Ru R 2 , R n being the residuals or errors given by 

i?<* — <7oc.l A'i+tf* 2 *2+ +«ftm X m ~b* ... (3) 

The notion of maxima and minima in differential calculus leads us 

r\ C 

that S will be a minimum if ^ — = 0, «= 1 , 2, ...m 

(jXtx 



02 

provided -^—->0 for every oc=l, 2,‘ m. 


Note 1. Equations ( 4 ) are known as norma! equations. 

Problem 132. Find the most plausible values of x, y, z from the 
following equations : 

x— y+2z=3, 3x-f 2y— 5z=5, 4x+y-f 4z=21, — x+3j+3z=14. 
Here R x =x~ y+2z— 3; R 2 «~3x+2y—5z—5 

R z ^=4x+y+4z— 21; i? 4 = — x-f 3y+3z— 14 are the residuals. 
S=(x— ^+2z— 3)*+(3x+2y--5z— 5) 2 +(4x+y+4z— 21) 2 

+(-~x+3v+3z-~14)* 
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Normal equations given by ^.=0, an< * dz ~~ ® are on 

fication 

27x+6^=88, 6x+15j>+z=70, ->> + 54z=107 

which give on solving, x=2.47, 3 ^= 3.55 and z = 1.92. 

These are the most plausible values 

S 0-S d 2 s 

Note 2. Here it may be shown that ^ ~f~T a ^ are P ositiv * 

for these values of x, y, z. 

Curve* filting by method of least squares 

The principle of least squares enables us to fit a polynomial of any 
degree i.e., to get a close functional relation between the variable! 
x and y. Besides a polynomial, this relationship may be any of 
algebraic, exponential or logarithmic. 

Assuming that we are given n paired observations (x x , Ti)» (x 2 , 

(x„, jy n ), we have to fit a polynomial of degree p such as 

3 =fl 0 +a 1 x+a 2 x 2 + +0© x v • • • 

where constants a ' s can be determined by the method of least 
squares. 

Taking (5) to be true, the estimated value of y for (x l9 y x ) || 

a 0 +a x x x +a 2 x x 2 + +a v x/ whereas the observed value is y l9 SO 

that the error of estimation say E x is 

Ei={y x —aQ—a 1 x l —a 2 x x 2 —a v x^) 

Similarly if E 2 , £ 3 ;...,£ n be the errors of estimation for the other 
paired observations, then we have 

E 2 =z y 2 00 01 X 2 02 X 2 0J) Xyf 


E n =y n -a 0 —a x x n -a 2 x n 2 a P x n v 

S, the sum of squares of the errors of estimation is 

S=E 2 +E 2 2 + +£ w 2 = S £* 2 

a=l 

=2(y—a 0 —a x x—a 2 x 2 — a v x p ) 

The normal equations given by 

^- = 0, l S =0, , -f— =0 are on simplification 

(ft 7q OCl j 9^2 uClti 

hy—na 0 J ra 1 lx-\-a 2 2+ 2 + +a„ "1 

ixy=a 0 2x 2 +a 2 2 x 3 + +£fj, 2x II+1 | 

2x 2 y=a 0 2x 2 +a 1 2x 3 +a 2 2x 4 + +a v 2x*+ 2 j» •••(•) 

2x*y=a 0 Zx'+a’i tx 2 * ) 

These (p + 1) normal equations can uniquely determine the (P+B 
constants a 0 , a u a z ,...a v . 


corollary 1. In case the polynomial (5) is of degree 1 i.e., it is 
straight line, the normal equations are (on putting p=l) 
'Zy=na 0 +a l lx 1 
2xy=a 0 2*+^ lx 1 y 


( 7 ) 


corollary 2. In case the polynomial (5) is of degree 2 i.e. it is 
a parabola the normal equations (on putting p = 2) are 
2y—na 0 +a l 1xfa 2 2x 2 

lxy=a 0 2x+fli lx 2 +a 2 2x 3 >- . . . (8) 

2x 2 y=a 0 2x 2 -\-a^ lx z +a 2 lx* ) 

Note 3. In order to ease the calculations a change of scale and 

, j l . x—A y—B 

origin may be suggested by putting u = — - — , v=— ^ — 

Problem 133. Fit a straight line to the following data regarding x as 
the independent variable 

x: 0 1 234 

y: 0 1.8 3.3 4.5 6.3 

we have to fit a straight line say y=a 0 +a 1 x 
Normal equations are 2y=na 0 +a J lx, 2xy=a 0 2x+a 1 lx 2 


( 1 ) 

( 2 ) 


As given, 


x : 

y 

xy : 
x 2 : 


0 

0 

0 

0 


1 

1.8 

1.8 

1 


2 

3.3 

6.6 

4 


3 4 

4.5 6.3 
13.5 25.2 
9 16 


2x= 10 
2y = l 6.9 
lxy= 47.1 
Sx 2 =30 


Substituting these values in (2), we get 
16.9=5a 0 +10«i;47.1 = 10a o +30a, 
which give on solving, a 0 = 0.72, ^ = 1.33. 

Their substitution in (1) yields the required straight line as 
>>=0.72+1.33 x 

Problem 134. Fit a second degree parabola to the following data'. 

x ' 1 2 3 4 5 

y : 1090 1220 1390 1625 1915 

y-\ 450 


Using the change of scale and origin as u=x— 3, v* 

required parabola be v=a 0 +a x u+a 2 v 2 
The normal equations are 

2v=--na 0 +a x 2u+a 2 2m 2 , 2uv—a 0 2u+a x 2u 2 +a 2 2m 3 and 
2 u 2 v—a 0 'Zu 2 +a x 2 u z +a 2 2m 4 
Now, 


let the 

...( 1 ) 


.( 2 ) 


u : 

—2 

-1 

0 

1 

2 

/. 2u—0 

v : 

-72 

-46 

-12 

35 

93 

2v=— 2 

uv : 

144 

46 

0 

35 

186 

Swv=41 1 

u 2 : 

4 

1 

0 

1 

4 

.-. 2w 2 =10 

rv : 

-288 

-46 

0 

35 

372 

2« 2 v=73 

u 3 : 

-8 

-1 

0 

1 

8 

.*. 2««=0 

w 4 : 

16 

1 

0 

1 

16 

'Em 4 24 
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Substituting these values in (2), we get 

-2=5a 0 +10a 2 ; 41 1 = 10^; 73=10<7 0 +34+> 
which give on solving a 0 = — 1 1.4, a 1 =41.1, a 2 = 5.5. 
Hence (1) gives v= — 11.4+41.1 m+5.5m 2 
7-1450 


t.e.. 


- = — 11.4+41.1 (x-3)+5.5 (x-3) 2 


or 7=1024+40.5 x+27.5 x 2 

which is the required parabola. 

Problem 135. Fit the curve y—ae ix to the following data, when 
e— 2.71828 

x: 0 2 

7 : 5.012 10 

Equation to the curve is 
Taking logarithms, log IC 7 = 
say y=A-\-Bx ...(I) 

Normal equations are 

27=n,4+52x, 2xF=/42x+52x 2 ...( 2 ) 

Now, x : 0 2 4 So that 2x=6 

y: 5.012 10 31.62 

F=log 10 7 : 0.7 1.0 1.5 (b^ log table) 27=3.2 

x* : 0 4 16 2x 2 =20 

xY : 0 2 6 2x7=8 


4 

31.62 

y=ae bx 

= log 10 a+(fe log 10 e) x 


.*. (2) give 3.2=3/4+65, 8=6.4+205 

Solving +=0.666, 5= 0.2. 

So that a=(10)' 4 =(10)°' 666 =4.642 and b=-r-— — =0.46 appro*. 

iog 10 e 

(by log tabic) 

Hence the required equation (1) yields 
y= 4.642 e°’ 46flf . 


15.19. CORRELATION AND REGRESSION 

The two variables x and y are said to be correlated when they are to 
related or linked that a change in one is accompanied by a change in 
other such that an increase in one brings an increase or decrease in 
the other. In case an increase in one is accompanied by an increase 
in the other, then the two variables are said to be positively correlated 
e.g. volume and temperature of a gas. But if an increase in one ii 
linked with the decrease in other, then the two variables are said t«» 
be negatively correlated e.g . pressure and volume of a gas. 

In 1890, Karl Pearson defined the ‘ Product moment correlation co • 
efficient ’ or simply ‘ coefficient of correlation ’ between the two varia- 
bles x and y such that 




i 


i 


r ~ E(x—x)( y—y) _ covy x, yj [i u 

4 E(x—xf 4(E(y—y ) 2 VVar(x) 4Var(y) a x 

since E(x— x) 2 gives us a measure for the variation in x and E(y—y ’*> 2 
gives that in y while E(x— x) (y-y) gives us the measure for simul- 
taneous variation in x and y. 

Also cov (x , y)=*E(x—x) (y--jO=Pu and g x and a v are the standard 
deviations for x and y respectively. 

Properties of r, the Coefficient of Correlation 

I. It is purely a number (being ratio) and hence has no unit of 
measurement. 

II. It is independent of the origin and scale. 

Suppose that we introduce two variables u and v such that 
x~a y~b 

u ~ h ' v ~~ k ' • ’ (2) 

where (a y b) is the new origin instead of (0, 0). 

(2) can be written as x=a+hu t y=^b+kv giving 

x-a~\-hu,y=b + kv 

where u, v are respectively the means of the u and v variates. 

Thus, Cov (x, y)=E(x— x) (y-y) by §15.11 


Cov (x, y) 


=E{(a + hu)—(a+hu)} {(b+kv)-(b-{-kv) 
— E(hu-hu) (kv—kV) = hk E (u~u) (v—v ~ ) 


Var ( x)-E(x—x) 2 =E{(a+hu)—(a-\-hu )} 2 

=*E(hu—tiu) 2 =h 2 E (w— w) 2 ==/* 2 Var (u) 

Similarly Var (y)=k 2 E (v— v) 2 =& 2 Var (v) 

Hence from (1), 


Cov (x, y) hk E(u—u)( v—v ) 

rxv ~~\/4&x (x) VVar (y) \/ h 2 k? y/ Var (w) \/Var(v) 

__ hk 

"Vw ruv 

In case h and k both are positive or both negative, we get 

rxy — Tuv • • • ( 3 ) 

showing that r uv is independent of a , b ( i.e . change of origin) and 
of h , k (i.e. change of scale). 

But if h and k are of opposite sign, then we have r xv —-~ r uv ). 

III. When x and y are independent i.e . uncorrelated than r Xtf ~0 

v ^ Cov ( x, y) ^ E (x-x)(y- y) 

a x G\) ~~ y/ E(x — x) 2 VE(y-y) 2 
But x, y being independent, E(x , y) — E(x) E(y) by §15.11. 
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So that E{x— x) (y~y)=E(x~x) E(y—y) 

={£(*)-£(*)}{£ (y)-E(y)} 

=(*-*) (y-y )= o 

Hence r xv = 0. ... ( 4 ) 

Note. Its converse is not true i.e. if two variates are uncorrelatcd % 
it is not necessary that they are independent too , e g. if x is a variate 
with constant density function say 

/(*)= i* — 1 <x< 1 and y=x 2 , then we have 

E(x)= \'- 1 *•/(*) xdx ^\[frl-r Q 

E(x). E (y)=0. E (y)=0. 

Also E (^)=£(x 3 )=j 1 _ i x 3 -f(x) P x 3 </x=-t£-jT : j 

=0 1 

So that Cov (x, y)=E(x -x)(y—y) =E(xy)—E(x) £(y)= 0—0=0 
showing that x and y are uncorrelated but y and * are not in- 
dependent as is obvious by the relation y=x 2 . 

IV. Limits for the coefficient of correlation are — 

Let us assume that, 


so that 2 * t 2 = -V 2 (Xi-*y-=- 

<*X 1=1 a » |=1 




=n . 


and r,=i^ so tha t 2 Y?~ _J_ 2 (*- i&- . n , 
" /=t - 


a » /=i <v;=i u » 

••• = L- 2 (x, -*)(>>, -.?) 

f1G x Gy |=1 


..( 5 ) 

..( 6 ) 


2 A'<y< . ...(7) 

« /=! 

Now, since a perfect squared quantity is never negative, therefore 
2 (Xi+YiYX) i.e. — 2 (Xi+r,)*>0 

i=l « /=1 

or -J- 2 X 2 + -^j- 2I r < 2 H — ~ 2A\y ( >0 
or l + l + 2r>0 by (5), (6) and (7) 

giving 2r>-2 i.e. r> — 1 ...( 8 ) 

Again, 2 (jr,-y,)*>0 and hence — S (JT,-y 4 )*>0 
i=l « /-I 

\ n i n rs /j 

v ^ 2 YS--L s jr, y,>0 

n i=i w /=i n /= i 

/.e. 1 + 1 -2r>0 by (5), (6) and (7) 
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giving 2 — 2r>0 or 2r<2 f’e. r<l ... (9) 

Combining (8) and (9), — l<r<l ...(10) 

Various other Forms ofr 

If a and p be the deviations of the two variates x and y from their 
respective means and ora., g v be the standard deviations of these series, 
then we define 

Stt <* — p 




where p- 


...(H) 


n(J x Gy G X G y n 

Let M x , M v be the true means; A x , A v be the assumed means for 
the two senes and 5, yj be* the deviations from the assumed means i.e . 
cL=x~M Xf p=y—M v 
Z=x—A Xi yj =y—A v 
Also let d x —M x —A x and d y ~My—A v . 

Then, Z=x—A x =x—M x +M x — A x —(x.+dx and similarly yj=p+rfy 

.*. 2 £==2 a +ldx==nd x V Ex =0 by Problem I of Arithmetic- 

mean 

giving d x — — -and similarly rf y =— - 
n n 

Now, S5'o = 2(a+^ a .) (p f dy)='Zu.$-\-dfix-\-d x 2y+2d x d v 
=Yi%$-\-r\d x d v V 2a=0=2p 

••• 2ap=2^-n44=2^_ -i- 2?2yj 

and o.= y a nd a t = J _7JVj 2 by §15.9 (O) 

With these substitutions (11) yields 


25 




-—2 52, 

n 1 


Further if we use the change of scale and origin such that 
-j — - >i 


( 12 ) 


M=- 


and v= 

/2 

2m v— — 2 u 2 v 
n 


, then (12) reduces to 


V 2 " s -H 2 “)‘V 2 ’'-t( 2 0' 


.( 13 ) 


which for a bivariate frequency distribution yields 

2 « 2 v 
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where /is the frequency of a particular rectangle in the correlation 
table, whose mention is not needed in the present volume. 

Problem 136. x and y are two variates with variances g x 2 and 0 / 
respectively and r is the coefficient of correlation between them. If 

u=x+ky, v=x+ — y, 

find the value of k so that u and v may be uncorrelated. 

V u and v are uneorrelatel, Cov (w, v)=0. 

0— Cov (w, v)—E(u —u) (v — v) 

=E(x+ky-x+ky)( x+~- y-x+ ~~y ) 

\ Gy Gy / 

=E{(x-x)+k (y-y)} { (x-x)+ a -^ 
=E(x-x) 2 +kE(x-x ) 

+ ^E(x-x) (. y-y)+k ^ E(r-y)* 

Gy Gy 



or k ( — g x g v — ro x G v ) =» g x 2 + rG x 2 


or —ko x a v (l-fr)=a iC 2 (1+r) giving k= — j 5 -- 

a v 

Problem 137. Show that the coefficient of correlation r between two 
variables x and y is given by 

r = (<V + Gy 2 — ffVi /) 1 lVx<5y , 

where g* 2 , g v 2 and g 2 x ~ v are the variances of x, y and x—y respectively , 
We have g- x - v — g x 2 A~ g v 2 — 2 Cov (x, y). 

Cov (x, y) = {g 2 + G 2 - G 2 x .y}j 2. 

^ Cov (*, y) _ (g x 2 4- g/-gVv) 

Probable Error of r 

According to Secrist, ‘the probable error of the correlation coeffi- 
cient is an amount which if added to and subtracted from the mean 
correlation coefficient, produces amounts within which the chances 
are even that a coefficient of correlation from a series selected at 
random will fall’ 

Since in a normal distribution m±.6745 a covers 50 per cent of the 
total area, therefore Probable Error (P.E.) is 0.6745 times the 
Standard Error (S.E.) defined as 

1— r 2 

S.E. of r—~^j~ 9 (N being total number of observation) . . . (15) 
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P.E. of r=0.6745 (S.E.)=0.6745 


1 —r 2 

V~N 
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.(16) 


. • . (17) 


The significance of correlation is decided as follows: 

If r< P.E., there is no correlation 3 
But if r> 6 P.E., there is correlation J 

Actually the two limits within which the coefficient of correlation 
always lies, are 

r±P.E. . . . (18) 

Rank Correlation 

Suppose a group of n individuals is ranked according to two 
characters or attributes A and B (say) such as x u x % ..<x n and y 1$ 
respectively where n ranks for each variable ranges from l 
to n. Then using the notations introduced in this section, 

i ,/ \jc I+2 + ...+ji w(«+l) n -\~ 1 

we have, = ~2n 


SO that CTa, 


-71 




„ „ , ,, , , , , «(n + l)(2« + l) 
Here /. x'=1 s +2 2 +---+R z — g 

and Sx =1+2+... +« =y (»+l) 

Similarly o„= J — - ~ - L 

Let </=« — (3, then 

2d 2 =2 (a~p) 2 =2 a 2 +2 P 2 — 2 2 ap 
=2 (x-M») 2 +2 (y-M v ) 2 - 2 2 ap 
n (n 2 — 1 ) , n (» 2 -l) 


12 


+ 


12 


2 2 ap solving as above 


giving 2 ap=L n (« 2 _i)_£ 2d' 2 . 
Hence by (11), we have 


r=l- 


6 Xd 2 


n (n 2 — 1) 
where d=a — p=7 a — — 


. . . (19) 
. . . ( 20 ) 


\ 
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Problem 138. Ten students got the following percentage of marks In 
Principles of Economics and statistics 
Students : 1 2 3 4 5 6 7 8 9 10 

Marks in Economics: 78 36 98 25 75 82 90 62 65 IV 

Marks in Statistics : 84 51 91 60 6 8 62 8 6 58 53 41 

Calculate rank correlation coefficient . 

Denoting by x and y the ranks in Economics and Statistics rc»« 


pectively, we have 

Students: 1 2 3 4 5 

6 

7 

8 

9 

10 

Total 

x: 4 9 1 10 5 

3 

2 

7 

6 

8 


y : 3 9 16 4 

5 

2 

7 

8 

10 


X 

i 

V 

II 

O 

O 

2 

0 

0 

2 

2 


d 2 : 1 0 0 16 1 

4 

0 

0 

4 

4 

30 

Putting 2 d 2 ~30 and n— 0 in (19) 

r-1 6X30^ __ 

10(100-1) 1 

, we find 
2 9 

11 ““11 

= .82 approx. 


Regression and Lines of Regression 

Assuming that there exists an association or relationship between 
two variables x and y for which n paired values (x l9 y Y ), (* 2 » 

(*»»> y n ) are observed, if we plot these points on a graph paper with 
proper choice of scale then these points are found more or less con* 
centratcd round a curve termed as curve of regression and the rela- 
tionship is said to be expressed by means of curvilinear regression, 
In case the curve is a straight line, then it is known as the line qf 
regression and the regression is known to be linear. In fact the lina 
of regression gives the best fit or best estimate in the least squar# 
sense to an assigned probability distribution. 

Whenever such a straight line falls to the choice that sum of 
squares of deviations parallel to y-axis is minimum then it is called 
the line oj regression of y on x which gives the best estimate of y for 
any assigned value of x. Similarly if the sum of squares of deviation* 
parallel to x-axis is minimum, then the line is called the line of 
regression of x on y which gives the best estimate of x for given y . 

Let the form of the line of best fit of y for given x be y— ax~ | /» 
and let x , y be the means of two series. 

Also let R u R 2y . . . . , R n be the residuals for the points (x l9 y,), 
y*)> • • • (*n» y n ) with frequencies f u / 2 , . , . , f n respectively, then 
we have Ri=f (y— ux t — Z>), so that 

s = 2 fi ( y—axi—b ). 

/=1 

Applying the principle of least squares, S will be a minimum 

if 9 ^ ==0 ’^' =0 ie - S /< x * (yi—ax t —b)=0; 

2fi Cy<-ax,-b)=0 
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, V f v s f x =Nx 2 ftyt^Ny, S/< Xi 2 —N{c x -+x\ 

Tf, X f, * »-» * ««»■«• m- 

... and y=ox+b. 


Solving these give a = jj-b =JP 
Putting these values iu ,-a *+», the line of regression of y on * is 

Pit ( x x) * ‘ ’ (^^ 

y-y=- a i v* x) 

Similarly the line of regression of x on y is 


l*ii 


X. 


X-X 


~=— * (y-y) 


. . . ( 22 ) 


Here the coefficients-^ and ^ are known as the regression 
coefficients of y on * and of x on y respectively and denoted by 

. t*n b iill. ...(23) 

bvx XV ~ < 

In view of (1), we have n n ~ro x o„ 


b vx = r— and b x 

Gx 


_y • • • (2 4 ) 

, 2 ...(25) 

Clearly b vx .b x y=r , . 

which shows that the correlation-coefficient r is the geometric 
between the regression coefficients. 

Using the change of scale and origin such that 

M=s and v= y -7 b , we may have 

h 

b vx =\ b v n and b xv =~ b uv whence «,=*«» etc. • • • (26) 

Problem 139. Show that 0, the acute angle between two lines of 
regression , is given by 


tan 0= 


a x a v 


r a, 

interpret the case when r=0, r=±7. 

Y Regression line ofy oft x is y--y=r— (x— x) 

Its slope =r — .-Wx (say) 

G x 

And regression line of x on y is x—x—r—(y—y). 
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tan 0=± 


_ , 

l+w,m ? ± 


l+.r 


fx_ 

<*v 


a v 

rs~> 

ro x 

_ 

‘ r<7~ 


r (J m a v ~ g x G y 
-C - 2 

- 1y- 


r<j x * + rc v 2 


For 0, acute only, tan 0~-+2g-?. y ( r2 


or 


tan 


(<***+ V) r 
1 — r 2 a* o<, 

r 


-■1 ) r 2 ^~l 




r <vH'V 


2 +ff« 


{’•* r2 < l> bence 1— r 2 is also positive}. 

UnE aS<! , r , = 0» tan 0==oo. /. 0=90°, i.e. 9 both the regression 

, ar ^ mutuai ;Y Perpendicular. Thus estimated value of x for y) 
will be the same for all values of y (or x). 

Case II When >= + 1, tan 0^0. .\ 0=0 or w, /.<?., both the 

egression lines coincide and so there is perfect correlation (either 
involved WileQ r== * or ne £ at * ve when r= — 1) between the variable* 

i40 'G iven the Wowing data, find what will be (a) the 
pol&mln IdtsjUat'* “ 2 °° W * ““ gh ‘ " 

Average height =6 8 inches, average weight 150 lbs. 

Coefficient of correlation between height and weight— .6. 

S.D. of heights =2. 5 inches. 

S.D. of w eight s= 20 lbs. 

w P fX P T?n e ihft ia Ti e * ind [ ca,es hei 8 ht (in inches) and y indicate* 
weight (in lbs.). Then we have 

a= 68 inches, j>= 150 lbs., <r x =--2.5 inches, «x,=,20 lbs., 6. 
for^°=200 lbs" 1 t0 estimate for *= 5 ft - or for 60 inches and a 


(0 


or 


Regression line of y on * is y -~y=r (x—x) 


y - 150 
y 1 50=4.8 (x 


20 

6X 23 


- 68 ). 


(//) V Regression line of * on >> is x—x=r— (y-y) 


.( 1 ) 


x— 68 = .6 


2.5 

20 


O' — 1 50) 


or 


*— 68 = .75 O-150). 

(a) Since (1) is the regression line of>> on x so we shall estimate y. 
Putting *=60 in (1), we get >>=150+4.8 (60-68) 

= 150—38.4 = 111.6 lbs. 


( 2 ) 


Thus policeman of height 5 feet will have 1 11.6 lbs. weight . 

(b) Since (2j is the regression line of* on y so we shall estimate x. 
Putting y=200 in (2), we get *=68 + .75 (200— 1 50) 

= 68 + . 75 (50)= 105.5 inches. 

15.20. SAMPLING DISTRIBUTIONS 

I A Population or Universe is defined as the collection or class or 
aggregate of objects or a set of results of an operation. It is finite if 
I the number of objects is finite and it is infinite if the number of 
objects is infinite. 

A sample is defined as a part of the population selected from it in 
order to study its properties. The sample is to be random when the 
selection is made at random. A unit of sample or a sampling unit 
included in the sample is known as sample unit. The difference 
between a value of the population and its estimate derived from 
sample is said to be a sampling error , which may arise due to human 
bias or due to some other reasons. Actually the sampling procedure 
is based on the theory of probability as every sampling unit has a 
definite probability of being included in the sample. 

A simple random sampling is one in which every sampling unit has 
an equal chance of being included in the samples e.g . if N be the 
size of a population, then N C n samples of size n are possible so that 

each sample has a chance * of being selected. Also the probability 

n 

of some rth unit being selected at rth draw is 

N- 1 N—2 TV-(r-l) 1 1 

N ' TV- 1 TV— (r— 1)+ 1 iV — (r — 1 ) TV* 

I Properties of random sampling 

I. The sample mean is an unbiased estimate of population mean. 

Taking X l9 X 2 ,...X n as the population values and x l9 * 2 > *n> as 

the sample values, we have 

1 N 

Population mean *= 2 X t and sample mean 

n /=1 

1 n 

X=-jj 2x t ...d) 

i=l 

N 

Let the population total 'ZXi—X and the sample total 
j=l 

1 Xt=x . . . ( 2 ) 

i=l 

Then we have to prove that E(x)=*X ... (3) 

Now, £(*)=£^ £(xi+*»+. ..+*») 
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=-1 {£(x 1 )+£(x 2 )+... + £(x„)} by (4) of § 15.11 (C). 

... ( 4 ) 

Since x ( can be either X u Xt,...X n each with probability 
therefore 

N + N + "' + N ,-fj N Zby(1) 

But X being a term free from index i 
£(xj =>£(x 2 )= ... =E(x„)=X 

Thus (4) gives, £(*)= — [X+X+..M terms]=— . nX=X 
n n 

which proves (3). 

corollary 1. we have E{Nx)=NE{x)=NX=X by (1) and (2) 

• • • (5) 

This follows that Nx is an unbiased estimate of X and we denote 
it by 

X=Nx . . . (6) 

II. The variance of the sample mean x from a simple random 
sample is 

Var(x)=E(x- . . . (7) 

where J2 (A\-f) 2 . . (g) 

We have Var (*)=£ {x-E(x)} 2 =(x-Xf 

= (*l + *2 + -"+*n) — Ar| 

= ^£{(^1+^2+ • ••+*„)— nX} 2 

= fptt E ( x i ~ xy-+E(x 2 -xy+ . . . + E{x n -xy) 

+ 2^^E{x i -X) (*,-*)] . . . (9) 

i<j 

But £(x r -*) 2 =L ( Zi _,v) 2 + ± (Z2 _^ ) 2 +i> 

+-^ (Xtf —Xf as in I. 


2 by ( 8 ) 

1 = 1 


and E{(Xi— X) (xj— X)} 

1 1 


N—\ N 

S 2 (Xi—X) (Xj—X) 


N N-l i= , j = 2 
i<i 

so that " 2 2 EUxi-XYXi—X)} 

'= 1 7=2 

• <j 

n(n — \) N—l N 

= 1 ) ( X i~ X ) 

i<j 

Hence ( 9 ) becomes 


v. 1 f N ~ lo? . 2 n(n— 1 ) 

Var(x)_ n ,|n. ^ 5 + //(jy-i) 


N 


JV-1 V 

2 2 (Xi-X) (Xj-X)} 

/=i y=2 

i<i 


or 


But WX= 2 Zi gives (Z 1 -X)+(Z a -Z)+... + (A' n -^)= 
i = j 

{(X 1 -X)+(X>- x )+-+(Xn-X) 2 =0 

or 2 (*)-*) 2 +2 2 1 2 ( X ( -X ) (^-Z )=0 

1=1 '= 17=2 
»<7 

Al -1 N _ _ N 

i.e. 2 2 2 (*<-*) (30-*) = - 2 (^-*) 2 =-(iV- 

1=17=2 <=1 
«< 7 

With its substitution, ( 10 ) yields 


Var (a: 






TV N(N-l) 

which proves the result ( 7 ). 

corollary 2 . With the notation of Cor. 1 , we have 
Var (lr)=V. ar (A/*) = V 2 Var (*)= 2 


corollary 3 . By ( 7 ), n_ 2 = 


S 2 


JV n 

• s In — n 

81V£S °* = V^n>l — 

which gives standard error of x. 


. . . ( 10 ) 

=0 

- 1)£ 2 

■S 2 

...(H) 


. . . ( 12 ) 
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infinitMh A en Y 4 ’ WhCn N ~ >co l ' e ’ the population becomes to b* , 

~ y )- 1 ““ mzjzp « I 


N->co 

1 Lim / 1 ZL = 1 

N->oo*J N 

^ (?) or (12), Var (x)= H i e _ a 

n * \/ n 


corollary 6. Unbiased estimate of the variance of x is denoted by 

v(*) and given as v(*)=— ~ — .061 

N * n ' 

In limit 


v(*) = — 

n 


•• .(I.D 


corollary 5. When N-+ oo, then N-\~N. 

so .ha, T^r ( I w-ijte A JS ^ or | 


Hence by (13), <r_ 

* ./ „ 


. . (14) 


which gives the standard error of at, the sample mean. 

III. Taking s 2 and S 2 , as the sample variance and population vnrt,,..** 
respectively , s T.y an unbiased estimate of S 2 i.e. E(s')—S~ 

We have, ( l <*,-*)' and £ (*-*>. 

'’“dr ,5, (*,-.?)■ . 

+« (*-X) 2 -2(*-X) 2 ( x< — X)J 

= /Fv( /= f, (*— ^) s +* (x-X) 2 ~2 [x-X).n (*-.?)) 

= dr { X (*<-*)*-» (*-^) 2 } « 

that E{s-)=~^ E | + ( Xi —X) 2 - n (*— Z)*j 

"S=r{ £(*i-xr-nE (x-xyj I 

L_J £ ( x t -x ) 2 , ) 

~«-U ",f, — — 71 var <*>} 


SO 


v E ( Xi ~ xy = 2 ^( Xt-xy v > 

i=l 


[f- (/v-1) 52 ~ w - ~f~ s * 1 b y 11 

= s* J 


... (17) 

Similarly unbiased estimate of the variance of X denoted by v(i’) 
is given as v(Z) =— j2 . . . (18) 

Difference between the means of two large samples 

Let there be two random samples of size n x and n 2 respectively, 
akcn from the same population of standard deviation a. Assuming 
“ at the sam P les are independent, the standard error say € of the 
difference of their means is given by 

&=*!*+*%* . . . (19) 

where €j, € 2 are the standard errors of the means of two samples 

given by ~ and € 2 ! 


of 

« 2 


Hence 


€ 2 =a 


\»i « 2 y 


. . ( 20 ) 


corollary 7. In case the samples are drawn from two different 
populations with standard deviations g 1 and or 2 respectively, then 

0 , 2 (T a 2 

€ 2 = — -— + — ~ . . ( 21 ) 

n x ^ n 2 • • • 


( 20 ) yields 


corollary 8 . The values * + 1.96— 7 = are known as 95 per cent 

V » 

Fiducial limits or confidence limits for the mean of the population 
from which the sample has been taken. 

Problem 141. Assuming that N is large , show that the error in 


writ in p <t~ 


50(n— 

J) 


m • **«<£, u ^ 

■ — ( 1 ) iipyr u xiitilll t'l y~ 

V n 

N 

per cent oj tne 

of a_ 
a:* 







Rp.nd prrnrc=J~ G 

a 

IN- 


0 

lN-n 


iv « 

V n / 

Jn- 

-1/i 

y/ n a 

J TV-1 


/tv- 1 

-1 = 

{“ 

. n — 1 

Yl /2 



“A/ iV-H 

h N-n 

1 



-1 

-n 

m 

r n—l 
^N—n 


.-1 


n - 1 



n—l 




~ 2(TV— n) 

approxss 

- 2N 




• • • til) 
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^ | J 

Percentage of error=— . 100 = -^-.50 approx. 

15.21. THEORY OF ERRORS 

We know that an error is a quantity which must be added to the 
true value in order to get the observed value in performing a physical 
experiment i.e. 

Observed value=True value+error . . . (1) 

or Observed value— error = True value 
which is generally expressed by saying that 

Observed value+correction=True value ... (2) 

It means that a correction is the error with reversed sign. 

In testing a statistical hypothesis, there arise two types of possible 
errors: (1) by rejecting the hypothesis when we ought to accept it i.e. 
when it is true and (2) by accepting the hypothesis when we ought to 
reject it i.e. when it is false. On the other hand in order to under- 
stand what we mean by true value of a physical quantity we first 
estimate the true values from observations (measurements), then try 
to seek what certainty can be attributed to these estimates and 
finally compare estimates found from different sets of observations. 

Since any number formed empirically by.expressing it in units of the 
smallest possible unit say € that can be measured by a phycical 
apparatus, is an integer,, therefore any real number lying in au 
interval of length € may be termed as true value of the quantity e.g. 9 
probable values or probabilities may be regarded as the true values of 
the relative frequencies. Since no measuring instrument is perfect and 
also there arise several other disturbing factors, every observation ii 
liable to be a random variable as different observations are capable 
of yielding different results. We thus conclude that all such observa- 
tions made, are full of errors and deviate from the true values to a 
certain degree of accuracy. We may classify errors into three types: 
(1) Coarse or gross errors , (2) systematic errors and (3) random of 
statistical errors. The coarse errors are mainly caused by the mis- 
handling of the apparatus due to carelessness of an observer. The 
systematic errors are caused in a certain direction due to one or more 
reasons governed by a definite rule. Consequently in a repeated set of 
observations made under constant conditions, the same systematic 
errors are bound to occur. Such errors can be rectified by knowing 
the governing rules of these errors. The Random Errors are the un- 
certainties not showing any irregularities and having equal chances 
for positive and negative values for such errors. 

In order to find the best estimated value for an observed quantity, 
let us assume that t 1 and t 2 are two independent observations for an 
unknown physical quantity t and <f> (t i9 1 2 ) is the best estimate for /. 
If t l9 t 2 are increased by an arnouat a, then it may be assumed that 
the estimate ^ (t u t 2 ) is also increased by oc Le. 

Mi+a, h+x)=<f> (*i> *2>+ a 


• • • 
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Also assuming .hat multiplication of 


Also assuming uwt 

in multiplication of the estimate by P we 

£(pr„ pf*)=P0 (* i’ 


(4) 


, • „ under the same conditions, 

it is^mmaterial'wtti^obcet^tion yields ahd which one we 

h,Ve g (,.,!,)=* . " (5> 

Now keeping <, «<ed »"<* 2 6 „“ , . . . (6) 

with its substitution (4) yields at ,, , Mt n 0 ) by (4) 

' ' ,7> 


If we now assume that P— 


and then (7) becomes 



<f> (fj» *2)— 



( 1 , 0 ) 


( 8 ) 

giving <,+('.-« ♦C-Ol-M'..'.) 

• 8) gives * 2 +* &-»•>-* * (tl> * ( l+ t 

Had we taken (6) 

* (?1. . . . (12) 

»«h the choice P -0 (8) (t.+O 

So that in view of (12), (1 U g lves 9 v*i> 1 / 
which is the same result as (10). v made 

Now we know that the best estimate of the true 
by n observations t x , is defined as 


msv= t 


n n 


. . . (13) 


n 

where m is the expected value of t and 10= u ‘ 


Now we define, true error as J, 2- -« ‘ ’ JJj 

and best errors as ‘ f ’ hest estimate to lie with! 

Further to calculate the P r ° b * bl ,J f, x \ as the probability densii 
an assigned range of true value take /W h a ” he0 ? em of compour 
of the random variable x ( , t- 1, **••• • 1 

probability, we have Y \=f( x A f(x»).f(x>) • • • 0 

s “ ond “ d M "‘ ' 

experiments. 
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Thus true value of observed quantity i.e. (ti + t 2 +f 3 ) • • • (17) 
in case of three observations only. 

As such f(x u x 2 , x 3 )= /(*!>. /(x 3 ). A x ») 

= f{t i— v). /(f 2 — v). /(I 3 — v) is maximum and 
so its logarithm will also be maximum i.e. 

log /(f,-v)+log f(t a - v)+log (t 3 -v) is maximum. 

For maxima, its differential w.r.t. v must be equated to zero i.e., 


/' (/i-v) , f'tii—v) , f'Ua-v) 

M'-v) +/(t s -v) + f(h~v) 

Setting F(x)=^Jp we have F(x t ) = F(/ t - v) = ~ ^ 


...( 18 ) 


and similarly F(x 2 )= ^_^ -, F(x 3 )=^^— ^ 


.*. (18) gives F(x 1 )+F(x t )+.F(.*»)«*0 ...(19) 

which is true when (17) is true i.e. 3v=t 1 +t i -rt 3 
or (/j— v)+(I 2 — v)+(f 3 — v)=0 or x 1 +A: 2 +Ar 3 =0 . . . (20) 

In case of two variables x, and x 2 ; (19) and (20) reduce to 

F(x!+F(x 2 )=0 provided Xj+x*=0 . . . (21) 

In case of a single variable x a ; this condition, reduces to 

F(x 1 )—0 when Xj=0 ... (22) 

Setting x^Xj and x 2 — — x 3 in (21), we find 

F(x 2 ) =—F(—x 3 ) . . . (23) 

So that (19) yields, 

F(x,)+ F(x 2 )= - F(x 3 )=F(— x 3 ) by (4) 

= F(x 1 +x 2 )by (20) ...(24) 


Partial Differentiation of (24) w.r.t. x, and x 2 in succession gives 
F'(x 1 )=F'(x l +x 2 ) and F'(x 2 )=F'(x,+x 2 ) 
giving F'(x 1 )=F'(x 2 ) 

Treating x 2 as constant, F'(x 1 )=F'(x 1 +x 2 ) will only hold if 
F'(x 1 )=constant=^'(say), so that 

F(x 1 )r=k'x l implying y~=F(x)=kx 

which gives an integration f(x)=A e^ k * 2 , A being constant of 
integration. 

Now /(x) being probability density function, we have by §15.12 
(A), 

f°° f(x)dx=\=A f°° ei kx2 dx 
J -00 J -00 
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Setting k=—2h 2 , we have 1 


! 00 
-CO 


dx Put fi 2 x*=- 
1 


i.e. dx*= -j2 h dp 


or 


i=-4=r 

h\J 2 J-o 


e-P-V dt 


"hy/J 


00 

z.e. A- 


h 

V1T. 


Hence 


Jl __/ 7 2y2 

/w= V T e 


(25) 


which is called Gauss, an law of e ' ror ^ * b 
for an error x to be p l <\2hx<p 3 is given y 

[Pilxnh h 


-e- h - x - dx 


. . . ( 26 ) 


Jpi/V'2/' V 75 

wi.<. y^M p ;r ,n ■ ■ ■ 


where 


^(p)= 


V 


JUr e-P-l 2 dp. 
2* Jo 


error and may be determined by the vaiueof^ gi . 


b=tT****\ i.e. 
V Tt 


0.4769 

x= ~~h 


This renders the most probable error. 
We define the absolute error £( 1*1) as 


F ( 


>-i: 


2/j f°° v -/i s x- dx=r-T 

(x)/W^-v^ Jo xe 

oo v 


0.5642 


(l\/ ir 
. . . ( 29 ) 


tl 

and the square error E(x~) as 0 r 

Lastly to discuss the effect of increasing the number ot observations 
n, we have 


. . _ 7 „ ... ( 31 ) 

Xi=t t -v giving x=<-v 

n _ j n 

where a* = -y- 2 .y, and t — 

Conclusively, the error in the canceL in computing 2x t -, 

the positive and negative errors tending to cancel 
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as n the number of observations increases, the value of error 
decreases. 


ADDITIONAL MISCELLANEOUS PROBLEMS 


Problem 142. State and Prove the normal law of errors , and find an expression 
for the measure of precision and the probable error of the arithmetic mean. 

A cylinder has a length cm., which is measurable with a probable error J. o 
and has a radius “ a ” cm. t which is measurable with a probable error -\~b. Find 
the area of its curved surface and determine the probable error of this value . 

{Nagpur, 1965) 

Problem 143. Derive the normal law of errors and calculate the probable error 
of an observation. (Vikram, 1969) 

Problem 144. {a) Write short notes on the binomial , the Poissonian and normal 
distributions. 


{b) Derive the normal law of errors from first principles and discuss some of its 
applications. ( Agra , 1969) 

Problem 145. {a) Define Poisson's distribution and discuss its importance In 
Physics. 

(b) Calculate the mean and the standard deviation for the Poisson distribution. 

(Agra, 1970) 

Problem 146. Write a comprehensive note on the theory of errors. (Agra, 1971) 

Problem 147. If the probability function P(x) of events x is given by the 
Gaussian function 

P{x)=Ae ~ k * 2 


prove that k= 


1 

2c 2 


and 



where c is the standard deviation . 


Assuming the errors in a series of observations to have the Gaussian distribution 
obtain expressions for the probable error of a single observation and that in the 
arithmetic mean of the observations . (Agra, 1972) 

Problem 148. Define the error function erf (x) and obtain a convergent expansion 
for it in ascending powers of x correct upto x 5 . ( See Appendix B) 

Use the approximate expression to calculate the percentage of molecules of an 

ideal gas which have speeds less than- — The speed distribution of the mole * 

^ V b 


cules is given to be 


= _4_ 6 3 C 2 e -bc* 
N y tt 


dN 

dc ; being the fraction of molt* 


cules having speeds in the range c to c+dc. Given n=3.4 and e 1, *=1.28- 

(Agra, 1973) 

Problem 149 . (a) Explain what you mean by a binomial distribution. Find Its 
mean and standard deviation. 


(b) The mean number of particles emitted in one second by a radioactive sample 
is 4.5. Write an expression for the probability of just 3 particles being emitted in a 
particular second. (Agra, 1974) 

Problem 150. Explain the meanings of the following terms in the theory vf 
errors: dispersion, variance, standard deviation, regression and correlation. 

(Agra, 1973) 

Problem 151. (a) Explain normal distribution and derive an expression for the 
same. 


(b) Explain the Principle of least squares. 


(Rohilkliand, 1976) 


appendices 


[A1 SOME FOEMTJIATED BESCtlS IN BASIC MATHEMATICS 
(•) Laws of Exponent Powers 

x~ a== —^ provided x#0. 

fb) Factors and Expansions 

Taking n and r both as positive integers, we have 

nC /"\ 1^= and |r_=r(r-l>(r-2)...3.2.1. 

Cr_ V ) ,_r_ jn-£_ 

_ , nr .nr — n c |i = 1 ° =1 and I— =0 ° 

( X J r yy=x nJ \-"C l x n - 1 y+ n C 2 x n ~ 2 y % +...+ n Cn y 

= 2 "C, x"' r y T 

. , r ~w v n-i_ v.n-2 v I +V" -1 ), n being an odd integer 

» *»« - «" tatt * er 

x n y T 2 z rs 

where 2r<=n. 


(*+y+ Z + )n “ ove r!ll fi ' l!i \ r JL 


In -y) (x+y); x 3 ±y 3 =(x±y) (x*Txy+y*) 

(c) Snmnaations „ (n+1) 

2„=l+2+3+ +«= 2 

«(n + l) (2 »+l) 

2n*«l 2 +2 s + +» 2 = 

2/„ i i\2 n 

x „._!L. + _ + t - 55 

n p+ 1 n v ,J_pf R. n 9 ^ 1 
2 n p =l p -\- 2 p + +n p== fP[ + 2 + 2 1 

_ JL ,c 3 B 2 p C t B, n»- 8 +... 
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where B's are Bernoulli’s numbers and the series ends with n when 
is even and with n 2 when p is odd. The Bernoulli’s numbers are 


B ! = 


6 ’ 


b 2 


i«=i B=i R=A fi 691 
30’ 3 42’ 4 30’ 5 66’ 6 2730’ 



/» 


Taking a as the first term, d common difference and / the last term 
of an arithmatical progression, the sum 

S=a+{a+d)+(a+2d)+ +{a+(n-iy} 

=y[2 fl +(«-l)</]=-^-[a+/] 

where l=a-\-(n— l)J=«th term of the series. 

If a be the first term and r the common ratio of a geometrical 
progression, then the sum 

S—a+ar+ar 2 + ...-\-ar n ~ 1 ~— if r> 1 


a(l—r*) . 


1 


if r<\ 


if n is infinite. 

1 — r 

(d) Ratio and Proportions 

,r i_i thenJ E±«_.!±£. a „ d £r£„JT£. 

q s q s q s 

Also — - ---- (componendo and divindo) 


In general if — =/c then 

q s u 

p __ P + r +*4-... gg +>’ r +zf -K- . 

(e) Logarithms 

We express t0 2 ==100 by saying log 10 100 — 2 and read ‘logarithm of 
100 to the base 10 is 2: 

In general, taking the base of the logarithm as e , we express 
by saying ‘logarithm of y to the base V is i.e. log* y=x 

x 

logtfX + loge.y = \og e xy; log fl x-log e y^Iog« — 
log* x m =m log,A; log, ;c“ n =log e ~ = — n log fl x 

log a v=logb X ioga (change of base) 

(f) Special Series 

(i) Bionomial series for 1 x \<\ and for any n f positive , negative, 
integral or fractional, 
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. n(n- 1) x 8 + 

(l±x) n =l±”*+ — \2~ L2.3 

, «(n+l) x 2 T <«±l)i!L±2) *3 + 

(l±xr=lT" x +"X 2 + 1 . 2.3 

Inpar,icul o±*)-- 

*") EXPm ‘ n,M r ,e \ v. J_ • , _L + =2.71828 

e- Urn ( l+-j) “ 1+ |1 + |2_ + |L 

Lim ( 1 + — ) = 1 +ir+ ,2_ + jL + 

n ' >00 / *v 7 *1 . 

e~ w — Lim ( 1 ~) ol x+ \2 )3_ 

n->GO V ,, — 

(x log, af . 

a“=>\+x log, <H j 2 

(Hi) Logarithmic series 

s x 2 * 8 ** . |xl<l 

log (l+x^x-y + y- 4 

x 2 X 3 .... I x|<l 

log (1— *)— ~~ x 2 3 4 

(iv) Other series . , 

t-‘-t+t-t + 

^_, + i-,+i +i V+ 

T 2=l-2^ + 3 3 4 2 ^ 

*2 1 1 , _L_i 

=i+ jr+ 5 * +72 4 

* 2 1 , J. _L + 

24 = 2^+42 + 6 2 

(v) Taylor’s series , 

(a + / 0 =/(a)+/ I /'( a ) + ^/^)+'-- + -jr / " (x)+ "- 

(x— a) 2 ,»,„s , . (*Z®)-/»(a)+... 

/(x)=/(a)+(x-a)/X«)+ -| 27 "^ («)+•••+ 

(vi) Maclaurin's series n 

/W =/(0)+x/'(0)+f- /'(0)+... + j7 • /r " (0)+ 
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(g) Sterling’s formula 

For very large values of n 9 

V 2 Ten .n n e~ n approx. =e~ n tz"* 1 / 2 2n 
log | =(«+£) log ft n log e+log yy 
where 7c==3.14159...and e=2,71828... 

(h) Trigonometric functions 

In a right-angled triangle ABC where £=90°, and Z BAC - • 
(say) AB is the base, BC is the perpendicular in respect to 0 and A ( ' 
is the hypotenuse. 

_ perpendicular BC a base AB 


sin 0= 


tan 0= 


hypotenuse 
sin 0 BC 


AC 


cos 


COt 0: 


; cos 0= 
cos 0 


sec 6= 


cos 0 


““ AB 9 
' and cosec 0= 


hypotenuse = 

AB 


AC 


sin 0 BC 
1 

sin 0 


Signs of these functions in 

different quadrants 



Quadrant 

sin 

cos 

tan 

cot 

sec 

cosec 

I 

+ 

+ 

+ 

+ 

+ 

+ 

11 

+ 

— 

— 

— 



+ 

III 

— 

— 

+ 

+ 




IV 

— 

+ 

— 


4- 


1 Values of these functions (sine and 
Sated) 

cosine only others can 

0° 30° 

45° 

OS 

0 

0 

0 

0 

OS 

180° 270° 

360' 

0 — 

1 

Vs 





2 

VT 

2 

1 

0 

-1 

0 

1 VT 

1 

1 





1 V 

VT 

2 

0. 

-1 

0 

1 


Sin 


Cos 


sin (90° ^0)= cos 0; cos (9O O; F0)=±sin 0 

sin (18O O: F0)=±sin 0; cos (18O°T0)=-cos 0 

sin (36O° : F0)= : f sin 0; cos (36O°T0)=cos 0 

sin 2 0+cos 2 0=1; 1+tan 2 0=sec 2 0; 1+cot 2 0==cosec 2 0 

sin (0±<£)=sin 0 cos ^4+cos 0 sin <f> 

cos (0±$=cos 0 cos <£+sin 0 sin <f> 

sm 2 0=2 sin 0 cos 0; cos 20=cos 2 0— sin 2 0=1—2 sin 2 0 




=2 cos 2 0- | 


- 
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sin 30=3 sin 0—4 sin 3 0, cos 30=4 cos 3 0—3 cos 0 

0 — fk . . r 0+^ 

sin 0+sin ^=2 sin -y cos sin 0— sin <f>=2 cos — ^ — 

0 — fk 0+<A Q—6 

sin — ; cos 0+cos <f >= 2 cos — ^ — cos — ^ — » 

0+<£ . 6—Q 
cos 0— cos <f>— 2 sin — sin y — 

x 1 

(/v) sin” 1 x=cos _1 V 1 — x 2 =tan -1 — ==r=cosec" 1 — 

VI— x 2 * 

cos -1 x=sin -1 4 1 — x 2 =tan~ 1 '{A~^ 2 z==scc -i _L 

x x 

tan -1 x=sin _1 ■ r *-- =.= cos" 1 — r=L===cot“ 1 — 

4 1 +X 2 V l+x 2 X 

sin -1 x+cos _1 x=y. 

(v) Hyperbolic functions 

, e x —e- a , e x +e- Ui , e*— e~ x sin h x 

SinA x— ^ , cosh — j- , tan h ^=^=5=^7 

cot h x= — L-;sec/z x= — ^ — , cosec/z x= l , - 

tan/* x cos/* x sm/i x 

sin/r 1 x=log {x+aA x 2 +1}; cos hr 1 x=log {x+ V x 2 — 1} 

tan ' r ' *-T 108 

cosh 2 x— sin/z 2 x=l; sec/z 2 x+tan/z 2 x=l, 
sin A 2x=2 sin/z x cos/z x; 

cos// 2x=cos/z 2 x+sin/ 2 2 x= 1+2 sin/ 2 2 x=2 cos/ 2 2 x— 1 

sin ix=/ sin/z x; cos zx= cos/z x 

(cos 0+z sin 0) n =cos w0+z sin n0 for all values of n . 

(v/) Trigonometric series 
x 3 x 5 

s,n 

.X 2 X 4 . 

cos,_l-— + — 

tan x=x+ --^- + y-x 5 + 

sm J x=x+y -y+y y + I x | <. ! 

tan _1 x=x x 3 + -j-x 5 | x | < ! 
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sin/i x=x+j~-+~ +. 


cos A ,y= 1+ ■PT+T-T + . 


tan A .v=,v— — +~x i - 

3 lo 


17 , 

315 A " t "' 


tan A- 1 a=a4- ~ + - r + ~ +. 


< 


(i) Analytical Geometry 

If Cartesian coordinates of a poiDt P be (a, j) and its polar coorril* 
nates be ( r , 0), where x is called abscissa, v is called ordinate, r i« 
called radius vector and 0 is called vectorial angle then, 

x=r cos 0, y= r sin 0 

or r= y/x-+y- and 0=tan _1 — 

x 

Distance between two points P(x u y^) and Q(x 2 , y 2 ) is given by 
PQ = V / (^ 2 -^)-+(> !! -7i)" 2 

The slope (gradient) of the line is given by ^ — — and denoted 

X 2 

by m. 

If m i> *h e gradients of two straight Jines, the angle between 
them is 


tan 




,~i ,n i 


1 +m 1 m 2 

The two lines will be perpendicular or parallel according as, 
m i™ 2 — 1 and w 1 = w 2 . 

Rectangular transformation (1) New axes parallel to old axes: If 
(*> >\) and (x' 9 y') respectively be the coordinates of a point w.r.t. old 
and new axes and ( h , k) be the coordinates of the new origin w.r.l, 
old axes, then 

X=x' + h, y 

(2) New axes rotated through an angle 0 about the origin from old 
axes: If ( x , v) and (x\ y') respectively be the coordinates of a point 
w.r.t. old and new axes, then 
x—x' cos 6—y’ sin 0, y=*x' sin 0+/ cos 0 
or conversely, 

x'=x cos 9 +y sin 0, y' = — x sin Q+y cos 0 
(j) Differential Calculus 
d(ax)—adr . a being a cynstant, d(a)= 0 
d( 2 x-3y+z)=2dx-3 dy + dz 
d(xy) — xdy +ydx 

V ydx—xdy 


’(f> 
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d(x n )=nx n ~ 1 dx; d{x v )=yxy~ 1 dx+x * (log. x) dy 

d(e T )=e x dx; d (C^) = ±ae^~° X dx 
d(a x )=(a x log.a) dx; d(x x )=x x ( l+Iog,x) dx 

d{\og e x)=~dx; f/(log, 1 .r)= — log a dx~ — 

* xx log e a 

4(sin a) = cos a- dx; d{ cos a)= — sin a dx 

d( tan x)=sec 2 xdx; d{ cot a)= — costtfxdx 

d{ sec a) = sec a tan* dx; d{ cosec x)=— cosec a cot a dx 

‘A, sin A a)=cosAa dx; d{cosh x)—sinhx dx 

<f(tanA A)=secA 2 A dx; d{coth x)=— cosecA 2 A dx 

d(sech a)=— secA a tanA xdx; </(cosecA a)=— cosecA a cotA a dx 


<i(sin -1 a) 


dx 


d(c os-'x)-- 


y/l—x- 

dy 

4tan-iA)= ; d(cot^x)=- ■ 

d(sec~ 1 x)= d (cosec -1 a) 

VX 2 +1 

d(sinh~ 1 x)= — 7=^=-; dicosh^x) 


dx 


dx 


l+x 2 


dx 


xy/x *— i 
dx 


V**+l’ ' " v y/ x 1 — l 

i(tanA- 1 A)= — ^ T ; </(cotA~ 1 A)= 

dx 

d(sech~ l x)— 7 ^_ </(cosecA _ 1 A) 


</a 


— aV(i— * 2 )’ v *V(* 2 +1)* 

Taking D=ZL- t we have; 

D n (ax+b) m =m (/«— 1) (m— 2) (»<— «-f l)<j n (flA+A)”‘-» 

D n (ax + A) -1 =( — l) n 1 a"(aA 4- A), - ” -1 
D n e ax —a n e ax ; D n a x =( log a)” fl * 

Z)”log(aA+A) - 

X>" sin (aA4-A)=a n sin ^aa 4-A4- — 

D n cos (aA+A)=a n cos^aA4-A4--y- j 

{ , "£< ta + c > ] -'•*“£ <**+<+<*> 

where r=y/a 2 +b* and ^=tan" 1 — 

a 

D n (mv)=(Z)"m).v4-«C 1 D n ~ l u. Dv 4- nC 2 D”~-u. Z> 2 v4-... 

+ n C r D n “ r i/. D r v+... + w* 
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(k) Integral Calculus : 


J x " dx “'fS’ |“x~^ =l0g *’ \^ dx ^ X '\ aXdxc 


<t 

log u 


cos x dx = sin x; l tan x dx — —log cos a 

sec x dx~ log tan ^ + “4“ ) 

=log (sec x+tan a) 

I x [ dx 1 < n „-i x . f dx 
cose x dx ~ log tan -y ; j an a ’ J x 2 —a 2 

1 v « 


| sin xdx— — cos x; 
| cot x dx— log sin x; 


1 . x—a 
~ 2 a 08 x+a * 


f dx s : n -i2L . [_*E =sin h~'- 

)V*=^ a ’ V^+x* fl . , 

=log < X+*/ x *+7 I 

1 vfe -cos ‘"‘ ^“' 08 1 J vfc? 


1 ! * 
= — sec - 1 -7 

a <1 


V a'^7* dx=jV « 2 -x 2_ + y- sin- 1 y 
V' a*+x*dx=y V a^+xM-y sin/*- 1 y 
X 2 ^ = y V x 2 — a 2 — y-cos/r 1 y 


jv 

j «“ sin Ax p sin (^~ tan_1 V ) > 

je»* cos Ax dx=-^==~=- cos ^Ax-tan *y ) 

JsinA x dx=co$h x; jcosA x </x=sinA x; |secA*x </x=tanA * 
cos ecA 2 x Jx=—cotA x 

f^ l AVix (ax+6) " +1 ~ [ fc rg l log (flx+A) 
](ox+A) dx- (n+1)a • J fl x+A a 

| e «*</x=y e°«; j sin (ax+A) dx=--j- cos (ax+A) 


1 


sin n x Jx= 


sin”- 1 ax cos ax n— 


na 


” — Msin n “ 2 ax dx , tj po»lll¥# 
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— — = — log tan ~-= — log (cosec ax— cot ax) 
sin ax a ® 2a® y 


</x 


l±sin 
sin ax sin 

j"cos n x dx 


Jsir 


1 . / tz ax \ 

a tan ( 4 T "2~ j 


■T 


Avrfv- sin (a— A)x sin (a+A) x 

ox ax- 2(a _ A) - 2 (a+A) ’ ^ 


cosnax sin ax 

«-i r 

’ 

na 

1 « J 


~ 2 ax rfx, n positive 
integer 


I log tan ( t l+ t )=7 log (tan a * +sec ax) 

dx 1 ax T ( 

1+cosax “a 2 ’ J 1-c 


I 

1“ 


dx 


1 ax 

= — — COS — r— * 

-cos ax a 2 


sin w ax cos n ax dx= 


sin m - 1 ax cos n+1 ax m— 1 

a (tti+ti) 772+72 

sin m-2 ax cos" axdx ; m, «>0 


sin m+1 ax cos" ax ^ 72 — 1 


sin^ax cos"“ 2 ax dx; 772, 72 >0 


a (772+72) v m+n t 
Jtan” ax </x=y^ — jy tan”- A ax— jtan" -2 ax dx, integral n>l 

I cot" ax dx= , * cot^ax— |cot"- 2 ax, integral n> 1 

a(a-l) J 

fsec"ax dx = — - - ~ r- S *” -4- — + n ~'\- f sec n_2 ax dx, integral 
J a (72— 1) cos" _1 ax ‘ n— 1 J 

1 co s ax ti— 2 f 

^ax 72—1 J 


cosec n ax t/x=- 


72 >1 
cosec n_2 ax </x, 
integral n> 1 


j w^v a (ti — 1) sin 1 * 

J x n e a *dx= x n e mx — •— | x n ~ 1 e a *rfx, positive 72 

f e a * 

I e 0 * sin bx dx= a *+y± s i Q ix—A cos Ax) 
f p a * 

I e ax cos Ax 6?x= fl2 y^ 2 ~(a cos Ax+A sin Ax) 
log ax </x=x log ax— x; ax =lo g OPg 

vn+l r 

x n (log ax) w rfx=^yj-( log ax) m — lx n (log ax) mr ~ l dx 

I I t r e** 

e®* log Ax Jx=— e®* log Ax— — I -—dx 
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-mijx*- 1 {ax+b) n dx J 

a - f X m+1 (ax+b) n +nb f xTfax+b^dx 1, 

m+n+l L J J 


m> 0, m+n + 1-/0 


dx 


1 


T -~-r 1 log ~ ~ ~r r , bc—ad^0 

(ax+b) ( cx+d ) be— ad ax+b 

dx 2 tQrV -iV c(ax+b) 


, (cx+d)\/ax+b V cy/ad—bc ad— be 

Definite Integrals 

I, 2 ' SS 

Jo a +* X — 7r/2, a<0 

| 00 x" -1 e~* <ix= log dx=\/ n 

°° x m -Hl -x)”- 1 dx= ”)*= 


c>0, ad>bc 


Tm Tn 
T(m+n) 


QQ x n ~ l dx _ rc 
0 1+x ” sin /zx 


r 

J o 


e~ aX cos bx dx= 


, 0<n<l 
a 


, a>0 


a 2 +6 2 ’ 

00 sin 6x rfx*»- 2 T~j r> a>0 


dx 


a 2 +*> 2 

7C 


0 fl + &COSX A / r a 2_^2 


, a>fc>0 


oo cmjtx ix == " <r « a> 0and ^ e°, a<0 

o 1+* 2 2 2 


cos x j f co sin x dx /«.. _» t 

TT" J o V*~~ ~ a/ 2 * ] o « 2 cos*x+6 2 sin*.* 




r 


e -am CQS /| £x </x = 


fl 2 -6 2 

b 


a>0, a 2 ^fe 2 


e“°® sin/i 6x </x= gI _y , fl >0> a 2 ^6 2 
“ e " * 
J“_L/ *«-.)* 

Jo x\l+x / 
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-r.( 


1 — e~ x — e 1 /* 


) dx=~(=. 


5772152 


where y is Euler’s constant given by 

r-Limf l + i- + ~ + ... + 4 — *°g' ) 
r->oo\ l j t ) 

(3) Elliptic Integrals 

Elliptic integrals of first, second and third kinds are respectively 

F{k,t)=\l /. - ;0<fc<l 

J vb"^“ sin 1 

£(*,*)= \* V l-/fc 2 sin 2 0rf0 ;0<*<1 

J 0 

II (k, t, a)= \* 7-7 = ,-^ 

Jo (v 1 —fr sir 


dd 


v — , 0</c<l, a+k 

sin 2 0) (1 + tf 2 sin 8 0) 

7C 

If the upper limit is replaced by y , these become complete 
elliptic integrals: 

v r* /2 de 

U Jo V 1 — £ 2 sinM) 

E (Ic)— f y/ \ — A: 2 sin- 0 dd 

J o 

J */2 d0 

0 (VI-* 2 sin 2 0) (1+a 2 sin V 9) 

(m) Probability functions 

1 — * 2 

If <f> (x) be a normal function s.t . $ (x)= 


and 


V2ir c 2 

oc= | <f> (x) dx i.e. area under <j> (x) from,— x to x, then 

£ (l+a)= [ $ (x) dx 

J— oo 

Second derivative if <f> (x) i.e. <f> w (x)=(x 2 — 1) ^ (x) 

Third „ „ i.e. *> (x)=(3x— x 3 ) </> (x) 

Fourth „ „ i.e. (x)=(x 4 — 6x 2 +3) <f> (x) 

ft 

Now if (p+q) n — 2 n C r p n ~ r q r , p+q— h then 
r=0 

s "C r ^V=J^ 2 ^ (X) dx+[^^' 2 ' (x) 
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(a — l — rtq) ( b+\—nq ) . — , , . 

where x,= -~;x t = 1 — — , ®= Vnpq and />. 


»CV p-V-J® <f> (*) W- 

appro* , 

(n—r — j—np) 
o 


r=0 

where x= 


2 n C r p n r q r \ <f> (x)dx 

r=r J * 

( r—\ — nq ) 


appro* 


where x= 


[B] Asymptotic Expansion of Error-Function 

The Error function is defined as 

er f x= - — f c~ l ~ dt ...(1) where f°°e~* /2 dt= ~\/tc • • • (1) 

V « J o Jo 1 

(1) and (2) yield erf oo =Lim erf x=l ... (1) 

x->oc 

Using Maclaurin series of e~ * after integrating term by term, fof 

2 / x^ x** x~ \ 

small values of | x 1 , erf x = ^-=-1 *— jjy- “jjj-y + ... j 

~ ~ . ( 4 ) 

For large values of x , the asymptotic expansion of erf x K' V|, »» 
below is used. 

The Complementary error function is defined as 


erfc x- 


2 foo 

V~n )x ( 


,-/ 2 


01 


The relation between error and complementary error function* »• 

pven by 

erfc x = 1 — erf x 

or erf x=l — erfc x , , (|) 

Now to find the asymptotic expansion of err a, let us 

put t*=p i.e. dp so that we have 

erfc x= -^— dt = *“**•/>”* dp 

V * )x V w J XT 

If we go on integrating the R.H.S. by parts, then we shall h**9 
after n trials, an integral of the form 


(say) l n (x)= j°^ er*p — p dp,n— 0, 1, 2... 
whence erfc x= 


-j=~h (*) 

v * 


(?) 

(II 
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Now integrating R.H.S. of (7) by parts, we get 

2 n+l . . “loo 2n + 1 r°° 2n + 3 

p-—n—e-'dp 


J , V T - 2 ” +1 / „ l 00 2W+1 fC 


1 x 2 2 n -J- 1 


/*+i (*), «=0, 1,2,. 


Multiplying both sides by e* 2 , we get the recurrence relation 


e* 2 h (x)-- 


1 


2n + 1 , . . 

e* /«+ 1 (x) 


J^2«+1 2 

Applying this result repeated /,, we find 


(9) 


e* 2 I 0 (x)=- 

A 


1 x 2x 3 2 2 x 6 


1 


e* 2 F, (x) (for n=0) 


_J_ + 1 

2x 3 T 2 


ye* F 2 (x) (for w=l) 


1.3 




1.3.5. ..(2n— 3) 


2" 


I— 1 


+(_!)« e* 2 /, (x) . . . (10) 
In order to show that this series is an asymptotic expansion. 


consider, e* 2 / 0 , (x)c 


1 


1 + 1.3 


2a 3 2 2 a 5 


. . .(ID 


and denote T 2n . l ^ ~ — 3 -f 


1.3 i l-3.5...(2w— 3 ) 

22^5 ... ~r v A / 2 n ~ 1 a 2 ”" 3 

... 02 ) 


As such (10) can be rewritten as 

( e* 2 /« (x)-r 2n ^)=(-i)" /„ (x) 

Multiplying both sides by x 2n_1 and putting 
/„«=(— 1)" t the last relation yields 


( t x ~ /„ (x)-F, n _, )*«-»=/, e* 2 x*- 1 7 n (x) ... (13) 

The series in (11) will be an asymptotic expansion, if we can show 
that for each fixed w=l, 2,.../ n ->0 as x->oo. 

Now in (7), we have 


1 




1 


p'in+ 112^ x 2r * +1 


for all 7>>x 2 


So (hat 


, In (*) = J 


oo er* 


rj2f»+l /* 




1_ foo 
i«+i J x2 


e~ T dp 



x*^ 1 


• • .( 14 ) 
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Thus R.H.S. of (13) i.e. 

| /„ | e xi a-”- 1 I n ( x )<lEl — >0 as a--*oo. 

Hence the series on the right hand side of (10) is an asymptotic 
expansion of the function e * 2 J 0 (y). 

j t x \ 

Thus erf y~1 - erfc x~\ fl _ renders the required asymptotic 




expansion of the error function as 


erf x~l e~ ” i ^ 

t: \ x 2y 3 2 2 y 

For large values of y, this reduces to 


(±_ J_ , _F3__ 1.15 . \ 

\ x 2p" r 2 2 * 5 2 3 .v 7 


(15) 


Note 1. 


1 —x 1 

erf xs; 1 

V 71 x 
1.3.5. ..{2n — D 


(16) 


2 n V « 

of the error. 

Note 2. He re-read as asymptotically equal. 


I n (y) | is known as the absolute value 


[C] Character Tables in Group Theory 

Denoting a reducible or irreducible representation of a group 
G = {E y A, B,...} by f\ its character x may be defined as the set of 
traces of all the matrices of representation T i.e., 

X (A)=Z V u (A) ... (l) 

/ 

where r„ are the elements of the matrix corresponding to A, the 
matrix of representation. 

It is notable that the character is the same as the representation 
incase of one-dimensional representation and also the characters 
are the same in case of representations of conjugate elements since 
the trace of a matrix under a similarity transformation is invariant. 

Taking A and B as conjugate elements, there may be found an 
element C such that 

A—C- 1 BC ... (2) 

which yields on taking traces on either side 

T(/l)=r(C- 1 ) V(B) r(C) ... ( 3 ) 

But the cyclic property of traces gives for any Uhree matrices 

P, Q, R, 

tr (PQB)—lr ( QRP)=tr ( RPQ ) ... (4) 

A * r (r(A))=tr (r(B))=> X (A)= X (B) . . . (5) 

Now if we denote an irreducible representation of the group G by 
r*> and assume that an irreducible representation may occur two or 
more times in reduction of a reducible representation T, then the 
matrices of representation F are the direct sum of the matrices of 
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the components of irreducible representations i.e. 

r=2; a { r (< > ... (6) 

i 

where a^s are non-negative integers. 

Taking traces of either side of (6), Tor A, the matrix of represen- 
tation, 

tr r(y4)=2a l - /r T?) *A£.G 
i ' ' 

which in view of (5) yields 

X(A)=^a t x U) (A) ... (7) 

/ 

(/> 

Now if we*cail T as the representation vectors in the group space, 

jk 

then the orthogonality theorem for an irreducible representation in 
the present notation can be stated as 

2 r'^/or^, U-’)=o 

AzG J * 

i.e., s r (,) (A) (A)=0 ... (8) 

AzG jk k j 

which means that the product of ( /, &)th element of the irreducible 
representation T {i) with the complex conjugate of the(£',y')th element 
of the irreducible representation summed over all the group 

elements is zero. 

Also taking g as the order of the group G and m as the dimension 
of the representation, in case of the elements of a single unitary 
irreducible representation, we have 




ie.. 


AzG 

v 

AzG 


V i)( 

■ jlc V 


■ j'k' 


m *kj' 


g_ 

m 


Combining (8) and (9) we can write 

2 ] 

AzG 


2 r %{A) g 


m 


'jk' 5 kj' 

... (9) 

' 5*/ 

. . . (10) 


In order to transform (10) into an orthogonality relation for the 
characters of irreducible representation, putting. j=k and j'=k and 
summing over / and / we get with the help of (1), 

2 -/-"■> (A) X ] *(A)= |-8 m=g 8„' . • • (1 D 

AzG m 

where x (i) (A) represents the character of the element A in the irredu- 
cibled representation F (i) 

Now multiplying both sides of (7) by x (i,) * (A) and summing over 
all the elements of G , we find 

2 X f *(A) x(A)=Zai 5 X (in *X <i) (A)=a i g by (11) 

AzG i AzG 
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giving a,'=~ s x“'>*(A)x(A) 
* AeG 

or replacing i' by /, this becomes 


which gives coefficient a t as introduced in (6). 

tionV h a°re ld known te ?, th p t th ?- CharaCterS ? f the irreduc ible icpresenta- 
reducible once a ” i? S Pr,mlUve or simple character whereas those of 
pound at e L h Wn / S impound character. Actually a corn- 
puna character may be decomposed in to simple characters. 

gain multiplying (7) by its complex conjugate ie v*(A}aru\ 
summing over all the elements of G and then dividing byg, we get ^ 

~g A% X * (A)x{A)= i . 2 . a * a > 2 X H) *(A) *<%4) 

6 J, J AeG 


I 0* I 2 by ( 12 ) B . (i3) 


folto« th5‘2i S ' ° f (13) is unity for any representation r, then it 
be un tl ^ « -i eXCCPt 0 u e u mUSt be zero - Let then it must 

With th^irreHnAr 1, m Which C3se r must be equivalent (identical) 

and hcncc for 3 representation 
condition)! ° n ° e " th * Decessary and sufficient 

Ig X * U) X{A)==8 • • • 04) 

notations*. 0 S ° mC character tables ' let »» use the following 


ciassw ■* *•••* ** 

Also, take g ~ h '+ h * + ~ h >- 
Identity operation 

Quotation about an axis of symmetry through an angle equal 



to q ’ C ~ rotat| on through 180 ° about two axes perpendicular 

L“ a P1 T , of symmetry, containing the principal 
axis ue. the axis having the largest n value in C n . V 

Jr X f^° n in 3 P iane °f symmetry, containing the principal 
axis and bisecting the angle between C 2 ' and C-". 8 p e P a 

?i7nvfr^ tIOn in a p!ane perpendicular to the principal axis, 
i— inversion m a centre of symmetry. 

•f„=rotation about an axis by followed by a reflection in a 

plane perpendicular to the axis of rotation. 

Here a d 3 = a<i . a<l and C„ 3 =C„. C„. C„ etc... 
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Let R, T denote the irreducible representations of the rotational 
and translational coordinates respectively in addition to x, y, z, coor- 
dinates. The reflections are also denoted by m, with subscripts il 
necessary, in places of ov (vertical reflection), <r A (horizontal reflection) 
and a d (diagonal reflection). 

To clearly understand these notations, we give two particular 
examples. 


[1] Symmetry Transformations of an Equilateral Triangle. 

Let A, B, C be the vertices of an equilateral 
triangle with D, E, F as mid-points of sides BC, 

CA, AB respectively and O the centroid. 

To discuss the operations (transformations) of 
the triangle such as rotations, reflections, inversion, 
translation etc., leaving the triangle invariant, if we 
take z-axis as an axis through O normal to the 

plane of triangle, then rotations through about 



r* axis and its multiples leave the triangle invariant. 

The six symmetry operations of an equilateral triangle are : 


. A 


A c 

B : -C 

£~>identity operation. 

A ' : 'B 

Fig. C.2 


Fig. C.3 

r e 

1 

C 3 2 ->anticlockwise ro- 
. 4** 

tation through -r- 

, A 

/ \ 

I c- A 

Fig. C.4 

about z-axis. 

C q ' B 

Fig C.5 


C 3 — anticlockwise 
rotation through 

2 7Z. 

-j- about z-axis. 


w^reflection in 
the vertical plane 
passing through 
AD. 



w 2 -> reflection in the vertical plane passing through BE, 


Fig. C 6 


ra 3 ->reflection in the vertical plane passing through CF . 


Fig. C.7 

It is easy to see that the operation C 3 ;??, is the same as that of 
m 3 i.e. C 3 m 1 =m 3 etc. Also since (C 3 ) -1 =C 3 2 gives C 3 (C 3 ) =Q.C 3 - 
i,e. E=C 3 . C 3 2 therefore inverse of C 3 is C 3 Z and vice versa. E is the 

identity element. . . , , . _ , 

Such a set being a group of order six is denoted by C „ am 
known as the symmetry group of an equilateral triangle. 
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Chosen rrorTfingVucMha^DHni^fH 1561118 immatenal > we have 

; sinvers * of 

identity element £ and T~{T(E) r^Thf ^ '/ With 

matrices all of the same order such that ’ " SqUare 

then there arise two case^^rn^AnT^ •■• 05 ) 

distinct in which case G and T ^ the ™? tnces of the sel T are 

the representation gene?a t ed bv each other and so 

STS- s * - r^“J 

■ion , UwSaSteSSSS"' repres “' a - 

the sLplest represemSn^oht Wh !fu is actua »y an unfaithful one is 
a square matrix 0 f H “ obtaifled by associating unity (which is 
for the gro™ cl, wc have ” ) W ' th ' Very ete "'"' ° f 8 'OUp '*■ 


C 2 


C 3 

1 1 

that every group has 


mi 

1 


m 2 

1 

at 


m , 

1 ^ 


} • • 06) 


O* 

Element: £ 

Representation: 1 
It should be noted 
representation. 

to have XJW re - ths character table far group 
Note I //-r °/ W " >S P ° ,ntS iD considerat >on: 

°f a finite group gJ{e f a l nu f n ^ r °f irreducible representation 

of order g and dimension L fo 

3...c then 2 Ip<g 
/=/ 


least one faithful 
Q«, we are required 


- . . ( 17 ) 
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Note II. The character being a function of the classes just as a 
representation is a function of the group elements , H i ha\ i number 
of irreducible representation of G < number of classes of (> (\la) 

Note III. Taking n k as the number of elements in a class. ( \ of 
group G, and (p {i) as the character vectors in the class space , the 
orthogonality of characters yields for different classes , 


c 

2 

i=l 


,U)* .«> S_ * 

Sfc (pi z= n ^b kl 


...(18) 


whereas the product of two classes is defined as 

0< 0 =2 (kik 0 ... (19) 

k 

a ijk being non-negative integers. 

Denoting by P* the resulting matrix obtained by adding the 
matrices representing the elements of g e -, in the irreducible representa - 
tion we have 


/>*< = 2 r*\A) ...( 20 ) 

Aey g* 

Constructing the matrices for all the classes of G in a similar way , 
we have the normalization condition for any BzG. 

[r ( *)(B)]~ i ft(*)r(i?)- 2[r ( »>(^)]- i r ( *>(^)r (a) (^) 

= 2 r 2 r ™(A) . . . (21) 
deg* dsg* 

Note IV. Conjugate elements and classes. If A, B and C be elements 
of a group such that A~ 1 BA=C, then B and C are said to be conjugate 
elements and the operation is said to be a similarity transformation 
of B by A. Clearly ACA^ — B . . . (22) 

If we split the elements of a group into sets such that all the 
elements of a set are conjugate to each other , but no two elements of 
different sets are conjugate to each other , then such sets of elements 
are said to be the conjugacy class or simply classes of a group. 

How to prepare a character table for a group say C 3V . 

1. According to the preceding note, we conclude that: 

(E) Constitutes a class by itself in any group, since for any 
element A of the group, A~ 1 EA=E . 

Also (C 3 , C 3 2 ) is a class of C 3v since mf 1 C 3 m x —C 3 2 as m{~ l -—m x 
renders, ( m x ~ x C 3 )m l =(m 1 C 3 ) m x ~m 3 m x =C 3 from the table. 

Similarly (m l9 m 2 , m 3 ) is a class of C 3v . 

Hence the classes of C 3V are (E), (C 3 , C 3 2 ,) (m l9 m 2 , m 3 ) say, 

0i, 02, 03 respectively. Then £ 1 =(£); 0 2 =(C 3 , C 3 2 )=2C 3 (say) 


and 0 3 =(m 1 , m it m 3 ) = 3<t„ (say). 

2. Since C 3 „ has three classes, it must have three irreducible 
representations say T (1) , r <2) ,T (3 > whose dimensions may be taken as 
lu l.i respectively. 
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In view of (17), here g = 6 since C Zv consists of 6 elements, 

/ x 2 +/ 2 2 +/ 3 2 = 6 . 

With integral /,, the only possible solution is that two of /<’» «r« 
unity while the remaining one is 2 say / 1 ==/ 2 =1 and / 3 =2. 

3. In view of (16), the first row is obtained by writing unity tm 
character of each class. The first column is obtained in view of Hi# 
facts that the matrix of E in any representation is a unit mnliu 
having its trace or character as /< which is the dimension of th* 
representation viz. / x = 1 — / 2 , / 3 =2. 

4. The character table for C 3v . 


Characters 

Classes 

Cl €2 

(E) (C», C 3 2 ) i,e. 2 C, 

(/Hi, m 2 > Wa') 

ru>-> 

x‘” 

1 


1 

1 

r (2) ^ 

x <2) 

1 


1 

-1 

r< 3, -> 

y( 3) 

2 


-1 

0 


Explanation. The Character being identical with one-dimensional 
representation, for T (1) and r (2) the characters themselves imiM 
satisfy the multiplication table so that for elements whose squat# 
equals E such as m l9 m 2y m z the only allowed characters are ±1. 

Now the elements in the same class having the same character at 
the character of (C 3 , C 3 2 ) in T (2) ean be determined. 

Also since for C 3 , C 3 2 with (C 3 2 ) 3 =(C 3 *)^==£, the one-dime*nsioi»al 
representation could be the power of /=\/-i, for, if n is the order of 
an element A so that A n —E y then its only one-dimensional representa- 
tion can be powers of e 2iri i n as these are only numbers whose will 
power yields unity because such numbers are unitary as their in- 
verses are equal to their complex conjugate. Again since (C 3 ) 2 — (C, 1 ) 1 
=C 3 2 , x (C 3 ) atu * X (Q 2 ) can only be ±1 for T (2) . Now’ the normaliza- 
tion condition (21) can only be achieved by taking +1 in T (2) . Finally 
the third row is determined by using the orthogonality relations (I Hi 
for the columns . 

y [2] Symmetry Transformations of a Squat# 

Let A f B 9 C, D be the vertices of a square 
with E, F , G y H as mid- points of sides DA, 
AB, BC and CD respectively and O the 
centroid. Take OG as x-axis, OF as y-aall 
and an axis through O norma lto the pinna 
of the square as z-axis. Then the eight 
symmetry operations of the square are »ti 
follows: 



H 

Fig. C.8 
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.. 


Fig. C.9 


o\ 


c 


E identity operation 


C 4 _>clockwise rotation 


through 90° about z-axis. 


B 


Fig. C.10 

Cr 0 


B 

Fig. CM 

S' —\C 


C 4 2 -^clockwise 


rotation through ISO' about z-axis 


c ,.-,cto*v*e rotatton th.ongh 270" abont - 


A ~ "O 

Fig. C12 

r l ^reflection in the vertica, plane parsing tbroagb 


f 

Af 

] 

BY- 


EG i.e. x-axis 


B 


Fig. C.I3 
F 


Illy 


►reflection in the 

FH i.e. y- axts 


vertical plane passing through 


C' ' h ' 

Fig. C.14 

.. — D 


\ \ 

B‘ - C 

Fig. C.15 


a u reflection in the 

AC 


vertical plane passing through 


"/\B 


i . ’’ i 

0‘ ^ 

Fig. C16 




->reflection in the 

BD 


vertical plane passing through 
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It is easy to see that <x u C 4 = m , etc 

c 4 tZW-c.-uc.c.'-c.'c.. £UCik the inrerjeol 

We also have c ( , .^ c . M 

roup mu|fip|i cal i on table for C 

4t>» 


Second operation 

i 

t*irst operation-* 

E C 4 c 4 s 

C 4 3 

m x 

m y 

E 

C 4 3 

E 

C 4 3 

C 4 

E 

C 4 2 

Q 

C 4 3 

Q 2 

m x 

<*v 

m y 

a u 

c 4 2 

cv 

C 4 » 

E 

c 4 

m y 

nj x 

C x 

C 4 

Ci 2 


E 


°v 

m x 

m z 


m v 


E 

Q 2 

rn y 

m v 


m x 


Q 2 

E , 


W* 

C 4 3 



CT t> 

m, 

<*« 

C 4 

c 4 » 

Q 2 

£ 


In view of (22), the five classes of C tv are 

(£), (C 4 ) 2 , (C 4 , C 3 ), (nt x , m y ), (<r„, <r„) 

("since C- C 4 ==m as (C 4 _1 m x )C.=C 3 m -\r r 
r . , 4 «^4-c 4 w a ,)C 4 = ( r u C 4 = Wl ,etc.) 

These classes can also be jostified by ,he following staple roles: 

'vVelongt-S™. cfat" mUSt be p "‘ in <lifr ' re "' 

wise sense abooTan axhbelonl to ln l clockwise and anticloclt- 

■ranstaation in ,r g ro^ g “cV tai! 'lj h ™ «** ■' 

coordinate system, therefore C, and V> are s ' nse ° f «* 

lor. m, or e, operation changes the sense of tfe cordin'atfsys't em“’' 

or’rSe“ion , 1n 0n two 'dSem' S^es™!?'? abM1 ‘ ,w ° axe. 

when there exists some clement of eroim C a”? ( -° <bc same c,ass on 'f 
% »*,« «■ 'wo pla„«“ta eaKfter ^ fcrrf„« P *" 

former ease C. can fimV *” " 
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The character table for C 4t 


Characters 

classes -> 
0i 

(E) 

C02 

(CC-) 

o 

Cs 

(C 4t C 4 3) 
i.e., 2 cx 

04 

i.e.. 2m 

/"T* 

°U> °tf) 

(i.e., 2a 

piD-^yU) 

1 

1 

I 

1 

1 

F ( -)->X (2) 

1 

1 

1 

-1 

— 1 

P<3).^y(3) 

1 

1 

-1 

1 

— I 

P(4)_ > y(4) 

1 

1 

-1 

-1 

I 

P(5)_^y(5) 

2 

—2 

0 

0 

0 


Explanation. Since C 4 „ has five classes, it must have five irreducible 
representations (by 11(a) say F (1) , r (2) , T (3) , F (4) , F (5) , whose dimen- 
sions are l l9 / 2 , / 3 , / 4 , l 5 respectively, such that by (17) 

Ii*+V+V+U*+U*=*> 

since C 4V consists of 8 elements i.e. g=8 

with integral /,-, the only possible solution is that / 1 =/ a =/ 3 =/ 4 — 1 and 
/ 5 = 2. Now in view of (16), the first row is obtained by writing unity 
for character of each class and the first column is obtained by the 
fact that the matrix of E in any representation is a unit matrix having 
its trace or character as /*, the dimension of representation viz 

/i=4 == / 3== / 4== 1,/ 5 =2. 

Now the character being identical with one dimensional representa- 
tion for T (1) through T l4) the characters must themselves satisfy the 
multiplication table so that for elements whose square equals E such 
as C 4 2 , m x% <j u , the characters to be allowed are ±1. But since 
m x w y =C 4 2 or a u a V =C 4 2 , therefore m x and m y both are represented 
by +1 or —1, because elements in the same class have the same 
characters and hence the characters of C 4 2 in r (2) , T (3) , T (4) are deter- 
mined. Also since for C 4 and C 4 3 , with (C 4 ) 4 ==(C 4 3 ) 4 =£, the one- 
dimensional representation could be the power of /= y/ — Further 
(C 4 ) 2 =(C 4 3 ) 2 =C 4 - imply that <£(CV) can only be ±1 for r {2) , F (3) , 
r (4) . Now the normalization condition ( 21 ) can be achieved by taking 
+ 1 for one of the classes 0 3 , g 4 , 0 6 in representations r*-*, F (3) , r (4) 
and — 1 for the remaining ones. We thus determine characters for 
the first four representations and the fifth one can be obtained in view 
of (18) for the columns. 
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Cl 

E 

C 2 

E 

Q 

1 

1 

1 


i 

1 




i 

~1 


i 


c 2v 

E 

C 2 

ov o* 


1 

1 

1 1 


1 

1 

-1 -1 


1 

-1 

1 -1 


1 

-1 

-1 1 


£ 

c 3 

C,2 

II 

3 

1 

1 

1 


1 

10 

to 2 


1 

to 2 

CO 



1 

1 

1 

1 

1 

~1 

1 

-1 

1 

— / 

—1 

i 

1 

i 

-1 

-/ 



£ C 2 (.x) C a (y) c 2 ( z ) 


E 2C, 3C 2 ’ j 


1111 

1 1 -1 -1 

1-1 1~1 

1 - 1-1 1 


1 1 1 

1 1 -1 

2-1 0 


D a 


Ca 2 2Ca 2C'o 2 C 2 " 


1 1 

1 1 

1 1 

I 1 


1 1 

I -1 
~1 1 

-1 -1 


-2 


-1 

-1 

1 


i INDEX : 


Absolute 

motion, 1027 
rest, 1027 
space, 1027 
time, 1027 

Addition modula m, 385 
Adjoint of an operator, 440 
Ampere’s circuital relation, 1020 
Analytic continuation, 566 
function, 474, 477 
Angular velocity, 48 
Approximate integration, 653 
Arc 

continuous) 497 
Jordan, 497 
regular, 497 
Argand diagram, 451 
plane, 451 

Arithmetic mean, 1092 
Associated function 
first kind, 711 
second kind, 71 1 
Associated polynomials 
Laguerre, 777 
Legendre, 707 
Augmented matrix, 259 
Ausdehnungslehre, 183 
Automorphism, 411 
inner, 416 
outer, 416 

Axiom of extension, 368 
pairing, 369 
power set, 369 
specification, 370 


Basis, 270 

linear space, 434 
Bay e’s theorem, 1083 
Bei functions, 727 
Ber functions, 727 
Bernoulli’s theorem, 1145 
Bessel’s equation, 7 14 
formula, 650 
functions 758, 878 
functions of 1st kind, 920 
functions of 2nd kind, 921 
modified functions, 727 
Beta coefficient, 1126 
function, 577 
Bianchi’s identity, 357 
Binary operations, 379 
associative, 379 
commutative, 379 


Binomial theorem, 1086 
Borel field, 1074 
Boundary point, 474 
Bromwich contour, 913 


Canonical matrix. 241 
Cauchy’s 

integral formula, 505 
residue theorem, 522 
theorem, 499 . 

Cauchy-Riemann equations, 4/5 

polar form, 480 g 

Cayley-Hamilton t heor ^? 268 » 1 y 

Cayley’s theorem, 414, 446 
Central difference formula, 648 
Character, 452 

compound, 1222 
primitive, 1222 
simple, 1222 
tables, 452, 1220 
Characteristic 
equation, 268 
frequencies, 1002 ^ 
functions, 995, 1147 
matrix, 268 
polynomials, 268 

SSS.MS.Mn 

vectors, 277 

Christoffel’s symbols, 335, 341 
Circulation, 125 _ 

Circular harmomcSj >05 
motion, 47 

Class of the group, 418 
Clock paradox, 1038 
Closure property, 6 
Coefficient matrix, 259 
Column matrix, 209 
rank, 270 
vector, 209 

Combination of vectors, 19 
Complex, 421 
argument, 451 
differential operators, 494 
equality, 458 
modulus, 451, 458 
numbers, 458 
Composition table, 387 
Concurrent forces, 45 
Condition for orthogonality, 1W 
Conditional probability, 1077 
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Conditions 

boundary, 603 
initial, 603 
Dirichlet, 795 
Confluent hypergeometric 
equation, 753 
function, 755 
Congruence, 292 
Congruent transformation, 292 
Conjugacy, 416 
class, 1225 

Conjugate elements, 416, 1225 
functions, 482 
Conservative held, 127 
Consistent equations, 263 
Constant of separation, 631 
Continuity, 796 
Contour integration, 522 
indented, 530 

Contravariant tensor, 307, 308 
vector, 306 

Convolution properly, 890 
theorem, 848 
Correlation, 1 188 
Cosets, 397 
left, 398 
right, 398 
Covariant 

curvature tensor, 355 
tensor, 307 
vector, 306 
Cramer’s rule, 261 
Cross cut, 503 
Cross product, 22, 24 
characteristics, 24 
Curl, 85, 113, 361 
of sum, 86 
of product, 87 
Curvature tensor, 353 
Curvilinear coordinates, 106 
Cylindrical coordinates, 115 
functions, 758, 920 
harmonic, 920 

D’ Alembert’s method, 630, 995 
Deciles, 1102 
Derogatory matrix, 244 
Diagonalization method, 288 
Differentiation 
operators, 494 
partial, 66 
. total, 65 

Differentiability, 476 
Difference table, 633 
Diffusion equation, 943 
lone dimensional, 945 
wo dimensional, 955 
three dimensional, 959 
ffusivity, 943 

Dimensions linear space, 435 
representation, 448 
Dirac-delta function, 784 


Direction cosines, 11 
Directional derivatives, 70, 71, 72 
Dirichlet’s conditions, 795 
Discontinuities, 796 
first kind, 796 
infinite, 796 
mixed, 796 
ordinary, 796 
removable, 796 
second kind, 796 
Displacement current, 1015, 1016 
Distributions 
binomial, 1149 
casual, 1179 
Cauch’s, 1184 
continuous, 1136 
geometric, 1181, 1182 
hypergeometric, 1182 
multinomial, 1184 
negative binomial, 1181 
normal, 1158 
Pascal, 1181 
Poisson, 1174 
Polya’s, 1181 
probability, 1136 
sampling, 1 197 
theoretical, 1149 
Divergence, 78, 112, 361 
of sum, 80 
of product, 81 
Divided differences, 642 
Domain, 475 
closed, 475 
open, 475 
Dot product, 22 
characteristics, 23 
Dummy suffix, 304 
Dyadic, 302 


Eigen frequencies, 1002 
functions, 995 
roots, 277 

values, 277, 995, 1002 
Vectors, 277 

Electro -magnetic induction law, 1020 
Elementary functions, 489 
exponential, 489 
inverse trigonometric, 492 
logarithmic, 491 
trigonometric, 490 
Elliptic integrals, 750 
Equations 

differential, 602 
diffusion, 628 
elliptic, 628 
Fourier’s, 628 
homogeneous, 624 
hyperbolic, 628 
Laplace’s 628 
non-homogeneous, 626 
ordinary, 603 
parabolic, 628 
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partial, 616 
wave, 629 
Equivalence, 239 
of matrices, 239 
Error 

absolute, 1205 

coarse, 1202 
1218 

Gaussian law, 1205 
mean square, 1205 
random, 1202 
statistical, 1202 
systematic, 1202 

theory, 1202 inl * 

Ether displacement current, 1016 
Everett’s formula, 652 
E — waves, 990 
Expectation, 1126, 1140 
Extension of rank, 322 
Extrapolation, 636 


Faltung theorem, 848 
Faraday, 183 
Fermet’s theorem, 4U1 
Fields 

lameller, 179 
scalar, 69 
solenoidal, 179 
vector, 69, 179 
Final value theorem, 8/4 
Finite differences, 632 
Fourier 

constants, 793 
equation, 943 
expansion, 792 
integral, 821 
inversion formula, lino 
series, 793 
transform, 836 

Fresnel’s Coefficient of Drag, 1041 
integral, 757 
Frobenius method, 6/4 
Functionals, 439 
linear, 439 
Functions, 373 
analytic, 477 
beta, 577 
bijective, 375 
complex, 374 
conjugate, 482 
complementary, 603 
domain, 373 
elementary, 602 
cpimorphism, 374 
explicit, 602 
extension, 374 
gamma, 577 
harmonic, 482 
holomorphic, 477 
implicit, 602 


into, 374 
injective, 374 
inverse, 375 
many one, 374 
monogesic, 477 
monomorphism, 374 
onto, 374 
one-one, 374 
range, 373 
real, 374 
restriction, 374 
surjective, 374 
scalar, 70 
vector, 70 

Fundamental tensors, 32/ 
velocity, 1041 

Galilean transformations, 1027, 1028 
yGamma 

' coefficient, 1126 

^function, 577, 878 
graph, 580 

^-transformation, 57V 
Gauss’ „ , s AQ 

backward formula, 648 

divergence theorem, 146, 148, 
equation, 739 
forward formula, 647 
formula, 745 
Pi function, 578 

theorem, 150, 187 / 933 
Generalized Fourier-Bessel Series, JW. 
1006 . 

Generating functions, 690, 716 
Geodesic, 338 
equation, 340 
Geometric mean, 109/ 

Goursat lemma, 500 

Gradient, 73,74, 75, 111.361 
Grassman, 183 
Green’s formula, 163, *83 
functions, 982, 984 
identity, 151 
theorem, 159, 161 
Groups, 381 
abelian, 381 
alternating, 407, 419 
automorphism, 412 
commutative, 381 
centre, 397 
cosets, 397 
cyclic, 401 
class, 418 
continuous, 442 
dihedral, 432 
endo -morphism, 4 1 3 
finite, 382 

homomorphism, 410 
Hamiltonian, 441 
infinite, 382 
improper, 385 
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isomorphism, 410 
isometries, 427 
left coset, 398 
mixed, 441 
order, 382 
proper, 385 
per mutation, 407 
point, 444 
p-primary, 441 
p-prufer, 441 
quotient, 420 
quaternion, 445 
right coset, 398 
regular permutation, 413 
rotation (n— D), 443 
semi, 384 
sub, 385 
simple, 441 
table, 386 
transference, 413 
torsion, 441 
torsion free, 441 
unitary, 441 
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interquartile range. 
Interpolation, 636 
Interior point, 474 
Integration of vectors, 121 
Integrals 

complete, 616 
Eulerian, 597 
infinite, 584 


improper, 584 
particular, 602, 616 
Riemann, 584 
singular, 617 
transforms, 856 
Invariant tensors, 314 
Inverse 


additive, 7, 194 
multiplicative, 7 
Inverses 238 
Inversion theorem, 911 
Irrota ional vector function 177 
Isomorphism, 438 


Hamilton, W.R., 183 
Hankel function, 727 
transforms, 921, 922 
Harmonic functions, 482 978 
mean, 1099 
Harmonics, 668 
cylindrical, 670 
spherical, 669 
solid, 669 
surface, 669 
zonal, 668 

Heaviside unit function, 881 
expansion-formula 896 
tteitmholts equation, 983 988 
theorem, 180 
Herjnite equation, 759 
functions, 765 
generating function, 764 
Polynomials, 761 
Hermitian forms, 275 
Homomorphism, 410 
Canonical, 425 
natural, 425 
waves, 990 

Hypergeometric equations , 698 
functions, 742 ’ * 

Identity 

additive, 194 
multiplicative, 194 
permutation, 405 
Inconsistent equations, 263 

lndex 294 nteVentS * 1085 
Inertial systems, 1026 
initial value theorem, 874 
Inner product, 197 
vector space, 440 


Jordan's 

inequality, 531 
lemma, 530 


Ker, Kci functions, 729 
Kernel, 421, 856 
Kronecker delta, 304, 703 
symbol, 318 

Rummer’s theorem, 746 


formula, 645 
method, 617 

subsidiary equation, 617 
theorem, 400 
La guerre 

equation, 770 
polynomial, 771 
poly (integral prop.), 774 
recurrence relation, 772 
Lameller field, 179 
Lami’s theorem. 45 
Laplace’s 

equation, 165, 182, 482, 668, 959 960 
equation, (2-D), 960 
equation, (3-D), 970, 972 
integral, 693, 694 
transform, 856 

Laplacian operator, 82, 114, 187 361 
Laplaca-Everett formula, 651 ’ 

Laurent’s expansion, 511 
Law 

associative, 5, 6, 193, 199, 372 
cancellation, 194 
commutative, 4, 6, 193, 198 372 
Oe morgar, 372 * 

distributive, 7, 193, 199 373 
idempotent. 371 
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